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Preface

Following a well-established tradition initiated on 1989, during the week of
September 24-30, 2009, the Sixth International Conference on Functional Analysis
and Approximation Theory was held at Acquafredda di Maratea (Potenza). Earlier
meetings were held in 1989, 1992, 1996, 2000 and 2004 at the same place.

The Conference was organized by the Center for Studies on Functional
Analysis and Approximation Theory of the University of Basilicata (Potenza),
directed by Prof. Giuseppe Mastroianni, with the collaboration of the Research
Group “Real Analysis and Methods of Functional Analysis for Differential Problems
and Approximation Problems” of the University of Bari, directed by Prof. Francesco
Altomare.

Besides Francesco Altomare and Giuseppe Mastroianni, the organizing com-
mittee consisted also of Antonio Attalienti, Michele Campiti, Mirella Cappelletti
Montano, Lorenzo D’ Ambrosio, Maria Carmela De Bonis, Sabrina Diomede, Vita
Leonessa, Donatella Occorsio and Maria Grazia Russo.

The meeting was devoted to some significant aspects of contemporary mathe-
matical research on Functional Analysis, Operator Theory and Approximation
Theory including the applications of these fields in other areas such as partial differ-
ential equations, integral equations and numerical analysis.

A special session was dedicated to Professor Giuseppe Mastroianni on the
occasion of his 70t birthday, as a fair token of appreciation for his contribution to
mathematics and to the organization of all the Maratea conferences (1989 — 2009).

The Conference was attended by over 130 mathematicians coming from more
than 30 countries. The scientific program consisted of 14 plenary lectures and about
120 communications. Several thematic sessions were arranged.

Among the main topics treated therein we mention:

- Banach spaces, approximation in normed spaces.

- Fixed points theorems and best approximation.

- Banach lattices,

- Banach algebras, topological algebras and operator algebras.
- Function spaces.

- Linear and nonlinear operators on Banach spaces, positive operators, spectral
theory.

- Semigroups of operators, Feller semigroups and evolution equations.
- Ordinary and partial differential equations.
- Real functions and inequalities, complex approximation.

- Approximation by positive operators, approximation by nonlinear expres-
sions, rate of convergence.

- Polynomial approximation, rational approximation.
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- Interpolation and quadrature formulas.

- Orthogonal polynomials, special functions.

- Integral equations.

- Integral operators, integral transforms and Fourier analysis.
- Integral inequalities.

- Numerical analysis.

In this volume we collect some invited lectures together with a selection of the
papers corresponding to the research talks, which have been carefully refereed. Our
thanks go to the referees for their collaboration as well as for their accurate work.

We gratefully acknowledge the financial support of the Institutions listed
below:

» the University of Basilicata,
« the University of Bari,
« the Faculty of Sciences of the University of Basilicata,

« the Department of Mathematics and Computer Science of the University of
Basilicata (Potenza),

« the Department of Mathematics of the University of Bari,

» the Department of Economic Sciences and Mathematical Methods of the
University of Bari,

» the Department of Mathematics of the University of Salento,

« the National Group for Mathematical Analysis, Probability and their
Applications (IndAM - GN.A.M.P.A)),

» The Research Group “Partial Differential Equations and Mathematical
Finance”, University of Bari,

« the Basilicata Tourism Board.

We are particularly indebted to Sabina Milella and Graziana Musceo as well
as to several other Ph.D and Post-Doc students who assisted and helped us in organ-
izing the Conference secretariat services. To all of them we express our special
thanks.

We are also grateful to Biancamaria Della Vecchia for her friendly collabora-
tion.

Finally we would like to thank Professor P. Vetro for accepting to publish the
Proceedings of the Conference in a supplement of “Rendiconti del Circolo
Matematico di Palermo”.

May 2010
Francesco Altomare

On behalf of the Organizing Committee



PROGRAM OF THE CONFERENCE

Friday, September 25

i

9:00-9:30

OPENING CEREMONY

Plenary Lectures

Chairman: Dany Leviatan

v

Lars-Erik Persson, Luled, Sweden
Some new developments concerning characterizations of weighted

9:30-10:15 multidimensional Hardy type integral inequalities

@ Ben de Pagter, Delft, The Netherlands

10:20-11:05 Derivations on algebras of operator valued functions

@ Break

11:10-11:40 red

| Toan Rasa, Cluj-Napoca, Romania

11:40-12:25 Cy-Semigroups and iterates of positive linear operators: asymptotic behaviour




Scientific Communications

SECTION A
Chairman: Jozsef Szabados

SECTION B
Chairman: Jiirgen Appell

v

15:00-15:15

Miguel Antonio Jimenez Pozo,
Puebla, Mexico

Holder weighted integrable periodic
functions and Approximation

Dragan Djordjevic
Nis, Serbia

Recent results on
generalized inverses

v

15:20-15:35

Marie-Madeleine Derriennic, Rennes,
France

Identities and inequalities for quasi-
interpolants of Bernstein-type

Lukasz Piasecki

Lublin, Poland

Full characterization of the best
Lipschitz constants of all iterations of
mean lipschitzian mappings

i

15:40-15:55

Mircea Ivan,

Cluj-Napoca, Romania
Some remarks on generalized
interpolation

Giulio Trombetta,

Cosenza, Italy

On a measure of noncompactness in
topological linear spaces

v

16:00-16:15

Ulrich Abel,

Friedberg, Germany

Asymptotic properties of some positive
operators of Altomare

Henrik Laurberg Pedersen,
Copenhagen, Denmark
Pre Stieltjes functions

i

16:20-16:35

Ioan Gavrea,

Cluj-Napoca, Romania

Converse inequalities for Meyer-Konig
and Zeller operators of finite type

Fatma Diaba,

Annaba, Algeria

On rank one perturbation of
continuous spectrum which generates
prescribed finite point spectrum

v

16:40-16:55

Octavian Agratini,

Cluj — Napoca, Romania

g- Approximation Processes on
Unbounded Intervals

Alessandro Trombetta, Cosenza,
Italy

Boundary conditions for k-y-
contractive wedge maps

i

16:55-17:15

Break




X1

SECTION A
Chairman: Michele Campiti

SECTION B
Chairman: Lech Maligranda

i

17:15-17:30

Daniel Cardenas-Morales,

Jaén, Spain

On general asymptotic formulae: a
converse result.

Elgiz Bayram,
Ankara, Turkey
Dissipative Sturm-Liouville operators

v

17:35-17:50

Radu Paltanes,

Brasov, Romania

Quantitative Results in Weighted
Approximation

Wolfgang Erb,

Munich, Germany

Uncertainty principles on compact
Riemannian manifolds

v

17:55-18:10

Cihan Orhan,

Ankara, Turkey

Some Variations of the Bohman-
Korovkin Theorem

Alexey Uglanov,
Saint-Petersburg, Russia
Vector Integrals and Absolutely
Summing Operators in Locally
Convex Spaces

v

18:15-18:30

Mirella Cappelletti

Montano, Bari, Italy

On a generalization of Kantorovich
operators on simplices and hypercubes

Sidi Mohammed Bahri,
Mostaganem, Algeria

On a Certain Class of Carleman
Integral Operators

i

18:35-18:50

Elena Berdysheva,

Stuttgart , Germany

Multivariate Bernstein-Durrmeyer
Operators with Arbitrary Weight
Functions

v

18:55-19:10

Vita Leonessa,

Potenza, Italy

Kantorovich-type operators associated
with positive projection and their limit
semigroup

v

19:10-19:25

Sergey Tikhonov,

Barcelona, Spain

Sharp inequalities for moduli of
smoothness




Xii

Saturday, September 26

Plenary Lectures

Chairman: Peter Junghanns

v

Bernd Silbermann, Chemnitz, Germany
Banach algebras of structured matrix sequences and topics in

9:00-9:45 asymptotic spectral theory.
@ Giovanni Monegato, Torino, Italy
9:50-10:35 Integral equation formulations of some 2D contact problems

v

10:40-11:00

Break




Saturday, September 26

Scientific Communications

xiil

v

11:00-11:15

SECTION A SECTION B
Chairman: Mihai Voicu Chairman: Daniel Potts
Sankatha Singh, Teresa E. Perez,

St. John's, Canada
Ky Fan's best approximation theorem
and applications

Granada, Spain

Difference Equation for a Stieltjes
function associated

with Discrete Classical Orthogonal
Polynomials

v

11:20-11:35

Fowzi Sejeeni,
Makkah, Saudi Arabia
On the Strict Best Approximation

Valeriy Galkin,

Obninsk, Russia

The metric theory of functional
solutions of conservation laws systems

v

11:40-11:55

Maryam Beyg Mohammadi,
Kermanshah, Iran

Some New Fixed Point Theorems in
Modular Spaces

Tadeusz Jankowski, Gdansk, Poland
Nonlinear differential equations with
boundary conditions

v

12:00-12:15

Sara Remogna,

Torino, Italy

Quasi-interpolant operators based on
trivariate C quartic box splines




X1v

SECTION A
Chairman: Giuseppe Mastroianni

SECTION B
Chairman: Ben de Pagter

v

15:00-15:15

Peter Junghanns,

Chemnitz, Germany

On Mapping Properties of Integral
Operators with Logarithmic Kernels

Jacobus Grobler, Potchefstroom,
South Africa
Stochastic processes in Riesz spaces

v

15:20-15:35

Markus Seidel,

Chemnitz , Germany

On the stability of collocation methods
for Cauchy singular integral equations
in weighted L” spaces

Richard Becker,

Faris, France

The role of Conical Measures in
Functional Analysis

v

15:40-15:55

Helena Mascarenhas, Lisboa,
Portugal

Spectral Approximation and index for
bidimensional convolution type
operators

Mirostawa Zima,

Rzeszow, Poland

On commutator of positive linear
operators

i

16:00-16:15

Concetta Laurita,

Potenza, Italy

A Nystrom method for Cauchy singular
integral equations with negative index

Anna Betiuk-Pilarska, Lublin,
Poland

Banach lattices which are order
uniformly noncreasy

i

16:20-16:35

Carmelina Frammartino, Potenza,
Italy

A Nystrom method for

2s-th order BVP

Mihai Voicu,
Bucharest, Romania
Remarks on Pseudoresolvents

v

16:40-16:55

Maria Grazia Russo

Potenza, Italy

Nystrom methods for weakly singular
Fredholm integral equations with
singular right-hand sides

Rachida Amiar,

Annaba, Algeria

Approximation by positive operators of
the Cy-semigroups associated with one-
dimensional diffusion equations

v

16:55-17:15

Break




XV

SECTION A
Chairman: Péter Vértesi

SECTION B
Chairman: loan Rasa

i

17:15-17:30

Christian Berg,
Copenhagen, Denmark
Eigenvalues of large Hankel matrices

Sabrina Diomede,

Bari, Italy

On Feller semigroups associated with
modified Bernstein-Schnabl operators

i

17:35-17:50

Kathy Driver,
Cape Town, South Africa
The interlacing of zeros and orthogonality

Kirsti Mattila,

Stockholm, Sweden

Ergodicity for operators generating a
bounded resolvent family on Banach
spaces

i

17:55-18:10

Donatella Occorsio,

Potenza, Italy

Approximation of the Hilbert transform on
the real positive semi-axis

Sabina Milella,

Bari, Italy

Cy-semigroups and modified Szdsz-
Mirakjan operators

i

18:15-18:30

Pietro Pastore,

Potenza, Italy

Numerical treatment of integrals with highly
oscillatory density function

Cristian Tacelli,

Lecce, Italy

On the order of convergence of the
Voronovskaja-type formulas and
applications

v

18:35-18:50

Maria Carmela De Bonis, Potenza, Italy
Quadrature rules for high-oscillatory and
periodic functions and some applications to
integral equations.

Graziana Musceo,

Bari, Italy

Degenerate Second Order Differential
Operators on Weighted Continuous
Function Spaces

i

18:55-19:10

Ferenc Tookos,

Munich, Germany

Mixed recurrence relations and
interlacing theorems for orthogonal and
g-orthogonal polynomials

Ali Farajzadeh, Kermanshah, Iran
On the approximate convexity and
submonotonicity in locally convex
spaces

i

19:10-19:25

Letizia Scuderi,

Torino, Italy

Lubich convolutions quadratures and their
application to space-time BIEs

Helmi Temimi,

Kuwai, Kuwait

Performance of A New Numerical Solver
for Differential equations based on
Discontinuous Galerkin Finite Element
Method




Xvi

Sunday, September 27

Special Session dedicated to
Professor Giuseppe Mastroianni
on the occasion of his 70" birthday

v

9:00-9:30 OPENING CEREMONY

Plenary Lectures

Chairman: Gradimir Milovanovié¢

@ Jozsef Szabados, Budapest, Hungary

9:30-10:20 Eighteen years of cooperation with Giuseppe Mastroianni — A survey
Vilmos Totik, Szeged, Hungary and Tampa,Florida

@ The polynomial inverse image method or how to prove results for

10:25-11:15 general compact sets ?

o Break

11:20-11:50

@ Péter Vértesi, Budapest, Hungary

11:50-12:40 My Italian Connections

‘ @ 19:00 Social Dinner




xvii

Monday, September 28

Plenary Lectures

Chairman: Jean-Pierre Antoine

v

9:00-9:50

Francisco Marcellan, Madrid, Spain

Orthogonal polynomials on the unit circle: Spectral transformations and
integrable systems

i

9:55-10:45

Jiirgen Appell, Wiirzburg, Germany
Some approaches to the p-Laplace operator

i

10:45-11:15

Break

i

11:15-12:05

Lech Maligranda, Luled, Sweden
Structure of Cesaro function spaces




Scientific Communications

SECTION A
Chairman: Vilmos Totik

SECTION B
Chairman: Camillo Trapani

i

15:00-15:15

Dany Leviatan,

Tel Aviv, Israel

Approximation of Sobolev and other
classes by ridge functions

Jan Fourie, Potchefstroom, South
Africa

Classes of operator valued functions,
with relation to integral multipliers

i

15:20-15:35

Aldric Brown,
London, United Kingdom
An extension of Haar's Theorem

Natasha Samko,

Faro, Portugal

Weighted Hardy inequalities in
Morrey spaces

v

15:40-15:55

Herbert Stahl,

Berlin, Germany

AAK Approximants to Functions with
Branch Points

Jean-Marie Aubry,

Paris, France

Multifractality, local

p-convexity and diametral dimensions

v

16:00-16:15

Andris Kroé,

Budapest, Hungary

On approximation of convex bodies by
convex algebraic level surfaces

Stanislaw Prus,

Lublin, Poland

Constructing separated sequences in
Banach spaces

i

16:20-16:35

Tamas Erdelyi,

College Station, Texas, USA

Zeros of polynomials with restricted
coefficients

Angela Albanese,

Lecce, Italy

Schauder bases in Fréchet spaces and
mean ergodic operators

i

16:40-16:55

Luisa Fermo,

Potenza, Italy

The Shepard operator on the real
semiaxis

Olav Nygaard, Kristiansand, Norway
Observations on Ideals in Banach
spaces

i

16:55-17:15

Break




X1X

i

17:15-17:30

SECTION A SECTION B
Chairman: Andras Kro6 Chairman: Jacobus Grobler
Viktor Kolyada, Antonio Fernandez,

Karlstad, Sweden
Fubini type theorems for LP-moduli of
continuity

Sevilla, Spain

Interpolation of spaces of integrable
functions with respect to vector
measures

i

Frank Filbir,
Munich, Germany
Localized kernels and approximation

Francisco Naranjo
Sevilla, Spain
Bartle-Dunford-Schwartz integrability

17:35-17:50 processes versus Bochner, Pettis, Dunford
on Riemannian manifolds integrability
Igor Shevchuk, Paola Cavaliere,
Kyiv, Ukraine Salerno, Italy

v

17:55-18:10

Pointwise estimates in coconvex
approximation

Approximation of finitely additive
functions valued into topological
groups

i

18:15-18:30

Incoronata Notarangelo, Potenza,
Italy

Polynomial approximation with
Pollaczek-type weights

Andrzej Kryczka,

Lublin, Poland

Alternate signs Banach-Saks property
and real interpolation of operators

v

18:35-18:50

Anna Napoli

Cosenza, Italy

New kernels of Sard type and
applications

A. Sri Ranga,

Sao Jose do Rio Preto, SP, Brazil
Continued Fractions and Birth and
Death Processes

i

18:55-19:10

Mohamed Jalel Atia,

Gabes, Tunisia

Analytic construction of an example of
orthogonal polynomials of class one




XX

Tuesday, September 29

Plenary Lectures

Chairman: Christian Berg

v

Gradimir Milovanovic, Novi Beograd, Serbia
Some classes of generalized quadratures: construction and analysis

9:00-9:50

@ Daniel Potts, Chemnitz, Germany

9:55-10:45 Efficient reconstruction of functions on the sphere from scattered data
@ B

10:45-11:15 reak

i

11:15-12:05

Mikio Kato, Kitakyushu, Japan
Some recent results on Banach space geometry




Scientific Communications

XX1

SECTION A
Chairman: Mikio Kato

SECTION B
Chairman: Natasha Samko

v

15:00-15:15

Jean-Pierre Antoine, Louvain-la-
Neuve, Belgium

Partial inner product spaces and
operators on them

Katsuo Matsuoka,

Tokyo, Japan

On some Herz-type spaces and the
boundedness for classical operators

v

15:20-15:35

Camillo Trapani,

Palermo, Italy

The completion of a C*-algebra under a
weaker locally convex topology

Ushangi Goginava,

Thilisi, Georgia

Maximal operators of logarithmic
means of two-dimensional Walsh-
Fourier series

v

15:40-15:55

Lourdes Palacios,

Mexico City, Mexico

On some generalized properties in Q-
topological algebras

Marija Stanic,

Kragujevac, Serbia

Trigonometric Polynomials of Semi-
Integer Degree Orthogonal with
Respect to a Moment Functional

v

16:00-16:15

Francesco Tschinke, Palermo, Italy
Spectral properties of partial *-algebras

Vladimir Vasilyev,

Bryansk, Russia

Spectral resolution for Calderon-
Zygmund operators

v

16:20-16:35

Giorgia Bellomonte, Palermo, Italy
Absolutely Convergent Extensions of
Nonclosable Positive Linear
Functionals

Istvan Blahota,

Nyiregyhaza, Hungary

On boundedness of maximal operators
with respect to Vilenkin systems

v

16:40-16:55

Rodolfo Toledo, Nyiregyhdza,
Hungary
Representative product systems

v

16:55-17:15

Break




xxii

SECTION A
Chairman: Tamas Erdelyi

SECTION B
Chairman: Cihan Orhan

v

17:15-17:30

Oxana Motorna,

Kyiv,Ukraine

Generalized Lebesgue constants for
Fourier-Jacobi partial sums

Gyorgy Gat,

Nyiregyhaza, Hungary

Approximation properties of one and two
dimensional Fejér and Marczinkiewicz
means of Fourier series with respect to
Walsh and Vilenkin systems

v

17:35-17:50

Jacob Christiansen,
Copenhagen, Denmark ,
Szegé Asymptotics

Karoly Nagy,

Nyiregyhaza, Hungary
Approximation by Norlund means of
Walsh-Kaczmarz-Fourier series

v

17:55-18:10

Karla Rost,

Chemnitz , Germany

Split Bezoutians and inverses of symmetric
Toeplitz or centrosymmetric Toeplitz-plus-
Hankel matrices

Givi Nadibaidze,

Tbilisi, Georgia

On the coefficients Fourier and absolute
summability almost everywhere of series
with respect to block orthonormal system

v

18:15-18:30

Tengiz Kopaliani,

Thilisi, Georgia

Gagliardo-Nirenberg inequality in some
Banach function spaces

Teimuraz Akhobadze,

Thilisi, Georgia

Uniform convergence and summability of
Fourier series

i

18:35-18:50

Mehrdad Simkani,

Flint, USA

A General Theorem for Rational
Approximation on the Extended Complex
Plane




LIST OF PARTICIPANTS

¢ Ulrich Abel
University of Applied Sciences Giel3en-
Friedberg
Wilhelm-Leuschner-Strafle. 13
61169 Friedberg, Germany

E-Mail: Ulrich. Abel@mnd.fh-friedberg.de

¢ Octavian Agratini
"Babes-Bolyai" University
str. M. Kogalniceanu 1
4000 Cluj-Napoca, Romania

E-Mail: o.agratini@yahoo.com

¢ Teimuraz Akhobadze
Institute of Mathematics
Thilisi State University
Chavchavadze str. 1
Thilisi 0128, Georgia

E-Mail: takhoba@gmail.com

¢ Angela Albanese
Dipartimento di Matematica “E. De
Giorgi”
Universita del Salento
Via per Arnesano
P.O. Box 193
73100 Lecce, Italy

E-Mail: angela.albanese@unile.it

¢ Francesco Altomare
Dipartimento di Matematica
Universita degli Studi “Aldo Moro” di
Bari
Via Edoardo Orabona, 4
70125 Bari, Italy

E-Mail: altomare@dm.uniba.it

¢ Umberto Amato
Consiglio Nazionale delle Ricerche
Istituto per le Applicazioni del Calcolo
"Mauro Picone"
Sezione di Napoli
Via Pietro Castellino, 111
80131 Napoli, Italy

E-Mail: u.amato@iac.cnr.it

¢ Rachida Amiar
Laboratoire de Mathématiques
Appliquées
Faculté de Sciences
Université Badji Mokhtar
B.P. 12
23000 Annaba, Algeria

E-Mail: rrachida_2000@yahoo.fr

¢ Jean-Pierre Antoine
Univ. Catholique de Louvain
UCL/FYMA, 2, Chemein du Cyclotron,
B-1348
Louvain-la-Neuve, Belgium

E-Mail: jean-pierre.antoine@uclouvain.be



XX1V

o Jiirgen Appell
Department of Mathematics
University of Wiirzburg
Am Hubland 9
D-97074 Wiirzburg, Germany

E-Mail: jurgen@dmuw.de,
appell@mathematik.uni-wuerzburg.de

® Mohamed Jalel Atia
Faculty of Sciences
Cité Erriadh Zrig
6072 Gabes, Tunisia
E-Mail: jalel.atia@gmail.com

Jalel. Atia@fsg.rnu.tn

¢ Antonio Attalienti
Department of Economic Sciences and
Mathematical Methods
Faculty of Economics
University of Bari
Via Camillo Rosalba, 53
70124 Bari, Italy

E-Mail: attalienti@matfin.uniba.it

¢ Jean-Marie Aubry
University of Paris--Est
61 av. Du Général de Gaulle
94010 Crétel, France

E-Mail: jmaubry@math.cnrs.fr

¢ Sidi Mohammed Bahri
Laboratoire Mathématiques Pures et
Appliquées
Université de Mostaganem
BP 227
27000 Mostaganem, Algérie

E-Mail: bahrisidimohamed@yahoo.fr

¢ Elgiz Bayram
University of Ankara
Faculty of Science
06100 Tandogan/Ankara, Turkey

E-Mail: bairamov@science.ankara.edu.tr

¢ Richard Becker
Equipe d'analyse (ESA 7064 CNRS)
Université Paris VI
4e étage 4C14-case 186
16 rue Clisson
75013 Paris, France

E-Mail: beckermath@yahoo.fr
becker@math.jussieu.fr

¢ Giorgia Bellomonte
Universita degli Studi di Palermo
Via Archirafi 34
90123 Palermo, Italy

E-Mail: bellomonte@math.unipa.it

¢ Elena Berdysheva
Institut 110, University of Hohenheim
70593 Stuttgart, Germany

E-Mail: elena.berdysheva@uni-hohenheim.de

¢ Christian Berg
Department of Mathematics
University of Copenhagen
Universitetsparken 5
DK-2100 Copenhagen, Denmark

E-Mail: berg@math.ku.dk

¢ Anna Betiuk-Pilarska
Institute of Mathematics
M. Curie-Sktodowska University
PI Marii Curie-Sktodowskiej 1
20-031 Lublin, Poland

E-Mail: abetiuk@hektor.umcs.lublin.pl

* Maryam Beyg Mohammadi
Islamic Azad University
Kermanshah, Iran

E-Mail: maryambmohamadi @ mathdep.iust.ac.ir

¢ Istvan Blahota
Institute of Mathematics and Computer
Sciences
College of Nyiregyhaza
Sostoi u 31/b
H4400 Nyireyhaga, Hungary
E-Mail: blahota@nyf.hu



¢ Aldric Brown
Department of Mathematics
University College London
Gower Street
London WCIE 6BT
UK

E-Mail: alborown@math.ucl.ac.uk

¢ Michele Campiti
Dipartimento di Matematica “E. De
Giorgi”
Universita del Salento
C.P. 193
73100 Lecce, Italy

E-Mail: michele.campiti@unisalento.it

¢ Mirella Cappelletti Montano
Dipartimento di Matematica
Universita degli Studi “Aldo Moro” di
Bari
Via Edoardo Orabona, 4
70125 Bari, Italy

E-Mail: montano@dm.uniba.it

¢ Daniel Cardenas-Morales
Departamento de Matematicas
Universidad de Jaen
Jaen, Spain

E-Mail: cardenas@ujaen.es

¢ Paola Cavaliere
Dipartimento di Ingegneria
dell'Informazione e Matematica Applicata
(DIIM.A)
Universita di Salerno
Via Ponte Don Melillo
84084 Fisciano (Salerno), Italy

E-Mail: pcavaliere@unisa.it

¢ Jacob Christiansen
University of Copenhagen
Universitetsparken 5
2100 Copenhagen, Denmark

E-Mail: stordal@math.ku.dk

XXV

¢ Lorenzo D'Ambrosio
Dipartimento di Matematica
Universita degli Studi “Aldo Moro” di
Bari
Via Edoardo Orabona, 4
70125 Bari, Italy

E-Mail: dambros@dm.uniba.it

¢ Maria Carmela De Bonis
University of Basilicata
Via dell’ Ateneo Lucano, 10
85100-Potenza, Italy

E-Mail: mariacarmela.debonis@unibas.it

* Ben de Pagter
Deft Institute of Applied Mathematics
Faculty of Electrical Engineering,
Mathematics and Computer Science
University of Technology Delft
Makelweg 4
2628CD Delft, The Netherlands

E-Mail: b.depagter@tudelft.nl

¢ Ricardo del Campo Acosta
Universidad de Sevilla
Carretera de Utrera, Km 1
41013 Sevilla, Spain

E-Mail: rcampo@us.es

¢ Antonia Delgado
Depto. Matematica Aplicada
Facultad de Ciencias
Campus de Fuentenueva
18071 Granada, Spain

E-Mail: amdelgado@ugr.es

¢ Biancamaria Della Vecchia
Dipartimento di Matematica
Universita di Roma “La Sapienza”
P.le Aldo Moro, 2
00185 Roma, Italy

E-Mail: biancamaria.dellavecchia@uniromal.it



XXV1

¢ Paolo de Lucia
Dipartimento di Matematica e
Applicazioni “Renato Caccioppoli”
Universita Degli Studi di Napoli
“Federico II”
Via Cintia-Complesso Monte S. Angelo
80126 Napoli, Italy

E-Mail: paolo.delucia@unina.it

® Marie-Madeleine Derrienic
15 rue Lafond
35700 Rennes, France

E-Mail: madeleine.derriennic@gmail.com

¢ Fatma Diaba
LAMA Département de Mathématiques
Faculté des Sciences
Université Badji Mokhtar
B.P. 12 Annaba, Algeria

E-Mail: boumaraf_f@yahoo.fr

e Anna di Concilio

Dipartimento di Matematica e Informatica

Universita degli Studi di Salerno
via Ponte Don Melillo

84084 Fisciano SA , Italy

E-Mail: adiconcilio@unisa.it

¢ Sabrina Diomede
Dipartimento di Scienze Economiche
Universita degli Studi “Aldo Moro” di
Bari
Via Camillo Rosalba, 53
70124 Bari, Italy

E-Mail: s.diomede@dse.uniba.it

¢ Dragan Djordjevic
Faculty of Sciences and Mathematics
University of Nis
Visegradska 33
18000 Nis, Serbia

E-Mail: dragan@pmf.ni.ac.rs

¢ Kathy Driver
University of Cape Town

Private Bag 3,
Rondebosch 7701, South Africa
E-Mail: Kathy.Driver@uct.ac.za

¢ Wolfgang Erb
Helmholtz Center Munich
Ingolstiddter Landstrasse 1
Munich, Germany

E-Mail: wolfgang.erb@helmholtz-muenchen.de

¢ Tamas Erdelyi
Department of Mathematics
Texas A&M University
College Station, Texas, 77843 USA

E-Mail: terdelyi@math.tamu.edu

¢ Ali Farajzadeh
Islamic Azad University
Kermanshah Branch
Iran

E-Mail: faraj1348@yahoo.com

¢ Luisa Fermo
University of Basilicata
Via dell’ Ateneo Lucano, 10
85100-Potenza, Italy

E-Mail: luisa.fermo@unibas.it

e Antonio Fernandez
Escuela Técnica Superior de Ingeneiros
Unversidad de Sevilla
Camino de los Descubrimientos s/n
41092 Sevilla, Spain

E-Mail: afernandez@esi.us.es

¢ Frank Filbir
Institute for Biomathematics and
Biometry
Helmholtz Center Munich
Ingolstaedter Landstrasse 1
85764 Neuherberg, Germany

E-Mail: filbir@helmholtz-muenchen.de



¢ Jan Fourie
North-West University
Unit of BMI, NWU
Private Bag X6001
Potchefstroom 2520, South Africa

E-Mail: Jan.Fourie@nwu.ac.za

e Carmelina Frammartino
Universita degli Studi della Basilicata
Via dell’ Ateneo Lucano, 10
85100-Potenza, Italy

E-Mail: carmelina.frammartino@unibas.it

¢ Valeriy Galkin
Dept. Of Applied Mathematics
Obninsk State University
Studgorodok 1
Obninsk 249042, Russia

E-Mail: val-gal@yandex.ru

e Gyorgy Gat
Institute of Mathematics and Computer
Sciences
College of Nyiregyhaza
Sostoi u 31/b
H4400 Nyiregyhaza, Hungary

E-Mail: gatgy@nyfhu

¢ Joan Gavrea
Technical University of Cluj-Napoca
Department of Mathematics
Str. C. Daicoviciu 15
Cluj-Napoca, Romania

E-Mail: ioan.gavrea@math.utcluj.ro

e Jalek Gilewicz

Toulon University and Centre de
Physique Théorique, CNRS — Luminy,
Case 907, 13288 Marseille Cedex 09,
France

E-Mail: gilewicz@cpt.univ-mrs.fr

¢ Ushangi Goginava
Institute of Mathematics
Thilisi State University
Chavchavadze str. 1
Thilisi 0128, Georgia

E-Mail: z_goginava@hotmail.com

XXVil

¢ Jacobus Grobler
North-West University
Potchefstroom Campus
Private Bag X6001
2520 Potchefstroom, South Africa

E-Mail: Koos.Grobler@nwu.ac.za

® Mircea Ivan
Technical University Cluj-Napoca
Department of Mathematics
Str. C. Daicoviciu 15
Cluj-Napoca, Romania

E-Mail: mircea.ivan@math.utcluj.ro

¢ Tadeusz Jankowski
Department of Differential Equations
Gdansk University of Technology
11/12 Narutow Str.
90-233 Gdansk, Poland

E-Mail: tjank@mifgate. mif.pg.gda.pl

® Miguel Antonio Jiménez-Pozo
Benemerita Universidad Autonoma de
Puebla
Fac. Physics and Mathematics, BUAP
Ave. San Claudio s/n,
C.U. San Manuel
72570, Puebla, Pue. Mexico

E-Mail: mjimenez@fcfm.buap.mx

¢ Peter Junghanns
Department of Mathematics
Chemnitz University of Technology
Reichenhainer Str. 39
D-09126 Chemnitz, Germany

E-Muail: peter.junghanns@mathematik.tu-
chemnitz.de

¢ Mikio Kato
Department of Mathematics
Kyushu Institute of Technology
Kitakyushu 804-8550, Japan

E-Mail: katom@mns.kyutech.ac.jp



XXViil

¢ Viktor Kolyada
Karlstad University
Universitetsgatan 1
651 88 Karkstad, Sweden

E-Mail: viktor.kolyada@kau.se

¢ Tengis Kopaliani
Institute of Mathematics
Thilisi State University
Chavchvadze str. 1
Thilisi 0128, Georgia

E-Muail: t_kopaliani@hotmail.com

¢ Andras Kroo
Alfrad Renyi Institute of Mathematics
Redltanoda. 13-15
Budapest, Hungary

E-Mail: kroo@renyi.hu

¢ Andrzej Kryczka
Instytut Matematyki UMCS
P1. M. Curie-Sktodowskiej 5
20-031 Lublin, Poland

E-Mail: andrzej.kryczka@umcs.pl,
andrzej_kryczka@mat.ucm.es

¢ Alberto Lanconelli
Dipartimento di Matematica
Universita degli Studi “Aldo Moro” di
Bari
Via Edoardo Orabona, 4
70125 Bari, Italy

E-Mail: lanconelli@edm.uniba.it

¢ Concetta Laurita
University of Basilicata
Via dell’ Ateneo Lucano 10
85100 Potenza, Italy

E-Mail: concetta.laurita@unibas.it

¢ Vita Leonessa
Dipartimento di Matematica e Informatica
Universita degli Studi della Basilicata
Via dell’ Ateneo Lucano, 10
85100-Potenza, Italy

E-Mail: vita.leonessa@unibas.it

¢ Dany Leviatan
Tel Aviv University
69978 Tel-Aviv, Israel

E-Mail: leviatan@post.tau.ac.il

¢ Lech Maligranda
Department of Mathematics
Lulea University of Technology
SE-971 87 Lulea, Sweden

E-Mail: lech@sm.luth.se

¢ Francisco Marcellan
Departamento de Matematicas
Universidad Carlos III de Madrid
Avenida de la Universidad 30
28911 Leganes (Madrid), Spain

E-Mail: pacomarc@ing.uc3m.es

¢ Helena Mascarenhas
Istituto Superior Técnico
Departimento de Matematica
Av. Rovisco Pais
Lisboa, Portugal

E-Mail: hmasc@math.ist.utl.pt

¢ Giuseppe Mastroianni
Dipartimento di Matematica e Informatica
Universita degli Studi della Basilicata
Via dell’ Ateneo Lucano, 10
85100-Potenza, Italy

E-Mail: giuseppe.mastroianni@unibas.it

¢ Katsuo Matsuoka
College of Economics, Nihon University
1-3-2- Misaki-cho Chiyoda-ku
Tokyo 101-8460, Japan

E-Mail: katsu.m@nihon-u.ac.jp

¢ Kirsti Mattila
Royal Institute of Technology
S-10044 Stockholm, Sweden

E-Mail: Kirsti@emath.kth.se

¢ Fernando Mayoral
Universidad de Sevilla
C/ San Fernando 4
41004 Sevilla, Spain

E-Mail: mayoral@us.es



¢ Giusy Mazzone
Dipartimento di Matematica “E. de
Giorgi”
Universita del Salento
Palazzo Fiorini, Via per Arnesano
73100 Lecce, Italy

E-Mail: giusy.mazzone@unisalento.it

¢ Sabina Milella
Dipartimento di Matematica
Universita degli Studi “Aldo Moro” di
Bari
Via Edoardo Orabona, 4
70125 Bari, Italy

E-Mail: smilella@dm.uniba.it

e Gradimir V. Milovanovi¢
Faculty of Computer Science
Megatrend University
Bulevar Umetnosti 29
1107 0 Novi Beograd, Serbia

E-Mail: gvm@megatrend.edu.rs

¢ Francisca Molina Alba
Departamento de Matematicas
Universidad de Jaén
Campus Las Lagunillas s/n
23071 Jaén, Spain

¢ Giovanni Monegato
Dipartimento di Matematica
Politecnico di Torino
Corso Duca degli Abruzzi, 24
10129 Torino, Italy

E-Mail: giovanni.monegato@polito.it

¢ Oxana Motorna
Taras Shevchenko National University of
Kyiv
Faculty of Radiophysics
64, Volodymyrs’ka st.
01033 Kyiv, Ukraine

E-Mail: omotorna@ukr.net

XX1X

¢ Francisco Javier Muiioz Delgado
Departamento de Matematicas
Universidad de Jaén
Campus las Lagunillas, s/n
23071 Jaén, Spain

E-Muail: fdelgado@ujaen.es

¢ Graziana Musceo
Dipartimento di Matematica
Universita degli Studi “Aldo Moro” di
Bari
Via Edoardo Orabona, 4
70125 Bari, Italy

E-Mail: musceo@dm.uniba.it

e Givi Nadibaidze
Institute of Mathematics
Thilisi State University
Chavchvadze str. 1
Thilisi 0128, Georgia

E-Mail: gnadibaidze@rambler.ru

¢ Karoly Nagy
Institute of Mathematics and Computer
Sciences
College of Nyiregyhaza
Sostoi u 31/b
H4400 Nyiregyhaza, Hungary

E-Mail: nkaroly@nyf.hu

¢ Anna Napoli
University of Calabria
Arcavacata di Rende (CS), Italy

E-Mail: anapoli@unical.it

¢ Francisco Naranjo
Escuela Superior de Ingenieros
University of Seville
Camino de los Descubrimientos s/n
41092 Sevilla, Spain

E-Mail: naranjo@us.es

¢ Incoronata Notarangelo
Universita degli Studi della Basilicata
Via dell’ Ateneo Lucano 10
85100 Potenza, Italy

E-Mail: incoronata.notarangelo@.unibas.it



XXX

¢ Olav Nygaard
Department of Mathematics
University of Agder
Servicebox 422
N-4604 Kristiansand, Norway

E-Mail: olav.nygaard@uia.no

¢ Donatella Occorsio
University of Basilicata
Via dell’ Ateneo Lucano, 10
85100-Potenza, Italy

E-Mail: donatella.occorsio@unibas.it

¢ Cihan Orhan
Ankara University
Faculty of Science
Department of Mathematica
Tandogan 06100, Ankara, Turkey

E-Mail: orhan@science.ankara.edu.tr

¢ Lourdes Palacios
Universidad Autonoma Metropolitana-
Iztapalapa
San Rafael Atlixco 186
Col. Vicentina
C.P. 09340 Mexico

E-Mail: pafa@xanum.uam.mx

¢ Radu Paltanea
Transilvania University of Brasov
Str. Eroilor 29
Brasov 500 063, Romania

E-Mail: radupaltanea@yahoo.com

¢ Pietro Pastore
University of Basilicata
Via dell’ Ateneo Lucano, 10
85100-Potenza, Italy

E-Mail: pietro.pastore@unibas.it

¢ Henrik Laurberg Pedersen
University of Copenhagen
IGM, KU-LIFE
Thorvaldsensvej 40
1870 Frederiksberg C, Denmark

E-Mail: henrikp@dina.kvl.dk

¢ Teresa E. Perez
Dpto. De Matematica Aplicada
Universidad de Granada
ETSIIT. ¢/ Daniel Saucedo Aranda s/n
18071 Granada, Spain

E-Mail: tperez@ugr.es

¢ Lars-Erik Persson
Department of Mathematics
Luleé University of Technology
SE-971 87 Luled, Sweden

E-Mail: larserik@sm.luth.se

¢ L.ukasz Piasecki
Institute of Mathematics
Marie Curie-Sklodowska University
20-031 Lublin, Poland

E-Mail: piasecki@hektor.umcs.lublin.pl

¢ Daniel Potts
Faculty of Mathematics
Chemnitz University of Technology
Reichenhairer Str. 39
D-09107 Chemnitz, Germany

E-Mail: potts@mathematik.tu-chemnitz.de

¢ Stanislaw Prus
Institute of Mathematics
M. Curie-Sklodowska University
20-031 Lublin, Poland

E-Mail: stanislaw.prus@umcs.lublin.pl

¢ A. Sri Ranga
Universidade Estadual Paulista (UNESP)
DCCE/IBILCE/UNESP, Campus de Sio
José do Rio Preto
Sao José do Rio Preto, Brazil

E-Mail: ranga@ibilce.unesp.br

¢ Joan Rasa
Department of Mathematics
Technical University of Cluj-Napoca
Str. C. Daicoviciu, 15
400020 Cluj-Napoca, Romania

E-Mail: Joan.Rasa@math.utcluj.ro



e Sara Remogna
Dipartimento di Matematica
Universita di Torino
Via Carlo Alberto 10
10123 Torino, Italy

E-Mail: sara.remogna@unito.it

¢ Paolo Emilio Ricci
Diaprtimento di Matematica Universita di
Roma “La Sapienza”
P.le Aldo Moro, 2
00185 Roma, Italy

E-Mail: paoloemilio.ricci@uniromal.it

¢ Karla Rost
Department of Mathematics
Chemnitz University of Technology
Reichenhainer Str. 39
D-09126 Chemnitz, Germany

E-Mail: karla.rost@mathematik.tu-chemnitz.de

e Maria Grazia Russo
Dipartimento di Matematica e Informatica
Universita degli Studi della Basilicata
Via dell’ Ateneo Lucano, 10
85100-Potenza, Italy

E-Mail: mariagrazia.russo@unibas.it

e Natasha Samko
Universidade do Algrarve
FCT, Campus de Gambelas
8000-117 Faro, Portugal

E-Mail: nsamko@ualg.pt

® Dominik Schmid
Institute for Biomathematics and
Biometry
Ingolstidter Landstr. 1
85764 Neuherberg, Germany

E-Mail: dominik.schmid@helmholtz-
muenchen.de

e Letizia Scuderi
Dipartimento di Matematica
Politecnico di Torino
Corso Duca degli Abruzzi 24
10129 Torino, Italy

E-Mail: letizia.scuderi@polito.it

XXX1

* Markus Seidel
Chemnitz University of Technology
StraBe der Nationen 62
09107 Chemnitz, Germany

E-Mail: markus.seidel@mathematik.tu-
chemnitz.de

¢ Fowzi Sejeeni
Umm Al-Qura University
P.O. Box 2691
21955 Makka, Saudi Arabia

E-Mail: fasejeeni@uqu.edu.sa

¢ Igor Shevchuk
Taras Shevchenko National University of
Kyiv Faculty of Mechanics and
Mathematics
64, Volodymyrs’ka st.
01033 Kyiv, Ucraine

E-Mail: shevchuk@mail.univ.kiev.ua

¢ Carlos Signoret
Universidad Auténoma Metropolitana
Iztapalapa
Av. San Rafael Atlixco 286
Iztapalapa 09340, D.F. Mexico

E-Mail: casi@xanum.uam.mx

¢ Bernd Silbermann
Fachbereich Math.
Technische Universitdt Chemnitz
Reichenhairer Str.39
0-9107 Chemnitz,Germany

E-Mail: silbermann@mathematik.tu-
chemnitz.de

¢ Mehrdad Simkani
University of Michigan-Flint
303 E. Kearsley St.
Flint, MI, 48502, USA

E-Mail: simkani@umich.edu

¢ Sankatha Singh
Dept. Of Math&Stat
Memorial University
AIC 5S7 St. John’s, Canada

E-Mail: ssingh55@rogers.com



XxXXi1

¢ Herbert Stahl ¢ Rodolfo Toledo
TFH-Berlin/FB 11 Institute of Mathematics and Computer
Luxemburger Str. 10 Sciences
13 353 Berlin, Germany College of Nyiregyh
E-Mail: HerbertStahl@aol.com P.O. Box 166
Nyiregyhaza, H-4400 Hungary
. Marija Stanié E-Mail: toledo@nyf.hu
Faculty of Science
University of Kragujevac * Ferenc Tookos
Radoja Domanovica 12 Institute for Biomathematics and

34000 Kragujevac, Serbia Biometry
Helmholtz Zentrum Muenchen

Ingolstiddter Landstrasse 1
D-85764 Neuherberg, Germany

E-Mail: stanicm@kg.ac.rs

¢ Alexander Stokolos

Department of Mathematics E-Mail: ferenc.tookos@helmholtz-muenchen.de
Georgia Southern University

203 Georgia Ave * Vilmos Totik

Statesboro, GA 30458, U.S.A. Bolyai Institute

Attila Jozsef University
Aradi Vertanuk Tere 1
6720 Szeged, Hungary

E-Mail: astokolos@georgiasouthern.edu

e J6zsef Szabados
Alfréd Rényi Institute of Mathematics and )
Reiltanoda u. 13-15 University of South Florida

Tampa-FL, USA
E-Mail: totik@math.u-szeged.hu,
totik@math.usf.edu

1053 Budapest, Hungary
E-Mail: szabados@renyi.hu

¢ Cristian Tacelli
Dipartimento di Matematica
Universita del Salento

e Camillo Trapani
Dipartimento di Matematica e

Palazzo Fiorini, Via per Arnesano Applica.zi\oni.

73100 Lecce, Italy Uplversu? d1. Palermo
- cristi lli@unisal ) Via Archirafi, 34

E-Mail: cristian.tacelli@unisalento.it 90123 Palermo, Italy

. .. E-Mail: trapani@unipa.it
¢ Helmi Temimi

Gulf University for Science & Technology
(GUST)

Block 5, Building 1

Mubarak Al-Abdullah Area/West Mishref

¢ Francesco Tschinke
Dipartimento di Metodi e Modelli
Matematici
Universita di Palermo

Kuwait, Kuwait Viale delle Scienze, Edificio 8
E-Mail: tamimi@vt.edu 90128 Palermo, Italy
E-Mail: ftschinke@unipa.it
¢ Sergey Tikhonov
ICREA and CRM ¢ Alexey Uglanov
Centre de Ricerca Matematica Saint-Petersburg State Polytechnical
Apartat 50 University
08193 Bellaterra Polytechnicheskaya str. b. 29
Barcelona, Spain Saint-Petersburg, Russia

E-Mail: s.tikhonov@sns.it E-Mail: auglanov@yandex.ru



¢ Vladimir Vasilyev
Bryansk State University
Bezhitskaya 14
Bryansk, Russia

E-Mail: vbv57@inbox.ru

¢ Peter Vertesi
Alfréd Rényi Institute of Mathematics
Hungarian Academy of Sciences
P.0.B.127
1364 Budapest, Hungary

E-Mail: veter@math-inst.hu

¢ Florica Voicu
Technical University of Civil Engeenering
Lacul Tei 124, sector 2
Bucharest 020396, Romania

E-Mail: florivoi@yahoo.com

XXX111

Mihai Voicu
Technical University of Civil Engeenering
Lacul Tei 124, sector 2
Bucharest 020396, Romania

E-Mail: mvoicuy@yahoo.com,
mvoicu@mail.utcb.ro

® Mirostawa Zima
Institute of Mathematics
University of Rzeszéw
Rejtana 16 A
35-959 Rzeszéw, Poland

E-Mail: mzima@univ.rzeszow.pl






PART I
INVITED LECTURES






RENDICONTI DEL CIRCOLO MATEMATICO DI PALERMO 3
Serie 11, Suppl. 82 (2010), pp. 3-26

Linear spectral transformations,
Hessenberg matrices, and orthogonal
polynomials

Kenier Castillo, Luis Garza and Francisco Marcellan

Abstract. In this manuscript we analyze some linear spectral trans-
formations of a positive definite Hermitian linear functional. In par-
ticular we focus our attention in the behavior of the Verblunsky pa-
rameters of the perturbed linear functional when we add the linear
functional defined by the Lebesgue measure on the unit circle. Some
illustrative examples are pointed out.

Mathematical Subject Classification (2010). 42C05

Keywords and phrases. Quasi-definite linear functionals, Toeplitz
matrices, orthogonal polynomials on the unit circle, linear spectral
transformations, Hessenberg matrices, Verblunsky parameters.

1 Introduction

Orthogonal polynomials with respect to nontrivial probability measures
supported on the real line have attracted the interest of researchers long
time ago. Their relations with continued fractions and rational approxi-
mation, their role in the spectral theory of linear differential operators and
Sturm-Liouville problems, as well as their applications in the theory of in-
tegrable systems (Toda lattices and Lax pairs, among others) constitute an
illustrative sample of their impact in many domains of Mathematics and
Physics.

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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Surprisingly, the theory of orthogonal polynomials with respect to non-
trivial probability measures supported on the unit circle had not been so
popular until the mid 80’s. The monographs by G. Szeg6 (see [22] and
[13]) and Ya. L. Geronimus (see [10] and [9]) were the main (and the few)
major contributions to the subject despite the fact that people working in
linear prediction theory and digital signal processing used as a basic back-
ground orthogonal polynomials on the unit circle (see [7] and references
therein). The very recent monograph by B. Simon ([20]) constitutes an up-
dated overview of the most remarkable directions of research in the theory,
both from a theoretical approach (extensions of the Szegé theory from an
analytic point of view), as well as from their applications in the spectral
analysis of unitary operators and the (GGT and CMV) matrix represen-
tations of the multiplication operator, quadrature formulas, and integrable
systems (Schur flows and Ablowitz-Ladik equations), among others.

In the last years, some attention has been paid to the connections be-
tween some canonical perturbations of measures supported on the unit
circle, the corresponding sequences of orthogonal polynomials, the GGT
matrix representations, and Carathéodory functions (see [6], [8], [11], [12],
[15], [17], [18], [19] among others) in the framework of the theory of the
so called rational spectral transformations. It is the natural counterpart of
the theory developed in [21] and [24] for measures supported on the real line.

The aim of our review is twofold. First, we present the state of the art
in the theory of linear spectral transformations (Christoffel, Uvarov, and
Geronimus as particular examples) and the connection with the LU and
QR factorization of Jacobi and Hessenberg matrices, respectively. Second,
we study an interesting example of a linear spectral transformation on the
unit circle far away of the above canonical cases. The key idea is the anal-
ysis of the perturbation of a measure supported on the unit circle by a new
measure such that the corresponding Carathéodory functions differ in a
polynomial. In particular, when we add a constant, i.e. the corresponding
Toeplitz matrix is the result of the addition of a constant diagonal matrix
to the initial Toeplitz matrix, we study some new analytic properties of
the corresponding sequences of orthogonal polynomials in a different way
to the work done in [3] and [4].

The structure of the paper is as follows. In Section 2 we present a
basic background about orthogonal polynomials with respect to measures
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supported on the real line. We emphasize the role of the Jacobi matri-
ces associated with such polynomials. The connection between canonical
spectral linear transforms of the measures and LU and UL factorizations
of the corresponding Jacobi matrices is stated. In Section 3 we deal with
some analog problems for polynomials orthogonal with respect to measures
supported on the unit circle. In this case, the connection between canon-
ical linear spectral transforms of the measures and QR factorizations of
the corresponding Hessenberg matrices is given. In Section 4 we focus our
attention in a perturbation of the Toeplitz matrices associated with such
measures. In particular, we analyze the perturbation of a Toeplitz matrix
by the addition of a scalar matrix. The expression of the resulting or-
thogonal polynomials in terms of the original sequence is deduced. Finally,
Section 5 is devoted to the study of such a kind of perturbation when the
initial Toeplitz matrix is associated with the Bernstein-Szeg6 measure and
the Tchebychev measure, respectively.

2 Orthogonal polynomials on the real line and Ja-
cobi matrices

Given a nontrivial probability measure p supported on some infinite subset
E of the real line, a (unique) sequence of polynomials {p,},>0 can be
defined as

/Epm(z)pn(m)du(m) =0mmn, n,m =0, (2.1)

where 0,y is the Kronecker delta. {py}n>0 is said to be the sequence of
orthonormal polynomials with respect to p and

() = Yma™ 4+ ™! + lower degree terms, (2.2)

with v, > 0 for every n > 0. Starting from the initial conditions po(z) = 1
and p_i(z) = 0, one can obtain this family of polynomials by means of the
so-called three term recurrence relation [5]

pn () = any1Pnt1(x) + bnpn(x) + anpn_1(z), n =0, (2.3)

with the assumptions Py(x) = 1 and P_;(x) = 0, where the recurrence
coefficients are

WV

Gnp :/ xpn—l(x)pﬂ(m)dlu’(x) = ol >0, n=1,
E

Tn
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and
b, = / xp? (z)du(z) = Cn _ Cn“, n = 0.
E Tn In+l
(2.3) has a matrix representation of the form
zp(z) = Ip(a),
where p(z) = [po(z), p1(x), ...]" and J is the symmetric tridiagonal matrix
bp a1 0 O
al bl as 0
J=| 0 a b a3

0 0 as bg

that is known in the literature as Jacobi matrix [5]. It represents the mul-
tiplication operator with respect to the basis of orthonormal polynomials
defined as above.

On the other hand, the monic orthogonal polynomials with respect to
w are given by P, () = pp(z)/vn, n > 0. In such a case, (2.3) becomes

Poi1(z) = (x — by)Py(x) —dpPr—i1(x), n =0, (2.4)

with d,, = a2, and its corresponding matrix representation is

bp 1 0 O
d by 1 0
J= 0 dy by 1 ,

0 0 dg bs
that is known as monic Jacobi matrix.

2.1 Spectral transformations

Spectral transformations of nontrivial probability measures supported on

the real line have been extensively studied during the last years and within

a wide variety of frameworks including bispectral problems, integrable sys-

tems, matrix theory, group theory, and Stieltjes functions (see [1], [14], [16],

[21] among others). We are interested here in the effect of such transfor-

mations on the corresponding Jacobi matrices (see [2], [23], among others).
We consider three canonical transformations as follows
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(7) Christoffel transformation
dit = (x — B)du, B ¢ supp(p).

(74) Uvarov transformation
dii = du+ Myd(z — B), M, € R.

(731) Geronimus transformation

. d
di = ﬁ + M,5(x —pB), B¢ supp(p), M, €R.

We will denote the previous transformations by Re(5), Ry (8, M,.), and
Ra(B, M), respectively. They are related as follows

Rc(B) oRa(B,M,) = I (Identity transformation),
RG(/Bv MT‘) © RC(B) = RU(B) Mr)

If we denote by S(z) the Stieltjes function associated with u, i.e. S(x) =
o 3752, Ker, where py = [ a*dp(z) are the moments of 4, then these
transformations can be expressed in terms of the corresponding Stieltjes
functions as

S@) = A(m)Sl(;s()x )+ B(x)

where S(x) is the Stieltjes function associated with i, and A(z), B(x), D(x)
are polynomials in the variable x, which are explicitly given (see [24]) for
each of the above transformations. Furthermore, [24] shows that the linear
spectral transformations (2.5) constitute a non-commutative group whose
generators are transformations (¢) and (#i1).

On the other hand, it has been shown that the Jacobi matrices asso-
ciated with the perturbed measures ji for the above transformations can
be obtained from the original Jacobi matrix via LU and UL factorizations
using the Darboux transformation, defined as follows.

Consider the monic Jacobi matrix associated with some nontrivial prob-
ability measure p. Notice that, if all of its principal leading submatrices
are nonsingular, then J has a unique LU factorization where L and U are
bidiagonal matrices

(2.5)

10 0 0 up 10 0
L 1 0 0 0 up 1 0

L=| 0 & 1 0 , U= 0 0 wu 1 (2.6)
1 0 0 0 w

0 0 I3



8 KENIER CASTILLO - LUIS GARZA - FRANCISCO MARCELLAN

Next, we construct, by reversing the order of the factors from the above
factorization, a new matrix Jp := UL that is said to be the Darbouz
transformation of J without parameter . Notice that Jp is again a tridiag-
onal matrix with ones as entries on the upper diagonal and, according to
Favard’s theorem, it is a monic Jacobi matrix associated with some non-
trivial measure fi.

In a similar way, we consider the U L factorization of the matrix J, where
U and L are of the form given in (2.6), J = UL. Now let J; := LU, and
thus we obtain again a monic Jacobi matrix. In this situation, J; is said
to be the Darboux transformation of J. Contrary to the LU factorization,
the UL factorization is not unique and depends on a free parameter.

Remark 2.1 A necessary and sufficient condition for the existence of the

LU factorization of J is P,(0) # 0, n > 1. Furthermore, assuming the LU
factorization exists, the elements of L and U are given by

dy dp,

ll = T I, = )

bo " bn—l - ln—l

uy = b(), Up = bn—l — ln—h n = 2. (2.8)

n>2, (2.7)

Next, we describe transformations (i) — (#4¢) in terms of the correspond-
ing monic Jacobi matrices.

Proposition 2.2 [2] Let u be a nontrivial probability measure and denote
by { P }n>0 and J its corresponding sequence of monic orthogonal polynomi-
als and monic Jacobi matriz, respectively. Let f € R such that P,(8) # 0,
n = 1. Then, if we apply the transformation

J-pAI=LU, J,:=UL~+4lL

then Jq is the monic Jacobi matriz associated with dji = (x — 3)dpu, i.e. the
Christoffel transformation.

Notice that if 5 does not belong to the convex hull of supp(p) then P, (3) #
0 for every n > 1. It is not difficult to show that we can iterate the previous
result and extend it to describe the monic Jacobi matrix associated with
m consecutive Christoffel transformations. Indeed,

Proposition 2.3 [2] Let p, {Py}n>0, and J be as in the previous Propo-
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sition. Consider the following transformations of J

C, = J-pBI=LUq, Cy == UL + AL,
Cy, = C;—fI=LyU,, Cy :=UzLsy + Bol,
C, = Cm—l — Bl = LynUm, ém = UmLm + Bn1,

with B, B2, ..., 0Bm € R. If we denote by {P,;} the sequence of monic
orthogonal polynomials associated with C;, 1 < i < m — 1, and assuming
that Po(B) # 0, Poi(Bix1) # 0, n > 1,1 <i < m — 1, then C,, is the
monic Jacobi matriz associated with the measure

div=(z — B1)(x — B2) ... (x — Bm)dp.

Notice that in the previous results for the Christoffel transformation,
only the Darboux transformation without parameter was used. On the
other hand, for transformations (i7) and (iii) there are analogous results
that use both the Darboux transformation and the Darboux transformation
without parameter, as follows.

Proposition 2.4 [2] Let J be the monic Jacobi matriz associated with the
nontrivial probability measure u. Consider the following transformations of
J
J—-pBl = LUy, J1:=U;Lq,
Ji = TUsls, Jo :=LyUs + ﬂI.

Then Jq is the monic Jacobi matriz associated with the measure
di = du+ Myé(x — B),

i.e. the Uvarov transformation of u, where

by — B —

M, — fo(bo — 8 8)’
s

with po = fE du(z) and s is the free parameter associated with the UL

factorization of J1.

Proposition 2.5 [2] Let J1 be the monic Jacobi matriz associated with the
measure 1. Suppose there exists a measure p such that dpp = (x — B)du. If
we apply the following transformation to Jy

Ji Bl = ULy, J2:=L1U;+ 43I,
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then Jo is the monic Jacobi matrix associated with the measure

. di
= r - s
dji :C—B—i_M 5z —p)

i.e. the Geronimus transformation of fi, where M, = @ and s is the free
parameter associated with the UL factorization of J1.

3 Orthogonal polynomials on the unit circle and
Hessenberg matrices

3.1 Background

Let £ be a linear functional in the linear space of Laurent polynomials
satisfying ¢, = (£,2") = (£,27") = ¢, n € Z, i.e. L is Hermitian. The
complex numbers {c,}ncz are said to be the moments associated with £
and the matrix

€o C1 Cn
c-1 Co Cn—1

T = : (3.1)
C—n Cont1 - €o

is known in the literature as a Toeplitz matrix [13]. P will denote the linear
space of polynomials with complex coefficients. If T,,, the (n+1) X (n+1)
principal leading submatrix of T, is non-singular for every n > 0, then
L is said to be quasi-definite and the existence of a sequence of monic
polynomials, orthogonal with respect to L, is guaranteed. On the other
hand, if det T,, > 0, for every n > 0, then L is said to be positive definite
and it has the following integral representation

(. p(2) = /T p(z)do(z), peP, (3.2)

where o is a nontrivial positive Borel measure supported on the unit circle
T={z:|z|] =1}

The concepts presented in the previous Section concerning measures
supported on the real line have a counterpart for measures supported on
the unit circle. If ¢ is a nontrivial probability measure supported on T, then
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there exists a (unique) family of polynomials {¢y, }n>0, with deg ¢, = n and
positive leading coefficient, such that

/Tgon(z)gom(z)do(z) = Om,n- (3.3)

{¢n }n>0 is said to be the sequence of orthonormal polynomials with respect
to 0. Denoting by &, the leading coefficient of ¢,,(2), ®n(2) = pn(2)/kn
is the corresponding sequence of monic orthogonal polynomials. These
polynomials satisfy the following forward and backward recurrence relations
(see [10], [13], [20], [22])

Ppi1(z) = 28p(2) + Pry1(0)P5(2), (3.4)
Puir(2) = (1= @01 (O)P) 200(2) + Puia (0@ (), (3.5)
where ®*(2) = 2"®, (27 ') is the so-called reversed polynomial and the

complex numbers {®,(0)},>1 are known as Verblunsky or reflection pa-
rameters. It is important to notice that in the positive definite case we get
|,(0)] <1, n>1.

The multiplication operator with respect to {¢, }n>0 is represented in
a matrix form by

2p(2) = Hyp(2), (3.6)

where p(2) = [po(2), p1(2), ..., ¢n(2),...]" and H, is a lower Hessenberg
matrix whose entries are

= it j=n+1,
b = — 2, 1 (0)85(0) i j <, (3.7)
0 if g>n+1.

Proposition 3.1 H, satisfies
(i) HyHy, = 1= X0 (0)0(0)0(0)7,
where I is the semi-infinite identity matriz and Moo (0) = [[°2 o (1—|®,11(0)[?).

n=0
Remark 3.2 Proposition 3.1 states that the infinite matriz H, is unitary
if and only if Yo% |®,(0)|> = +oo. In terms of the measure o this fact
is equivalent to logo’ ¢ L' (%). In other words, o does not belong to the
Szegd class (see [20]).



12 KENIER CASTILLO - LUIS GARZA - FRANCISCO MARCELLAN

Remark 3.3 From (3.6), is not difficult to show that Hg, the Hessenberg
matriz associated with {®y}, -, has as entries

1 if j=n+1,
b =4 20, (02;0) i j<n, (3.8)
0 if j>n+1,
where 1

3.2 Spectral transformations

Transformations (i) — (i7¢) defined in the previous Section for measures
supported on the real line have also a counterpart for measures supported
on the unit circle. They are defined as follows

(i) Christoffel transformation
doc = |z — al?do, a€C,|z| =1.
(77) Uvarov transformation with one mass
doy =do+ M:(z —a), |a|=1,M. € R,.
(747) Uvarov transformation with two masses
doy = do + M.5(z —a) + MS(z—a b)), |al e Ry~ {0,1}, M, € C.

(iv) Geronimus transformation

1 _
T do + M6(z — a) + M:(2 — al), |a/>1,M.cC.

dog =
|z — o

We will denote these transformations by Feo (o), Fu(a, M), and Fe(a, M),
respectively. Asin the case of the real line, these transformations are related
by

Fo(a)o Fa(a,M.) = Z (Identity transformation),
Fa(la, M) o Fo(a) = Fula, M,.).

Furthermore, introducing the Carathéodory function associated with o

o0
F(z)=cy+2 Z c_p2,
k=1
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these transformations can be expressed in terms of the Carathéodory func-

tions as A(2)F(2) + B(z)

F(s) = BES

(3.9)

where F (z) is the Carathéodory function associated with the perturbed
measure and A(z), B(z), D(z) are polynomials that are explicitly given
(see [18]) for the above transformations.

Next, we focus our attention in the study of these transformations from
the point of view of the corresponding Hessenberg matrices. We state a
relation between the Hessenberg matrices associated with the original and
perturbed measures by means of a QR factorization. Next, we describe
some results in this direction.

We begin with the Christoffel transformation. Let denote by {t¢n }n>0
the sequence of orthonormal polynomials with respect to o¢. The relation
between both families of polynomials is (see [11])

(2 — a)ibn(z) = M onia (2 Z iy on1l@ei(@) oy,

Ko(a,a) Knr1(0, ) Kn(t, @)
(3.10)
where K, ( Z oz cpk . In the sequel,
=3 (20 ()
k=0

i.e., the i — th (resp. j — th) partial derivative of K,(z,y) with respect to
the variable z (resp. y) is taken.
On the other hand, If

o(2) =[po(2), .- n(2),.. ]" and  W(2) = [o(2), ..., ¥n(2),.. ],
then the matrix representation of (3.10) is
(z — a)Y(z) = Mep(z), (3.11)
where M¢ is a lower Hessenberg matrix with entries

pit1()p;(a) if

VEiri(e,a)Ki(,a)’ J <,
e R o if j=i+1, (3.12)

0, if j>i4+1.



14 KENIER CASTILLO - LUIS GARZA - FRANCISCO MARCELLAN

Notice that (M¢),, the nxn principal leading submatrix of M, is a quasi-
unitary matrix, i.e. its first n — 1 rows constitute an orthonormal set, and
the last row is orthogonal with respect to this set, but is not normalized.
Furthermore, if we denote by L, the lower triangular matrix such that
©(2) = Lyytp(z), then Ly, can be computed from H, and Mc¢ as follows

Proposition 3.4 [6/,[19]
Lo, = (H,—ol)M}. (3.13)

Now it is possible to determine the relation between H,, the Hessenberg
matrix associated with o¢, and H.

Proposition 3.5 [6/,[19]

H, - ol = L,Mgc, (3.14)
Hw—OzI = Mchp. (315)

Notice that an ”almost” QR factorization appears, since Mg is not
a unitary matrix (but it is very close). The iteration of the canonical
Christoffel transformation has been analyzed in [11], [15], and [17].

The results for the Christoffel transformation can be used to obtain
a similar result for the Uvarov transformation. If we assume that there
exists a sequence of polynomials {vy, },>0 orthonormal with respect to oy
as defined in (i7), then the relation between the Hessenberg matrices Hy,
and H,, associated with ¢ and oy, respectively, is (see [6], [18])

Proposition 3.6

H,—al = L,;Mog, (3.16)
H, - ol = LyMy, (3.17)

where Ly = LypLgy, My = MCL;gg, and L are the matrices of change of

bases for the orthonormal polynomial families denoted by their subindices.
The iteration of the canonical Uvarov transformation, with |a| = 1, has
been studied in [10] and [17].

Finally, let us consider the Geronimus transformation defined in (7i).
Necessary and sufficient conditions for the existence of a sequence of monic
polynomials orthogonal with respect to og were studied in [8], as well
as the relation between the corresponding families of monic orthogonal
polynomials and their associated Hessenberg matrices. If we denote by
{Gn}n>0 the sequence of monic polynomials orthogonal with respect to
oc and by Mg the corresponding Hessenberg matrix, from the relation
between {Gy, }n>0 and {®, },>0, then we get
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Proposition 3.7 [8] Let Lg be the lower triangular matriz with 1 on the
diagonal elements such that G(z) = Le®(z) and denote by Hg the Hessen-
berg matriz associated with {Gy}n>0. Then,

Ho — oI = M¢Lg (3.18)

and
H; — ol = LaMg. (3.19)

4 A diagonal perturbation of a Toeplitz matrix

Let £ be a linear functional in the linear space A of Laurent polynomials.
Define a linear functional £ such that its associated bilinear functional
satisfies

dz
o2miz’

() = (0.0 +m [ pl)al2) (4.1)
with m € R and p,q € P. Assume that £ is a positive definite linear
functional and let o be its corresponding measure as defined in (3.2). Then,
this transformation, that will be denoted by Fp(m), can be expressed in
terms of the corresponding measure o as

do = do + m2dz. , z=¢é", (4.2)
iz

i.e. the addition of a Lebesgue measure to 0. We will assume m € Ry in
order for ¢ to be a positive Borel measure supported in T. On the other
hand, the moments {¢ }recz associated with £ are given by

co=cot+m, C=cp, k=+1,2,.... (4.3)
As a consequence, the Carathéodory function of the linear functional L is
F(z) = F(z) + m. (4.4)
Notice that ’i‘, the Toeplitz matrix associated with Z, is
T =T + ml, (4.5)

i.e. a constant is added to the main diagonal of T. Now we proceed to
obtain the sequence of monic orthogonal polynomials with respect to L.
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Proposition 4.1 Let L be a positive definite linear functional and denote
by { Py }n>0 its associated sequence of monic orthogonal polynomials. Then,
{U,, }n>0, the sequence of monic polynomials orthogonal with respect to L
defined by (4.1), is given by

Uo(2) = ,(2) — K (2,00m D2+ P, 1P!_)7'1®,(0), (4.6)

with Kn_l(z, 0) = [ 1
diag{%, ..., i} ®n(0) = [€,(0),,,(0),..., o (O)]!, and

0(0)  ¢1(0) ¢n—1(0)
0 ©1(0) ©n—1(0)
Pnfl - 0
0 0 o 1”< 0)
Proof. Set
Up(2) = ®n(2) + > AnpPi(2), (4.7)

where, for 0 < k< n—1,

>\nk‘ = = )

’ ky ky,
m dy
=~ Tk T‘I’n(y)@k(y) Sy
Thus,
d
‘Ijn(z) = m/ n 1 z y)2 Zy) (48)
(J (0,9
v,77(0) K, 7 (2, O)
= mz . i (4.9)
In particular, for 0 <i < n — 1, we get
} } = wi0) K7)(0,0
w((0) = a0 (0) —m 3 L) »-1(0.0) (4.10)

J=0
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So, we have the following linear system of n equations and n unknowns

2 W,(0) K27(0,0)
!

= 7!
n—1 +(j) (1,9)
! 4 \Iln 0 Kn (07 0)
\Iln(o) - q)n(o)_mz -‘( ) 1| ;
— J: J
7=0
" " v, (0) K,/ (0,0
\Iln(o) = (I)n(o)_m -‘( ) = 1|( )7
= I j

which reads as

where

K200 K2 (0,0 K,"57(0,0)
1,0 1,1 1n—1
R K00 KN (0,0 K0 (0,0)
n—1 — . )
K00.0) KP0,0) - KIS (0,0)
(4.12)
and D,, = diag{&, L. ﬁ} As a consequence, (4.11) becomes

¥,(0)=m ' (m ', + R,_;D2)"'®,(0). (4.13)

Thus, if K, 1(2,0) = [Kn_1(20), K"V (z,0),..., K"

n—l_l)(zao)]ta then
(4.9) can be written

U,(2) = ®,(2) —mKL_{(2,0)D2%,(0),

n—1
= ®pn(z) - Kfl_l(z, 0)(m_1D;2 + Rnfl)_lq’n(o%
which is (4.6), since R,,_; = P,_1P!_,. O
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In particular, for the corresponding Verblunsky parameters we get

U, (0) = ®,(0) —K! (0,0)(m D2 +P,_P!_)"'®,(0).

n—1

On the other hand, considering the derivatives of order j with respect
to the variable z in the Christoffel-Darboux formula, (see [10], [20], and

[22])

@;(y)@Z(z) — (I)n(y)q)n(z)

anl(zay) = k (1 — ?jz) >

we get

REY ) = T () )“’ ) (2t )“’ |
Thus !

=

| ; £\ ) ENC)
KE 0 = T (HE)) ) B0 (861

Now, taking into account the Leibniz rule

()7 _ 5~ (agn 2

k=0

the evaluation at z = 0 yields

J (j—F) J (j—F)
N A () e (0)
| E P — IE —n Nk
]'kzo G-k ]'k:o G-k

JT5 (@n(y); 0),

where T}(p(y); 0) denotes the j—th Taylor polynomial of p(y) around y = 0.
In an analog way

J (G—Fk)
%O ke

Therefore, we have proved

Proposition 4.2

K87 (2,0) = j! [qmz) T} (@},(2);0) -
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From the previous Proposition, if we denote
T(D,(2);0) = [T5(Pn(2); 0), T (®n(2); 0), ..., Ti_1 (Pn(2); 0)]",
then (4.6) becomes

() = 0u2) — PO T @, (200D (D 4 PPl (0)
— 2@y (0D D 4 PP 8,0
() Ba(2) + ba(2)B4(2), (4.14)
with
an(z) = 1—kiTt(tbn(z);O)Dgl(mle;Q+Pn_1PfL,1)*1<I>n(O),
bu(z) = T (=) 0D, (m D% 4 Py Pl ) 7 8, 0)
5 Examples

5.1 A Bernstein-Szegd case

Let us consider the measure o such that

1—|B*do

do = il —,

|z = BI* 2w

and apply to it the transformation considered in the previous Section, i.e.

let us define a new measure &

1—1(B|* do de

—+m—, meR,. 5.2

|z — 8|2 27 2 * (52)

Our goal is to find the sequence of monic polynomials orthogonal with
respect to (5.2), that will be denoted by {¥,},>0. (5.1) is known in the
literature as Bernstein-Szeg6é measure, and its corresponding sequence of
monic orthogonal polynomials is (see [20])

D,(2)=2""12z—pB), n>1
Furthermore, we have ®%(z) = 1 — Bz, n > 1. Notice that, for n = 1, from
(4.14) we get
Ui(z) = a1(2)®P1(2) + b1(2)®1(2),
= 1= =18 (m+ (1 —[8*)"(z - B)
[B(1—18[*)(m + (1 = [B*)71](1 = B2). (5.3)

Bl<1, z=¢®, (5.1)

do =
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For n > 2, Tj($,(0);0) =0,0< j<n—2, and

’ " 22 Zn_l
T (®n(2);0) = ® ® ® (0)= + ...+
n1(@a(2:0) = @0 (0) + @ (0)z + 2 (0) 7 + -+ 2TV T,
= B
Thus, T(®,(2);0) = [0,0,...,—3]". On the other hand, Ty(®;(0);0) = 1,

and Tj(®}(2);0) =1—Bz,1<j<n—1.
Therefore, T(®}(2);0) = [1,z — B,2(z — B),..., 2" %(z — B)]!. Further-

more, in this case

1 -1
P,1= WDn B,
where
1 B 0
0o 1 g
B, = : 0 (5.4)
I
0 .o 0 1
On the other hand, denoting by
N, = D,'(m'D;?>+P, P, )7, (5.5)
_ 1 _
= [m IIn + ?WBTLBZ] an, (56)
and taking into account that ®,(0) = [0,0,---, —(n — 1)!8]*, we get
RPN
an(z) 1 o |/6’2(n )-nn—Ln—l,
,8 n—2 '
bn(z) = _1—7|B|2(n — 1)' Non—1 + (Z - B) Zniﬂ,n_lzl , (57)
=0

where n;;, 0 < 4,5 < n — 1 are the entries of N,,. From this, all ele-
ments on (4.14) are known and we can compute ¥, (z). The corresponding
Verblunsky parameters, for n > 2, are

Un(0) = ba(0),
g
= ———(n—-1)! ne1— N0n—1)-
. ‘6|2(n N(Brin—1—non-1)
The first 20 Verblunsky coefficients for different values of m and § are
shown in Figure 1.
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¥,(0)
1.0

0.0 n

-0.5

— e m=5,8=-02

—a—— m=10,=-05

Figure 1: Verblunsky coefficients for Example 5.1
5.2 Tchebychev case
Let us consider the measure
de ,
do=|z—12=, z=¢€", (5.8)
2

and its corresponding sequence of monic orthogonal polynomials, given by
(see [20])

D, (2) = Z(kz +1)2", n = 0. (5.9)
We introduce the perturbation defined in the previous Section and obtain

do
do =d —. 5.10
ol U+m27T ( )

We now proceed to get an explicit expression for the sequence of monic
polynomials orthogonal with respect to . Notice that

1 J
T(@n(2);0) = —— > (k+1)2%, 0<j<n—1,
k=0

and, as a consequence,

. 1 - .
Tj(q>n(z);o):n+1k2_o(k+1)zﬂ , 0<j<n—1
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On the other hand, since

1
O(2) = =7 D (k+1)z"F, n>0,

we get

and, thus,

1 :
T (®,,(2);0) = Z(n—{—l—k)z]_k, 1<j<n—-1

n+1 prd
Therefore, T(®,,(0);0) = 757[1,2,...,n]" and T(®;;(0);0) = 725 [n+1,n,n—
1,...,2]". Furthermore, since
2 n
on(2) = | ———=> (k+1)2*, n>0, (5.11)

(n+1)(n+2) —

are the orthonormal polynomials with respect to o, we obtain

P, 1 =D,'AA, (5.12)
where
1 1 1 1 0 0
An = 0 1 ) A’fl = 0 pl )
11 : 0
0 0 1 0 0 pp-1
andp; = . /—2
Pi= GG
Finally, we have ®,(0) = 25[1,2!,---,n!]" and we can obtain W, (z)

explicitly from (4.14). Figure 2 shows the behavior of the corresponding
Verblunsky coefficients for different values of m.

Remark 5.1 Notice that (5.8) is a Christoffel transformation of the Lebesque
measure with o = 1 (see Section 2). This example can be generalized as
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¥,(0)
10

0.5

0.0 L L L L I L L L L I L L L L I L L L L -

—e—— m=10

—&—— m=100

Figure 2: Verblunsky coefficients for Example 5.2

follows. Let o be an absolutely continuous measure whose Radon-Nikodyn
derivative with respect to the Lebesque measure is o = |z —af?, z = €?,
i.e. a positive trigonometric polynomial of degree 1. Applying the transfor-

mation in Section 3, with m € Ry, and assuming a € C, we obtain
m+z—al=m+1—az ! —az+la]?, z=¢", (5.13)

1.e. another positive trigonometric polynomial that can be represented by
|62 — |, where 6 € R,y € C. Indeed, as

02— =8 —yz" = oz + WP, 2 =€,
the comparison of the coefficients with (5.13) yields 1+|al? +m = §% + |y/|?
and o = 6. Thus,
2 |af? 2
L+ |af —i—m:é—z—i-é ,
so we can get 0 and 7y in terms of m and «. In other words, in this case we
can express the addition to a Tchebychev measure of a Lebesque measure
(multiplied by a constant m) as a Christoffel transformation of the Lebesgue

measure.
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1 Introduction

Since the Bernstein polynomials are not defined for f € LP([0,1]), 1 <p <
oo, the Kantorovich polynomials K, given by

Kn(f;2) = pug()(n+1) i f(u) du, (1.1)
k=0 k

Ik_[ Eook+1

n\ k& n—k
= = 1-— 1
n 17 n 1:| ) pn,k(x> (k)m ( II,') , T E [07 ]7

were introduced and studied deeply (see, e.g., [2, p. 115 ff.]). The case of
weighted approximation by K, operator with the Jacobi weight

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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w(z) = w*?(z) = 2%(1 — 2)”, a,f > —1,

was also investigated (see [2, p. 159]). Some equivalence results were given

under the restrictions 1 ]
—<a, <l -~ (1.2)
p b

on the weight parameters. Here the left side inequalities for the weight pa-
rameters are necessary. In order to eliminate the right hand side inequal-
ities, we construct a weighted generalization of the classical Kantorovich
operator and give convergence, direct and converse approximation results
involving the weighted modulus of smoothness of second order, as well as
a Voronovskaya-type asymptotic relation.

2 Main results

In the following C' denotes a positive constant which can take different
values even in subsequent formulae. We point out that throughout this
paper the weight is always the Jacobi weight quoted in the Introduction.
In all the theorems and lemmas in this paper, we always assume the

conditions

1

—<a, B and 1 <p<oo.

p
Let
L [Ulere o) if 1<p <o,

{f ’ fe 0(07 1)7 hm:c(l—x)—>0<wf)(x> = 0} if p=oo.

b .
The norm in L%, is defined as

/
lwfl, = (fol [(wf) ()P dx)l i 1<p<oo,

SUPp<z<1 [(wf)(z)] if p=oo0.

We also put |[wf|»(r) as the weighted LP” norm on an interval I. For
smoother functions we introduce the Sobolev type space W2P defined as

W2P = {f € Lh| f' € AC(0,1), [lwg(@) "], < sc},

where

o(z) = Vel - ),
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and AC(I) is the set of all absolutely continuous functions on I. For f € L%,
we consider the weighted modulus of smoothness defined by

2 2
wi(fit)wp = sup ||wAR, |l Lr(jonz,1—cn2
o ([ )wp 0<h§t|| hollLr(on2, )

(2.1)
+ HUJX%LJ”HLP(H—CM,H) + waifllm([o,cm]),
where
K2 f(a) = f(x) = 2f (w+h) + fla+2h),
B3 f(@) = f@) = 2f(2 = h) + flw — 2h)
and
(cf. [2, p. 218]).
Now for every f € L. introduce the operator
. 2 [ (wf)(t) dt
B, (f;x) = kz_o an,k(x), x € [0,1]. (2.2)

Obviously, if @« = 8 = 0, then B;; reduces to the classical Kantorovich
operator (1.1).

Note that the definition (2.2) allows a wider class of functions than the
original Kantorovich operator (cf. [2, p. 158]). From (2.2) it follows that
By is a positive linear operator preserving constants.

By the mean value theorem

_ f[k(wf)(t) dt :w(gk) ‘flk flt)dt
Jrw®dt  wing)/(n+1)
ey €1, 1 <k<n-—1,

ank(f) : ~(n+1) f f(t) dt,

(2.3)
hence, in some sense, B} is not far from the operator K.
For f € L%, define

Eo(flwp = clgff{ [w(f —o)llp

to be the best approximation of f in weighted L%, spaces by constants.
We have the following approximation results.
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Theorem 2.1 If f € LL, then

[wlf = Ba(Pllly < €

o2 (f;N2@> +.Eb(£”“P]. (2.4)

Hence we deduce the weighted convergence of B} (f) to f.

Compare this with [2, p. 159] for the analogous result for the classical
Kantorovich operator. In our result we do not need the strong upper re-
striction in (1.2), and we have (2.4) which is not known for the classical
weighted Kantorovich operator.

Theorem 2.2 If f € LY, then
lwlf = B(H)lllp = O(n?) & wWi(f;h)wp =O(hY), 0<y<2.

This equivalence provides a converse result for B} .
We also prove an asymptotic relation of Voronovskaya-type.

Theorem 2.3 For " € C[0,1] we have

a2 1'(0) if z=0,
Jim nlB(fix) — fla)] = § 12 (@) + ey i 0<z <1, (25)
—ZE ), if 2 =1.
Note that if « = g = 0, then this is the limit relation
1-2 1—
T nlKo(f2) — @) = 220 )+ T ey, 0<a <

for the classical Kantorovich operator. (We could not find an explicit refer-
ence for the latter relation, but it follows from the arguments used in [2, p.
176].) If a, B # 0, then the limit functions on the right hand side in (2.5)
present a discontinuity at the endpoints, which is affected by the weight
parameters.

To prove our main approximation results we need some preliminary lem-
mas interesting in themselves, since they prove the weighted boundedness
and weighted Markov-Bernstein type inequalities for B;.

Lemma 2.4 For f € L}, 1 < p < oo,

[wBa(Nllp < Cllwfllp.
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(Ctf. [2, p. 159, (10.1.4)].)
Lemma 2.5 For f € L}, 1 < p < o0,
lwe?BE (Hlly < Crlleo Il (2.6)
(CE. [2, p. 159, (10.1.5)].)
Lemma 2.6 For f € qu,’p, 1 <p<oo,
lwg? By (Dlly < C (Ilwg? Iy + lwfl,) (2.7

Remark. Comparing this lemma with [2, p. 159, (10.1.4)], we can see
that we have ||wf’||, instead of ||wf]|, on the right hand side of (2.7). Our
statement is more appropriate, since the right hand side of (2.7) becomes
zero when f=const. In any case, we can get (10.4.1) of [2] by using the
inequality

lwflly < Cllwe® fllp + lwfllp),  1<p<oo (2.8)
(cf. [2, Lemma 10.5.1]).

3 Proofs

3.1 Proof of Lemma 2.4

By symmetry, it is sufficient to estimate the sum figuring in (2.2) for 0 <
k < n/2 (and this remark applies to all subsequent proofs). For brevity,
such sums will always be denoted by >~'. We obtain

o (k+ 1)«
and thus by (2.3)
na+1/p

Let first 1 < p < co. By Hoélder inequality and > "), ppi(z) = 1 we get

szlan,k(f)pn,k‘ _H (Z lani(f ’pnk> 1/p||P

p

1
<cart 3 RO ¥y, u(0)
0

(k+ 1)
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Here, calculating the Euler integral,

1 , [\ T(k+ap+1)I'(n—k+Bp+1)

(k+1P%n—kWp<(k+U%

< 0<k<n/2.

Hence

o3 ansns

P /
<O N fliauy < Cllwflf1 < p < oo.
Now let p = co. Then «a, 5 > 0, and from (3.2) one gets

w(@) Y anipoi(@)
<Cllwfloe Y ( - 1)a (Z)kau — gy ks,

Thus
!
’LU(.’IJ) Z an,kpn,k(x)
ne(m kara(l _ x)nkarﬁ
chwaOO Z + Z (k) (k " 1)a (3.3)
k+1<nx k+1>nzx

=Cllwflloo{W1 + Wa}.

Obviously

Wa<o Y (Z)ﬂ%1—xyﬁkg<1

k+1>nz

If £+ 1 < nz, then with a = [a] + 1,

() < (75)
z*n+a)n+a—-1)---(n+1)(k+a)(k+a—1)---(k+1)
= (kta)kta—1)---(k+1) (k+1)e
(n+a)n+a—1)---(n+1)

kta)k+ta—1)(k+1)

< Cz®
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(n+a)n+a—-1)---(n+1)(n ) n,
Wi < Z (k‘+a)(k‘+a—1)...(k+1)<k>xk+ (1—x) k

k’+1<
< CZ (n + CL> k+a(1 - x)(n—&-a)—(k—i—a) (3.4)
= Czpn—i-a,k—i-a(x) <C.
k=0
By (3.3)—(3.4), we get the statement for p = co. O

3.2 Proof of Lemma 2.5

First we prove (2.6) when 1 < p < co. Since (see [1, formula (32), p. 32])

By (g;%) = — %@)Bn(g; ) + (@(nx)gf i}pn,k(CU)g (fl) <fl - 3:)2
S () ().

with B, being the classical Bernstein operator for g € C([0, 1]), analogously
we obtain

W IB (2] £ C b B3 )
+§me ) iy oz no)?
(

) (3.5)
+ZMm ;@mamm

Hence, using

ank )k — nz|’ < Cn27(x), v=0,1,2, (3.6)
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(cf. [3], (6) on p. 6) with v =1 and v = 2 as well as (3.2) we get

n p
lwg? By (F)lI2 <C w2 lwBg (DI + ;((Z))Zan,w)pnk(x)(k—mﬁ
k=0 p
IR o | |
@) 2
p
1/p
<C np|wa\|§+ <Z! g ()i ( )(k_m)ﬂ)

n 1—1/p||P
(Z Pk () (k — n:c)2>
k=0 )
w(z) [ 1/p
sz(w) <Z ’an,k(f)\ppn,k(x)!k - m:\)

k=0
p
:| )
p

n 1—1/p
(an,kwk —~ nx\>
k=0

whence

lwe® By ()1

<C | nPllwflb + np1

(2) 1/p||P
2/p $ (Z ‘ank | pnk )(k - nl‘)2>
P
p]
p
1
<C [anwag +n(eth) pz o Nerit / w(x)ppn,k(x)(k —nz)®dz
0

(4D Jy )

(2)|k — na| dm] .

k=0

n 1/p
g% (Z |an k()P Pn k() |k — nx|>

aprett x~ [wflle@y 1 w()?
et YT (k+1)or Jo opti(z)me
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Here, an easy calculation yields

/Oluwpn,m)(k—m)?d (k) [sz(’”o‘p) (n—k+ fp)

©?(z) ['(n+ ap + fp)
oLk tap+ Dl —k+ Bp) | »T(k+ap+2)T(n —k + p)
F'n+ap+ pBp+1) T'(n+ ap+ Bp + 2)
E+1\?
<C< - ) , 0<k<n/2

Similarly, by Holder inequality

IM —TLQS2JU 1w<x)p X —TLxQJU
/0 (pp+1(x)pn,k($)(k ) d SC{/O gOQ(x)pn,k( )(k ) d

1 u(z)P 1/2
/0 S02;(‘)%)]971;g(av)(k: — nx)? dm}

ap (a—1)p+1 1/2
SC{<k;+1> <k+1> }
n n

kE+1 ap—E5+
<0< )
n

Thus

lwe? By (£l <Cn?

/ Nt
lwf 2+ 0?3 N fll + 02 S kﬂ” )

<CnPllw |,

which proves the statement for 1 < p < oo.
Now let p = co. By Lemma 2.4

nw(@)| By (f; 2)] < Onllwflloo-

Again, it is sufficient to estimate the sums in (3.5) from 0 to n/2. Using
(3.2), the corresponding part of the first sum in (3.5) is

w(x ’ — nx)?
< Clufln 570 Y puae) G350

Since for k + 1 < nx we have

nr—k=(n+a)z—(k+a)+a(l—x), where a = [a] + 1,
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it follows that
(nx —k)* <2[(n+a)x — (k+ a)]® + 2d*(1 — z)?, kE+1<nz.

Thus by the same argument as in (3.4) we obtain

1@ Z'( = )apm:c)(k—nx)?gc L [(na)2(1 = o)

a k+1 ()
n+a
D S () IEICRE
k+1<nx
+(1 - =) an,k(x) + Z pos(x)(k — nx)?
k=1 nz<k+1<n+1
SC [n+jl_(jl_'w)+n] < CTL,

where we have made use of (3.6) with v =0 and v = 2.
Similarly, the corresponding part of the second sum in (3.5) is

< Clufln 550 Y uade)

Since |k —nz| < |k +a— (n+a)z| + a(l — x),

1$) Z/ < nx > pog(@)lk — nz| < C’L [(naz)o""l(l — )"

?*( k+1 e
- 3 (T pasral@) e — K
k+a '
k+1<nx
+(1—1z) an,k:(l‘) + Z Pk ()| k — nx|]
k=1 k+1>nz

<C

1 n
n+ 22(x) kzopn,k(ﬂf)’k - ”»ﬂ] .

Now if ¢?(x) > 1/n, then using

3

1 " n
—_ Pnk(z)|k —nz| < —— <n
) 2 P o

~—

(this is a consequence of (3.6)) we are done. If 0 <z < C/n, then
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ank ]k—nw\<n2pnk (k+C)=n(nz+C) <2Cn
k=0

because of the reproducing property of the Bernstein polynomials. Similar
consideration settles the case 1 — C'/n < x < 1.
Collecting these estimates, we get (2.6) for p = co. O

3.3 Proof of Lemma 2.6

First assume p = co. From the analogue of [2, p. 125, formula (9.4.4)]

@B () — nln— Du(@)@@) S K2, K Ppnan(@),  (37)

M |

e
Il

0

%
where AQU/n,k(f) = an,k—l—?(f) - 2an,k+1(f) + an,k(f)'
Again, it will be sufficient to estimate here the sum from 0 to [n/2].
Using first order Taylor expansion at k+1 we get by (2.3)

= L) () ()

| (3.8)
_ /t " — ) f () du] w(t) dt] .
Here, for 1 < k < n/2,
;k /Ikw(t)/tﬁﬁ(u—t)f”(u) dudt

k+3
1 du

C

Sg”“’ﬁf””m . il
n+1
a—1

Py
n
§C||wg02f”\\oom,
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and for k=0

/10 / (u) du dt

—t
<COn®|jwy f”HOO/ t"‘/ - ot et

-1 2 el "*1 du
Cn® \w@fuoo/hta/t du

<Cn®Hlwe® floo,

do

i.e. (3.9) holds for all 0 < k < n/2. Hence

k+3\ ., (k+3) 1 k+3
an,k(f):f<n+l>—f <"+1>dk/1k (t—n+1>w(t)dt

a—1 2 ¢l
+o(” |we™f IIOO), 0<k<nj2.

(k+1)ot+1
Analogously
kE+3 k+3 1 E+3
. — t— t) dt
an k+1(f) f( +1> f<n+1>dk+1/lk+1< n+1>w()
n®” 1Hw<p2f”|!oo
<k<n/2
and

k+3\ . /k+3) 1 k+3
an,k+2(f) :f (n+1> _f <n+1> dk+2/lk+2 <t—n+1>w(t)dt

a—1 2 el
o (Caipns)  osksn

Thus for 0 < k < n/2

k a—1 2 ¢l o
K2ay 1(f) =f' (ﬂ;?) A+0O (” (k”f;’;a";” > (3.10)
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where
1
A::/ (t— k+3> w(t)dt
dk- I n
2 k
2 <t— +3>w(t)dt
dk+1 Ipyq n+1
1 k
L <t— +3>w(t)dt
dk+2 Iiio n+1
) L3 (3.11)
L /_2/ +/ <t— + )w(t)dt
dr+1 I Tt Tiqa n+1
k+3
D t— t)dt
+ k/lk < n+ 1> w(t)
k+3
- D t— t)dt,
k+1/lk+2< n—|—1>w()
and Dy, :=1/dy, — 1/d+1. Here by (3.1),
2042
Dy <C—— / w(t dt—/ w(t)dt
D4 <O || [ v [ i
<Cn2a+2/ w(t)—w(t—l— = ) dt (3.12)
- (k+ 1)2a I n -+ 1
n2o+2 o1 n a+1
<C dt < C 0<k<n/2.
= (k+1)2a/lkn+1 = <k+1> 0sk<n/
Moreover
k E+1)~
/ (t— +3>w(t)dt§6;(+), 0<k<n/2, (3.13)
T n+1 n ne
where Ji, := I, U I41 U I yo. Thus (3.11) yields
1
A= /2/ +/ (tk+3>w(t)dt
A1 |1, Tit1 Tiyo n+l1 (3.14)
1
O|—— 0<k<n/2
R R
Denoting

Wi = (¢~ 23 ) wle)
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we have by (3.1)

1 4 1
A=—— {(u—k+ )w(u— )—2<u—k+3>w(u)
dk+1 Ik+1 n+1 ’I’L+1 n+1
k+2 1 1

—(u—n+1)w<u+n+1>} du+0<n(k+1)>

1 1 1

:/ {W (u— )—2W(u)+W<u+>] du

di+1 1,4 n+1 +1

+0(5m)
SC(knj—_f)a o (wsm)
:O<n(k:1+1)>’ ni1<§<iii’, 0<k<n/2

Thus (3.10) yields for 0 < k < n/2

— o (k+3 1 n®Hwe? £l
Nlany(f) =1 <n+1> 0 (n(k—|—1)> +O< (k + 1)o+l )

na—l
(o e+ 1) ( o g )

Substituting into (3.7) we get for the first part of the sum

Ozfl
(s e 0o = D)2 (0) 3 poae) e s
, a+1
Clluf e + 06 s ol @) 3 poante) (27)
Here

@)Y pss) (g )

{ Z Z } <k + 1>°‘+1 <n ; 2> $k+a+1(1 _ x)n—k-&-ﬁ-s-l'

k+1<nx k+1>nz
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Denoting a = [a] + 1 we get

a+1
n n=2\ i+l n—k+pB+1
1—
2 <k+1) (k >x (1-2)

k+1<nx

n—2
<C (n—i—a—l .

while

7 N
4+ 3
[y
S~
Q
+
—
RN
3
S
[N}
~_
B
+
Q
+
—
—~
[a—
8
S~—
3
B
+
sy
+
—

This proves the assertion for p = cc.

Now let 1 < p < oo. First note that in (3.8) the absolute value of the
last term is

</ / U R )] duw(e) de
1 7’24‘3 ¢ . )
<CW et 4?«};» rdt /ka(“W(U)If (w)| du

nOé

SCW”WP%WHLMJ,C)

noe— 1+1/p
CWH ¥ f HLp(Jk

Hence

e f(kf’> (=) ro i

n" 1+1/p 2 el
o f'le, | 0<k<n/2

k+1 a+1||
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Working as in case of p = co we have

Kot = [ (1= 552) rmoa
k+3
@#1]H1< n+1> (t)u(t) di -
1 k+3\ -
- 2 Jiy s <t_ n+ 1> F et d

ne— 1+1/p ,
+0 WH <Pf ||Lp(Jk ) 0<k<n/2

Now, similarly to (3.11),

A= dlk/ (t ’“‘f)f() (t) dt

k+
(t)w(t) dt
dk+1 Ilc+1< n+1) ) ()

k+3
dm - (t n+ 1) F(Hw(t) dt

:dklﬂ {/lk _2/1k+1+/1k+2} <t— ifj) f(®)w(t) dt

o, [ (t— ’”3) Pty dt

(3.16)

n+1

k43
D /IW (t _ ni 1> F(#w(t) dt.

Here, using (3.12), the last two terms can be estimated (similarly to (3.13))
by

a+1 Oé—l-‘rl/p
n kE+3\ ., n ,
— — <Co—n '
C<k‘—|—1> /Jk (t n+1>f(t)w(t)dt_C(k+1)a+l||wf||Lp(Jk)
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Thus (3.16) yields for 0 < k < n/2

n“ ,
dm {/fk 2 /} R (v L
/ 1 ,
"~ dis /Ik+1 {f (t - n+1> W (t - n+1> —2f (t)W(t)}

/ 1 i 1 p o n0{71+1/p ,
o () w (e )| o (g ) o
Now

h bl
o 1) w ()

/ () < ) - ()| @

[f’( 1) s o

) () b () o ()

f (t n+1>W”(§)'dt+g I,Mw(Hn-lH) /ttiilf”(u)dudt

1 n \? C
2, k—|—1 ”wf ||L1(Jk k+1\|w90 f’ ||L1(Jk)

IN

k+1

Q
n
<
n

IN

7121/1’—(k:+1)(” w0 + 1w N, 0)s 0<k<n/2

Thus

A no— 141/ / 2 pn

A=0 g1t (wfl L,y + lwe” L, )5 0<k<n/2
which yields from (3.15) for 0 < k < n/2,
a—1+1/p

X2an,k(f) =0 <(n

k—|—1)a+1> (o f N0 + Twe® Nz y) -
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Finally, by Holder inequality and > p,_ox(z) < 1 we get

! r= P
/0 n(n — 1) w() g2 @) S TR0 4(lpn-sp(0)]” da

<Cplothp+l

ro 1 1 n—2 k-t
§ - (a+)pr1 _ . \n—k—2+(B8+1)p
g /0 (k:+1)<a+”p( k )x S dx

X (lwf'llz, ) + 1w 0P
oy ML~ DEG:+ (a+ Dp+ DP(n =k = 1+ (54 1p)
B (k+1)@tDrl(n+ (a+ B+ 2)p)T(k+ 1)I'(n —k — 1)

X (lwf 'z, ) + 1w L, 0P

1 ket D)p(p — J)(B+Dp
=¢ rarmmne— ef ey + 1w e,

<C(lwf'llp + llwe®£11,)"-

The other part of the sum can be estimated similarly, and this proves
the lemma for 1 < p < oc. O

3.4 Proof of Theorem 2.1
It is sufficient to prove

Cp,w

lw(B(f) = fllly < =E=[lwe® "l + lwfllp] (3.17)

for we? f” € LP([0,1]). Namely, (2.8) and (3.17) imply

Cpw "
lw(BL(£) = o < == [lwe® 7l + lwfllp)-

Here, using the equivalence of the K-functional

Kalf.B)up = inf (lulf = o)l + Elugial} (19

and modulus of smoothness (2.1) (cf. [2, Theorem 6.1.1,]), hence Theorem
2.1 follows by usual arguments.

Following [2, Section 10.5, p. 168] by (2.5) applied to the function f(x) =
T, we get
[

n

lw[Ba(f) = flllp < + [[wBg (R)llp,
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where .
R(f;t,x) ::/ (t —v)f"(v) dv.

Case 1: p = 1. With the notation g(v) := w(v)?(v)f”(v) we get for
te I, 0<k<n/2

k*
1 1 1
d
L7 st | S +

where k* is either k or k£ + 1, depending on which value makes the interval
of integration larger. Hence for 0 < k < n/2

/ RO dt‘

k* a+1
n+1 nI
1 .
/x g(v) dv + (k n 1) ]

Thus with the notation E,, :=[1/n,1 — 1/n]| we have

lwBL (R < / Zp”’“

k*

[R(f3t,2)| < |t - 2]

w(z)
dg

- (3.19)

<C
- n+1

¢ ()

— X

w(t)R(f;t,x) dt‘ dx

k}*

/r"“ 9(v) dv

\ o)

(3.20)

a+1 1/n M
14 (2 dx + C’”ng / pink(fﬂ) dz
k+1 noJo — =

notl /l/nmo‘ /l/nta /x(t—v)f”(v) dv

+C||g||1/ S () d + S

1=1/n 30

5
:Zfi + S,
=1

dt dx
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where S denotes the integral of the other part of the sum which can be
similarly estimated.

For the first integral, we further split the first sum into two parts:

Yoo+ > =A+ A (3.21)

0<k<nz nz<k<n/2

Similarly to the proof of Lemma 1 we obtain, with b := [a] + 2,

K b
A, <C ; 9 /n+l d <n:1:> d
1 Enkzopk Lol [T s an] ({5) as
(k+b) 1 L
<
CZ/ Pr+bj+b(T (n+b+1 Tty ) e (x)
(k-s-bb) (k:_z;121
bt n
X / g(v) dv| + /k* g(v)dv| | dz.

n+1
Here we split again:

/En B /En\{x: ‘a:— (Btb)* |

n—+b+1

=B B
< (k+b)* } 1+ 52
— n+b+1

(k+b)* } /{ _ (ktb)*

ST n+bo+1

and get

B <CZ/H\{

Prtbk+b(T) (

%)

_ (k0)* | o (k) n+b+1 n+b
nFo+1 |= n+b+l }
(kerb)
n+b+1
X o~ 2(z) g(v) dv| dz
T
- (k +b)* 1
< \RTo) ) 2
<03 [ o) (|55 7|+ )+ 0)
(k+bb);
n+b+
X g(v) dv| dz.

xT

The last integral is of the same form as (10.5.6) in [2] (n and k replaced by
n+ b and k + b, resp.), and can be estimated by %||g||1
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As for Bg, we get

/{ o e

n+b+1

pn+b,k+b($) (

(k + b)* |
ntb+r1l Ul Tnro

<)
(ktb)*
Fo+1
X o 2(x) /i g(v) dv| dz
nk+1

(k+b) 1
<C N
Z/p—i—bk-i-b (n—l—b—l—l 93+n_|_b
(k-i;b)
ntbt1
X o7 2(x) / . g(v)dv| dx
nkil—l
(k+b)*
(k+0) 1 L /n+b+1
<
CZ <n+b+1 x'—i—n—i—b)@ () N g(v) dv| dz
(k+b)*
(k+b)* 1 9 /n+b+1
— d
Z( nt+b+1 x‘ +n+b>90 (z) e g(v)dv
S*Hng»
n
where we have used the estimate
! 1
/ pn,k(a»(x—’“ ) dr< €
0 n|l n n
which can be easily verified by Holder’s inequality.
The estimate of Ay in (3.21) is simpler:
k* e C
92 "
A2<C/nkzopnk e x| (z) /x g(v) dv dacggHgﬂl,

again with reference to (10.5.6) of [2].
Now we estimate the second integral, I3 in (3.20). Since for 1 <k < n,

1/n 1/n
P k() n/ b1 N1 C
——dx < dx < — < —
/0 z x_<k> o s O ES T

it follows that

IQ 4 _1 ’/ dv

dr < *Hg\ll




48 BIANCAMARIA DELLA VECCHIA - GIUSEPPE MASTROIANNI - JOZSEF SZABADOS

Next we estimate I3, by integration by parts:

1/n 1/n
I3 gCnO‘“/ a:a/ t [|t—x\|f'(a;)y +
0 0

T 1 1/n , 1/n
<Cn“" | = x| f'(z)] dx t* dt
nJo 0

1/n pl/n
+ / / (2 +1%)
0 0

C
<—[lwf':-
n

/; () dv

] dt dx

[

dt d:v]

Evidently, I, < %H gll1. Collecting our estimates, we get the statement
for p = 1.

Case 2: 1 < p < oco. With M(g,x) denoting the maximal function of g,
(3.19) implies

/ nkT*l k*
sty < 0 || [ atwa | 5 <ol o)
n a+1
X 1+<k+1> ]pnyk(:c) +S
/ k* 2 ’ ne \ M
e X (g -o) o 1+ () ]pn,k@) +8
p
, 2 a+1
<‘Z (nil—x> +% v (x) 1+<k7f1) ]pn,k(:c)

X [[M(g)llp + S,

where S is the other part of the sum which can be estimated similarly to
3. Using the maximal function inequality we get

[wBL(R(f; - Dllp < CAnllgllp + 5,

k 2+ 1
_x PR
n+1 n?

=A1p + Aoy

where
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Here using (3.6) with v = 2, we get Ay, < C/n. As for Ag,, it can be
settled by using the technics before: denoting b := [a] + 2 we have

A%—llZ' ) e )

kE+1
kE+0b S _9 nz \"
<n+b+1 x) |y @ <k:+1> Pri(7)
k-+b S|
<n—|—b+1 x> +ﬁ

© ()Pt kb ()

[e.e]

SC/n.

This proves the statement for 1 < p < oo, and completes the proof of
Theorem 2.1. ]

3.5 Proof of Theorem 2.2

We use the argument of proof of Theorem 9.3.2 in [2]. By the definition
(3.18) of the K-functional, as well as Lemmas 2.5 and 2.6, we get

Koy (£,1/)wp <llw(f = By(f)llp + 0w By (H)llp
<|w(f = Ba(M)llp + n_l[stOQB*” (f = 9)llp + lwe® By (9)])
<|lw(f = Ba(M)llp + Cn[llw(f Dllp + 5~ Hlw(g)llp)

<ho(s ~ Bl + 2 Ko p(£,1/)uy

provided g is the function minimizing the last K-functional. Now applying
the Berens—Lorentz lemma (cf. Lemma 9.3.4 in [2]), we obtain the “=
part of Theorem 2.2. The “<” part follows from Theorem 1. l

3.6 Proof of Theorem 2.3

Letting

JEM i) (¢ de
[ wydt

T

fa(z) =

O<z<l,
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it is easy to see that for sufficiently large n,

S M w@)[f (@) + (8= @) (@) + (= )2 f"(€) /2] dt

fn(x) = f;+1/n w(t) di
oy g ey de @ =) dt e
=IO o h
R Y i Gt L ()
- " (i) /n n?
1@+ @2 L0 (1), <<

Hence, if 0 < x < 1 is fixed, then

o) - s = F2 < o= S| P 0 () <o (2).
that is
Falz) = fla) + fl;:) +o <711> . (3.22)

Differentiating the identity

z+1/n z+1/n
fa(z) / w(t) dt = / (wf)(t) dt,

it follows that

w@ o (w4 1) )] + 20 [ v a

(3.23)
~(wf) (24 ) - (w)a)

Dividing (3.23) by 1/n and letting n tend to infinity we get
f(x)w' (z) + w(x) li_>m fr(x)=(wf)(z), 0<z<l1.
and consequently

lim f(x) = f'(x), 0<z<l.

n—oo
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By differentiating (3.23),

ta) [ T ) dt + 2, (x) o (o4 ) -]
+ fu() {w' <3: - i) — w’(m)] (3.24)
~wfy (o4 3) - )@

and again dividing by 1/n and letting n tend to oo we get

lim f/(z)w(x) + 2f (z)w'(z) + f(2)w"(2) = (wf)" (2).

n—o0

Hence
lim f(x)=f"(z), 0<x <1,

Now following [3, p. 22], with 7(d) — 0, when 6 — 0,

o (8) =nr+ (E-a) s (5 ) [+

=fo(z) + (nﬁl — .CC) fr(x) + % <nﬁ1 - 1’>2 [y (@)

r k 2n—1 k2 ” 1
+[nn—1_ 2n? (n—1)2]fn($)+0<n>n<

where we have used the fact that

n

zn(]j;_x

k=0

) Pui() = of1).

Hence by the preservation property of linear functions for Bernstein poly-
nomials

Bros(fi2) =Bu(fui ) = fu(0) + 23— 1(0) = T fo(a)

[ o)

x z(1—x)

=Fal@) = Zf(@) + 2n 1)ff{(:c) +o0 <i>
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from which by (3.22)

lim n[B,_i(f;z) — f(z)] = - 2$f’(:v) + :E(12_$)

n—oo 2

f(z), 0 <z <1.

Finally, let x = 0. Applying again Taylor expansion we get for 0 < &, <
1/n

1/n w
nlBL_1(£:0) - £(0)] =n ‘)<j”“””-—fw4

L (t) dt
Jo M) = FO))w(t) dt
fol/n w(t) dt
fol/n[tf/(o) + %th//(gn)] dt
fol/n w(t) dt

1/n "
ﬂﬂm)%jmwﬁ+0<wnm>
Jo " w(t)dt n

1/n ,q
(o) (Lo R e
1-2b, fol/” to dt n

Catl,  (1-a,\" 17" |
_oz+2f(0)<1—bn> +O< n )’

where 0 < ap, b, < 1/n, and thus here the right hand side tends to

g—iéf’(O)aanoo. O
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On the numerical solution of integral
equations with logarithmic kernels
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Abstract. The convergence of a collocation and a collocation-qua-
drature method for the numerical solution of integral equations of the

form
L . u(y) dy
| eyl el —he) G = @), 1 <a <,

where kK = 0, 1,2, is considered. The main ideas are presented in cases
k =0 and k = 1 and can be easily translated to case kK = 2.

Mathematical Subject Classification (2010). 65R20, 45B05,
45E99

Keywords and phrases. first kind integral equation, collocation
method, quadrature method

1 Introduction

In [4] the mechanical response of a 2D plate, supported along a line given by
a function 0(x) defined on the segment [—1,1] and subject to a transverse
concentrated force, is examined by reducing the problem to an integral
equation. In particular when the (unknown) distributed contact reaction is
assumed to be described by an integrable distributed shear force g(y), the

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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following governing integral equation has been derived

1
/_1 g (y) (xz — y)2 In|z —y|dy = h(x) — 87Dd (z) + as + bax (1.1)

where h () is a known function depending on the kind of plate loading,
D is the (known) plate flexural rigidity and ag, be are unknown constants,
having a precise physical meaning, to be determined together with the
function g(y).

In that paper, an alternative situation is examined in which the plate
is again supported along a line defined on a segment of length 2, but the
distributed contact reaction is assumed to be described by a distributed (in-
tegrable) twisting moment m. In this case the governing integral equation
takes the form

1
/1m(y) (r—y)1+2In|r —ylldy = h(z) —87Dj (z) + a1 (1.2)

where a; is an unknown constant, to be determined together with m(y).

As shown in [3], for arbitrarily given values of the constants ag, bs, a1
equations (1.1), (1.2) do not have integrable solutions g(y), m(y), respec-
tively. These equations have unique integrable solutions if and only if their
right hand side constants take uniquely defined values, that ought to be
determined together with the corresponding solutions.

To examine the existence and uniqueness of solutions of these equations,
in [3] integral operators of the form

1
<Anu><x>=—1/ (y—o)lnly—a) LY pcn,
v 1 1_y2

are considered in weighted Sobolev spaces L%® for k = 0,1,2. Here, for
s >0, L2 denotes the Hilbert space of all f:(—1,1) — C satisfying

(e}

2
1Flls := 4| D+ 1)2 [(f,p3),|* < o0
n=0
equipped with the inner product

oo

(s =D (n+ 1) (£,00), (9, 05),

n=0
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1 [
where o(x) = (1—x2)*% A9, = / f(@)g(x)o(x)dz, and p?(x) denotes

-1
the n th normalized Chebyshev polynomial of first kind,

pg(x) = \/17?, po(coss) = \/z cos(ns) .

*
Note that L?,’O = Lg_ .Fors <0, L?,’S is defined as the dual space (L?,’_s) .
In addition to these spaces we use the sequence spaces

0= {5 = ()0 D lalP(n+1)* < oo} , SER,
n=0

o0
equipped with the inner product (§,n), = Z(n + 1)%%¢,7, and the norm
n=0
1€lls = /(& &), Clearly, for s > 0, the operator J : L2 — 2
= ((f,05) ) nep is an isometrical isomorphism. Moreover, the dual space
* *

L?;S) is isometric isomorphic to EQ_S via the map J : (L(Q,’S) — 62_5,
v = (v(p)) im0 (cf. [3, Section 5]). This allows us to consider the operators
A, in all spaces L[Q,’S, s € R by identifying with the operator J 1A.J,
where A £ is defined for any complex number sequence & = (&), 2, by the
condition A& = JA.J ¢ for all € € £2 (see also Prop. 1.1).

Let us summarize some results from [3] which are important for our
investigations here.

Proposition 1.1 The operators A, : L2 —s L2 gre linear and

bounded operators. Moreover:

(a) The operator Ay : L?,’s — L?,’SH is invertible and Ao& = (anén), =0
with g = In2 as well as oy, = %, n>0,

b) For k = 1,2, the image of the operator Ay : L%* — L2 s not
closed. Furthermore,

A€ = (Bréns1 — Bn-1&n—1) 2o

In2—1 5, — 1
v2 T 2n(n+1)

A2£ = (Un)nozoo

with §&1:=0, B-1:=0, Bo =

, and



58 PETER JUNGHANNS - GIOVANNI MONEGATO

with no = —v0éo + 112, M = —Y&1 + 12E3,

Tn = Yn—1&n—2 — 29m&n + 'Yn+l§n+27 n>1,

and

2In2 -3
4/2
1

= >1.
o —nm+1)

ZIHQ_Z’ Yo=1—1In2, , =

(c) Let k=1 ork=2.If f € LZ® for some s >7+1+2k and 7> —1,

then the equation
k—1

Awu=f+> s (1.3)

§=0
has a unique solution (u,() € L™ xCF. Moreover for f =0, equation

(1.3) has only the trivial solution in L 3 x Cr.

Remark 1.2 Forn € /2, s > 7+ 3, 7 > —1, the solution of A1 =
1+ (o, 0,...) is given by

oo o0
Go=—4B0 Y miam — 1o, §0=— Z (2m + 1)nam+1
m=1 m=
and
o0 [e.e]
Eojr1 = —4(2+1) D mmpm, ey = =40+ Y CmAD)mm,
m=j+1 m=j+1

J=0,1,... (¢f [3, eq.sin (5.6) and what follows]).

Denote A = Ay, A = Ay, and let us first consider the simple equation
Au = f for f € LZ’SH, which is equivalent to the equation A¢ =
with n = Jf € (2, and { = Ju € 2. Define P,, : (2 — (2, £ —
(0,---,8n-1,0,0,...) and look for an approximate solution £" € im P,, by
solving A " = n" € im P, with A,, = P, Alimp, = Alimp, - Of course,
" = A~'n" | which implies

Hf*—§n”e2 > HA 1Hg2 e [n—mn ”e )

t+1
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where HA_IHQH—@ =

(In2)~! for all £ € R. Consequently, we can ap-

n—1
proximate the solution u* € L%* of Au = f € L>*™ by u* = Zfﬁpg, if
k=0

n—1
fn= Zn,’;pg is an appropriate approximation of f. For example, f,(x)

k=0
can be chosen as the interpolation polynomial (L7 f)(z) of f(x) w.r.t. the

Chebyshev nodes 7, = cos %ﬂ’, k = 1,...,n, of the first kind. If
fe L2* for some s > % , then (see, for example [1, Theorem 3.4])

Tim [[£57 ~ fll,, =0 (1.4)
and
1£5f = fllgy < constn'™*||f[l,, for 0<t<s. (1.5)
It follows
Hu* - u;kz”a,t S const nt_s ||f”o-7s+1 ) -1 S t S S,

if s>—1and fe L2**" . The numbers ny = (L5 f,pf), can be computed
efficiently by

n
T
M = ﬁZf(ﬂfzg')PZ(fUZj)
=1

nj

Vor s~ k(25 -1
JZCOSMJ”(:UU») s k=1,...,n—1,
n = 2n

using the respective fast discrete cosine transform

[ k(25— m "
cos ——— .
2n k=0,j=1

-1, n

C; =
Since the case k = 0 is a classical one that has been studied by several
authors, in the next sections we examine the numerical solution of integral
equations of the form

1
_1/_1 [(y_@ﬁln'y_x'_h(:v’y)]w:f(ﬂC)-i-an—i—(n—l)be,

T 2
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where —1 < z < 1, Kk = 1,2 and a,, b, are unknown constants to be
determined together with u(y), by means of a collocation and a collocation-
quadrature method. In particular we derive convergence estimates. The
main ideas are explicitly presented in case k = 1, since this is then easily
translated to case kK = 2.

2 Collocation for the dominant equation

Set B = A; and B = A;. Due to Prop. 1.1,(c) we are interested in the
numerical approximation of the solution (u,(y) € L2 x C of the equation

Bu = f + (opg , (2.1)
which is equivalent to the equation

We look for u,, € imP,,_1, where Py, : Lg — Lg denotes the orthoprojec-

tion
n—1

GYEDIIN AN
k=0

by solving the collocation equations

O
(Bun) (a7) = Flafy) + S = Toeoim, (23)

The system (2.3) can be written equivalently as
Buy = L3 f +Corg (2.4)

taking into account Bu, € imP,, for all u,, € im P,_1 (cf. Prop. 1.1,(b)),
or as

B = (ng +¢ounty -y min—1,0,0,...), £ =Ju, €imP,_1, (2.5)

with 7 defined in (1.6). Due to Remark 1.2 and the fact, that 7} = 0 for
(%3]
j > n, for the solution of (2.5) we have that (y = —45 Z MmN, — M0 s

m=1

(23]
. . n—1
§Sj+1:_4(2j+1) Z mngmﬂjzoa"'v[ 9 :|_17 (26)
m=j-+1
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and that §g(j +1) is equal to

AR
Bo > @mt g, : j=-1,
m=0
2.7
3] =0
—AG D D CmA D, 2 =0, (3] -2,
m=j+1

Consequently, provided that the assumptions of Remark 1.2 are satisfied,
lim () = (o, where, taking into account (1.5),

n—oo
(%3] oo

166 —Col < comst | Y 2(m+1) [, —nom|+ Y 2m|nam]
m=0

m=[#51]+1

U,s>

< const (n% Lo f = Pufllpr + n?

< constnz | f|l,., -

-1
Moreover, for j =0,..., [n } -1,

2
571 51 — S| = 2 ) 2minB, —maml +2 D 2minoml
I m=j+1 m:[ﬂ]—kl

2
< const <n% L2 f — Pnf”a-,l +nz Hchr,s)

< constn3 || f],.,

and, analogously,

3_ . n
STy 19— €l < constnd g1, G =0 5] 1
such that
n—1
[t — Pty = | D (k + 120 — &2 < const ™ || f|l,,, 0<t.

k=0
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Taking into account |[u — Ppul|,, < const n'~7 ||ul| t <71, we get

o, T’
Jun =l < const (42| f g 40" ull,,) Ot T

Now, one can use s > 7+3 and ||ull,, < const [|f||, , (cf. Lemma 3.2,(a)).

Hence, the following proposition has been proved.

Proposition 2.1 Assume that f € | for somes>1+3,7>0. Then
the unique solution (un,(l}) of equation (2.4) converges in L2 x C to the
unique solution (u, (o) € L2 x C of equation (2.1), where, for 0 <t < T,

3 _
65 — Col < comstn2™*||fll,, and lun —ull,, < constn'" | f],, .

where the constants do not depend on f and t.

3 Collocation for the complete equation

Assume sg > 3 and that the continuous function h : [~1,1]?> — C satisfies
(A) h(-,y) € LE® uniformly w.r.t. y € [-1,1].

Define H : L2 — L2 by

1t u(y) d
(Hu)(z) ::W/_lh(a:,y)H, <<l

Then ([1, Lemma 4.2]) H € £(L2,L2*°). At first we look for an approxi-
mate solution (un,(}) € imPy—1 x C of the equation

(B+H)u = f+ Copg (3.1)

by solving the collocation equations

1 /_11 (= )|y = o3| = hiag;v)] U Y _ oy 2,

s V1—19y? ™
j=1,....,n. We write this system of equations in the form
(B +Hp) (un, Co) = LS, (un, () € imPp_q x C, (3.2)

where B(u, ) = Bu — Cor§ H(u, (o) = Hu, and Hy,(u, Co) = LIH (u, (o) -
Equip L2* = L2° x C with the norm [(u, Gl = ./||u”i75 +1¢o)?. In
what follows we will assume that
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(B) Equation (3.1) with f = 0 has only the trivial solution in L2 .

Lemma 3.1 Let 2 < t+ 3 < s. Then the operator go : L?,’s — ii’t

defined by T 1BoJ , where j(u, C) = (Ju, o) and (&,¢) = ]A3017 s given
by Remark 1.2, is linear and bounded and satiesfies

BBof =f VfeL®

and

BoB(u, o) = (u,G0) ¥ (u.Go) € L3 : Bue L3*.
Proof. With ﬁ(f,(o) = B¢ — (¢p,0,...), B = A, from Remark 1.2 we
have B Bgn = n for all € £2. Moreover, for n € £2,

2

R ) oo oo
HBon , < const Z(n 4 1)%+2 Z (m+ 1),
b n=0 m=n

oo
< const Y (n+1)* P (n+ 1)U nf, < const|ln]lZ;

n=0

since 2t +5 —2s < —1. If £ € £2 | such that B¢ € £2, then ﬁﬁoﬁ(f, Co) =
ﬁ(f, (o) and consequently, due to Prop. 1.1,(c), ]§0]§(§, C)=1(¢). O

Lemma 3.2 Assume that 3 <t+3 < s < sg and that conditions (A) and
(B) are fulfilled.

(a) There exists a constant c¢;s > 0 such that

B+, = ers (@)l ¥ (usGo) € L2 : Bu e L2

(b) For all sufficiently large n ,
| B+ A @) = 510y V() L3 Buc L2,
In particular, equation (3.2) is uniquely solvable for such n .
Proof. (a) By Lemma 3.1 we have that u € L2 and Bu € L2° imply

u € Lg’t. Thus, if we assume that such a constant ¢;s > 0 does not exist,
then there are (un,(}) € Lo’ with || (un, ¢, = 1, Bu, € L¥*, and
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lim H(l/3\+ H) (un, C{JL)H = 0. Since H : L2 — L2* is a compact opera-
n—oo 0,8

tor, we can assume that ﬁ(un, () converges to some f € L%® wor.t. [ls -

Consequently, lim Hl/S’\(un, ¢y) + fH = 0. Using Lemma 3.1 we conclude
n—00 0,s

that lim H(un, ¢o) + g@f” = 0. Together with
n—oo o,t

|8+ #)Bos

0,s

= || f +HBof

0,8

< |+ Blun 6| +||#Bos — Blun, )

0,8

< ||+ Blum. )|+ |[FBS + Al )|+ [[(B+ ). 8)

0,8

< f_|_[/3\(um€6l) 3+C0nStHB\Of+ (UmC(T)L)

g,

RN (CERICANE)

0,8

=1 and (g—|— ﬁ)gof = O in contradiction to condition

o,t

we get Hgof
(B).

(b) Due to assumption (A) we have H € £(L2,L2*) and consequently,
taking into account (1.5),

H(ﬁ—’}?{n)(u, CO)HUT < constn %

o,

< constn" % |[(u, o), , 0<r<sp,

which implies together with (b)

A\

cis Ol < [ B+ A @)+ ]| = ) (n.0)

o,s

IA

~ c
1B+ Ha)(w, )|+ 211 o)l
0,8 2 ’
for (u,(p) € E?, with Bu € L2*® and for all sufficiently large n . O

Proposition 3.3 Let 3 < 3+7 < s < 89, 0 <t < 7, f € L%, and
assume that conditions (A) and (B) are fulfilled. Then, for all sufficiently
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large n, equation (3.2) has a unique solution (u,, (). Moreover, there is
a constant ¢ # c(f,t) such that

166 — Gl <en Tl and  lun —u,, < en™T | fll,,
where (u*, () € L7 is the unique solution of (3.1).

Proof. Choose some € € (0,s —7—3) and let (uy, (}) € L2" be the solution
of (3.2), which exists uniquely for all sufficiently large n (cf. Lemma 3.2,(b))
and which belongs automatically to im P,,_; x C since L7 f — Hou € im P, .
With the help of Lemma 3.2,(b) we get, for all sufficiently large n and m,

Ct,3+t+
5 N un G) = (s G

(3.4)
<IERS = L losrere + || Flan = B . G5

o3 tte

Since the norms ||(um, ¢5")||,, are bounded (cf. Lemma 3.2,(b)), the estimate
(3.4) together with (3.3) implies that (uy,, (j) converges in the norm of L™
to some (u*,¢3) € L27. Set f* = (B + H)(u*, (). The estimation

1" = fllo2

< | = B+ @)

IR (G Teer] R V=

)

shows that f* = f. Relations (3.4), (1.5), and (3.3) lead to

[1(un, ) = (v Go)ll5

2 ~ o~
< of -
T 03+ <H£”f Mloee + HH Hn

L2 23+ ||(u*, CS)HO’)
o o
< const n3te™ 1f1lgs -

Since Bu* € L2® we can apply Lemma 3.2,(a) and obtain

[un = w*[| [tn = Pnav’| gy + [[Poaw” —u’

o,t

< 0 lug — Ppoqu®||, 4+ 0T 0,
nth

< ' luy —ut||, + 171l
Crs

< const (n*TTe7s 4 o) [fllgs -
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which completes the proof. O

In what follows we improve the convergence rate of (j given by Prop.
3.3.

Lemma 3.4 Let the conditions (A) and (B) be fulfilled and let 3 < r < sq .
Then
dimkery2.—(B+H)" =1,

where (B + H)* : L2™" — L2*™" denotes the (-,-)-adjoint operator to

B+#:Ly 2 — LY.

T 2,7

Proof. We show that p§ & (B+ H)(L2""?) ~ . Given that there are ele-

ments u, € L¥"? with le |(B+H)un —pill,,, = 0. Since, in view of
n—oo ’

2

Lemma 3.2,(a), the sequence (u,), >, is bounded in L7,
due to the compactness of H : L2 —s L2" | that li_>m |Hun — fll,., =0 for
n o0 ’

we can assume,

some f € L>". Hence, lim |Bun, — g + fll,, =0, which implies together
n—00 ’

with Lemma 3.1 lim H(un, 1)+ gOfH = 0. Consequently, Eof # (0,0)
n—oo o
and (cf. the proof of Lemma 3.2,(a))

H(é+ ﬁ)gof

o,T

— 0,

o,r

§W+&%m

) + const Hgof + (up, 1)

+ H(z§+ H) (un, 1)

g,

such that (B + H)Byf = © in contradiction to condition (B). So we can
conclude that the kernel of (B + #)* : L2™" —» L(Qizfr is non trivial. Let
v1,v2 € kerpz— (B 4+ H)"\ {©} and let (uj,, ;) € L2, n=0,1,2,..., be
the solutions of (B+H)u, = p§ + pnpg , which exist uniquely in accordance
with Prop. 3.3. It follows pyv;(p§) = —vj(p3), n =0,1,2,...,j =1,2.
This implies vj(pg) # 0, j = 1,2, and v1(pg) = av2(pf), n =10,1,2,...,
)
L2, v; = avy, ie. dim kerpz—(B+H)*=1.0

Corollary 3.5 Let the conditions of Prop. 8.3 and Lemma 3.4 be fulfilled
and assume that

where a = Consequently, since the set of polynomials is dense in

kerps (B +H)* C Ly (3.5)
for some 1 € [0,3]. Then

60— Col < const n™ " [ f]] (3.6)

0,8

which improves the estimate in Prop. 3.5.
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Proof. Let v € L> ™" with vll,,—, = 1 span the kernel of (B+H)" in L%
Then (cf. the proof of Lemma 3.4) v(p§) # 0 and, since (B+H)u* = f—i—COpO
and (B + Hn)un ;Cnf + gopo s

o(f +Copg) = v(L3f + (H = Hn)un + (opg) = 0.
This implies

W e O~ L9f + (o — H)un)
CO CO (po)

and, taking into account (3.3) together with Lemma 3.2,(b),

I = L5 gy + [[(Hn = H)unl|
|v(pf)]

< const (nm*s |fll, s +mno0 ||Un||g> < const "7 || f|]

a,ro

160 = <ol

IA

0,8

which completes the proof. O
In the following proposition we formulate conditions which ensure that
condition (3.5) is fulfilled. For this we use the notations ¢(y) = /1 — y?
as well as h;(z,y) = [c,o(y)]]M
I\ 8jy
assume that h; : [—1,1]> — C is continuous for j = 1, ..., jo and for some
jo € N. Recall the following lemma.

, —1 <y < 1, and in what follows we

Lemma 3.6 ([1],pp. 196,197) For an integer r > 0, u € L2" if and
only if ¢ Diu € L2 for all j =0,1,...,r, where D denotes the operator of
generalized differentiation.

Proposition 3.7 Assume (A), (B), and h;(-,y) € LZ™ uniformly w.r.t.

€ [-1,1] for j = 1,...,750 and for some r1 € (3,s0) and jo > 3. Then
condition (3.5) is fulfilled for ro > 3 — jo, i.e., the estimate (3.6) holds for
ro =0 if jo > 3 and rg = € > 0 arbitrarily small if jo = 3.

Proof. Since H € E( ,LZ%) we have H* € L(LZ ™", L2) for all r € [0, so] ,
where, for v € LY ™", ie. (v(p%)),> o€, and u e L2,

0
(H*v)(w) Z (Hu,p7), v(p7) -
k=0
Consequently, for each v € L2™" there exists an element u, € L2 such that

(u,u0)y = (H0)(u) = lim. <u,2v<p;:>%*pz> ,

k=0
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where
*, 0 1 f— o dx 1 o
(H*pi)(y) = p /1 h(z,y)pi (z) Vio2 = 07, h(5 ) o
oo
Since, due to condition (A), Z] Vo2 (B +1)% < M? < oo, the
k=0
series Zv( 9)(H*pf)(y) converges uniformly w.r.t. y € [—1,1], where
k=0
o e M ||v]],
D @) H )W)l < —
k=0
Hence, u, = Zv(pz)”;'-[*pg in the |.||,, sense, and wu, : [-1,1] — C
k=0
is continuous, since the functions y +— (p7,h(-,y)), , k = 0,1,2,..., are

continuous for y € [—1,1]. Moreover, due to our assumptions we have

o
! DIuy, = ZU(pZ)(p]DJH*pZ for veL®™, j=1,...,%,
k=0

in the ||.||,, sense, since

th(.7 y)||g’7r1

™

o,—T1

> 0@ (¢ DTHRE) ()] <
k=0

Hence, by Lemma 3.6 u, € L7 Now, let v € Lg’_”, ||v||07r1 = 1 span
kery 2. v (B +H)* (cf. Lemma 3.4). Since B* = —B we have Bv = H*v =

uy € L27° and, in view of Lemma 3.1, (v,0) = BoH*v € L2 for t < jo—3,
which completes the proof. O

4 A quadrature method

For (u, () € L2 we define HO (u, (o) = Hou by (HOu)(z) = (£2g,)(x) with

L, uly) d
() =+ [ €8] ) G <a<
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We look for an approximate solution (uy, () € imP,—1 x C of equation
(3.1) by solving R
(B + Hy)) (un, G5) = L f - (4.1)

Taking into account the algebraic accuracy of the Gauss-Chebyshev quadra-
ture we can write equation (4.1) as the system

1 /1 (Z/ z° )1n| z° | un(y) dy 4 1 nzlh(xa z° )Xn
- — T Y= Tnj ji» Tn—1k) Xk
m™J 1 " AR T o

— f(a,) + C} F=1em, xR = un(aS 1 s).

Assume that

(C) h(z,.) € L¥* uniformly w.r.t. z € [-1,1].

Proposition 4.1 Let, together with (C), all the conditions of Prop. 3.3
be satisfied. Then, for all sufficiently large n, equation (4.1) has a unique
solution (un,(y) and all assertions of Prop. 3.3 remain true. Of course,
also Cor. 3.5 is in force.

Proof. From conditions (A) and (C) we get

2. < const n'=* || (u, o) lly

hmHH H)

(cf. [2, Lemma 3.4]). Hence, Lemma 3.2,(b) remains true if H,, is replaced
by H (cf. the proof of Lemma 3.2,(b)), and the proof of Prop. 4.1 goes on
the same lines as the proof of Prop. 3.3. O

Remark 4.2 Using Prop. 1.1,(b),(c) in case k = 2 as well as formulae
analogous to Remark 1.2 for the solution of A2& = ((o,(1,0,...) (see [3,
Section 5, Equ. (5.17) and Cor. 5.14]), one can formulate and prove propo-
sitions like Prop. 2.1, Prop. 3.8, and Prop. 4.1 for the equation

e 2 u(y) dy
—— —o)’Inly —z| — h(z,y) ] —= = f(z) + (opf (x) + (1p] (x) .
- =iy ol = nte ) R = 1)+ o) + i)
Remark 4.3 Since x} Zpk )&k » a matriz version of equation
(4.1) is given by

(B+D,C2H,C:_D,,_1)¢" = 0"+ ({,0,...,0),
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where

H, = [ h(ng',w?LA,k) ]

CS

n—

1 = (C%—l)T7 D,
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n, n—1
j=1,k=1" n

C, =

%diag[l V2

nt=1[n L;;l is defined by (1.6).

5 Numerical examples

As an example let us consider the equation

2n

1, n

)

§=0,k=1

V2 ] , and the vector

1t u(y) d ¢
oy eosGay + 2] Y < g+ 6

for different right hand sides f(z) and apply the collocation quadrature
method (4.1) for its numerical solution.

n

n

n

n

’ n 0 1 2 3 1
4 | -5.40112961 | -0.48449341 | -5.21815407 | 0.00000000 | 0.00000000
8 | -8.43254040 | -1.11412102 | -6.97308165 | 0.14453160 | -1.30716032
16 | -8.47596429 | -1.12423470 | -7.02314233 | 0.14623119 | -1.38230256
32 | -8.47857251 | -1.12485039 | -7.02604962 | 0.14632202 | -1.38671366
64 | -8.47873350 | -1.12488837 | -7.02622831 | 0.14632760 | -1.38698578
128 | -8.47874353 | -1.12489074 | -7.02623943 | 0.14632795 | -1.38700273
256 | -8.47874416 | -1.12489088 | -7.02624013 | 0.14632797 | -1.38700379
512 | -8.47874420 | -1.12489089 | -7.02624017 | 0.14632797 | -1.38700386
Equation (5.1), Fourier coefficients, f(z) = z3|x|
[n | R | un(=0.9) | ua(0) [ uW(05) u,,(0.95)
4 1.56360580 | -5.28070867 | 1.11622350 | -1.15880369 | -6.76610747
8 1.35009089 | -7.46665743 | -0.53942159 | -1.71255964 | -10.42210437
16 | 1.36028283 | -7.33128912 | -0.62465602 | -1.80938307 | -10.46165518
32 | 1.36084850 | -7.34419883 | -0.64187474 | -1.79710269 | -10.43954148
64 | 1.36088304 | -7.34654510 | -0.64594776 | -1.79917382 | -10.43672800
128 | 1.36088519 | -7.34633790 | -0.64695190 | -1.79892639 | -10.43710217
256 | 1.36088532 | -7.34636881 | -0.64720206 | -1.79895946 | -10.43711238
512 | 1.36088533 | -7.34637260 | -0.64726455 | -1.79895542 | -10.43711063

Equation (5.1), ¢& and function values, f(x) = x®|z|




ON THE NUMERICAL SOLUTION OF INTEGRAL EQUATIONS WITH LOGARITHMIC KERNELS

71

[ n | &0 \ &1 \ &5 \ &3 \ 1
4 0.00000000 | -2.35696767 | 0.00000000 | 0.00000000 | 0.00000000
8 0.00000000 | -4.27093405 | 0.00000000 | -5.51829717 | 0.00000000
16 | 0.00000000 | -4.25553787 | 0.00000000 | -5.47167380 | 0.00000000
32 | 0.00000000 | -4.25538652 | 0.00000000 | -5.47121507 | 0.00000000
64 | 0.00000000 | -4.25538436 | 0.00000000 | -5.47120852 | 0.00000000
128 | 0.00000000 | -4.25538432 | 0.00000000 | -5.47120842 | 0.00000000
256 | 0.00000000 | -4.25538432 | 0.00000000 | -5.47120842 | 0.00000000
512 | 0.00000000 | -4.25538432 | 0.00000000 | -5.47120842 | 0.00000000
Equation (5.1), Fourier coefficients, f(z) = z*|x|

[ n ] <s | un(=0.9) [ un(0) un(0.5) 1, (0.95) |
4| -0.09237946 | 1.69252930 | 0.00000000 | -0.94029406 | -1.78655871
8 | 0.32487680 | 3.46900238 | 0.00000000 | 2.26497025 | -5.77407940
16 | 0.32155438 | 3.57407640 | 0.00000000 | 2.34797950 | -5.77976528
32 | 0.32152179 | 3.57224821 | 0.00000000 | 2.34560345 | -5.78331281
64 | 0.32152133 | 3.57217606 | 0.00000000 | 2.34571196 | -5.78339496
128 | 0.32152132 | 3.57217755 | 0.00000000 | 2.34570873 | -5.78330207
256 | 0.32152132 | 3.57217748 | 0.00000000 | 2.34570884 | -5.78339205
512 | 0.32152132 | 3.57217748 | 0.00000000 | 2.34570883 | -5.78339205

Equation (5.1), ¢! and function values, f(z) = x*|z|

We observe that the convergence (of the Fourier coefficients and of the
function values) becomes better if the right hand side becomes smoother.
In case of

1 [2sin(z+2) 1 9 1
r)=—|——F—=(1—-2 In(l—2z)— < 5.2
sy = 2 [P L0y (i) - (5.2
1 1
+-(1+2)*(In(l +2)— =
2 2
the function u*(z) = v/1 — 22 is the exact solution, where (j =0.
(n [ & & & & & |
4 | 1.44851367 | 0.07966143 | -0.37489673 | 0.00000000 | 0.00000000
8 1.13963910 | 0.00265930 | -0.51943238 | -0.00038250 | -0.08772781
16 | 1.12978800 | 0.00033218 | -0.53036099 | -0.00004873 | -0.10401085
32 | 1.12855539 | 0.00004156 | -0.53172768 | -0.00000610 | -0.10608699
64 | 1.12840120 | 0.00000520 | -0.53189862 | -0.00000076 | -0.10634738
128 | 1.12838192 | 0.00000065 | -0.53191999 | -0.00000010 | -0.10637995
256 | 1.12837951 | 0.00000008 | -0.53192266 | -0.00000001 | -0.10638403
512 | 1.12837921 | 0.00000001 | -0.53192299 | -0.00000000 | -0.10638454

Equation (5.1), Fourier coefficients, f(z) from (5.2)
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[ n ] 43 | un(=0.9) | un(0) u,(0.5) | u,(0.95)
4| 0.03101251 | 0.57457469 | 1.11636063 | 0.99857879 | 0.63682384
8 | -0.00242665 | 0.41433610 | 1.00283824 | 0.87114862 | 0.29552061
16 | -0.00030175 | 0.43740970 | 1.00028530 | 0.86633439 | 0.30846637
32 | -0.00003770 | 0.43596566 | 1.00003272 | 0.86609941 | 0.31170267
64 | -0.00000471 | 0.43587373 | 1.00000399 | 0.86603259 | 0.31226353
128 | -0.00000059 | 0.43588962 | 1.00000050 | 0.86602645 | 0.31224771
256 | -0.00000007 | 0.43588980 | 1.00000006 | 0.86602553 | 0.31224956
512 | -0.00000001 | 0.43588988 | 1.00000001 | 0.86602542 | 0.31224986
[ (@) | [70.43588989 | 1.00000000 | 0.86602540 | 0.31224990

Equation (5.1), ¢ and function values, f(x) from (5.2)

As a second example we deal with the equation

1t u(y) d
_W/1 [(y — 2)2In]y — 2| — cos(zy + 2y)] \/% (5.3)
= f(z) + \% + fj%x

again using the collocation quadrature method analogous to (4.1). The
numerical results in case f(z) = z3|z| and f(z) = 2*|z| are presented in
the following four tables. Moreover, the last two tables are concerned with

the case

f(x)

™

1 [2sin(z+2) 1

g(l —z)? <1n(1 — ) — ;)

x+2

—éu + )P <ln(1 + 1)

)|

3

in which u*(z) = v/1 — 22 is the exact solution, where (§ = ¢ =0.

(n [ & | & [ & [ & [ &

4 | 0.00000000 | 3.89516842 | 0.00000000 | 0.00000000 | 0.00000000

8 | 0.00000000 | 6.06352352 | 0.00000000 | 2.99539862 | 0.00000000
16 | 0.00000000 | 6.30796573 | 0.00000000 | 3.61165572 | 0.00000000
32 | 0.00000000 | 6.36442444 | 0.00000000 | 3.77432865 | 0.00000000
64 | 0.00000000 | 6.37841811 | 0.00000000 | 3.81589808 | 0.00000000
128 | 0.00000000 | 6.38191213 | 0.00000000 | 3.82635452 | 0.00000000
256 | 0.00000000 | 6.38278541 | 0.00000000 | 3.82897278 | 0.00000000
512 | 0.00000001 | 6.38300375 | -0.00000002 | 3.82962770 | -0.00000004

Equation (5.3), Fourier coefficients, f(z) = 23|

(5.4)
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] n \ <5 \ ¢r \ un(—0.9) \ up,(0.5) 1, (0.95)
4 | -0.00000000 | 3.53746377 | -2.79710527 | 1.556394737 2.95250001
8 | -0.00000000 | 2.77500388 | -5.82901534 | -0.72916989 6.00687279
16 | -0.00000000 | 2.96250258 | -5.74292291 | -0.58450110 7.41386459
32 | 0.00000000 | 3.00749821 | -5.47426811 | -0.54753047 6.51404218
64 | -0.00000000 | 3.01875475 | -5.46727406 | -0.54075715 6.54254851
128 | 0.00000000 | 3.02157177 | -5.47955038 | -0.53760774 6.52001095
256 | 0.00000000 | 3.02227625 | -5.47504222 | -0.53698198  6.52890323
512 | 0.00000001 | 3.02245241 | -5.47562556 | -0.53680014 6.52615747
Equation (5.3), ¢& and function values, f(x) = x3|z|
(»n T & [ & g [ & [ &
4 | -0.58280657 | 0.72882972 | -2.14508166 | 0.00000000 | 0.00000000
8 | -1.40188257 | 0.85249743 | 0.32708937 | 0.06894267 | 0.01413619
16 | -1.40191993 | 0.85249555 | 0.32721284 | 0.06896456 | 0.01432215
32 | -1.40191993 | 0.85249555 | 0.32721284 | 0.06896456 | 0.01432215
64 | -1.40191993 | 0.85249555 | 0.32721284 | 0.06896456 | 0.01432215
128 | -1.40191993 | 0.85249555 | 0.32721284 | 0.06896456 | 0.01432215
256 | -1.40191993 | 0.85249556 | 0.32721284 | 0.06896457 | 0.01432214
512 | -1.40191994 | 0.85249559 | 0.32721287 | 0.06896467 | 0.01432221
Equation (5.3), Fourier coefficients, f(z) = e®
[ n ] o \ Sh un(0) [ un(05) | un(0.95) |
4 | -2.14508166 | -0.32474949 | -0.32881339 | -0.03805240 | 0.22363249
8 | -2.39164719 | -0.47532359 | -1.04062806 | -0.64119672 | 0.10053606
16 | -2.39172319 | -0.47532077 | -1.04072747 | -0.64121781 | 0.10059761
32 | -2.39172319 | -0.47532077 | -1.04072747 | -0.64121781 | 0.10059761
64 | -2.39172319 | -0.47532077 | -1.04072747 | -0.64121781 | 0.10059761
128 | -2.39172319 | -0.47532077 | -1.04072747 | -0.64121781 | 0.10059761
256 | -2.39172319 | -0.47532076 | -1.04072747 | -0.64121781 | 0.10059755
512 | -2.39172321 | -0.47532074 | -1.04072749 | -0.64121787 | 0.10059716
Equation (5.3), ¢’ and function values, f(x) = e*

N &0 \ 3 \ £y \ £y \ &1 \
4 | 0.40998695 | 0.04201924 | -0.38240806 | 0.00000000 | 0.00000000
8 1.11994191 | -0.00200748 | -0.50425705 | 0.00042534 | -0.06204493
16 | 1.12757437 | -0.00020515 | -0.52906441 | 0.00004660 | -0.10115735
32 | 1.12828511 | -0.00002445 | -0.53158241 | 0.00000562 | -0.10574444
64 | 1.12836761 | -0.00000302 | -0.53188097 | 0.00000070 | -0.10630502
128 | 1.12837773 | -0.00000038 | -0.53191780 | 0.00000009 | -0.10637467
256 | 1.12837899 | -0.00000005 | -0.53192239 | 0.00000001 | -0.10638337
512 | 1.12837914 | -0.00000001 | -0.53192294 | -0.00000001 | -0.10638442

Equation (5.3), Fourier coefficients, f(x) from (5.4)
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[ n | &) \ ¢ | ua(0) u, (05) | u,(0.95) |
4 1 -0.38240806 | 0.18170011 | 0.23131037 | 0.24807362 | 0.26316054
8 | -0.01709214 | -0.00070921 | 0.98469378 | 0.85663685 | 0.29199603

16 | -0.00173656 | -0.00006887 | 0.99875332 | 0.86470886 | 0.29949307
32 | -0.00020612 | -0.00000812 | 0.99986381 | 0.86586928 | 0.31155025
64 | -0.00002543 | -0.00000100 | 0.99998359 | 0.86600576 | 0.31216344
128 | -0.00000317 | -0.00000012 | 0.99999797 | 0.86602295 | 0.31223920
256 | -0.00000040 | -0.00000002 | 0.99999975 | 0.86602510 | 0.31224851
512 | -0.00000006 | -0.00000000 | 0.99999996 | 0.86602537 | 0.31224977

(v (@) | \ [ 1.00000000 | 0.86602540 | 0.31224990 |

Equation (5.3), (' and function values, f(x) from (5.4)
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On sharp estimates concerning von
Neumann-Jordan and James constants
for a Banach space
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Abstract. Recently the inequality Cns(X) < J(X) was proved
in Takahashi and Kato [15], where Cn;(X) and J(X) are the von
Neumann-Jordan and James constants of a Banach space X respec-
tively. We shall present its another proof, which is much simpler,
and also a sharper estimate than this inequality. To do this we shall
estimate Cn7(X) by both of the modified von Neumann-Jordan con-
stant C'y;(X) and the constant px (1), where px (7) is the modulus of
smoothness of X. By this we shall have a unifying sight on a sequence
of previous results as well.

Mathematical Subject Classification (2010). 46B20, 46B99

Keywords and phrases. von Neumann-Jordan constant, James
constant, modulus of smoothness, modulus of convexity, uniformly
non-square space.

1 Introduction

Recently many geometric constants for a Banach space X have been inves-
tigated, which enable us to make precise descriptions on various geometric
properties of X. Among them the von Neumann-Jordan constant C j(X)

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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([5]) and the James constant J(X) ([7, 8]) are most widely treated. Con-
cerning the relation between these two constants Kato, Maligranda and
Takahashi [10] showed in 2001 the following couple of inequalities:

J(X)?

: < Cny(X) < J(X)?

T 1+ (J(X) -1

(1.1)

where the first inequality attains equality for many uniformly non-square
spaces, while the second is strict for all uniformly non-square spaces. Since
then several authors improved the right side inequality. First Nikolova,
Persson and Zachariades [13, 2004] showed

J(X)?
4

(see also Maligranda et al. [12, 2008]). In 2008 Alonso, Martin and Pap-
ini [2] proved the stronger inequality

Ong(X) < +1+J(4X){\/J(X)2—4J(X)+8—2} (1.2)

Cns(X) <2 {1 +J(X) - 2J(X))} , (1.3)
which in particular answered affirmatively ”Maligranda’s conjecture”:
J(X)?
CNJ(X)gg—Fl (1.4)

(cf. Yang [18]). In 2009 Wang and Pang [17] improved (1.3) to obtain that

Cny(X) < J(X)++/J(X)—1 \/1+<1— J(X)—1>2—1]. (1.5)

Recently Takahashi and Kato [15] proved that the following quite simple
inequality

Cnu(X) < J(X) (1.6)

holds true for all Banach spaces X, which answered affirmatively the ques-
tion posed in Alonso et al. [2, Question 1]. The inequality (1.6) was also
proved simultaneously by Yang and Li [19] and by Wang [16]. In the above
Alonso et al. [2] used the modified von Neumann-Jordan constant C'y ;(X),
in particular they showed the weaker estimate than (1.6),

Cny(X) < J(X); (1.7)

Wang-Pang [17] and Takahashi-Kato [15] used the constants As(X) =
px(1) 4+ 1 and px(1) respectively, where px(7) is the modulus of smooth-
ness.
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The aim of this paper is to present another proof of the inequality (1.6)
by using C)y;(X) on the line of Alonso et al. [2], which is much simpler
than that of [15], and also the following sharper inequality than (1.6):

CNAX)s(ﬁ( )~ 1 *V “) <J(X). (18

J(X

Section 2 is devoted to preliminary definitions and results. In Section
3 we shall first show the following inequality which estimates Cn;(X) by
both of C'y ;(X) and px(1):

O (X) < Oy (X) = px (1) +/ (Chyy (X) = pxc(1) = 1) + px (1) (1.9)

(Theorem 3.4). As is expected, this inequality yields both of the previous
estimates of Cnj(X) by Cy;(X) and by px(1):

2
Cny(X) <1+ ( 200 ,(X) — 1) (1.10)
(Alonso et al. [2, Theorem 1]) and
Cna(X) £ 1+px (1) [V = px(MP+1- 1= px(1)]  (111)

(Takahashi and Kato [15, Theorem 2]). In Theorem 3.10 the following
estimate for Cy ;(X) by J(X) will be shown:

2
C§VJ(X)§1+4{1—J(1)Q} : (1.12)

from which it follows that

Ol (X (1 + \/—> (1.13)

(see also Yang and Li [19]). Combining the inequalities (1.10) and (1.13),
we shall obtain the inequality (1.6) in Theorem 3.12. The inequality (1.7)
by Alonso et al. [2] is also a direct consequence of (1.13). In Theorem 3.14
the inequality (1.8) will be shown.

In Section 4 owing to Theorem 3.4 we shall have a unifying sight on the
above-mentioned progress concerning the relation between Cy;(X) and
J(X), which will be helpful to understand it since it is not obvious at
all to see that each result improves its former one. In the final Section 5
we shall answer the question of Alonso et al. [2, cf. Corollary 2] negatively
which states whether the following estimate is sharp: Cnj(X)—Cly;(X) <

3—2V2.
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2 Preliminaries

Throughout the paper let X be a real Banach space with dim X > 2. The
closed unit ball and unit sphere are denoted by Bx and Sx respectively.
The von Neumann-Jordan constant of X is defined by

|+ yl* + ll= — yII?
211 11* + llyl1?)

Cny(X) = sup{ : x,y are not both O} (2.1)

([5]), where the supremum can be taken over all x € Sx and y € By
([10]). The first systematic work on this constant was done in Kato and
Takahashi [11]. The constant defined by taking supremum over all z,y €
Sx in (2.1) is denoted by C’;(X), that is,

2 a2
CEVJ(X):sup{HxJFyH ZHm vl DT,y GSX}, (2.2)

which was discussed intensively in Takahashi [14] and Alonso et al. [2]. It
is clear that C'\;(X) < Cny(X) and they do not coincide in general (see
Remark 3.5 below). A Banach space X is called uniformly non-square (]9])
if there exists 6 > 0 such that

min([lz +yl, [« —yll) <201 =0) if |z = [yll = 1.
The James constant of X ([7, 8]) is defined by
J(X) = sup {min([lz +yl, |z —yl) : =,y € Sx}. (2.3)

It is well known (Casini [4]) that J(X) = sup{e € (0,2) : dx(¢) < 1—¢€/2},
where dx (¢) is the modulus of convexity of X:

xr+y

Sx(€) = inf{l -

H: x,y € Sx, ||x—y\:e} (0<e<2);

Sx may be replaced by Bx. In particular if J(X) < 2, we have

J(X)

Sx(J(X)) =1 -2

(2.4)
The modulus of smoothness of X is defined by

() :Sup{HHTyH el gy SX} (r>0).
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We shall collect some known facts about these constants (cf. [10, 2], etc.).

(a) 1 < O, (X) < Cny(X)<2and V2 < J(X) < 2.

Cny(X) =1 (resp. Cy;(X) =1) if and only if X is a Hilbert space.
J(X) = +/2if X is a Hilbert space; the converse is not true.

(b) V2 —1 < px(1) < 1 ([3, Proposition 2.3]). px(1) = v2 —1if X
is a Hilbert space (cf. [3, esp., p.126]); the converse is not true ([3, esp.,
p.135]).

(c) The following are equivalent.

(i) X is uniformly non-square.

(i) Cns(X) < 2.

(iii) C’y,(X) < 2.

(iv) J(X) < 2.

(v) dx(g) > 0 with some 0 < £ < 2.
(vi) px(1) < 1.

3 Sharp estimates concerning Cy;(X) and J(X)

We start with recalling the following lemma.

Lemma 3.1 ([15, Lemma 3]). (i) Let 0 < a <2 and 0 < b < 2. Then

2 2 2
a Ib g(a;b—1> +1. (3.1)

(ii) Let a be a real number and let b > 0. Then

at® + bt - a+ Va2 + b2
1+¢2 — 2

for allt > 0. (3.2)

For convenience of the reader we mention the proof. For (i) we have

a+b 2 a2 +v>  (2—a)(2-0)
(2 _1) = 2

> 0.

For (ii) let f(t) = (at® + bt)/(1 4+ t2). Then f(t) attains its maximum at
to == (a+ Va2 + b2)/b. Noting that bt3 — 2aty — b = 0, we have

a+ Va2 + b?
2 )

. t0(2at0 + 2b) B to(bt% + b) B b

f(to) 21+12)  201+2) 2

to =

which implies (3.2).
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Proposition 3.2 Let X be a Banach space. Then

(1+px(1))?

DL <O (0) < 1 px(1)2 (3.3)

Proof. The first inequality, which is found in [17], is immediate to see. For
the second let z,y € Sx. Then by Lemma 3.1 (i)

lz+ gl +lle —yl® <!x+yH+ll:r—yH _
1 = 2

2
1) <1 px (1

from which we have the conclusion. O

Remark 3.3 (i) The second inequality in (3.83) is sharper than Cly ;(X) <
1+px(1)(= A2(X)) which was shown in Wang and Pang [17, esp., p. 308].

(ii) Each inequality in (3.8) is sharp. In fact if X is not uniformly
non-square, equality holds in the both inequalities in (3.3) as C'\ ;(X) =2
and px (1) = 1. The first inequality attains equality with Ly-spaces, 1 <
p < oo since pr,(1) = max{2'/P,21=YP} — 1 (J3, Proposition 5.1]) and
O 7(X) = max{22/P=1 21=2/P} (2 Example 5]). Another example for the
first inequality is the Day-James la-lsy space: Let X = R? equipped with
the norm

(|2 if x1x9 > 0,
]| =

[#lloc  if T122 <0

for x = (x1,22) € R2. Then px (1) = 1/v/2 ([14, Evample 3J; see also [1,
Ezample 25]). In [2] it is shown that C\ ;(X) = (3+2v/2)/4. Therefore the
first inequality attains equality with the space fo-fo,. The second inequality
of (3.8) attains equality with the ls-f1 space: Let X = R? equipped with
the norm
[zlloc  if 2122 20,
]| = {

||.7}||1 ifl‘lxg S 0

for x = (z1,22) € R2. Then px(1) = 1/2 ([3, Example 3.2], [10, Example
4]) and C\ ;(X) = 5/4 ([14, Ezample 4], [2, Example 1]). Hence equality

holds in the second inequality.

Theorem 3.4 Let X be a Banach space. Then

Ona(X) < Choy(X) = px (1) + 1/(Chyy(X) = px(1) = 12 + px (12, (1.9)
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Proof. First we note that the von Neumann-Jordan constant Cn(X) is
reformulated as

lz + ty]|* + [l — ty])?
2(1+ £2)

CNJ(X):SUP{ : :L‘,yGS)(,OStSl}. (3.4)

Let z,y € Sx and let 0 <t < 1. Since

lz +ylI* + |z — y|* < 4C;(X)

and
[z +yll + |z — yll <2(1 + px(1)),
we have
|l + tyl|* + [l — ty|?
< (tlz+yll+ 1 =)+ (e —yl + (1 1)

(e +yl? + llz = yl*)* + 2|l + yl| + llz = yIDE(1 =) +2(1 = ¢)°
< ACK (X)) +4(1 4 px (D)1 — ) +2(1 — t)?
2 [(20 (X)) = 2px (1) — 2)t% + 2px (1)t + (1 + t%)] .

Therefore by Lemma 3.1 (ii)

= + tyl|* + [l — ty]|
o(1+ t2)
2 [(C 7 (X) = px(1) = D + px (1)1]
- 1+1¢2

< (Cs(X) = px(1) = 1)+ (Chy(X) = px (1) = 1)% + px(1)2 + 1
= Chs(X) = px(1) 4 (Chy(X) = px(1) = 1) 4 px (12,

by which we obtain the inequality (1.9). O

+1

Remark 3.5 (i) If X is not uniformly non-square, we have equality in
(1.9) as Cny(X) = Cy;(X) =2 and px (1) = 1.

(ii) The inequality (1.9) attains equality with both of the Day-James
loo-l1 and la-fo spaces, which are uniformly non-square. In fact let X be
the loo-t1 space. Then px(1) = 1/2 and Cy;(X) = 5/4 as mentioned in
Remark 8.3. On the other hand it is known that Cn;(X) = (34++/5)/4 ([20,
Ezample 3.2/, [14, Example 4]). Thus we have equality in (1.9). We note
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that the above value of Cnj(X) obtained in [20] and [14] is immediately
derived from Theorem 8.4. Indeed since px(1) =1/2 and Cly ;(X) = 5/4,
we have Ony(X) < (34 V/5)/4 by (1.9). Taking x = (1,0) and y =
(0,(v5—1)/2) in the definition of Cn;(X), we have Cn(X) > (3++/5)/4.

Next let X be the lo-los space. Then px(1) = 1/v/2 and Cly;(X) =
(34+2v/2) /4 (Remark 3.3). On the other hand C;(X) = 3/2 ([20, Example
3.3]). Therefore we have equality in (1.9). We note again that the above
result Cnj(X) = 3/2 is immediately obtained by Theorem 3.4. Indeed since
px(1) = 1/v/2 and C,;(X) = (3 + 2v/2)/4, we have Cn;(X) < 3/2 by
(1.9). Taking x = (—1,1) and y = (1/2,1/2) in the definition of Cn(X),
we have Cn 7(X) > 3/2.

The following elementary facts will be useful in our later discussion.

Lemma 3.6 Let f(u,v) =u—v++/(u—v—1)2+v2. Then for all us >
up > 1 and vo > v1 > up — 1,

fur,v1) < f(uz,vz),
where equality holds only when uq = ug and v = vs.

In fact, for each v # 0 the function f(u,v) is strictly increasing in
u € (—00,400), and for each u > 1 the function f(u,v) is strictly increasing
inveu—1,4+00).

As is expected, Theorem 3.4 yields both of the next previous results
concerning the estimates of Cyj(X) by Cly;(X) and by px(1).

Corollary 3.7 (Alonso et al. [2, Theorem 1]). Let X be a Banach space.
Then

2
Cny(X) <1+ [ 20 ;(X) — 1] , (1.10)
where the inequality is strict if px(1) < \/2C} ;(X) — 1.

Proof. Let f(u,v) be as in Lemma 3.6. Take u; = up = Cly;(X) and v =

px(1),v2 = /2C ;(X) — 1. By Proposition 3.2 we have vy > vy > uy — 1.
Then by Theorem 3.4 and Lemma 3.6 we have

F(Ch (X)), px(1))

2
< (G200, 00 - 1) = 1+ |y 203,00 -1

Cns(X)

IN
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where the second inequality is strict if px(1) < /2C%;(X) — 1. This
completes the proof. O

Corollary 3.8 (Takahashi and Kato [15, Theorem 2]). Let X be a Banach
space. Then

Crna(X) €14+ px() [V = px (P +1- (1= px(1))],  (111)

where the inequality is strict if C ;(X) < 1+ px(1)2.

Proof. Let f(u,v) be as in Lemma 3.6. Then since C’y;(X) < 1+ px(1)?
by Proposition 3.2, we have

Cni(X) < f(Chj(X),px(1))
< f(1+4px(1)? px(1))

— 14ox(D) N(l—px<1>>2+1—<1—px<1»

by Theorem 3.4 and Lemma 3.6, where the second inequality is strict if
C;(X) <14 px (1) This completes the proof. O

Remark 3.9 As stated in [2] and [15], the estimates given in Corollaries
3.7 and 3.8 are sharp. In fact, if X is not uniformly non-square, equality
holds in (1.10) and (1.11) as Cnj(X) = Cy;(X) =2 and px(1) = 1. The
inequality (1.10) attains equality with the ly-ls, space X as Cny(X) = 3/2
and Cy;(X) = (3+2v/2) /4. The inequality (1.11) attains equality with the
loo-l1 space X as Ony(X) = (34 /5)/4 and px (1) = 1/2.

Theorem 3.10 Let X be a Banach space. Then

2
Ol (X) < 1+4{1—J<1X)} . (1.12)

Proof. We shall show that for all z,y € Sx

2 +y|* + [l= -yl 1 °
<14431——— % . .
. <1+ 569 (3.5)

Let z,y € Sx and assume ||z +y| < ||z — y|| without loss of generality. Let
e=|lz—yl|. Then |z +y| < 2(1 —dx(g)). We write J and d(¢) for J(X)
and dx () respectively. If e < J, we have

2 _ 2 2 2
el el Sy (1LY

4
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Let J < & < 2. Then, as the function d(g)/e is non-decreasing ([6]), we
have 6(.J)/J < d(e)/e, from which it follows that

lz +yl* +llz —yl* < 4(1-06(e)* +¢€

< 4{1—5((]‘])5}24-62

4{1_25“)}2+4

IN

J

1 2
= 4+16{1—} ,

where the above equality follows from the fact (2.4), 26(J) =2 — J. Hence
we have (3.5). This completes the proof. O

<

The following corollary is useful, which was also independently shown
in [19].

Corollary 3.11 Let X be a Banach space. Then

C&JCX)S;%(l—%\/JCX)—]>2, (1.13)

where equality holds only when X is not uniformly non-square.

Proof. By Theorem 3.10 we have

2
20&ﬂX)§2+8{1—JéQ}. (3.6)

So we show that
2+8{1—J(1X)}2§(1+\/m)2. (3.7)

Put u = \/J(X) — 1. Then /2 —1 < u < 1 and the inequality (3.7) is
reformulated as

uz +1

u2 2
2+8< > < (1+u)?

or
2(u® +1)% 4 8u' < (u+1)%(u® 4 1)2 (3.8)

Noting that 4u3 > 4(\/§ —1)V V2 —1 > 1, we have
(u41)2w? +1)% = 2(u? +1)? = 8u* = (u — 1)?(u* +4u®> — 1) > 0.
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Hence the inequality (3.8) holds and equality attains in (3.8) only when
u=1, or J(X) = 2. This completes the proof. O

Theorem 3.12 (Takahashi and Kato [15, Theorem 3]; see also [16, 19]).
Let X be a Banach space. Then

Cny(X) < J(X), (1.6)
where equality holds only when X is not uniformly non-square.

Proof. By Corollaries 3.7 and 3.11 we have
2
Ca() 1+ |20, () 1] < a(x) (39)

Though the latter assertion is shown in [15], it can be also easily seen from
our discussion. Indeed if X is uniformly non-square, the second inequality
of (3.9) is strict by Corollary 3.11. O

We shall close this section with presenting a sharper inequality than
(1.6) which is a consequence of Theorem 3.4 and the following recent result
of the present authors [15].

Lemma 3.13 ([15, Theorem 1]). Let X be a Banach space. Then

pX(l)SQ{l—J(lX)}. (3.10)

Theorem 3.14 Let X be a Banach space. Then

2
cNJ<X>§(ﬁ(‘]m_1)}%']0()_1)2“) <Jx), a9

where the second inequality is strict if and only if X is uniformly non-
square.

Proof. Let f(u,v) be as in Lemma 3.6. Then Theorem 3.4 says that
Cny(X) < f(Cy (X)), px(1)). We write J for J(X). By Theorem 3.10
and Lemma 3.13

2
cgw(X)g1+4<1—;> and pX(1)§2<1—;)
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respectively. Hence we have

f(Cn (X)), px(1))

Cni(X) J(X
FL+4(1-1/J)%2(1 - 1/J))

IN

IN

%[Sﬁ 67 +4+2v2(J - 1)V/(T = 12 +1]

= %[x/i(J—lH (J—1)2+1r,

which proves the first inequality. The second inequality of (1.8) attains
equality if J = 2. Assume that J < 2. Then

1+4(1—;>2 %(1+\/7)
by (3.7) and
2 <1 - ) <VJ-1
Therefore by Lemma 3.6 we have
FA+4(1—1/D22(1 = 1/0)) < fF(A+ VI =1)?/2,V/ T = 1) = J.

This completes the proof. [l

4 Unifying sight on previous results
First we note the following.

Proposition 4.1 Let X be a Banach space. Then

2
Cy(X) ( ++/J 1) ) <1+ J(f) (4.1)

and

)< VIX)—1<V2J(X)—1< 22 (4.2)

Indeed the first inequality of (4.1) is (1.13) of Corollary 3.11 and that of
(4.2) is the result of Wang and Pang [17, Theorem 1], which is also a direct
consequence of Lemma 3.13 ([15, Theorem 1]). The other inequalities are
easy to see.
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Remark 4.2 (i) C';(X) = J(X) if and only if X is not uniformly non-
square. Indeed if X is uniformly non-square, the second inequality of (4.1)
is strict by Corollary 3.11.

(i) px(1) = /J(X) — 1 if and only if X is not uniformly non-square
(Takahashi and Kato [15, Corollary 1]).

Owing to Theorem 3.4 we can see all the previous results (1.2), (1.3),
(1.5), (1.6) on Cny(X) and J(X) in a unifying sight.

Corollary 4.3 (i) (Nikolova-Persson-Zachariades [13, Remark]; see also

[12])

J(f)Q F1+ ”7(4X) {\/J(X)2 “4J(X) 8- 2} . (12)

Cny(X) <
(ii) (Alonso et al. [2, Theorem 2])
Cns(X) <2 {1 +J(X) - 2J(X))} , (1.3)

(iii) (Wang and Pang [17, Theorem 4])

\/1+ (1 —IX) - 1)2 - 1] . (L.5)

(iv) (Takahashi and Kato [15, Theorem 3])

Crvs(X) < J(X) +V/T(X) 1

Cny(X) < J(X). (1.6)
Proof. Let f(u,v) be as in Lemma 3.6. Then by Theorem 3.4

CNJ(X) < f(C;VJ(X)va(l))7 (4'3)

from which, by noting Proposition 4.1 and Lemma 3.6, all the results stated
above will be derived as follows.
(i) Since Cly;(X) < 1+ J(X)?/4 and px (1) < J(X)/2, we have

Cny(X) < f(Cny(X),px(1))
< fA+J(X)?/4,0(X)/2)

J(X)? J(X)

= Sl 414 {VIZ?=4(X)+8-2}.
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(ii) Since C'y;(X) < J(X) and px (1) < y/2J(X) —1,

Cny(X) F(Cry(X), px(1))
(X)), v2J(X) = 1),
2

{1 +J(X) - 2J(X)}.

<
<

(iii) Since % ,(X) < J(X) and px (1) < \/J(X) — L,

Cny(X) F(Cns(X), px(1))

<
< fUX),VIX)-1)
X)+/J(X) -1

\/1+(1 J(X)1>21].
(iv) Since Cly (X (1—}—\/7) /2 and px (1) < /J(X) — 1,

Cns(X) < f(Crnys(X),px(1))
< {1+ VIOT) 2T )
= J(X).
This completes the proof. O

5 Some other consequences
Alonso et al. [2, Corollary 2] showed that

Ony(X) = Chns(X)<3-2V2 (5.1)
and they asked whether this estimate is sharp. We have the following.

Theorem 5.1 Let X be a Banach space. Then

Cnv(X) = Clyy(X) < 5 (1= px (1), (52

where equalzty holds if and only if Cny(X) =1+ px(1)? and C,;(X) =
(1+px(1))%/2.
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Proof. By Theorem 3.4 and Proposition 3.2 we have
Cna(X) = Clhoy(X) < /(14 px(1) = Chy s (X)) + px(1)2 = px (1)

< I+ px(1) = (14 px (1272 + px (1) = px(1)
1

= 5(1 — px (1))

Next suppose that equality holds in (5.2). Then by the above observa-
tion we have Cly;(X) = (1 + px(1))?/2 and Cny(X) = Ch;(X) + (1 —
px(1))?/2 =1+ px(1)2. The converse is clearly true, which completes the
proof. O

Remark 5.2 The inequality (5.2) attains equality with the spaces which are
not uniformly non-square and also with the l3-fo space X as Cny(X) =
3/2, Chv(X) = (3+2v2)/4 and px (1) = 1/v/2 (see Remark 3.5).

Finally we shall present a negative answer to the above question by
Alonso et al. [2].

Corollary 5.3 For any Banach space X
Crny(X) = Chs(X) < 3—2V2. (5.3)
Proof. Since px (1) > v/2 — 1, by Theorem 5.1 we have

Ona(X) = Ol (X) < 501 = px(1)* <3 -2V (5.4)
Suppose that Cj(X) — C;(X) = 3 — 2v/2. Then by (5.4) we have
px(1) = /2 — 1 and equality holds in (5.2). By Theorem 5.1 we have
Cna(X) = 1+ px(1)? = 1+ (V2 — )2 and Cly,(X) = (1+ px(1))2/2 =
1. From the latter identity X is a Hilbert space, which is impossible as
Cnj(X) > 1. This completes the proof. O
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Some remarks and new developments
concerning Hardy-type inequalities

Lars-Erik Persson and Natasha Samko

Abstract. In this paper we present some complementery informa-
tion to that given in the recent historical paper [19] and book [20]. A
simple convexity argument is used to prove Hardy’s inequality. This
unified approach also implies a number of other classical inequalities
(e.g. Hardy’s discrete inequality, Pélya-Knopp’s inequality, Carle-
man’s inequality, some weighted variants of Hardy’s inequality etc.).
Some new results e.g. from recent PhD theses concerning characteri-
zations of multidimensional forms of Hardy’s inequality are presented
and discussed in this light. Moreover, some new results concerning
Hardy type inequalities in Morrey spaces are presented and a number
of examples, remarks and ideas for further research are included.

Mathematical Subject Classification (2010). 26D15, 46E30,
47B38

Keywords and phrases. Inequalities, Hardy’s inequalities, Carle-
man’s inequality, Pdlya-Knopp’s inequality, Hardy type inequalities,
multidimensional weighted integral inequalities, Lebesgue space, Mor-
rey space.

1 Introduction

The famous Hardy inequality in continuous form reads

/OOO (; /Oxf(t)dty)dx < (pi)zj/ooo 2(2)dz, @)

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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where p > 1 and f is a non-negative p-integrable function. The dramatic
more than 10 years period until G.H. Hardy finally formulated and proved
(1.1) in his 1925 paper [11] (see also [10]) has recently been described in
detail in [19]. After that this inequality has been generalized and applied in
an almost unbelievable way, see e.g. the monographs [16], [20], [21], [31] and
the references given therein. And the interest seems to even have increased
during the very last years. In this article we complement the historical
article [19] and book [20] in various ways and hope that this complementary
information can both give some interesting new information and serve as a
source of inspiration for further research in this fascinating area.

In Section 2 we present a very simple proof of Hardy’s inequality, which
was first discovered by E.K. Godunova already 1965 in [8] but this paper
seems not to have influenced the development so much but after this result
was rediscovered and complemented in a paper by S.Kaijser et al [14] in
2002 it has been presented several results in this direction, see e.g. the re-
view article [28] and Theorems 3.17 and 3.20 in this paper. If Hardy himself
had discovered this simple proof (i.e. that (1.1) follows almost immediately
from Jensen’s inequality (from 1906) and a variable transformation) we are
sure that the prehistory described in [19] had been very different. This
fact could also have influenced in an essential way the continued develop-
ment of Hardy type inequalities as described e.g. in the books [16], [20],
[21] and [31]. Moreover, we show that this simple convexity argument also
directly gives many other classical inequalities like Hardy’s discrete inequal-
ity, Carleman’s inequality and Pélya-Knopp’s inequality and even the first
weighted form of (1.1), which obviously Hardy believed was a genuine gen-
eralization of (1.1) but our argument shows that in fact this weighted form
is equivalent to (1.1) (see Remark 2.11).

In Section 3 we discuss some recent results concerning characteriza-
tions of multidimensional weighted forms of (1.1) for different parameters
p and ¢ . We start with the famous two-dimensional result of E. Sawyer
in [37]. After that we review and comment upon a number of fairly new
results e.g. those obtained in PhD theses by A. Wedestig [40], E. Ushakova
[39] and M. Johansson [13]. Hence this paper complement the book [20]
in an essential way. See also the book [16], where some complementary
information can be found.

In the book [20] a number of Hardy type inequalities for various function
spaces (other than weighted LP-spaces) are presented and discussed. Note
that weighted estimates of the Hardy operators with respect to the norm of
the generalized Lebesgue spaces LP(*) with variable exponent were obtained
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e.g. in [6], [17] and [24].

In Section 4 in this paper we give a new complement to this, namely we
present and discuss some recent results concerning Hardy type inequalities
in weighted Morrey spaces. Hardy inequalities with respect to the norm
of Morrey spaces are quite recent results even in both the one-dimensional
and non-weighted cases. Such inequalities in the one-dimensional case and
for a class of weights were given in the paper [35] from 2009 for p — p-
inequalities, and in [34] for p — ¢-inequalities. We survey these recent
results and also present some corresponding multi-dimensional results.

2 A convexity approach to classical Hardy type
inequalities

2.1 Remarks on four classical inequalities

A). Hardy’s inequality (continuous form:)
If f is non-negative and p— integrable over (0, 00), then

TG [ wa) as (C25) [T rww, v e

B). Hardy’s inequality (discrete form:)

If {a,}]° is a sequence of non-negative numbers, then

S5 () S e e

n=1

Remark 2.1 The dramatic more than 10 years period of research until
Hardy stated in [10] and proved in [11] his inequality (2.1) was recently
described in [19]. It is historically clear that Hardy’s original motivation
when he discovered his inequalities was to find a simple proof of Hilbert’s
double series inequality.

Remark 2.2 [t is clear that (2.2) = (2.1). More exactly, by applying
(2.1) with step functions we obtain (2.2). This was pointed out to Hardy
in a private letter from F. Landau already in 1921 and here Landau even
included a proof of (2.2) so it should not be wrong to even call (2.2) the
Hardy-Landau inequality.
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C). Carleman’s inequality:
If {a,}{" is a sequence of positive numbers, then

im < eian. (2.3)
n=1

n=1

Remark 2.3  This inequality was proved by T. Carleman in 1922 ([4}]) in
connection to this important work on quasianalytical functions. Carleman’s
idea of proof was to find mazimum of > i (ay - a;)Y" under the constraint
Yo a; =1,n € Z,. However, (2.3) is in fact a limit inequality (asp — 00)
of the inequalities (2.2) for p > 1 according to the following:

1/p

Replace a; with a;

that

in the Hardy discrete inequality and we obtain

%) 1 n p P p 0O
E ( E ai/p> < () E an, p> 1.
n p—1
n=1 n=1 n=1

Moreover, when p— oo  we have that

1 n p n 1/n P
— Za;/p — Hai and <p> — e.
nia i=1 p-1

In view of the fact that Carleman and Hardy had a direct cooperation
at that time (see e.g. [5]) it is maybe a surprise that Carleman did not
mention this fact in his paper.

D). Pélya-Knopp’s inequality:
If f is a positive and integrable function on (0, c0), then

/OOO exp (; /0 ) Inf (y)dy> dr <e /0 h f(x)da. (2.4)

Remark 2.4 Sometimes (2.4) is referred to as the Knopp inequality with
reference to his 1928 paper [15]. But it is clear that it was known before
and in his 1925 paper [11] Hardy informed that G. Pdélya had pointed out
the fact that (2.4) is in fact a limit inequality (as p — o) of the inequality
(1.1) for p > 1 and the proof is literally the same as that above that (2.2)
implies (2.3). Accordingly, nowadays (2.4) is many times referred to as
Polya-Knopp’s inequality and we have adopted this term.
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2.2 An equivalent form of Hardy’s inequality (1.1) and its
limit inequality (2.4)

In the sequel of this Section we assume that f is a non-negative and mea-
surable function over R.

Before we perform the discussion in this Section we present two crucial
observations:

Observation 2.1: We note that

/OOO <91c /0“’ f(y)dy>pd$ = <p€1>p/ooo fPlz)de, p>1  (25)
-
/OOO <i /jg(y)dy)p Tt /OOO P, (2.6)

where f(z) = g(a'=1/P)z=1/p,
In fact, consider (2.5) and we find that

A S A x:(py RN
RHS (p_1>/0 e = (L) [T paim?

p+1 00
P dy
(_ 1) | e
p 0 Y

LHS = /OOO <31: /Ox g(tll/p)tl/pdt>pda; =
G L o) e
G LG Lo

Remark 2.5 We see that Hardy’s inequality (1.1) is equivalent to (2.6)
for p > 1 and, thus, that Hardy’s inequality can be proved in the following
simple way (see form (2.6)): By Jensen’s inequality and Fubini’s theorem
we have that

/0°° Cﬂ /oz g(y)dy>p %:U = /OOO (; /Ox gp(y)dy) df =
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In a similar and even simpler way we can verify the following:

Observation 2.2: It yields that

/OOO exp (313 /01” lnf(y)dy) dr < e/ooo flz)dz (2.7)

Remark 2.6 According to this Observation, Jensen’s inequality and Fu-
bini’s theorem we see that also the limit Pdlya-Knopp’s inequality (2.4)
follows directly from Jensen’s inequality.

In the same way as above, we also have the following more general State-
ment (see also [14]):

Proposition 2.7 Let f be a non-negative and measurable function on I C
R and let @ : I — Ry be a convex function. Then

[Te (5 [ rww) S < [Tage)® 29)

If ® instead is positive and concave, then the reversed inequality holds.
Proof. By Jensen’s inequality and Fubini’s theorems we have that
& 1 [* dx R dz
o (- dy | — < ) dy— =
[To (5 [ rn) < [T [ et

= [Tovn [ gt an= [ et

If ® is concave the only inequality holds in the reversed direction.
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2.3 Some examples and further remarks

Example 2.8 Consider the conver function ®(u) =uP,p >1 or p<O0.
Then (2.9) reads

[ G [ rwa) < [7 o, (2.10)

i.e. according to Observation 2.1, we obtain Hardy’s original inequality
(1.1) forp > 1. For 0 < p <1 (2.10) holds in the reversed direction.

Example 2.9 Consider the convex function ®(u) = e* and replace f(y)
with In f(y). Then (2.9) reads

e (5 [Cmsan) < [T

i.e. according to Observation 2.2, we obtain also Polya-Knopp’s inequality
directly without going via some limit argument.

In 1928 G.H. Hardy himself (see [12]) proved the first generalization of
his inequality (1.1) namely the following;:
The inequality

S =

holds for all measurable and non-negative functions f on (0, 00) whenever
a<p—1,p>1.

We remark that (2.11) in fact also is equivalent to (2.5) and, thus, to
(1.1) . More generally the following statement follows directly from (2.6):

Example 2.10 Let f be a measurable and non-negative function on (0, 00).
Then
a) the inequality (2.11) holds whenever a <p—1 andp > 1 or p <O0.
b) the inequality

/000 <i /; f(y)dy>p:n“dx < (a+ - > / Po)atds (2.12)

holds whenever a >p—1, p>1orp<O0.
¢) For the case 0 < p < 1 the inequalities (2.11) and (2.12) hold in
the reversed direction.
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In fact, statement a) follows by just using the substitution f(t) =
—1l—a _ 14a
= g(tp )t r , making some straightforward calculations as in Observa-

tion 2.1 to see that (2.11) is equivalent to (2.6) and, thus, to (2.5). More-
over, b) follows from a) by making some other obvious standard substitu-
tions.

The proof of c) is the same as that of a) and b) and the fact that now
the basic inequality (2.6) holds in the reversed direction (see Example 2.8).

Remark 2.11 The above means in particular that the first generalization
(2.11) by Hardy in fact is not more general than the original form (1.1)
because both are equivalent to (2.6).

By using the simple technique presented in this Subsection and the
refined Jensen type inequality for superquadratic or subquadratic functions
recently proved in the paper [1] the following refined Hardy type inequality
can be proved (see [27] , Theorem 3.1):

Theorem 2.12 Let the function f be a non-negative and measurable on
(0,00) and let k > 1.
(i) If p > 2, then

/OOO zk (/Oz f(t)dt)p dx + (2.13)

p

1—k=1
k=1 k=1_4
P P drt e dt

kﬁl(fﬁ) " -5 [ o

p N\ [ _
< (k‘—l) /0 fP(x) 2P "dz.

(ii) If 1 < p < 2, then the inequality (2.13) holds in the reversed direc-
tion.

k—l/oo/oo
b 0 t

Remark 2.13 Note that this result means that if p > 2, then the classical
weighted Hardy inequality (2.11) for k =p—a > 1 can be refined by adding
a second term on the left-hand side. In fact, this factor is so big that
the inequality holds in the reversed direction for 1 < p < 2 so that, in
particular, for p =2 (2.13) reduces to an identity.

Hence, in this case the "breaking point”, where the sign of the inequality
is changed, is p = 2, while in the classical (non-refined) Hardy’s inequality
the natural breaking point is p = 1.
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Remark 2.14 As expected a similar dual refined Hardy inequality holds
when [ f(t)dt is replaced by [ f(t)dt and k < 1 (see [28], Theorem 3.2).

Remark 2.15 The simple technique presented above can be used to obtain
multidimensional generalizations of several results in this Section. We give
some examples of this fact in our Subsection 3.3 ( see Theorems 3.17 and
3.20).

Remark 2.16 The constants in all inequalities presented in this Subsec-
tion are sharp. In particular, this means that this simple convexity tech-
nique also gives the best possible result in all cases derived so far.

Summing up our investigations presented so far in this Section we
strongly believe that both the prehistory of Hardy’s inequalities and the
continued development of Hardy type inequalities could have been very dif-
ferent if Hardy himself had discovered this simple convexity technique of
proof.

2.4 Some modern forms of the four classical inequalities.

Here and in the sequel of this Section by a weight (weight sequence) we
mean a non-negative, measurable and locally integrable function over the
considered interval (a sequence v = {v;}9°, with v; > 0,i =1,2,...).

It is natural to raise the following questions connected to the inequalities
A) - D) in Subsection 2.1:

1. For which weights u and v does it hold that

(/Ob </O f(t)dt>qu(x)dm> " <C </Ob fp(:n)v(x)dx> 1/],’ 0<b< oo,

for some finite constant C' 7

2. For which weights w«w and v does it hold that

< /0 ’ [exp % /O “In f(t)dt] qu(a:)d:n) o

for some finite constant C 7

b 1/p
<C </ fp(:v)v(:n)dm> ,0 < b < o0,
0

3. For which weight sequences u = {ug} and v = {u}
does it hold that

00 n q 1/q s 1/p
S =) = o)
n=1 \i=1 n=1
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for some finite constant C' ?

4. For which weight sequences u = {ug} and v = {ug}
does it hold that

o 1/q o0 1/}7
(Z (Vay - an)? un> < C (Z aﬁvn>
n=1 n=1

for some finite constant C 7

During the last 80 years it has been a lot of activities to answer these
and more general questions concerning Hardy type inequalities and a lot
of interesting results have been presented and applied (see e.g. the books
[16], [18], [20], [21], [23], [31], [38] and the references given there).

Just as one example and for the sake of comparison later on with the
multi-dimensional case we mention the following well known result:

Theorem 2.17 Let 1 < p < g < o0 and u and v be weights on Ry.. Then
each of the following conditions is necessary and sufficient for the inequality

0o T 4q % 00 %
/ f@)dt ] u(x)dxe] <C /fp(x)v(x) dx (2.14)
0 \o 0
to hold for all positive and measurable functions on Ry :
a) The Muckenhoupt-Bradley condition,
1 1
oo q o z /
Apr :=sup /u(t) dt V(z) < oo, V(z):= /v(t)lp dt,
>0
T 0

(2.15)
with the estimation C' € [Apr, NAps] for the best constant C in (2.14), where

A = min(p/9(p)'7", ¢"9(g) 7).
b) The condition

xT

Aps :=supV(z) » /u(t)V(t)q dt | < oo, (2.16)
>0

-

0

with C € [Apg,p’Apg] for the best constant in (2.14).
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Remark 2.18 The dramatic history until (2.15) was derived was recently
described in the book [20]. The condition (2.16) was derived e.g. by L.E.
Persson and V. Stepanov in [32]. It is nowadays known that also these
two conditions are not unique and can in fact be replaced by infinite many
conditions or more ezxactly by four different scales of conditions (see [9]).

3 Multidimensional Hardy-type inequalities

In this Section by a weight we mean a non-negative, measurable and locally
integrable function on R”, n € Z.

3.1 Some two-dimensional results
We first recall that the following two-dimensional inequality, which was

proved by E.T. Sawyer, see [37], Theorem 1:

Theorem 3.1 Let 1 < p < g < oo and u and v be weights on Ri. Then
the inequality

r1 T2 q %
// //f tl,tg dtldtg U(Cﬂl,l‘g) d.’L’ldl‘Q S
0
00 00 1
<C //fp(:cl,azg)v(xl,xg)dxldxg (3.1)
00

holds for all non-negative and measurable functions on Ri, if and only if
the following three conditions are satisfied:

oo 00 5 Y1 Y2 p’
sup //u(a:l,:cg)d:cldxg // v(x1,x2) 1P o1 das < 00,
(y1,y2)€RE
1 Y2
(3.2)

Q=

Y1y2 /x1 T2 , q
(17 (7 T oantay=ranas ) wton epaoras
00 \N0O O

< 00, (3.3)

sup
(y1,y2)€R? ny
* J [ vz, 29) P dziday
00

3=
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/

o0 OO p ,
I [ f f u(ty, ta)dtrdts | v(x1,20) 7P dwydas
Y1 y2 \x1x2

sup - < 00.

(ylva)ERi a’
f f xl,mg d$1dl’2

Y1 y2

1
q

(3.4)

All three conditions (3.2)-(3.4) are independent and no one may be
removed.

Remark 3.2 Note that (3.2) corresponds to the Muckenhoupt-Bradley con-
dition (2.15), (3.3) corresponds to the condition (2.16) and (3.4) corre-
sponds to the dual condition of (2.16). According to Remark 2.18 all these
conditions are equivalent in the one-dimensional case but it is not so in the
two-dimensional case.

One of the recent progresses related to Theorem 3.1 was obtained in
A. Wedestig’s PhD thesis [40]. It was shown there that in the case where
the weight v(x1,z2) on the right-hand side of (3.1) has the form of the
product vy (x1)va(z2), then only one condition appears (but this condition
is not unique and can in fact be given in infinite many forms). Namely, the
following statement holds:

Theorem 3.3 Let 1 < p < q < 0o and let u be a weight on Ri and vi and
vo  be weights on Ry.. Then the inequality

00 00 xr1 X2 q q
// //f(tl,tQ)dtldtQ u(ml,xQ) d.l‘lde S
0 0 0 0
S C //fp($1,$2)vl($1)vg($2) d.%'leCQ (3.5)
0 0

holds for all non-negative and measurable functions f on Ri, if and only if

s1—1 sg—1

Aw(s1,82) == sup (Vi(t1)) 7 (Va(tz)) 7 x
(tl,tz)GRi
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/ / w(zr, 22)(Vi(@1)? 7 (Va(ze))? 7 daydzs | <oo  (3.6)

holds for some s1,s2 € (1,p) (and, hence, for all si,s2 € (1,p))), where
t;
Vi(ti) := [vi(€)'7P'd¢, i = 1,2. Moreover for the best constant C' in (3.1)

0
it yields that C ~ Ay (s1, s2).
A limit result of Theorem 3.3 is the following two-dimensional Pélya-
Knopp type inequality, which was also proved in [40]:

Theorem 3.4 Let 0 < p < g < 0o and u and v be weights on R%_. Then
the inequality

o0 00 1 1 T2 q %
// exp //logf(tl,tg)dtldtg u(xy, x2)dr1drs
X192
0 0 00
<cC //fp(ml,mQ)v(xl,xg)dxlde (3.7)

0 0
holds for all non-negative and measurable functions f on Ra_ if and only if

1

s19  _ s29
sup y Yy " //1’1 P xy P w(zr,z2)dridry | < oo, (3.8)

y1>0,y2>0

1 Y2

holds for some s1 > 1,89 > 1 (and thus for all s; > 1,59 > 1 ) and
where

LSHESY

T1 To
dt dt
561962// t1’t2 1

Remark 3.5 Observe that this limit inequality indeed holds for all weights
(and not only for product weights on the right hand side) and also for
0 < p < 1. The reason for this comes from the useful technical details when
we perform the limit procedure, e.g. that we first do a substitution so we
only need to use the case when the weight in the right hand side in (3.5)
is equal to 1. Also here we have a good estimate of the best constant C' in

(3.7), see [40].

w(xy, o) = u(xy,z2) |exp
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Corollary 3.6 Let 0 < p < g < oo and ai,as, 31,82 € RY. Then the
inequality

1 T2 q %
// exp //logf t1,ty)dt1dts {1 x5?)dxdey <
19
<C //fp x1,x2) 931 ,x22d:c1dx2 (3.9)
holds for all non-negative and measurable functions f on Ri if and only if
aitl _Bitl g4
q p

B1+8
Moreover, the best constant C' for (3.9) satisfies the inequality C < e E

2
q
B1+Bo+2

Remark 3.7 Note that it can be proved that the constant C' =e 18
sharp in the case where p = q and o = P1, g = Pa.

Remark 3.8 The corresponding statements as those in Theorems 3.3 and
3.4 hold also for any dimension n  (see [40]) . However, in our next
Subsection we will present some results from the PhD thesis of E.Ushakova
[39] (see also [33]), where also the case with product weights on the left
hand side was considered. The proofs there are completely different from
those in [40] and the obtained characterizations are different.

3.2 Some multidimensional results

In the sequel we assume that f is a non-negative and measurable function.
Let x = (21, ..., 2n),t = (t1,...,tn) €ERY,n € Zy and 1 < p < g < oo.
We consider the n— dimensional Hardy type operator

:O/H'O/f(t)dt

and study the inequality

hSA

/(an)q(;r)u(x)dx <C /fp(a:)v(a:)da: . (3.10)

n
+
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Sometimes we assume that one of the involved weight functions v and
u is of product type, i.e. that

u(x) = uy(z1)ug(w2) - - - up(xy), (LP)

v(x) = vi(z1)v2(22) - - - Up(Th). (RP)
Moreover, .
U(t) =Ul(t,- /t /t u(z)dz
and

t1 tn
V(t) V tlv it / / 1 pd{l/‘.

The next Statement gives a necessary condition for (3.10) to hold with
help of some n— dimensional versions of the constants Ay; and Apg in
Theorem 2.17 (see [33] and also [39]).

Theorem 3.9 Let 1 < p < g < oo and assume that (3.10) holds for all
non-negative and measurable functions f on R’ with a finite constant C,
which is independent on f. Then

AE\Z) = sup(U(ty, -, tn)) Y9V (b1, - 1)) < o0,

t;>0

and

00 00 1/q
A%::;up<v<t1,-~,tn>>”f’(/ - u(x)Vq(x)dx> <
i>0 tl t'n

Proof. This statement follows by substituting the function
fe(y) = Hig 1) (1) - - Hifoe,,) (v(w))' 77
into the inequality (3.10) . Then we get that
© T 1/q
(e U S ful)dy)” uer) §
» 1/p =
(fen S w0(m)dy)

(2o i )da:) Tl ) ay)

(Jir o Jir (o)) dy) 3

/

C>

= UYP@) VI ().
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Thus the condition As\r/}) < oo follows by just taking supremum over all
t; >0,i=1,2,....,n
In a similar way the condition A% < oo follows by making the following

estimate: . N .
> Lo " ( o o ft(y)dy)qu(:c)dx _

(fer ff(y)v(y)dy) v )

o ([T [ o)

Our next result is that in the case of product weights on the right hand
side we get a complete characterization of (3.10).

O

Theorem 3.10 Let 1 < p < g < 0o and the weight v be of product type
(RP). Then (3.10) holds for all non-negative and measurable functions f
on R}y with some finite constant C, which is independent on f, if and only
if AS\Z) < o0 or Agg < o0. Moreover, C' = AS\Z) ~ Ag;g with constants of
equivalence only depending on the parameters p and q and the dimension
n.

Note that here it yields that V(t1,- - -, t,) = Vi(x1)Va(za) - - - Vi(zn),
where V;(t;) := foi(vi(xi))l_p/dxi,i =1,---,n. For a proof we refer to [33]
(see also [39]).

In this paper also the case when w is of product type (LP) was consid-
ered and the dual of the constants AE\Z) and Agg were introduced:

A}k\/(fn) = sup (U1(t1) e Un(tn))l/q(V(tl, e ,tn))l/p, < 00,

t;i>0

and
A;(g) := sup (Ur(t1) -~

t; >0

—vd (/tl /tn ) (Ur (1) - - Un(xn))p'dx> w .

Theorem 3.11 Let 1 < p < g < oo and the weight u be of product type
(LP). Then (3.10) holds for all non-negative and measurable functions f
on R} with some finite constant C, which is independent of f, if and only
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if A;ffn) < oo  or A}(g) < 00. Moreover, C' = Aj\f[") ~ A;(g) with
constants of equivalence only depending on the parameters p and q and the
dimension n.

In the paper [33] also the case 1 < ¢ < p < oo was considered and the
following multidimensional versions of the usual Mazya-Rosin and Persson-
Stepanov constants in one dimension (see e.g. [20]) were introduced:

1/r
B, = </n (U(t))r/q(V1(t1))T/q/---(Vn(tn))r/q/dvl(tl)---an(tn)> ,

B — </R </t /t" Y(Vizy) -+ Vi (xn))qdaz>r/q><

<1t vnoen)) ) - Wit )

Here, as usual, 1/r = 1/q — 1/p. For technical reasons we also need the
following additional condition:

1/r

Vi(oo) = -+ =V, (00) = 0.

Theorem 3.12 Let 1 <g<p<oo and 1/r=1/q—1/p. Assume that
the weight v is of product type (RP). Then (3.10) holds for all non-negative
and measurable functions f on R} with some finite constant C, which is

independent on f, if and only if BJ(\Z%% < 00, oOr B(n) < 00. Moreover,

C= B](\Z%% = ng with constants of equivalence depending only on p and g

and the dimension n.

Remark 3.13 Also the case when the left hand side is of product type was
considered in [33] and a theorem similar to Theorem 3.12 was proved by
using some dual forms of the constants BJ(\Z% and BJ(DHS) ( see [33], Theorems

3.8 and 3.4).

We finalize this Section by discussing some limit multidimensional (P6lya-
Knopp type) inequalities.
Consider the inequality

1/q 1/p
( / (Cn f)q(m)u(x)dm> < c( N fp(:n)v(:n)dm> 311
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where the n— dimensional geometric mean operator G, is defined by

(Gof) () = exp (mllxn /0/0 Inf(ar,... an) dxl...dxn> .

We denote

t tn 1/q
A(Gn) = sup(ty - t,) VP (/ / w(x)da:)
t; >0 0 0

w(x) == ((Gov) (2)) P u(z). (3.12)

with

Theorem 3.14 Let 0 < p < g < co. Then (3.11) holds for all non-negative
and measurable functions on R if and only if A(Gn) < 00. Moreover, C' =~

A(C? ) with constants of equivalence depending only on the parameters p and
q and the dimension n.

Remark 3.15 The proof in [33] shows that Theorem 3.14 may be regarded
as a natural limit case of Theorem 3.10 characterized by the condition
Ag;g < 0. For n =2 we get another characterization than that
in Theorem 3.4. Note that also in this case the limit result holds in a wider
range of parameters and for general weights.

For the case 0 < ¢ < p < 0o the following less precise result yields (see
[33]):

Theorem 3.16 Let 0 < ¢ < p < oo. Then (3.11) holds for all non-
)

negative and measurable functions on R'} if B(Gn < 00, where

t1 tn T/q 1/7“
BgL) = / (/ . / w(m)daz) (t1---tn)""0dty ... dty ,
r? \Jo 0

1/r =1/q—1/p and w is defined by (3.12). Moreover, this condition is
necessary and sufficient with the additional assumption that the weight w
in (3.11) is of product type.

Note that this theorem is a natural limit case of Theorem 3.12 charac-
terized with the condition Ag;g < 0.



SOME REMARKS AND NEW DEVELOPMENTS CONCERNING HARDY-TYPE INEQUALITIES 111

3.3 Multidimensional Hardy type inequalities via the con-
vexity approach.

First we pronounce that the convexity approach discussed in Section 2
can also be used to derive some corresponding multidimensional Hardy-
type inequalities. We present two such results and even give the results in
a setting so they generalize also the corresponding results for n = 1.

Theorem 3.17 Let 1 < p < oo and m = (mq,...,my,) € R™ be such that
m; # 1,i = 1,...,n. Let ® : [0,00) — R be a conver almost everywhere
positive function such that AzP < ®(x) < BaP holds on [0,00) for some
constants 0 < A < B < o0.

(a) If b= (b1,....,0,),0 < b; < 00,i=1,....m, and m = (mq, ..., my), m; >
1,72 =1,...,n, then the inequality

/Obl__./obnq,</Ox1_../0x"f(t)dt)ili[lxi_midxg

B2 L p 8 b bn D - p—my; xT; p
A(Hmi—1> /0 i f(x)sz 1_([%‘) dx

=1

holds for all non-negative and measurable functions on (0,b1) x---x (0,by).
(b) If b= (b1,...,b,),0 < b; <o0,i=1,....,n, and m = (my,...,myp),m; <
1,7 =1,...,n, then the inequality

/:"'/:‘I’</:'“/:f(t)dt>ilj%midx§

1-m
B2 n D P () ) n e, by -
() [ ot e (2) 7 o

i=1 =1

holds for all nmon-negative and measurable functions on (by,00) X -+ X
(b, 00).

Remark 3.18 The proof of this theorem can be found in [30]. In the same
paper also the corresponding results for the cases p < 0 and 0 < p <1 are
proved and discussed. The constants are sharp in all cases.
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Example 3.19 For the case n = 1,®(u) = uP, p > 1 (so that A=B=1)
the inequalities in Theorem 3.17 reads:

(i) /Obx—m (/Oxf(t)dt>pd:n < <mp_1>p/0b P ()2 {1 _ (Z)m] da

forO<b<oco,m>1and1l <p<oo;

(i) /b T, ( /x h f(t)dt)pda: <
() [ 7]

for0<b<oom<1landl <p< .
The inequalities (i) and (i) are some well-known generalizations of the
inequalities (2.11) and (2.12), respectively, with m = p — a.

Next we present the following generalization of our Theorem 2.12 which
was proved in the recent paper [29] (see also [28]):

Theorem 3.20 Let 1 < p < o0, k = (k1,...,k,) € R™ are such that
ki >1, b= (b1,...,by), 0<b; <o0,i=1,2,...,n, and let the function
f be non-negative and measurable on (0,b).

(a) Ifp>2, then

n

[ [T (o)
AL S )
_1'1"1‘1'71/0 /Oz dt E dasf[t”_

n p by bn n —1
p x| P ki
< . 1 | = : p )

(b) If 1 <p <2, then this inequality holds in the reversed direction.

pk

Remark 3.21 Note that, in particular, this means that for the case p = 2
the inequality reduces to a new integral identity. For the case n = 1 and
= b1 = oo we obtain the result in our Theorem 2.12.
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Remark 3.22 [n the paper [29] also a dual version of Theorem 3.20 was
proved and also in this case we obtain a new integral identity for the case
p = 2. The constants are sharp in all cases.

4 Hardy type inequalities in Morrey spaces

The well known Morrey spaces £P were introduced in [26] in relation to
the study of partial differential equations; they are presented and discussed
for instance in the books [7], [18] and [38]. In the n-dimensional case, which
is of interest for us, they are defined as follows:

LPA={fe Ll (Q):|fllpa <o}, 1<p<oo, 0<A<n,  (4.1)

loc

where 2 C R"™ and

B =

£l e (B(2r)
X

£loa= s |5 [ Ifpdy| = s (42)

zeQ,r>0 zeQ,r>0 rp
B(z,r)

with B(z,r) ={y e Q: [t —z| <r}nNQ.

We present some Hardy type inequalities in the norm of Morrey spaces
obtained in the recent paper [35] for the p — p - case and n = 1, and in
[34] for the general p — ¢ - case and n > 1. In the context of Morrey
spaces, Hardy operators seem to have appeared only in [3] in a different
aspect, namely the problem to investigate boundedness of the maximal
operator in local Morrey spaces was reduced to Lj,-boundedness of Hardy
type operators on a cone of monotone functions.

We consider the following Hardy type operators

HE f(2) = |2 (2] f@(?(j)y Cf;’,
ly|<]z]
Hef(@) = lafelle) [ m R, (43)

ly[>|z|

with radial weights and use the same notation

HS f(x) :xo‘_lcp(x)/f(%dt and  H f(z) :xago(x)/
0

o(t

x
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for their one-dimensional versions on the half-axis R .

In this section we give a brief survey of the results obtained in [34] and
[35]. In [34] there was developed an approach which allowed both to obtain
weighted p — g-estimations of Hardy-type operators in Morrey spaces and
also to extend them to the multidimensional Hardy inequalities (related to
integration over balls).

4.1 Admitted weights

The admitted weights ¢(x),z > 0 are generated by functions ¢ from the
Bary-Stechkin-type class; they may be characterized as weights, which are
continuous and positive for x € (0,00), with possible decay or growth at
x = 0 and x = oo and which become almost increasing or almost decreasing
after multiplication by some power function. Such weights are oscillating
between two powers at the origin and infinity (with different exponents for
the origin and infinity).

In the sequel, a non-negative function f on [0,/],0 < ¢ < oo, is called
almost increasing (almost decreasing), if there exists a constant C(> 1)
such that f(z) < Cf(y) for all x <y (x > y, respectively). Equivalently, a
function f is almost increasing (almost decreasing), if it is equivalent to an
increasing (decreasing, resp.) function g, i.e. c1f(x) < g(x) < cof(x),c1 >
0,c0 > 0.

Let 0 < £ < 0o. By Wy = Wy([0, £]) we denote the class of functions ¢ ,
which are continuous and positive on (0, ¢], such that there exists the finite
limit }:IH%J o(x) and () is almost increasing on (0,£); by Wy = W ([0, 4])
we denote the class of functions ¢ € Wy such z%p(z) € Wy for some
a = a(e) € R. Similarly, by W = W ([¢{,00]) we denote the class of
functions ¢, which are continuous and positive on [¢, 00) and which have the
finite limit lim,_,o0 () and ¢() is almost increasing on [¢, 00); by Wae =
Wao([€, 50)) we denote the class of functions ¢ € Wa such that 2%p(z) €
W for some a = a(y) € R. Finally, we say that a function ¢ which is
continuous in (0,00) is in the class WN/O,OO(R}i_), if its restriction to (0,1)
belongs to Wo([0,1]) and its restriction to (1,00) belongs to Wus([1,0]).

We say that a function ¢ € Wy[0,/],0 < £ < oo, belongs to the Zygmund
classes ZP, Z-, where (3,7 € R, if

/xwdtqwm /fw<f>dt<c@<w> e (0.0)
0 - ’ - Y

tl"rﬁ .’I,'ﬁ = t1+'7

respectively. Similarly, we write that a function ¢ € W, belongs to the
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class ZP or 27, if

/x T(EY LU ), /Z (5 Y < op@), we (o)

t t

respectively. s
For functions in Wp o (R} ) the notation

2= (RY) = Z7 (10, 1NNZ7([1,00)), Zyg oo (R}) = Zyg (10, 1)NZ1 ([1, 00))

has an obvious meaning. In the case where the indices coincide: [y =
Boo = B, we simply write Z? (R}r) and similarly for Z7<R1+)-

4.2 Formulation of the results

We start with the following lemma on pointwise estimate of the Hardy
operators proved in [34].

Lemma 4.1 Let 1 <p <oc and 0 <A < 1.
I Let o € Wy. Then the operator Hg is defined on the space LPA(B(0,1)),

n—2X\

a ,_1_n=>X
0 < ¢ < oo, if and only iff%dt<oo for all a > 0 and in this
0

case

|'T| n—1— n—2>\

H2 f(2)] < Cle* "o () / tw(tfnfnp,x. (4.5)
0

II. Let é € Wo, or o € Wy and ©(2t) < Cp(t). Then the operator HS is
oo n—l—ﬂ

defined on the space LPA(R™\B(0,¢)),e > 0, if and only if f tw#)p dt <
€

oo and in this case

[o¢] n—>\

n—1—-=—=
HEF(2)] < Clal () / !

o) dt|| £l px- (4.6)

||

By means of the pointwise estimates of Lemma 4.1, the following state-
ment can be proved (the case of Lebesgue space LP, that is, A = 0 (with
1 <p < 2 in this case), is known, see for instance [21], p. 6, 54):
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-\ 11
Theorem 4.2 Let0</\<n,O§a<n—)\,1<p<”Tanda—a—ﬁ

and p € V[N/g. For the weighted Hardy type inequalities

- f()
x| "o(|lx —=dy S Cf Il roorron 4.7
|y‘<|z‘ Eq,/\(Rn)
f(y)
2[* (|2 EEACI < CF Il roriion 138
|| % (|2]) / aotlan & < Clfll oy (4.8)
ly|>|z| L9 (R™)

to hold, the conditions

A—n
pEZ Rlplus) and @ eZ » (Rlplus), respectively, (4.9)

Al n
p (
are sufficient, and the conditions

A—n
RS ZA+£+€(R1plu3) and @€ Z » “(Rlplus), respectively,
pp

(4.10)
with an arbitrary € > 0, are necessary. In the case of power weight p(|z|) =
|x|7, the conditions

A n
")/<*/+*
p p p

are necessary and sufficient for the validity of the Hardy inequalities (4.7)
and (4.8) to hold, respectively.

Theorem 4.2 was proved in [35] for the case @« = 0 and n = 1, and in
[34] for « > 0 and n > 1.

Remark 4.3 The conditions (4.9) may be equivalently reformulated in terms
of the Matuszewska-Orlicz indices of the weight function p. Let m(p), M (o)
be the lower and upper Matuszewska-Orlicz indices of ¢ “responsible” for
the behaviour of ¢ at the origin, and Mmeo(p), Moo(p) be similar indices,
"responsible” for the behaviour of ¢ at infinity. For these notions we refer
to [34]-[35] and [36], Subsection 2.2, with respect to our notation and ad-
mitted class of functions @, and to the original paper [25] and presentation
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of these notions in [22] and [23]. The conditions (4.9) are equivalent to
that

A n .
max (M(p), Moo(p)) < 24 5, min (m(), moo(p)) > — = (4.11)
and the conditions (4.10) are equivalent to that
A A—n
max (M (), Moo () < , Ty min (m(p), meo(p)) > Pt (4.12)

respectively.

Remark 4.4 When a = 0,n = 1 and ¢(t) = t7, the best constant C for
inequalities of type (4.7)-(4.8) on Ry satisfies the estimates

respectively, see [35], p. 63.

4.3 On two-dimensional ”mixed-type” Hardy inequalities in
Morrey spaces

Let us consider the following weighted two-dimensional Hardy operator

t1,t2)
x?l 11’32 acl gOQ i) // f 1’ 2 dtldtg, (4.13)
o1(t1)pa(t

which is taken with separated weights: we consider this model situation
just to show the necessity to modify the definition of the Morrey space in
this case.

In the multidimensional case Morrey spaces over a domain 2 C R™ are
defined similarly to (4.1)-(4.2) with integration over balls B(z, ),z € 2 and
sup over z € Q and r > 0. The case @ = R2 = {(z1,22) : z1 > 0,22 > 0}
is of our special interest. It is not hard to guess that such Morrey spaces
whose norm involves estimation of integral means over balls are not well
adjusted for operators of the form (4.13). Simple considerations based
on homogeneity with respect to each variable show that for the study of
operators of the form (4.13) it is more natural to define Morrey type spaces
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in a different way, namely in terms of integral means over rectangles. We
introduce such anisotropic Morrey spaces LP*12(R2) by the norm

1
1 T1+71 T2+12 P
Floane = s | s [ 1w dnds.
x1>0,29>0 ’]”1 ’]"2
"1>0,r2>0 (z1—r1) 4 (z2—72)+
= sup Hf”i#, (4.14)
z,reR3 Tlp ’1”2

x;—ry, ifxi—r; >0

where (o~ rie = { 1770 T2 0 i1 Q) = (v =

(y1,42) € ]Rﬁ_ (i) <y <wmitrg, i =1,2} o= (21, 22),7 = (r1,72).
_We can go further and introduce anisotropic mized norm Morrey spaces

LPMNRY), p= (p1,p2), A = (A1, A2) via the norm

1 f1l 22 (@)
Il = sup e
.TTGR
Tty

with the mixed norm || f||17(Q(z,r)) Over the rectangle Q(z,r) (we refer to
[2] for mixed norm Lebesgue spaces).

Adjusting the proofs of Lemmas 3.5, 4.1 and Theorem 4.3 in [34] for
the case of the two-dimensional Hardy operator (4.13) one can obtain the
following extension of Theorem 4.2, which we formulate, for simplicity, only
for the ”left-hand sided” version of the operator as defined in (4.13).

Theorem 4.5 Let 0 < \; <10§ai<1—)\i,1<p¢<1;—i’\iand

i = p% — 1221, and p; € Wy, i = 1,2. For the weighted Hardy type

nequality

_ t1 tg
M lx‘” 1 1'1 2232 // f ’ dtldtg <C _+ (4.15
g ) A dnan| < Clly (19
DA

to hold, the conditions p; € Z», 1 (Rplus) is sufficient, and the condition

’L+/

wi € Ly, Rlplus) with an arbztmry e > 0, is necessary, 1 = 1, 2.

1+ +(
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Remark 4.6 Our conjecture is that Theorem 4.5 is true also if the product
weight p1(t1)pa(ta) is replaced by a more general two-dimensional weight
e.g. satisfying an Oinarov condition. The most challenging question is
to try to find necessary and sufficient condition for (4.15) to hold in such
cases.
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Cy - semigroups and iterates of positive
linear operators: asymptotic behaviour

Joan Rasa

Abstract. In the setting of the theory developed by F. Altomare
and his school during the last two decades, iterates of positive linear
operators are related to certain semigroups, and overiterates to the
asymptotic behaviour of the semigroups.

For various classes of operators we establish qualitative and quan-
titative results concerning the convergence of the iterates and the
asymptotic behaviour of the associated semigroups. In this context
the relationship between finitely defined operators and Markov chains
is investigated.

All the results are illustrated by several examples.

Mathematical Subject Classification (2010). 41A36, 47D06

Keywords and phrases. positive linear operators, iterates, semi-
groups of operators, asymptotic behaviour.

1 Introduction

Iterates of positive linear operators are useful in several areas of Functional
Analysis and Approximation Theory. In particular, they are connected
with the theory of strongly continuous semigroups of operators. Indeed,
consider a sequence (L, )n>1 of positive linear operators on a Banach space
Z of continuous functions. Under suitable assumptions, the limit

T(@t)f := lim LFMWf (1.1)

n—o0

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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exists for all t > 0, f € Z, and all sequences (k(n))n>1 of positive integers
satisfying

lim M =t.

n—oo n
Moreover, (T'(t))t>0 is a Cp-semigroup of operators on Z.

This setting was deeply investigated by F. Altomare and his school
starting from 1989, the year of the first International Conference on Func-
tional Analysis and Approximation Theory organized at Acquadredda di
Maratea.

By using (1.1) it is possible to approximate the semigroup and, ac-
cordingly, to approximate the solution of the evolution equation associated
to it. Qualitative properties of the operators T'(t) can be deduced from
the corresponding properties of L,, and the asymptotic behaviour of the
semigroup can be investigated. This area of research has many connections
with other areas; for details see, e.g., 2], [3], [4], [5], [21], and the references
given there.

It was proved in [5] that under suitable assumptions, if

lim M = 00,
n—oo n
then
. % k(n)
Jim T(t)f = lim L™ f,  feZ (1.2)
Moreover,
lim T'(t)f = lim P,f, f¢€Z, (1.3)
t—o00 n—00
where
Pof := lim LEf, n>1, feZz (1.4)
— 00

Equations (1.1) - (1.4) provide motivation for investigating, in this setting,
iterates and overiterates of the operators L,, : iterates are related to the
semigroup, overiterates to its asymptotic behaviour.

In Section 2 we study the iterates of positive linear operators on C10, 1]
reproducing the affine functions. Qualitative and quantitative results con-
cerning their convergence towards the canonical projection are established.
These results are used in Section 3 in order to study the asymptotic be-
haviour of the associated semigroup.

Section 4 is devoted to similar problems for operators preserving the
constant functions and a prescribed function w, and in Section 5 we consider
operators reproducing only the constant functions.
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In Section 6 we investigate the relationship between finitely defined
operators and Markov chains.

All the results are illustrated by several examples.

Throughout the paper the space C'(X) of real-valued, continuous func-
tions on a compact Hausdorff space X will be endowed with the uniform
norm and the usual order.

The functions e; € C[0,1], i = 0,1,2,..., will be defined by e;(z) = 27,
x €[0,1].

P :C|0,1] — C[0,1] stands for the canonical projection defined as

Pf(z)=(1—2)f(0)+=xf(1), feC[0,1], z €[0,1].
For f € C|0,1] we shall denote by w(f,-) the modulus of continuity, i.e.,

w(f,t) =suwp{|f(z) = f(y)l : =y e[0,1], [z -yl <t}

2 Operators reproducing the affine functions

The following result was obtained in [21, Theorem 2.2].

Theorem 2.1 Let L : C[0,1] — C[0,1] be a positive linear operator which
preserves the affine functions. The following assertions are equivalent:

Jim L™ =P, fe o) (2.1)
Ley(z) > ea(x), x €]0,1]. (2.2)

We shall describe rates of convergence in (2.1); having in mind applications,
we shall consider sequences of operators instead of single operators.

Let L,, : C[0,1] — C[0,1], n > 1, be positive linear operators reproduc-
ing the affine functions.

For each n > 1 and s €]0, +o0] let

an(s) := max{z — 22 — ns(Lpea(x) — ea(z)) : z € [0,1]}. (2.3)

We get immediately

1

1
(1 - 7)62 + —(e1 — an(s)eo) < Lnez < ey,
ns ns

and by induction,

1\m 1\m
(1 — —) es + (1 - (1 — —) )(61 —an(s)eg) < Ley < eg
ns ns
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forallm>1, n>1, s€]0,4o00].
This yields

1
0<e —LTes < (1 — —)m(el —e2) + an(s)eo (2.4)
ns

forallm>1,n>1, s >0 with ns > 1.

Theorem 2.2 Let0 < a < 1. Then

1

nm

12 5(w) - P < 20(7. (1 -

forall f € C[0,1], z € [0,1], m>1, n>1.

)mx(l —x)+ an(ma)> (2.5)

Proof. Let t > 0. The following inequality is a particular case of Proposition
5.1.5 in [2]:
€1 — €9

=PI < (e0+ P52 (£,

Since L,, preserves the affine functions, we get

L f — Pf| < (eo + 1t 2(er — Litea))w(f, t).

Combined with (2.4), this gives

Lot f = PfI < (eo +172((1 ~ %)m(el — €2) + an(s)eo))w(f, 1),

and consequently

L f(2) — P(a)] < 20(f, \/ (1- )20 -2)tanls)) @6

ns

forallm>1, n>1, s >0 with ns > 1.
Taking s = m® we conclude the proof. (]

As in [21, Lemma 2.1] one proves

Theorem 2.3 Let L, : C[0,1] — C[0, 1] be a sequence of positive linear
operators reproducing the affine functions and having the property

Lyes(z) > es(x), x €]0,1[, n > 1. (2.7)
Then for eachn > 1,

lim a,(s) =0. (2.8)

§—00
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Let us remark that Theorems 2.2 and 2.3 yield, under the hypotheses of
Theorem 2.3,

lim L'f=Pf, f€C[0,1], n>1. (2.9)

This is (2.1) for L = L,. But now we have rates of convergence for this
process, expressed by (2.5). Of course, we need information about the speed
of convergence in (2.8).

Here is an example.

Example 2.4 Consider the Meyer-Konig and Zeller operators M,, : C[0,1] —
(0, 1] defined by

A@ﬂmqu—@nﬂ§:<”zk>ﬁﬂnik)ogx<1, (2.10)
k=0

My f(1) = f(1).

It is well-known that they reproduce the affine functions; see, e.g., [7]. In
order to verify (2.7), let 0 < x < 1; then

MnEQ(IB):(1—$)n+1§<nzk)xk( k )2>

— (n+k ko k-1
1 — p)ntt n k _ 2 .
> (1—ux) ;( P e iy s H ea(x)

According to (2.9) we have, for each n > 1,
liﬁm Mf=Pf, feC|0,1].

To get a rate of convergence in this case, we need the following inequality
established in [7] (see also [14] and the references therein):

(1 —1x)?

Myea(x) — ez(x) > Snr1)

n>1 z€[0,1].
According to it,

an(s) = max{z — 2% — ns(Myuez(z) — ea(z)) : z € [0,1]} <
9 (1 —2x)?

< max{z — z° — nsm cx € [0,1]}.
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By elementary calculus it is easy to prove that
2
an(s) < =, n>1, s>4.
S

Thus, given 0 < o < 1, we have by (2.5),

)mx(l —x)+ %)

for all f € C[0,1], z € [0,1], n > 1, m > 1 with m® > 4.

M)~ PAw)l < 25, (1 -

nme

3 Asymptotic behaviour of the approximated semi-
group

Consider again a sequence of positive linear operators Ly, : C[0,1] — C[0, 1]
reproducing the affine functions. Denote

a(s) :=sup{an(s) :n > 1}, s> 0. (3.1)

Suppose that the following limit exists in C[0,1] for all ¢ > 0 and all
feCo,1]:
T(t)f = lim Ly, (3.2)

The following result was proved in [21, Theorem 2.6].

Theorem 3.1 If ILm a(s) =0, then
tllm T(t)f =Pf, feC[0,1]. (3.3)

Here we are interested in rates of convergence for (3.3).
From (2.6) we get

L lntla(1 — 2) + a(s)

ns

e a) — P @) < 201 -

for all f € C[0,1], x € [0,1], n > 1, t >0, s > 0 with nt > 1 and ns > 1.
Letting n — oo we obtain

() () ~ Pf(x)] < 2(. un ~ 2)eap(~1) +als)).

S

This yields:
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Theorem 3.2 Let 0 < o< 1. Then
T (@) — Pf@)] < 20(f,v/a(L = 2)eap(—0-%) +ai?)) (3.4

for allt >0, f e C[0,1], x € [0,1].

Obviously Theorem 3.1 can be deduced as a consequence of Theorem 3.2.

Example 3.3 Consider the Bernstein-Schnabl operators on the unit in-
terval, defined in [4] as follows. Let (uz)o<z<1 be a continuous selection
of probability Borel measures on [0, 1], i.e., a family of probability Borel
measures such that for every f € C]0,1] the function

1
Tf(x) = / fde, x€[0,1],

is continuous on [0, 1].
Then T'ey = eg; suppose that, moreover, T'e; = e7. Set

1
a(r) = E(Teg(x) —z?), z€lo,1]. (3.5)
Since eg < Tey < e1, we have

0<a< (e —e2).

DO | =

Suppose that
1
0<a(z) < 5(:5 —2?), x €]0,1]. (3.6)

The n-th Bernstein-Schnabl operator associated with the given selection is
defined by

Laf(@) = | L / (P G o) i)

for all f € C[0,1] and x € [0, 1].
Then L, : C[0,1] — C]0,1] is a sequence of positive linear operators
such that (see [4]):

2c
Lneg =eg, Lpey =e1, Lpes = e + e n>1.

It was proved in [4] that for each ¢ > 0 and f € C[0, 1] there exists the limit

T(t)f = lim Ly,
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and (T(t))e>0 is the Markov semigroup on C10, 1] generated by the differ-
ential
operator
Au(z) = a(z)u’(z) ,if0<z <1,
0 ,ifx =0,1

with domain

D(A) := {u € C[0,1]nC?%*(0,1]) : lim a(z)u”(z)=0}.

z—0,1
Moreover (see [21]),
lim Ly'f = Pf, f €C[0,1], (3.7)
tllglo T(t)f =Pf, feC[0,1]. (3.8)

From Theorems 2.2 and 3.2 we get rates of convergence in (3.7) and (3.8).
Indeed, according to (2.3) and (3.1) we have in this case
a(s) = an(s) = max{z — 2% — 2sa(x) : z € [0,1]}. (3.9)

Now (2.5) and (3.4) give us information about the speed of convergence in
(3.7) and (3.8), in terms of the above function a(s) = ay(s).
A concrete example can be described as follows.

For x € [0,1] let &, be the probability Borel measure concentrated on
z. Let

po =ax(l —x)(ze;1 + (1 —2)eg) + (1 — (1l —x))ey, 0 <z < 1.

For the operators L,, corresponding to the selection (15)o<z<1 we have (see
[4, Theorem 3.10])
L,

a(m):2x 1-2)%0<z<1.

From (3.9) we get with elementary calculus
1
a(s) = ap(s) < R >2, n>1.
So in this case we get from (2.5) and (3.4), for sufficiently large m and ¢,
L f (@) = PF@)| < 20(F, /(1= ha)ma( - 2) + 5k,
IT(5)f(2) = PF(x)] < 2w(f, y/2(1 — z)eap(—t1=2) + ko).

Remark 3.4 The results of Sections 2 and 3 can be extended to opera-
tors defined on C'(X), X a metrizable Bauer simplex. Detailed proofs will
appear elsewhere.
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4 King-type operators

Let w : [0,1] — [0, 1] be continuous, strictly increasing, with w(0) = 0 and
w(l) =1.
Let K : C[0,1] — C0,1] be a positive linear operator such that Key = eg
and Kw = w.
Operators of this kind were considered by J. P. King in [16], for w = eq;
see also [9], [11], [13], and the references therein.

Define the operator @ : C[0,1] — C]0, 1] by

Qf = (eo —w)f(0) +wf(1), f € C[0,1].

Theorem 4.1 The following assertions are equivalent:

Jlim K™g =Qg, g € C[0,1]; (4.1)
K(w?)(t) > w?(t), t €]0,1]. (4.2)

Proof. Consider the operator L : C[0, 1] — C[0, 1],
Lf:=(K(fow))ow™ !, feC0,1].

Then Ley = eg and Le; = e;. Moreover, it is easy to prove that (4.1) is
equivalent to (2.1), and (4.2) to (2.2). Since (2.1) and (2.2) are equivalent,
we conclude that (4.1) and (4.2) are equivalent. O

Remark 4.2 Let g € C[0,1] and ¢ € [0,1]. We have
[K™g(t) — Qg(t)] = [L™ (g 0 w™ ") (w(t)) — P(g o w™")(w(?)].
So Theorem 2.2 provides rates of convergence in (4.1).

Example 4.3 Let a € [0, +00) and

ezt aeg
14 a

A sequence of positive linear operators By, : C[0,1] — C[0,1], n > 2,
reproducing ey and w was constructed in [9]. In fact,

Buaf@) = 3 (1)@ (= raalo)) 1L,

1=0
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where

 na+1 na+1 \2 n(ax+ 22)
r”’“(x)'__2(n—1)+\/(2(n—1))) T T

To check (4.2), fix t €]0, 1] and consider the function g € C10,1],
g(z) = w?(z) — w?(t) — 2w(t)(w(z) —w(t)), = €[0,1].

Then we have
g(x) = (w(z) —w(t)?, = €[0,1],

and so g(x) > 0 for all x € [0, 1], = # t.
It follows immediately that

Bpog(z) >0, z€][0,1].
Since By, €9 = eg and B, qw = w, we get
Bp.o(w?)(z) — w?(t) — 2w(t)(w(z) —w(t)) >0, 2z €][0,1].
In particular, for z = t,
Bua(w?)(t) — w?(t) > 0,

and so (4.2) is satisfied.
Now according to Theorem 4.1,

lim B, f = (e0 — wa)f(0) +waf(1), n>2, feC[0,1].

m—o0

In particular, for o = 0 we have wy = es and so

Jim Blof = (e0 — e2)f(0) + eaf(1). n > 2. f € C[0.1]

The result expressed in (4.3) was obtained in [11] with a method based on

the Fixed Point Theory.

Example 4.4 In [11, Section 4] the authors raised the problem of finding
polynomial positive linear operators on C]0, 1] reproducing eg and ea. An
answer to this problem is provided by the sequence K, : C[0,1] — C]0, 1],

Kof(z) = zn: (Z) 22 (1 — xQ)"kf(\/§>, zel0,1], feoo,1].

k=0
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Let w = ez and ¢t €]0,1[. Then, denoting by B, the classical Bernstein
operators on C[0, 1], we have

Ka(w?)(t) =7y ()t (1 =)k (E)? =
= Bes(t?) > 62(t2) = t4 = w?(t).

3|

Consequently by Theorem 4.1,

lim Kmf ( 0_62)f(0)+62f(1)7 fe C[Oa 1]a n > 1

m— 00

5 Operators reproducing the constant functions

Some classical positive linear operators used in Approximation Theory re-
produce only the constant polynomials. The iterates of some of these op-
erators will be considered in what follows.

Let X be a compact Hausdorff space and y € X.
Let ¢ € C(X) with

ey) =L0<p(z) <1, ze X z#y. (5.1)
Denote by 1 the constant function 1(z) =z, x € X.

Theorem 5.1 Let L : C(X) — C(X) be a positive linear operator such
that L1 = 1 and

Lo(x) > p(z), 2 € X, o £, (5.2)
Then
Tim L™ = f(y)1, f € C(X). (5.3)

Proof. Since 0 < ¢ < 1, we get 0 < Lp < 1. For each x # y we have
o(z) < Ly(x) < 1, which entails 1 = ¢(y) < Lo(y) <1, i.e., Lp(y) = 1.
Let b:= Ly — . According to the preceding remarks,

bly) =0; b(z) >0,z € X, x #y. (5.4)
Now define the sequence (by)r>1 by
bg := maz{l — p(x) — kb(z) : =z € X}. (5.5)

Taking z = y we see that by > 0. Clearly the sequence is decreasing, so it
has a limit [ > 0. Suppose that [ > 0 and let

B :={x e X:1—p(zx)—kb(z)>1}.
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Then (By)r>1 is a descending sequence of closed sets, and due to (5.4)

ﬂ By, = 0.
k=1

So there exists m > 1 such that B,, = (), which means that b,, < [, a
contradiction. We conclude that [ =0, i.e.,

lim b, = 0. (5.6)
k—o00
Since 1 — ¢ — kb < b1, we have

1 1
(1 — - — < <1.
(1= b1+ (1 k)cp <Lp<1

By induction,

(l—bk)<1— (1—%)m)1+(1—%>m¢§mpg1 (5.7)

for all K > 1 and m > 1.
Let k > 1 be fixed. From (5.7) we obtain

(1 —bg)1 < liminf L™ < limsup L™y < 1.
m—00

m—ro0

Combined with (5.6), this yields

lim L™p =1 = ¢(y)1.

m—0o0

Consider the operator V : C(X) — C(X),

Vi=rw1, [eCX).

Then
lim L™1=V1, lim L™p=Ve. (5.8)

m—ro0 m—o0

According to a Korovkin - type result (see [2, Theorem 3.4.3], from (5.8)
we derive

lim LI"f=Vf=f(yl, feCX)

m—00

and this concludes the proof. [l
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Example 5.2 The operators M : C[0, 1] — C0, 1] defined by

ket
n+k> (n+k)(n+k + 1>mk/"*’““ f(Hdt, 0<a <1,

M) = (-ay S ()

k=0

k
n+k

n

My f(1) = f(1)
were introduced in [23] (see also [17]).
It is easy to verify that M eq = eg. Moreover, since

k+1
n+k)(n+k+1) [nrr1 k
>
" % 61(t)dt>61(n+k), k_O,
we deduce

Mrei(z) > Mpei(z) =e1(z), 0<z <1,

where M,, are the Meyer-Konig and Zeller operators (see Example 2.4). So
we may apply Theorem 5.1 with ¢ = e; and y = 1; consequently,

lim (M;)™f = f(l)ep, fe€C0,1], n>1.

m—0o0

Example 5.3 Consider now the operators M, : Clo,1] — €0, 1],

M, f(z) = (n+1)(1—z)"? kZ:O <n +Z+ 1>mk /n;:kH (1f_(tz)2dt, 0<x <1,

My f(1) == f(1). .
They were introduced in [17]. It is easy to prove that Myey = "Tﬂeo.
Let U, := = M,. Then Upeqg = ¢ep. For 0 < x < 1 we get

n+1
0 _|_k
U =1 1— n-+2 n+k+1 ( 1 n ) k
ne1(z) +(1—-=) kgo( k )”Og,H_;H_l =
x n+1
>1—(1— n+2 n+k+1 k::
(1-=) kzo( R

Eonl
Il
o

Thus
Unel(x) > 61(1’), 0<z <1,

and again we may apply Theorem 5.1 with ¢ = e; and y = 1. So we get

lim U f = f(1)eo, f€Cl0,1],n =1,
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Example 5.4 The Bernstein-Cheney-Sharma operators G,, : C[0,1] —
(0, 1] are defined by

Gnf(z) = (14 nt,) ”Zn:f () (z + kty)F~

=0
X(1—z+(n— k)tn)"*k, feco,1], z €]0,1],

where (t,,)n>1 is a given sequence of real numbers, ¢, > 0. See [2, Section

5.3.2).
According to [2, p.324],

Greg =¢p; G

e1 < el.
n1_1+tn1

Take ¢ = eg — e; and y = 0; then the assumptions of Theorem 5.1 are
satisfied, and therefore

lim G = f(0)eo, f € C[0,1], n>1.

Example 5.5 Let b > 0 and 0 < a < b. The iterates of the Stancu
operators Sy, : C[0,1] — C[0, 1],

snf<x>—z(j)xf< g2 peop) vep

J=0

were investigated in [12] by using the eigenstructure of S,,. Here we obtain
the corresponding results, for a = 0 or a = b, from Theorem 5.1; the case
0 < a < b will be studied in the next section.

It is easy to verify that

nei + aeg

> 1.
n+b "

SneO = €0, Snel = ) =
(i) Let @ = b. Then Theorem 5.1 with ¢ = e; and y = 1 yields
lim S)'f = f(1)eo, f € C[0,1], n > 1.
m—r0o0
(ii) If a = 0, from Theorem 5.1 with ¢ = ey — e and y = 0 we get

lim 7' f = f(0)eo, £ € C[0, 1], n> 1.
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Example 5.6 Let p, () := (})2"(1 —2)" %, 2 €[0,1], 0 < k < n. The
operators 4, : C[0,1] — C]0, 1],

Anf(@) = (n +1) ank / Pt (D (D)t + (1 — )" £(0)

were introduced and investigated in [1].
By [1, Lemma 7] we have

Aneg = eqg; Aper = e1, n> 1.

n
n-+2
Now Theorem 5.1 with ¢ = ey — e; and y = 0 yields

lim A" f = f(0)eo, f € C[0,1], n > 1.

m—r0o0

Example 5.7 Let n > 1, p=[n/2], 0<k<p, 0<z <1
Consider the polynomials

n+1-2p4+2k(n+1
wn k() = ———

(n+ 1)2n+1w p— k) ((1—m)p_k(I-HU)TH-I—IH-]@_(1_m)n+1—p+k(l_l_x)p_k).

The operators 3, : C[0,1] — C]0,1],

Z £ 2p * 2k)wn,k(=’17)

were introduced in [22]; see also [19], [20].
It was proved in [19, Theorem 2.1 and (14)] that

(i) Bneo = eo,

(ii) Bpe; is increasing and convex,
(iii) (Bper)'(1) = 25t
It follows easily that

—1 1
e1+ —ey, n>1.
n

n
/Bnel >

In particular, Brei(x) > ei(x), 0 <z < 1.
Now Theorem 5.1 with ¢ = e; and y = 1 yields

lim Bmf f( )60, f € C[Oa ]-]’ n>1

m—o0
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Example 5.8 Let K, be the canonical simplex in R, i.e.,

K, ={zeRP:21>0,...,2p, >0, 21+ + 2, < 1}.
Consider the Bernstein operators B, : C(K,) — C(K,) defined by
Buf(@)i= Y f(8 B o <

[ !

i1 ip =iy ——i
xei'ooag (l—ar — - —xp) v,
where the sum is extended to all the non-negative integers 41, ...,7, with

i1+ -+ 1, <n. Let ¢ > 0 be a given real number. For each n > ¢ and
J € C(K,) consider the function f,, € C(K),) defined by

fula) = F((1= D)), @ € Ky,
Now let W), : C(K,) — C(K,),

Winf(x) = Bpfa(z), n>c¢, feC(Kp), x € Kp.

(More general operators have been considered in [3]; see also Example 6.5
in the next section).

Clearly W;,1 =1. Let ¢ € C(K,), ¢(z) :=1—21—---—xp, y =0. We
have p(y) =1, 0 < ¢(x) < 1, = € K,  # 0. Moreover, for z € K,,, « # 0:

Wyp(z) = Bron(z) = 1—(1—%)(1’1—%- cdxy) > 1= (14 Fxp) = p(x).

Using Theorem 5.1 we obtain

lei_r)nooWﬁf: f(0)1, n>c, feC(Ky).

6 Finitely defined operators and Markov Chains

Let X be a compact Hausdorff space, n > 1, vg,v1,...,v, € C(X) with

vo+vi+---+v, =1, and zg,z1,...,2, € X. Consider the positive linear
operator L : C(X) — C(X) defined by
Lf = f(xo)vo + f(z1)vi + -+ + f(zn)vn, f € C(X). (6.1)

According to the terminology of [2, Section 3.4], L is a finitely defined
operator. Clearly L1 =1.
Consider the stochastic matrix
vo(zo) wvi(wo) ... wvp(wo)
e | volz) oiz) o oa(an)

vo(zn) vi(zn) .. vp(zn)
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It is easy to verify that for all m > 1, f € C(X) and z € X,

L™ f(z) = (vo(@), ..., vn(@))M™(f(x0),- .., flan))'. (6.2)
In [18], (6.2) was used in order to prove

Theorem 6.1 ([18]). The sequence (L™)y,>1 is convergent in the operator
norm if and only if the sequence (M™)m>1 converges with respect to a
matrix norm.

Theorem 6.1 was applied in [18] to the classical Bernstein operators on
(0, 1] and to some B-spline operators. The result concerning the Bernstein
operators was obtained also in [6] by using spectral methods.

In order to investigate the convergence of the sequence (M™)p>1, in
[18] a Markov chain was associated to the operator L. The same idea was
used, independently, in [12]. Here we shall use this idea in a more general
case.

The homogeneous Markov chain associated to the operator L has state
space {xg, r1,...,T,} and its transition matrix is M.

Example 6.2 Suppose that the chain is regular, i.e., there exists k£ > 1
such that all the entries of M* are strictly positive. Then it is known (see,
e.g., [8], [10], [15]) that there exists a matrix

S0 S1 ... Sn
S — SO0 S1 ... Sn
S0 S1 ... Sp

such that sg >0,...,5, >0, so+---+s, =1, and

lim M™ = S. (6.3)

m—o0

According to (6.2) and (6.3),

lim L™f = (vo,...,vn)S(f(x0),.. ,f(xn))t

m— 00

We deduce immediately

lim me = (SOf('IO) T+t Snf(xn))la f S C(X) (64)

m—r o0
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Example 6.3 Suppose that the chain is absorbing. Then the transition
matrix M has the canonical form

Tixk Okx >
M = .
( Rixr Qix
The states {xg,z1,...,25_1} are absorbing (1 < k < n) and the other
states are transient.

It is known (see, e.g., [8], [10], [15]) that the fundamental matrix N :=
(Ix; — Qix1) ! exists, and

. m I Ok x1 >
lim M™ = . 6.5
o ((NR)lxk 01x (6.5)

From (6.2) and (6.5) we get, for f € C(X),

. I 0
n"lbgnoo me = (U07 SRR UTL) < NR O ) (f(x())a SERE) f(xn))t (66)
Example 6.4 Let L = S, be the operators described in Example 5.5. If
a = 0 or a = b, the Markov chain associated with L is absorbing and the
absorbing state is 0, respectively 1. If 0 < a < b, the chain is regular; see
also [12] and [5].

Example 6.5 As in Example 5.8, let K, be the canonical simplex in RP
and B,, : C(K,) = C(K}) the Bernstein operators on C(K}).

Consider the real numbers a; and ¢;;, 4,5 = 1,...,p, such that
a; >0,1=1,...,p, (6.7)
a; > cij, 1 # J, (6.8)

p p
Zcijzzaia j:17"'7pa (69)
=1 =1

and let n be an integer such that
n > max{cii,...,Cpp, a1+ -+ ap}. (6.10)

Under these assumptions we can define the affine transformation A,, : K, —
Ky, Ap(x) = Ap(x1,...,2p) == )
1
= (21 + a1 = 20 ciag), oo mp + o ap — 205 epjwy),
where z = (21,...,2,) € K).
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For each f € C(K,) let fn(z) :== f(An(2)), x € K.
Now consider the operator W), : C(K,) — C(K)),

Wif := Bnfn, [fe€C(Kp).

This is one instance of the operators constructed in [3]; see also Example
5.8.

Let zo,z1,...,2p be the vertices of K,. The Markov chain associated
with W, is absorbing if and only if there exists k € {0,1,...,p} such that
Ap(zr) is a vertex of K),; otherwise the chain is regular.

In particular, if a; = ¢;; =0, 4,5 = 1,...,p, the chain is absorbing and
the absorbing states are the vertices of K. If all the inequalities in (6.7) -
(6.10) are strict, the chain is regular.

Details and other examples will be presented in a forthcoming paper.
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1 Introduction

First I met Giuseppe almost 25 years ago in a Conference hold at the Tech-
nical University, Budapest. However, our first mathematical conversations
was during a Varna Conference in 1987. He was sitting at a table and
Bianca (della Vecchia) acted as his interpreter. As a result of our short
talk, next year I went to Italy — first time in my life. During the years I
visited Giuseppe, his students and my other Italian friends about 30 times
including the Maratea Conferences, 1’Aquila, Lecce, Vico Equense, Rome
and of course, the ”"magic triangle” Naples, Lauria and Potenza.

And after these years, I can say that Giuseppe Mastroianni is not only a
very talented and dedicated mathematician but a colorful and exception-
ally warm-hearted human being, an honest friend. I wish him many-many
good years, even more students, good health.

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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Let me say some words on the structure of this survey. I chose 5 joint
works which I considered as the most typical ones of our cooperation with
Giuseppe and his mathematical school. I kept the main features of the
original papers; it means sometimes I repeat definitions, denote the same
notion with different symbols (in the different papers). It gives the ad-
vantage that each part can be read without referring to the other ones.
Moreover, I kept the original titles of the articles.

2 Approximation by some operators using
certain new moduli of continuity

Actually, this is our first joint paper; it was completed around 1990; that
means the new modules of continuity is the DITZIAN - TOTIK modulus.
I remember we argued, proved and disproved for long-long hours traveling
in Giuseppe’s car from Naples to Lauria. And here are some results of the

paper.

2.1
Let o(x) = V1 — 22, f € C (=the set of continuous functions on [—1,1]),

(o 4) s o))

the DT modulus (if any argument of f is not in [—1,1], then |...|:= 0).

As it was proved,
Eu(f) < cw, (f, i) (s " (f, ;)) (2.2

where E,(f) = minpep, ||f — P||, w(f,t) is the usual modulus (when we
replace ¢(x) by 1 in (2.1.)), || - || is the maximum-norm (on [—1,1]). The
estimation

w?(f,t) := sup {max
o<h<t L|z|<1

w?(f,t) S w(f,t) (2.3)

is obvious. If we define the 27-periodic even function g(¥) = gf(¥) by
g(¥) = f(cos®) for f € C, then as it is well-known,

En(f) = En(g) := %Ié% lg — T'lljo,27)-

We proved
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Theorem 2.1 By the above definitions
M7'w?(f,1) < wlgp,t) < Mw?(f,1), 0<t<t (24)

with some positive constants M and t.

2.2

The above theorem has many interesting applications. Let us mention
some.

2.2.1

The classical Jackson kernel is

La(9) = v, (WY , /_ L (0)d9 =1,

where the second relation defines ~,. As it well-known, L, € T2,_2, posi-
tive, even. Further

Y~ 1, /ﬁkLn(ﬁ)dﬁwn‘k, k=0,1,2.
0

For arbitrary h € C' (= the set of 27-periodic continuous functions) the
Jackson operator

(b ) = / "R L0 — )t

is a trigonometric polynomial of degree < 2n — 2, even if h is even, further

1
19(0) = Bl < 00 (1)

For f € C the (algebraic) Jackson operator

I,(f,x):= ’ f(cost)Lyp (¥ —t)dt, x=cosd, (2.5)

—Tr

is an algebraic polynomial of degree < 2n — 2, further it fulfills

Ma(f) = fI] < ew (f, i) |
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By definition we have with x = cos

L(f, ) — f(z) = Jnlgy, V) — g7(9) = Jn(gy, =) — g5 (=)

whence by (2.4) and Theorem 2.1 we get

Statement 2.2 By the above notations, for arbitrary f € C
1
I1atf) = £ < 0 (£.7)

2.2.2

In 1967 O. Kis and P. Vértesi introduced the trigonometric interpolatory
operator p,(h,d) € Ta, defined for h € C by

Pl 0) = Bk )upn (9),

k=—n

where

2km

=—, k=0,%+1,£2,...
2n+17 ’ ’ I I

kn

sin 2L (9 — 9,

i 9=1 n ’
(2n + 1) sin ==

U (9) = 462, (9) = 366, (9),  en(9) =

k= +1,...,£n. The following properties were proved.
(i) pn(h,Vgn) = h(Vgpn), k=0,£1,£2, ...,

(ii) |pn(h,9) —h(9)| < cw(h, L), n=1,2,....

Let f € C and let

K,(f,x) = Z f(cos Vg )ugn (arccos ).
k=—n

Then K,, € Py,, further

(iii) Kn(f,cosOkn) = f(cosVgn), k=0,1,2,...,

(iv) [Kn(f,2) = f(@)| < cw(f, 1), n=1,2,....
As above, with x = cos

Kn(fax) - f(:E) :pn(gfvﬂ) _gf(ﬂ) :pn(gfa_ﬁ) _gf(_rﬂ)7

whence by (ii) and Theorem 2.1 we have
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Statement 2.3 For arbitrary f € C
o 1

Using theorems proved by S.N. Bernstein, D. Jackson and S. B. Stechkin
for arbitrary h € C.

(2.5)

Now let f € C. By E,(f) = En(gf), (2.5) and Theorem 2.1 we get a
simple proof for the following

Statement 2.4 For arbitrary f € C

Balf) < (1, %)
P < ot Z (2.5)

3 Mean convergence of Lagrange interpolation
on arbitrary system of nodes

As far as I remember this work was completed during Giuseppe’s visit in
Budapest. He stayed in an apartment on Hegediis Gyula utca (street),
which was very close to the river Duna (Danube) and the Margit sziget
(Margarete Island). Sometimes we walked on the island, and witnessed the
unusual high float of the Danube — it was very spectacular.

Mean convergence of Lagrange interpolation based on roots of orthogo-
nal polynomials (+ some additional points) has been studied for 70 years.
The existing results heavily depend on properties of orthogonal systems.
The aim of this paper (which appeared in 1993 in Acta Sci. Math. (Szeged))
was to get some general estimations which can serve to prove theorems on
mean convergence of Lagrange interpolation based on arbitrary interpo-
latory point-systems. Throughout this paper we restrict ourselves to the
interval [—1,1].
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3.1

Let X = {xg, = cosVn}, 1 < k < n, n =1,2,... be an arbitrary
interpolatory matrix with

Tngin = 1< Tpp <Tp1p < < T2 <T1p < 1i=x0p, n=12,....

For X we define

wp () = wp(X,2) == an(:z:—xkn), >0, n=12 ...,
k=1
wn(2)
wp (Tkn) (T — 28)

Lo(f, ) = Lo(f, X,2) = Y f(@kn)lin(z), n=1,2,...,
k=1

lkn(x) = lkn(X7x) = 1<k<n,

f is bounded.

L,(f,X,z) (a polynomial of degree < n — 1) is the n—th Lagrange
interpolatory polynomial based on X. As it turned out, the Lagrange
interpolation, at least for the uniform metric, can be rather bad. Namely
as it was proved by P. Erdés and P. Vértesi we have

Theorem A. For every interpolatory matrix X C [—1,1] there is a con-
tinuous F(x) such that

limsup | L, (F, X,z)| =00 a.e. in[—1,1].

n—oo

On the other hand, considering L?—convergence we have a positive re-
sult. To formulate, this we introduce some further notations.

Let da be a non-negative measure generated by the non-decreasing
bounded function «(z) supported in [—1,1] such that supp(da) is an infi-
nite set and fil da > 0. Let {xp,(da)} C (—1,1) denote the n different
roots of the corresponding orthonormal polynomial p, (da, ) of degree ex-
actly n. For a given function f, let L,(f,da,x) denote the n—th Lagrange
interpolatory polynomial of degree < n — 1, based on {zy,(da)}.

u(z) is a weight (or weight function) iff u(z) > 0 (in [-1,1] and 0 <
f_ll u(x)dr < co. Whenever a(z) is absolutely continuous then o(z) =
w(z) is a weight. In this case we apply the notations p,(w,z), xg,(w),
a.s.o0.
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Let uw be a weight. We define

(/ 11 ||f<a:>||pu<x>da:)1/p 0<p<o

ess sup || f(z)] p = oo.
—1<x<1

[ llup =

We define
LV = {fi | fllup <0}, 0<p<oo, C:={f;fiscontinuous on[—1,1]}.

If u = 1, we write ||f||, and LP while L, and L stands for L} and L!,

respectively.

If f e CfIl =l flloc(= I flloc,u) for any u.
Finally we define

[ Ln(da)lly, := sup [|Ln(g, de, z)|

w,p *
lgll<1 ’

In 1936 P. Erdés and P. Turdn proved

Theorem B. Let w be a weight. Then

1
lim |f(x) = Lp(f,w,2)|*w(z)de =0 for every f e C.

n—oo [_4

Theorem B motivates the next question raised by P. Turdn : Does there
exist a weight w and f € C such that

1
limsup/ |Ln(f,w,x) — f(z)|° w(x)dr = 0o

n—oo J_1

for every p > 279
After many partial results P. Nevai proved

Theorem C. Let supp(da) = [-1,1] and |logd/(z)|/vV/1—22 € L, 1 <
po < 00 and u(>0) € L. Suppose that

/11 <a'(m) V1-— .TQ) e u(z)dr = oo (3.1)

for every p > pg. Then there exists a continuous function f such that

1
limsup/ |L(f,do, 2)|P u(z)dr = oo (3.2)

n—oo J_1
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for every p > py.

Considering that for a wide class of measures (3.1) holds, Theorem C
gives a "yes” answer even for a generalization of Turan’s question.

In 1991 Y. G. Shi developing a new approach, was able to drop the
condition |log o/(z)|/v1 — 2% € L. Namely, he proved

Theorem D. Let u be a weight, a be absolutely continuous and 2 < py <
oo. If (8.1) holds for every p > pgy then there is an f € C' such that (3.2)
is true for every p > po.

3.2

The proofs of Theorem B-C heavily use the fact that the nodes X = {zy,}
are roots of orthogonal polynomial system. A natural question is to get
analogous results using arbitrary interpolatory matrix X. In Theorem D,
Shi obtained a lower estimation for the sum S, (X, z) = Y |[x—x||x(x)]| for
arbitrary X. Actually the technique to prove that S, (x) is ”big” on a large
set was developed by P. Erdés and P. Vértesi; one of the main achievements
of Shi is the discovery of the fundamental importance of S, (x) in the mean
convergence of Lagrange interpolation (while, > |/ (x)| plays a decisive role
at the uniform convergence).

As it turns out, developing and properly modifying his ideas one can
get statements analogous to Theorem C and D for arbitrary point-system
X. To state the results first we give a definition.

Let w be a weight. By G. Szegd, if for I = [A, B] C [—1,1] we have
| ;w > 0, then if n is sufficiently large, every polynomial p,(w, x) has at
least one zero in [a, b]. This leads to our

Definition The interpolatory matrix X is reqular with respect to the weight
w (X is w-regular, shortly) iff every interval I C [=1,1] with [, > 0
contains at least one root of w, (X, x), whenever n is sufficiently large.

Let

[Ln(X)lyp := sup || Ln(g, X, 2)]|

w,p u,p *
llgll=1

Theorem 3.1 Letu and w be weights. Let X be w-reqular. Then for every
p, 0 <p< oo,

lon (X, 2) 5 < € llwon (X5 )1 1 En (X, n21
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with a proper ¢ > 0. Here ¢ may depend on u,w, X and p, but does not
depend on n. Further, if 0 < qo < p < 0o (qo fized) then ¢ > 0 will not
depend on p. Especially

I (w)ll,,p < €l Ln(w)ll,, n>1.

In many cases ||pn(w)|lu,p can be expressed (or estimated) by w (say
w € GSJ or when w > 0 a.e.), i.e. by Theorem 3.1. we can get a necessary
condition for the corresponding mean convergence of L, (f,w,z). Now we
give some applications.

3.3

In their papers G. Criscuolo, G. Mastroianni, P. Nevai and D. Occor-
sio consider — among others — the Lagrange interpolatory polynomials
Lopt1.,s(f, W, ) based on the roots of

wn (z) := As(2) Br (2)pn(W, 2)ppt1 (W, 2),

where N =2n+1+7r+ s, As(x) = [[}_;(x — yin), Br(z) = [1i_1(z — zin),
W € GSJ (generalized smooth Jacobi weight), i.e.

M
W(z) = g(x)v™P () H |75 — ', zel-1,1],
i=1

where v(*#)(z) = (1 — 2)*(1 4 2)?,r, s, M are fixed non-negative integers,
a>-1,08>-1T;>-11<i< M and -1l <7 < - <7py < 1.
Further g(x) > 0, g € C and folw(g,t)t_ldt < oo where w(g,t) is the
modulus of continuity of g. We suppose (if s or r > 0 respectively) that

-1< Yin < Yop < - < Ysn < xn+1,n+1(W) < xnn(W) <0 < wln(W) <
< xl,nJrl(W) < Zn < Zr—1pn < < Z21n <1,

further the relations

1

Yin — Yi—1,n ™~ $n+1,n+1(W) — Ysn ﬁ, 2<i<s

(frn(x) ~ gn(x) iff 0 < ¢1 < fo(x)/gn(x) < c2 < oo, uniformly in n > ng
and x € [—1,1]),

1 .
Zin — Zi+1,n ™ Zrn — xl,n—&-l(W) ~ ﬁu 1<i<r—1.
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We have the following.
Let W € GSJ and let u > 0,ulog™ u € L. Further, let Wol=m=s) e L1,
If
uPW 12512 c [P 0 < p < o0, (3.3)
then
Tim | = Longps(£, W), =0 VF €C.

Using this statement and the Banach-Steinhaus theorem we obtain that
limsup || Lont1,r,s(W)Il,,,, <00, p=1, (3.4)
n—oo

whenever (3.3) holds true.
Conversely, we have

Theorem 3.2 Let W € GSJ and let u(> 0) € LY. Further let Wo(="75) ¢
LY where 0 < r,s < 1, then from (5.4) we have (3.3).

Analogous converse statements (using similar proofs) hold true for the
other Lagrange processes Lop11.rs(f, W, W1) and Lopi1rs(f, W, W).

3.4

A. Mathé, P. Nevai and V. Totik proved the following general statement.
Let supp(da) = [—1,1], @ > 0 a.e. in [—1,1] and suppose 0 < p < oc.
If g is Lebesgue measurable then

]g/(a/, /1= ;gi)l/ZHP < climin [|gpa(da)], (3.5)

Let da be a measure, wy(x) = pp(da, z)(1 —x)" (14 2)® where 0 < r,s <1,
are fixed, N = n+r+s. Ly, s(f,do, x) stands for the Lagrange polynomial
of degree n +r + s — 1 based on the roots of wy(z). By Theorem 3.1 and
(3.5) we can prove

Theorem 3.3 Let sup p(da) = [-1,1], & > 0 a.e. in [-1,1], u be an
arbitrary weight and 1 < py < 0o. Suppose that
P

/1 1—-2)(1+x)°
-1 (o/(a:)m) s

Then there exist an f € C such that

u(z)dr =00  for every po<p < oo.

1
lim sup/ |Lprs(f,do, 2)[P u(x)de = oo for every py <p < oo.

n—oo J_1
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3.5
Theorem 3.1 is sharp in the following sense.

Statement 3.4 There exist weight functions u and w and the w-regular
interpolatory matriz X such that for every p,0 < p < oo,

[lwn (X, 2) [l 1 1 En (X) |y < €p llon(Xs @)y, 7> 1

4 Some application of generalized Jacobi weights

This paper (completed about 15 years ago) is one of my favorite joint works
with Giuseppe. It summarizes and generalizes many well-known results and
conjectures related to quite general Jacobi type orthogonal polynomials.

4.1 Introduction. Notations. Preliminaries
4.1.1

In this paper we deal with orthogonal polynomials where the corresponding
weight is constructed from moduli of continuity.

4.1.2

As before C' is the complex plane, R = (—o00,00), N = {1,2,...}, Z; =
{0,1,2,...}.
LP[a,b] denotes the set of functions F' such that

a 1/p
1l ey = { / \F<t>|pdt} {0 < p < o0

| F'|| o, := ess sup | F(t)| if p=o00

a<t<b

is finite. (If p > 1, this is a norm; for 0 < p < 1 its pth power defines a
metric in LP[a,b].)

By a modulus of continuity we mean a nondecreasing, continuous semi-
additive function w(d) on [0, 00] with w(0) = 0 (w € MC, shortly). If, in
addition,

w(0) +w(n) <2w(6/2+n/2) forany §,7>0,
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then w(d) is a concave modulus continuity. In the latter case ¢6/w(J) is
nondecreasing for § > 0. We define the modulus of continuity of f in LP
(where LP stands for LP|0,27]) as

w(f;0)p = sup [fF(A+-) = fC)ll,-

[Al[<6

4.1.3

We call a function W(¥) a trigonometric weight (W € TW) if it is 27-
periodic, measurable, W(¥) > 0 and W(J) # 0(¢ € R). If, in addition,
W € L', we call the functions {®, (W, 2)}°, the (unique) system of or-

thogonormal polynomials (OPN) on the unit circle line T’y := 9D with
respect to W if

®,,(W, 2) = kn(W)2" + lower degree terms,  k,(W) >0, n € Z,
1 2 e
o / D, (W, €D, (W, e YW(0)dO) = 6y nym € Ziy..

T Jo

We say that a point g is reqular for W € TW if for some € > 0 the
essential suprema of W and 1/W on [y — €,Ug + €] are finite. Otherwise,
W has a singularity at .

Similarly, w(z) € AW (algebraic weight) if w is measurable in [—1, 1],
w(z) > 0,w(x) # 0(x € [—1,1]). If, in addition, w € L; (L; stands for
LY[—1,1]), the corresponding ONP {p, (w,z)}%; on [~1,1] are uniquely
defined by

pn(w, ) = yp(w)z™ + lower degree terms,  y,(w) >0, n € Z,,

1
/ DPr(W, ) ppm (w, x)w(x)dr = dpm n,m € Zy.
-1

We define the singular and regular points of w as we did for W.

G. Szeg6 established a close connection between certain {®,,} and {py}.
Let w € AW N L;. If the (even) W € TW is defined by

W(9) = w(cos9)|sind|, x=cosd, € [-1,1],

then with ¢(x) = V1 — 22, we have ag,_1(W) 1= kyr (W) Do, (W, 0), and
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( 1 1 27" Do, (W, 2) + 2" ®o,, (W, 27 1)
Dn | W, 5 z+ - = 1/2 )
z V2 {1l + agp—1(W)}

) (wcp 1 (z—i— 1)> _ 20 (W,2) = 2P (W, 271
n—1 "9 P /727T{1—(12n 1 1/2%( )7

L neZi,zeC.

Note that 271(z + 27!) = cos¥ = x € [-1,1] iff z = € at the same
time 27 (2 — 271) = isin 9.

4.1.4

If X ={zkn;k=1,2,...;n, n € N} C [-1,1] is an interpolatory pointsys-
tem (i.e. xy, = xj, iff K = j) then we can consider the Lagrange interpo-
latory polynomials

3

L,(f,X,z)= f@pn)lin(X,x), n €N,
k=1

where (., € Pp—1\Pn—2 are the fundamental polynomials of Lagrange in-
terpolation (i.e. they satisfy i, (xjn) = 0kj,1 < k,j <n,n € N). As it
was proved by G. Faber, for arbitrary fixed X,lim, o0 ||Lnf|| = oo with
a proper f € C (= f is continuous on [—1, 1]l P, stands for the set of
polynomials of degree < m); || - || = max_j<z<1|-|)-

However, as it proved by P. Erdos and P. Turan

lim ||(Ln(f, w) = f) Vwl||, =0 for all feC
n—oo
for arbitrary w € AW N Ly. Here and later [ - ||, stands for || - ||z, =

Il 2,[=1,17; moreover, Ly, (f,w,x) =73 f (xgn(w)) lrp(w, ), ie. the La-
grange interpolation based on the n roots of p,(w,x). A natural question
was to investigate the expressions ||(Ln(f,w1) — f) whl|, where wi,wy €
AWNL;. If wy and wy are general Jacobi weights of the form h(z) HmH |x—
L, 1=t <tm < - <ti1 <tg=1, vy > 1[0 w(h, t)t1dt < oo,
the corresponding problems have been settled in a series of papers. It
turned out that Marcinkiewicz-type inequalities can play a fundamental
role.
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4.1.5

The final aim of this work is to consider the above problem for weights wy
and ws constructed by moduli of continuity.

Definition The trigonometric weight W(19) is a generalized trigonometric
Jacobi weight (W € GT'J shortly), iff

m+1
W) = h(9) [ wr <sin [ = |

), ¥ € R,

2
r=0
where
— T < T<TI < - <Ty <T, <m,
0 1 m m+1l > (41)
T_1 = Tm+1 — 2T, Tm42 = T0 + 27,
Ly
wr(8) = [ {wrs(8)}*, (4.2)
s=1

m, ¢ € N, a(r,s) € R, w,s(0) are moduli of continuity (s = 1,2,...,4,,
r=20,1,...,m+ 1) and the function h satisfies

h(0) >0, h and1/he L™, (4.3)

(i) If W € GTJ and all w,s are concave moduli of continuity then we say
that W € GTJ1.

(ii)) We say that W € GTJ2 if W € GT'J and
1
/ wp(7)dr = O (6w, (8)), 640 (r="0,1,....m+1).
0

(ii) If W e GTJ and
w(h,8)ed € L'0,1]  or  w(h,d)s = O(W36), § =0,

then W € GTJ3.

Remark Generally we combine the above properties. E.g., we write that
WeGTJI3it We GTJ1NGTJ3.
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Definition Let w(x) € AW be defined by

m

w(z) = Hz) (V1= ;2)*1 wo (VI = @) war (VI+2) [Jwr (2 = t,]).
r=1

(4.4)

If with h(9) := H(cos?), t, = cost, € (=1,1)(1 < r < m) the
corresponding expressions h(19), {7} and {w,(d)} satisfy (4.1)—(4.3), then
w € GJ (generalized Jacobi weight). The definition of GJ1,GJ2, etc., are
similar.

Definition Let w € GJ. Then W(w,d) := W(¥) = w(cos¥)|sin¥|, ¥ € R,
is called a generalized even trigonometric Jacobi weight (W € GETJ). The
definitions of GE'TJ1, etc. are analogous.

Remarks 1. It is easy to see that the classical weights (1 — z)*(1 + z)?,
(1—z)*(1+2)%|z|7, a, 8,7 > —1 are from GJ123. Also, (1+|z|)(1—2)* €
GJ123 and ([z] +2)(1 +2)% € GJ123 (o, B > —1).

2. Further it is not difficult to verify the relation

1 Y
tF<logt) eGMC2, T>-1, yeR, 0<t<ty,

where GMC means that our modulus is of form (4.2).
1 2 k

~— ~—

Using induction one can get (with log, = log,log...log) the relation
1 Y
Similar argument shows the relations
r 1 1\”
t 10g¥ loglogg eGMC2 (I'>-1, vyeR, 0<t<ty).

Investigation of other combinations are left to the interested reader.

[0

/
3. We saw ((log11)7> = W := au(x), whence, if a > 0,

/ R SN Y S
0 z(logd)*™ o (logy)

xT
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—a—1

ie. if w(z) =u(e/x) = e|z|™! <log ﬁ) , then w € Ly but w ¢ GJ2.

Definition Let W € TW and w € AW . The (generalized) p-th Christoffel
functions are as follows:

W B 1 2w ‘P zr |PW ; G .
wn(W,p, 2) = Pg17>17111127'r/ |P(2)P (t)dr, 2€C, p>0,

Definition 7o state the next theorem we introduce the function class G1'J4.
We say that V € GTJ4 if V = U /W, where U, W € GT'J, moreover both
U and W have only positive exponents (cf. (4.2), further, if W is defined
by (4.2), then

1)
1 0
dT:O< ), 6—+40,r=0,1,...,m+ 1.
/Owr(T) wy(6)

If U and W € GETJ, too, then we say V € GETJ4. Let v € GJ be
of the form (4.4) (with vp,v1,...,Um+1). Then |sind|v(cosd) = V(v)(¥) €
GETJ. If V(v) € GETJ4, too, then by definition, v € GJ4.

Example Let w( ) = |logé|™, n(6) = 6% (¢ € R,0 < B < 1,6 >0). Then
V) = w <sm )/77 (Sln‘ ‘) € GTJ4. On the other hand, V(9) =

sin <@) / (sm| |> € GTJ2\GT J4.

4.2 New results
Throughout this part we consider w € GJ and the corresponding W =
W(w) € GETJ.

Theorem 4.1 Let w € GJ2. Then for any fized p > 0

An(w,p,x) ~ wy (W(w),p, ew) ~ w, Y €R, xr=cost, n €N,

n

uniformly in x and n.
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Remarks 1. One can prove that

An(wapa‘r)
1 1 1\ 1
~—wy|V]I—-z+—|wpp | VI+T+ — er |$*tr|+*
n n n n

w(n, z)p(n, ) .

2. The proof of the previous theorem shows that

W(n, )

wn(W,p, eiﬂ) ~
n

for arbitrary W € GT'J2, too.

Theorem 4.2 Let w € GJ2. Then for the roots Ty,(w) = cos Vg, (w)
(1 <k <n) of pp(w) we have

1
Vpr1,n(w) — Tgn(w) ~ o 0<k<n,neN,
uniformly in k, where Yop(w) =0 and Vpi1p(w) = 7.
If |2 — 2jn(w)| = miny<<p |2 — 2pn(w)], j = j(n,z), then

Theorem 4.3 Let w € GJ123. Then, forn € N

' (W, T (w))| ~ - 1
R P () By e o = e
0<k<n+l,

1
~ Vpn—t (P (w)) = Ok (p(w)) ~ ~, 1<k <n—1.

The estimations are uniform in x,k,j and n, respectively.

The next theorem is a very general quadrature inequality.
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Theorem 4.4 Let w € GJ2 and v € GJ24. Then for any fized positive
integer £ and 1 < p < oo

1

> (000 () 1P (i) < ¢ [ |P@)P vla)da, neN,
k=1 -1

whenever P € Py,. Here ¢ does not depend on n and P.

The converse inequality comes form

Theorem 4.5 Let w € GJ123 further v, V7P € GJ2, finally VI € GJ24.
Here V = Jwpv1/P, 1/p+1/g=1,1<p< 0.
Then for any P € P,

1 n
| IP@P v < ¢35 A1) [Plan()F . nEN.
- k=1

Final remarks 1. Let v(z) = H!(z)w(x) a.e. where

m+1

w(z) = H(x)p™ ' () H log™" ﬁ7 BreR, 0<r<m+1
r=0

(t, are as above), where H is defined so that w € G123.

By Theorem 4.5 it is easy to conclude the L, convergence of the corre-
sponding weighted Lagrange interpolation for every f € C[—1,1](0 < p <
oo. If H(z) = 1,8, =0 (i.e. v=w = ¢!, Chebyshev weight), the result
was proved by P. Erdés and E. Feldheim.

2. The interested reader may find many other theorems and references
in the original quite long paper.

5 One-sided convergence conditions
of Lagrange interpolation based
on Jacobi-type weights

This is a three-author paper written by Bianca Della Veccia, Giuseppe and
me in 2001.
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5.1

Let X = (x4, € [ =[-1,1] :i=1,...,n;n € N) be an infinite matrix where
each row is a set of distinct point in I. Let us define for f € C(I) the La-
grange interpolation polynomial L, (f, X, z) by

Lo(f, X, zpn) = f(agn), k=1,...,n.

Let

(a,8)

x, = cos 0P = 1,...,n, a, > —1, (5.1)

n kn

be the n distinct zeros (in decreasing order) of the n-th Jacobi polynomial
pled () orthogonal on (—1,1) with respect to the weight

PO @) =1 —2)*Q+2)°" of>-1

Then if the corresponding Lagrange interpolation polynomial based on
the knots (5.1) is denoted by Lles )( f), it is well-known that generally
L%a’ﬁ )( f) does not converge uniformly to f € C(I). However for a subclass
of f € C(I) the following statement holds true.

THEOREM A. Let —1 < v = max(«, ) < % be fized, f € C(I) and

1
o([logt[™h), if —1<y<—3
5(f;t) = L 1 1
A if — — =
o(t""2), i 5 <7<3
Then
@@HMWWﬁ—fH:o (5.2)

Here || f|| is the usual supremum norm of f on I; moreover §( f;t) denotes
the so called one-sided modulus of continuity of f defined by

0(fiy= sup  (fla+h)—fl@), t20

As two corollaries, we have that Lles )( f; ) converges to f(z), if

1. f is of bounded variation, or
2. —1<~v< —% and f satisfies the Dini-Lipschitz condition, or
3. —%<7<%andf€ Lip('y+%+6),for0<e§%—7.
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Let us remark that the bounds for v are, in a certain sense, sharp.

The aim of this paper was to generalize the above theorem using certain
Jacobi type weights having ”singularities” inside and to get the analogue
of the following fundamental asymptotic formula proved by Gabor Szegd.

With x = cos,

NY O(—+
@B () = \/%OS( )+ (nsmﬁ), n €N, nsind >e¢, (5.3)
n a,1 B 1

T p(§+175+1)(x)

where ¢ > 0 is arbitrary but fixed, N = N(n,o,8) = n + %ﬁﬂ and
v = 7q(a) = —(a + 3)Z. (Generally, the order of the remainder term,

R (cos?) = (nsind) ™!, is the best possible. The symbol ”"O” depends
only on « and .)

5.2

First we give the following
Definition F' € GJ (generalized Jacobi weights) iff for x € [—1,1]
F(z)=r([,t;2) = (1 —2)'0(1 4 z)to+ H |z — t|T%;
k=1

here

“l=t <ty <---<ti1 <to=1, I, I1....,h41 > -1

If Ty = 0 when 1 < k < v (no inner singularity!), then we use our
previous notation

pP@) =1 -2)*1+2)’, af>-1,

for the classical Jacobi weights J.
Using F'(z) we introduced another weight, 7y, (z) and the correspond-
ing ONP, r(7m], 7). Instead of the exact quite technical definitions we

list some properties.
1
/ T[m] =1. (a)
-1
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The ”singularities” and exponents of 7y, are to = 1, To; ty+1 = —1, Fyya;
tk, Tk (1 < k < w). Let n = mg + myp1 +2>.,_; mg. We suppose that
n — oo and my ~n (0 <k <wv+1). Then

1\ "
i) > 0, mmmtk)fv(n) C0<k<vil, (b)

and, uniformly in z and n,

1 To 1 Tyy1 v 1 Ty
k=1

We have the following generalization of (5.3).

_ s cos(nd + ¢, (9) + s5 _,_%
ngs) (T[m]vm) _ /2 ( n ) ( 2) [9—7[[9—7141]

m (p(9))'/?
(5.4)

uniformly in n, { and ¥ € Ej,(c)(0 < 1 < v). Here ¢ > 0 and s > 0 are
fixed, moreover

7 \ sin?d

v+1
o(¥) = |sind| H | cos ) — cos T |1*,
k=0
v+l 9 1 l T
~ (1 | [ T | X
() ( +k220 k> 5 <2+kzzo k) 5

and
c c

Ep,(c) = [Te + =, To41 — *} (0<?<w).
n n
By (5.4) we can obtain some fairly precise formulae for the roots xy, =
cosVpn, 1 <k <mn, of 'rn(r[m]). Let

and let ¥k, € Ep(co) (0 < € <w, n>1). Then with K = k + A({,n),
|A(¢,n)| <c,
ﬁkn = @Kn(g) + 6kﬁn7
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where

and for dy¢,, we have

1
Sptn| = O .
Okt <w@m—mmm—nﬂo

Analogous formulae can be obtained for the roots of r, (T[m})(s), s> 0.

5.3

Let Ln(r[m], f,x) denote the Lagrange interpolation polynomial based on
the roots
Thp = T = cosVpy, =cost, 1<k<n

of 7n(7[m]). Our main statement, a generalization of Theorem A, is the
following.

Theorem 5.1 Let

1
—1<F0,FU+1<§, —1<Tp<2, 1<k<uw,

D, =T, <2, 1<ij<wv.

Put
P:maX{Fo+;,Fv+1+;7l;k 1 Skﬁv}-
Letting
&ﬂw={0Obﬂ|w’ so=y
o(t”), if p>0
we have

dim (| Lo (rpmy, /) = f]| =0, VS € C().

Remarks. 1. The assumption on I';,0 <7 < v+ 1, are, in a certain sense,
sharp.

2. During the course of the proofs we obtained that the corresponding
Lebesgue constants A, = max|,<; > by lln,k(z)| have the order

A, ~n' +logn,

where I' = max(I'g + %, Iyr1 + %, %, 1 <k < w). Here the only condition
isI'y > —1,0< k <wv+ 1. This estimate is new and sharp.
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6 Fourier Sums and Lagrange Interpolation on
(0, +00) and (—o0, +00)

This is a joint work was dedicated to the memory of Professor Ambikeshwar
Sharma; it appeared in the Memorial Volume, in 2007.

This paper is a very clear example of a nice idea of Giuseppe: using
and generalizing an old observation of Muckenhoupt, instead of the whole
MRS. (Mhaskar — Rahmanov — Saff) interval, I,,, one may use only a part
of it, 0, (0 < 6 < 1). It turns out that this modification dramatically
simplifies all the estimates involved but at the same time it preserves the
order of the approximation.

Let me take the opportunity to mention another fruitful method of
Giuseppe: he methodically and successfully applied the so-called one-sided
approximation to get theorems in those cases when other methods failed.

6.1

This paper concerns the approximation of functions on unbounded intervals
by means of orthogonal polynomials: Laguerre polynomials on (0, c0) and
Freud polynomials on (—o0, 400).

We will modify the Fourier Sum and the interpolating polynomials.
Our results have many applications and are analogous to results on finite
intervals.

More precisely, starting from well known polynomial inequalities, we
propose to approximate a ”finite section” of the function on a special finite
interval (see Proposition 2.1). This procedure s simple and is convenient in
many situations, especially in the numerical treatment of integral equations.

6.2 Fourier Sums and Lagrange Interpolation in (0,+00).
Some preliminary results

Let LP(a,b),0 < a < b < 400 the set of all measurable functions f such

1

that || fllzoes = (J21fP@)dr)" < +o0,1 < p < +oolf a = 0 and
b= +oo we write || f[|, instead of || f||zr(0,10c), and LP = LP(0, +00). With
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u(x) = zle" 7,y > —Z%, x > 0, a Laguerre weight, we set f € L% if and only
if fue LP, 1 <p < +oo. When p=+o00 and v > 0 we define

rp = {1 e @) (i) = 0=t (f)o)},

where Rt = (0, +00) and C°(R") is the set of all continuous functions in
R*. In the case p = +oo and v = 0, L}, is the set of all continuous functions
in [0, +00) with the condition limg_, o (fu)(z) = 0.

We recall the following polynomial inequality:

1 1
[e%¢] P 400 »
( / ]Pmu|p(a:)da:> < Ce=Am ( / ]Pmy]p(x)da:> . (6.1)
4m(149) 0

holding for 1 < p < +o00, where § > 0 is fixed, P,, is an arbitrary polynomial
of degree m (P,, € P,,), the positive constants C and A depend on ¢ and
are independent on P,,.

Now we establish a proposition to be used later. To this end let § € (0,1)
fixed and let m be a positive integer sufficiently large (say m > mg). We
denote by Ay = Ay, the characteristic function of the interval [0,46m]

and let M = [%m]. Obviously, M ~ m if m > mg(6).

Proposition 6.1 Let f € LY and 1 < p < +oo. Then, for m > mg, we
have

1F (1= Do)ull, < Ear(fup +Ce™ ™| full,  and (6.2)

1fully < € (1 Agull, + Bl Flus) - (6.3)

where Ex(f)up = infpep, [|(f — P)ull, and the constants C and A are
independent on m and f.

The verification is quite simple, so we include it: For all Py, € Py and
1 < p < +o0 we have

1F(L = Ag)ull, < I(f = Par)ull, + |1 Par(1 = Ag)ul,,-

By (6.2)
1P (1 — Ag)ull, < Ce™ ™| Pagull,

and making the infimum on Py (6.2) easily follows. Now (6.3) follows
from the indentity f = Agf + (1 — Ap)f and (6.2).
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From Proposition 6.1 follows that, if {T',, : L, — Py, },, is a sequence
of linear operators, we can approximate a function f € L% by the sequence
{A¢mI'm(Domf)},,- Indeed, since

If = DomLm (Bom )] ull, < [[[f = Tm(Bgmf)] Aomull,
10— Ag)full,.
the second term on the right, by (6.2), is small. Consequently it is sufficient
to consider only the first term or, in other words, approximate f by the
sequence of polynomials {I';,(Ag,n f)},, on the interval [0,46m]. We will

show that such procedure is much simpler and more convenient than the
ordinary polynomial approximation.

Fourier sums

Let wo(z) = x%™*, a > —1, > 0, be a Laguerre weight and

{Pm(wa)},, the correspondent sequence of orthogonal polynomials with
positive leading coefficient v,,. With f € L% we consider the Fourier sum
m—1 4o
wou Ck:pk woc Cr = fpk (wa)woc
k=0 0

If v%(2) = 2°, the following theorem holds.

Theorem 6.2 For any f € L, and 1 < p < 400, we have
ISum(i0s Do) Dol < ClLF gl € # Clm, )

if and only if

U cr,1) and O, UL e pogo1) (6.4)
\/m ) an /U'Y’ SO fU'Y M ) *

where () = /z and ¢ = JF5.

The previous theorem is the best possible in the following sense.

Theorem 6.3 The following equivalences are true

[Sm (was flull, < Cllfull, < (6.4) holds wz’thz <p<4
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1
ms || fullp

||Sm(womf)u”p < CK or
1 fu+ )5,
< (6.4) holds with p € (1,00)\ <§,4>

[Sm(wa, Do flull, < Cllfullp < (6.4) holds with 1 <p <4

4
[Sm(wa, f)Aomull, < Cllfullp < (6.4) holds with p > 3
The constants C > 0 are independent on m and f.

Let as mention that the estimations in Theorems 6.2 and 6.3 are ana-
logue to the results on [—1,1] with Jacobi weights; moreover, we do have
the good convergence behaviour. Namely.

Theorem 6.4 Under the assumptions of Theorem 6.2, for any f € L% and
1< p < +o0, we have

H[f - AG,mSm(wou AH,mf)] qu < C [EM(f)u,p + eiAmequ]
where C and A are positive constants independent on m and f.

If the parameters o and ~ of the weights satisfy (6.4), then

If = Sm(was Do )] ull,, < C [Bar(fup + e ™| fully]

with 1 < p < 4 and
I[f = Sm(wa, f)u] “Hp < CEm(f)up

with % < p < 4. If, in the last estimate, we put © = /w,, we obtain an old
result of Askey and Wanger.

Lagrange interpolation.

We denote by Ly, (wa, f), f € C°(RT), the Lagrange polynomial that
interpolates the function f on the zeros x1 < -+ < Zy, (g = Tgm), of
Pm(wg). Using the Gaussian rule, we can write

m

Ly (wy, f,x) = mby, me(wa, z) A\ (wq)
k=1

r — Tk

flxy)  (6.5)
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where A\g(wqa) = Agm(wa) = m is the k-th Christoffel number,
Fo(z) = pmyi1(wa, ) — pm—1(wa,x) and b, ~ 1. We define the integer
j = j(m) by

T = mkln(:vk > 460m), 6 € (0,1) fixed.

, 0ifz <0
Let ¢ € C*°(R), nondecreasing; moreover 9 (x) = . and
lifx>1

¢mm:¢<xﬂj)Emawfecwkm“@@mggza—%wi

Tj+1—%;

Obviously f; = f in (0,z;] and f; = 0 in [zj41, +o0). Then we have

Dt ) = 3 M) 22222 ) )
k=1

by removing in (6.5) [em](0 < ¢ < 1) terms. Finally with 6; € (0, 1),fixed
and with Ay, = Ag, » (the characteristic function of [0,461m]), we in-
troduce the sequence {Ag, yLm(Wa, fj)}m to approximate the function
f € CO(RT) in L% norm with u(z) = 27e%/2. In order to study the
behaviour of the above mentioned sequence, we state a lemma that will be
useful in the sequel.

Lemma 6.5 Let 0 < 0 < 01 < 1 and let 1 < p < 4+o0. Then, for an
arbitrary polynomial P € Py, (with | fized integer), we have

(Z Akau%k)); <e([™ |Pu|1’<x>dw);

k=1 1
where Axy, = x4 — xk, C is a positive constant independent on m, P and

P.
We can now state the following theorem, which is the main result of this
section. Letting v®(z) = 2P, we have a ”Jacobi-type estimation.

Theorem 6.6 Let 1 < p < +oo. Then, for all function f € C°(RT), we
have

i »
ILm@whfﬂuAmlpS<7<§:Amﬂfwﬂww) - C#C(m, f)

k=1
if and only if

,U"Y

Ve p
Lp 1 d Lq ]. — = — .
S €L0.1) md YIE € 10.1), pla) =V g = Po (66)
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However, if we fixt wa,u and p then the inequality

1

[ L (wa, flull, <C (Z Awi!fU”(fi)) p (Zmp1 = 4m)

i=1
is not true for a proper f € C°(RT) where C # C(m, f).
We define

QT f7 u,p — Z HUA fHIh _17 90(1‘):\/5

0<h<t
where I,;, = [C(2rh)?,C/h?] ,C arbitrary fixed constant and
, " i h )
ol =3 (5) -0if (o4 gvae-20)
i=0

t sufficiently small; i.e., t < tg. Now we can state

Theorem 6.7 For all continuous function in R* and p € (1, +00) we have:
\ﬁ Q
I1f = Ao, Lym(ua, £l ( ;[T ey o
+e Ame u||p

with C # C(m, f) if and only if relations (6.6) are true.

In particular if we define the Zygmund space

QL (t,
Zg’:Zﬁ’(u):{feLZ:supW<+oo, T‘>S},
t>0

where 1 < p < +o00, s € RT and we introduce the usual norm

1l = 1 Full, + supL,

then (6.7) becomes
C 1
I1F = Doy Lono £l < 2z 5> 2 L <p < +oc,
that has the same order of the error of best approximation of function in

Z8, s > ]%. Similar estimates about the interpolation in (—1,1) can be
found.
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6.3 Fourier Sums and Lagrange Interpolation in R. Some
preliminary results

In this section we consider Freud weight of the form w(z) = e~ 2 where
Q@ : R — R is even and continuous, @’ > 0 in (0, +00), Q" is continuous in
(0, 4+00) and, for some A, B > 1 it results

Agwgé, x € (0,+00).

Q'(x)

Denote by {pm(w)}m the sequence of the polynomials that are orthonormal
in R and whose leading coefficient ~,, := ~p,(w) is positive. The MRS
number, a,,, related to the weight \/w is uniquely defined by

dt
V1—t2

This class of weight has been considered by S.W.Jha and S.D. Lubinsky.
Now we recall the well-known polynomial inequality

u=— /01 autQ’ (ayt)

/ |Prvwl” (z)da < Ce_Am/ |Prvwl|” (z)dz, 1< p< 4o,
I R

where 'y, = {x € R : |z| > (1 +d)am}, § € (0,1), C and A are positive
constants depending on ¢ and independent of m. As in the Laguerre case,
with 0 € (0,1), we define Ag,, the characteristic function of the interval

[—0am,0ay] and M = [%am}. As before M ~ m. For all functions
fel?,

10 = Ag) V], < C[Bnlh) gy + e | £y, |
where C # C(m, f), EM(f)\/@p = infpep,, ||(f — P)\/EHP and 1 < p < 400
(see (6.2)).
Fourier Sums

For all f € LP,_, let
w

m—1

S, ) = S~ copp(w)s e = enlf) = /R Fo(w)w,

k=0

be its m-th Fourier Sum with the respect to the system {p,,(w)},,.



172 PETER VERTESI

Theorem 6.8 For all f € pr, 1 < p < +o00, we have

|Son (w0, Do) Bgm/] |, < € || £ Bgmv/i0]

and

ILF = AomSm(w, BNV, < CEnlf)ymp+e ™ [|1v0],]
where C and A are independent of m and f.

In order to complete Theorem 6.8, we can state
Theorem 6.9 For all f € L¥,_, we have

S (w, Ao f) V],

if and only if 1 < p < 4.

C #C(m, f),

Lagrange Interpolation

For convenience we introduce the following notations. We denote by
2k (= Tkm) the nonnegative zeros of p,,(w) (xg = 0 if m is odd) and we set
T p=—x, 0< k<[] With f € CO(R), let

(%]
Lim(w, f,x) = Z le(z) f(zg), lk(x)= P (W, )

k=—[2] P (w, 1) (0 — )

be the Lagrange polynomial interpolating the function f on the knots cg.
With 6§ € (0,1), let j = j(m) be defined as z; = min{zy, > fa,,}, let
VU be the characteristic function of the interval [—x;, ;] and set f; = ¥, f.

Then
L (w, fj,x) Z lp(x
k=—j

we want to study the behaviour of the sequences

{¥iLm(w, f)},, and  {Lm(w, f;)},,
in L{)/E assuming f € CO(R). Let t* = t*(t) be uniquely defined by
tQ'(t*) = 1 and define the following modulus of continuity

Qk(.ﬂt)\/ﬁp

0<h<t LP(—Ch* ,Ch*)

We can prove
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Theorem 6.10 For all continuous function in R, we have

am % e aF fit w, —Am
I - oty vl < e{ () [ SR o v, |

m

with 1 < p < +00. Moreover, if 1 < p < 4 then

Am % aﬁm Qk(fvt) w,p —Am
1L = Linw, £33 Vo, < c{() /O — e fo/@Hp}»

m
Here the constants C are independent of m and f.

Especially, if f~1) absolutely continuous on R and | f ") /w Hp < 400,
then

WDy <OVl . k>

and the right-hand sides are dominated by (%) (||fﬁHP + Hf(’")\/EHp)

First we list the papers of Parts 2—6, then the other joint papers.
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1 Introduction

The sequence (B,) of classical Bernstein polynomials, defined for f €
C10,1] by

BH@=3 (D) -0 (4) e,

v=0

was introduced by S. N. Bernstein [20] in order to have a constructive proof
of Weierstrass’s theorem for algebraic polynomials. It converges uniformly
to f on [0,1].

One of the most celebrated asymptotic formulas for sequences of linear
approximation processes was established in 1932 by Voronovskaja [28]: For
the sequence (B,,) of Bernstein polynomials there holds

tim n[(Baf) (r) — f (2)] = 5o (1) [ (x) (1.1)

n—o0

This paper is in final form and no version of it will be submitted for publication
elsewhere.



178 ULRICH ABEL - MIRCEA IVAN

provided that the second derivative f” (z) exists at € [0,1]. If f €
C?10,1], the convergence is uniform. Most likely this is the first asymptotic
expansion for a sequence of polynomial operators.

In that same year, S. N. Bernstein [21] showed that for each z € (0, 1)
for which the derivative f(29) (z) exists with ¢ € N, there holds

(Buf) (x) +Z AT () (2) Lo (n1) (v ee). (12)

where

n

Tok () =Y (v —na)* <Z> 2/ (1—2)""  (keNy).

v=0

Whereas (1.2) can be regarded as an asymptotic expansion of order ¢ (for
the Bernstein polynomials), formula (1.1) is an asymptotic expansion of
order 1 (as (Bnf)(z) = f(z) +z(1—=2) f"(z) /(2n) + o (n™!)) and the
constructive Weierstrass theorem is one of order 0 (as (B, f) (z) = f () +
0(1)). The complete asymptotic expansion for the sequence of Bernstein
polynomials with explicitly given coefficients can be found in [1].

Asymptotic formulae play an important role in the investigation of sat-
uration classes of sequences of positive linear operators.

Furthermore, asymptotic formulae appear to be useful in connection
with the representation of Cy-semigroups of operators in terms of positive
linear operators and, hence, in the study of qualitative properties of the
solutions of the corresponding evolution equations (see also [7] and [12] for
some surveys on the topic). This is a consequence of the pioneer work of F.
Altomare ([3], [4], [5], [6])) and of the subsequent results of Altomare and
Attalienti [10], Altomare and Carbone [13], Altomare and Mangino [14],
Attalienti [18], Attalienti and Campiti [19], Campiti and Metafune [22],
Campiti, Metafune and Pallara [23] and others.

For this purpose it is desirable to construct a sequence of positive linear
operators which satisfies an asymptotic formula (with respect to a given
weighted norm) whose limit operator is a second order elliptic differential
operator of the form

Lu = au” + Bu’ + yu

defined on a suitable domain D (L) of some weighted space of continuous
functions E on a real interval, endowed with the weighted norm. Here
«, B, are given functions. In this paper we go not in more detail of semi-
group theory.
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Altomare and Amiar [8], [9] obtained such a sequence (M,) by modi-
fying a “known” positive approximation process on E which satisfies some
additional conditions involving the function «.

In this paper we study simultaneous approximation by the operators (2.1)
when L,, are operators of exponential-type. Finally, we present the com-
plete asymptotic expansion of a sequence of operators defined by Altomare
and Milella.

2 Notation

Let e, denote the monomials defined by e, () = 2" (r=20,1,2,...). For
z € R, put
Yy = €1 — T.

Let I be an arbitrary interval of R and set r1 := inf I € RU{—o0} and
ro :=supl € RU{+o0}. By F (I) we denote the space of all real-valued
functions defined on I and by C () and Cj, (I) the spaces of all real-valued
continuous, respectively, continuous and bounded functions on I. The space
Cy (I) will be endowed with the supnorm ||| .

If I is not compact put Co (I) = {f € C(I) : xh_r)rg f (x) = 0 whenever

ri¢ I (i=1,2)} and Cy (I) = {f € C(I) : limy—yy, f () € R whenever
ri¢ I (i=1,2)}. If I is compact, let Cy (I) := C (I) and C (I) := C (I).
Note that Cy (I) and C, (I) are closed subspaces of Cy, (I).

The symbols C? (I) and UC? (I) will denote the space of all twice con-
tinuously differentiable functions on I and the space of all functions in
C? (I) whose second derivatives are uniformly continuous and bounded.

For a bounded continuous weight w on I (i.e. w (x) > 0 for every x € I)
we set

Gy () :={feC) |wfeC(I)}

endowed with the Banach norm
[ flly = lwfllo = supw (z) [f ()]
xel

In 2005 Altomare and Amiar [8, Eq. (3.11) and Eq. (3.12), respec-
tively] constructed positive linear operators M,, with a prescribed asymp-
totic behaviour as n tends to infinity. More precisely, for given functions
a, B,y € C(I), one desires a sequence of operators M, : C(I) — C(I)
such that

(Maf) () = f (@) + [ () " () + B () f' (x) +7 () f ()] +o(n7)

n
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as n — 0o. The starting point is a sequence of operators L,, : C (I) — C (1)
with the property

(Lad) (@) = £ (#) + (@) (@) 4o (n™) (= o00).

Altomare and Amiar [8, Eq. (3.11) and Eq. (3.12), respectively] intro-
duced the new operators M,, given by

A@f:l@((y+2)fqu+§>>. (2.1)

They proved that lim,_, M, f = f for each f € CY’ (I), where
CyI)={feC) |wfeCy(I)},

(see [8, Lemma 3.1]) and studied the properties of the sequence (M,,). The
main motivation for the definition of the operators (2.1) is the asymptotic
behavior of the sequence (M,,) as n tends to infinity. Under several as-
sumptions, Altomare and Amiar [8, Theorem 4.1] showed that, for every

feUC2(I)
lim w [n(Mnf—f) - (Ozf”—l—ﬁf’-i-’yf)] =0

n—oo

uniformly on I, where « is such that
nli_)n;()w () [n (ani) (z) —a(z)] =0
uniformly on I. Moreover, there holds
lim n (Mnf = f) = af"+Bf +f. (2:2)

uniformly on compact subsets of I.

3 Asymptotic properties of the operators M,

The operators M, are worth a deeper investigation in order to give more
insight into their relation to L,,. In [2] the authors studied this problem
and the asymptotic behavior of the sequence (M) in greater detail. In
particular, the number of conditions in [8, Theorem 4.1] was diminished.

Generally, let us assume that the underlying sequence (L,,) satisfies an
asymptotic relation

Lanch (fyn* (n — 00), (3.1)
k=0
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for sufficiently smooth functions f, with certain coefficients ¢, (f) which are
functions defined on I. In the following we suppose that all ¢; are linear
operators of the form

Jk
cr(f) = cxjfV (3:2)
j=0

with certain J, € N and functions ¢ ; € C(I) (j =0,...,Ji;k € N). For-
mula (3.1) means that, for each g € N,

q
L.f = Z ek (f)n " +o0(n79) (n — ). (3.3)
k=0
For convenience, we also shall write ¢, (f,z) := (cxf) (). The following
proposition reveals the relation of M,, to L,,.

Proposition 3.1 [2] Let I be a real interval and ¢ € N. Assume that the
sequence of operators Ly, : C (I) — C (I) possesses, for sufficiently smooth
functions f, an asymptotic relation (3.3) with linear operators cj of the
form (3.2) where J, € N and ¢ ; € C(I) (j =0,...,Jp;k € N). Then the
sequence of operators M, defined by (2.1), where 3,7 are functions such

that L, is applicable to (1 + %) fo <61 + g), can be written in the form

M@ = Y (5, (778 @ (3.4)
r=0

> i (1 (170973)) @ 4o ()

r=1

+

as n — 00.

Note that Eq. (3.4) holds pointwise. Here and in the following we
tacitly assume that the operators L,, are applicable to all functions f (r) gr
and f(") 37~ occurring in Proposition 3.1.

Formula (3.4) is not unexpected. Heuristically, by Taylor expansion,

10 (30, 20)

S~ 00 (ﬁ(t))“ 1) _ 50, (H B<t>) R,

and
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with certain remainder terms R; and Ry. Thus, Formula (3.4) gives ap-
proximatively back the definition (Eq. (2.1))

(Mo f) () ~ L, ((1 .y < ; f)) ().

Proposition 3.2 [2] Under the conditions of Proposition 3.1 the sequence
(M,,) satisfies the asymptotic relation

Muf =Y & (f)n™  (n—=o0)
k=

with coefficients

k

& (f,2) = ek (f, ) Z pr (FOB 4 f 0Dy z)  (35)

Remark 3.3 In the special case ¢ = 1, for f € C(I), there holds the
Voronovskaja-type formula

(Mo f) () = o (f, ) [er (F.2) + o (F8 + f1,2)] o (n7))  (n = o0).
Remark 3.4 In particular, if co (f) = f and 1 (f) = af® we obtain

(Maf) () = @) + - [0(2) 1" (2) + B ()  2) + () f (@)] 0 (n7")

as n — 00, which is the (pointwise) Formula (2.2) by Altomare and Amiar.

4 Simultaneous approximation

We proceed with simultaneous approximation by the operators (2.1). We
study the local rate of convergence of the sequence (M, f)' (z), provided
that the derivative exists. For this purpose we assume that L, : C'(I) —
C (I) are (positive) operators of exponential-type, i.e.,

—+o00

(Lnf) (SU) = Wh (QZ, t) / (t) dt,

—0o0

where the kernel W), (x,t) > 0 satisfies the homogeneous partial differential
equation

0

=3 ( )wx() n (z,1)
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and the normalization condition

+oo
Wy (x,t)dt =1,

—0o0

which guarantees the preservation of constant functions. It is well-known
that operators of exponential-type preserve linear functions and are approx-
imation processes in appropriate function spaces. In our considerations we
need only the fact that operators of exponential-type satisfy on I the rela-
tion

(@) = (Lnf) (2) = n (L (92) (2). (11)

Such operators were studied by C. P. May ([25] and [26]; see also [24]) who
pointed out that condition (4.1) implies that (L,12) (z) = ¢ () /n which
controls the rate of convergence of the sequence (L,). Many well-known
operators are of exponential-type, for example the Bernstein polynomials
with ¢? (x) = 2 (1 — ) on I = [0, 1], the Szész operators with ¢? (x) = z on
I = [0,00), the Baskakov operators with ¢? (z) = 2 (1 +2) on I = [0, 00),
and the Weierstral operator with ¢? (x) = 1 on I = (—o00, ).
We prove the following result on the first derivative (%) (M, f) (z).

Theorem 4.1 Fizx € I such that * (x) #0. Forn € N, let L, : C (I) —
C (I) be operators of exponential-type satisfying Relation (4.1) such that the
first derivative (L, f)' (z) exists. Assume that ((Lnf) (2)),en possesses an

asymptotic expansion (3.1) with co (f) = f. Then there holds:
1. The sequence ((Lyf)’ (a:))neN has an asymptotic expansion

~ i c 1] f,x (n — o0) (4.2)
k=0

with coefficients cLl] (f,z) satisfying

A (f,2) = 072 (@) cpsr (Y f, ). (4.3)

2. The first derivative (M, f) (x) of the operators (2.1) exists and we have
the asymptotic expansion

~ S dl (f,x) (n — 00) (4.4)
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with coefficients

A[l] (f,z) = Ck )+ ZC < 5r o 1 1>!f(r—1)6r—1,y,x> _
(4.5)

Remark 4.2 The coefficients ck (f, x) can be obtained from ¢ (f,x) in

(3.5) by replacing each ¢ with CL}.

Remark 4.3 The assumption co (f) = f in the latter theorem is not really
restrictive. Recall that operators of exponential-type are usually approxrima-
tion operators. This is generally the case for compact intervals I, and for
unbounded intervals under certain growth conditions on the function f (see
[24, Theorem 4.2]).

5 The operator by Altomare and Milella

Recall that the positive linear operators M, constructed by Altomare and
Amiar in their paper [8, Eq. (3.11) and Eq. (3.12), respectively| possess
the prescribed asymptotic behaviour

(Maf) () =  2) + - [0(@) 1 (2) + B (0) ' 2) + (2) f ()] 0 (n7")

as n tends to infinity. The functions 8,7 € C (I) can be chosen arbitrarily,
while the function « depends on the sequence of operators L, : C'(I) —
C (I) which satisfy

(Lad) (@) = £ (2) + (@) (@) 4o (n™Y) (0 o00).

It is desirable to have operators with asymptotic behaviour as above with
all three functions «, 3,7 € C (I) chosen arbitrarily.

To this end Altomare and Milella introduced in their recent paper [15,
Eq. (2.5)], for f € E(R) and = € R, the new operators G,, defined by

(Gnf) (x \/ﬂ/ < n(x)y +x+ 55?) e V2 dy, (5.1)

where a, f € C(R) are two fixed functions such that « (z) > 0 for every
x € R. Here E (R) denotes the space of all functions f € C (R) such that

/ |f (ay +b)| e™¥"/* dy < +o0

—0o0
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for every a > 0 and b € R.
Note that, if a(z) = 1 and S () = 0, the operator G,, turns into the
nth Gauss-Weierstrass convolution operator (see, e.g., [12, Section 5.2.9]).
By a change of variable we can rewrite (G,, f) (z) in the alternative form

(Guf) (2) = \/% | r@e (—M”(x) (t —e- ij”)) dt,

(5.2)

provided that « (z) > 0.

Altomare and Milella [15, Theorem 3.1] proved that h_)m Gnf = f
n [o.¢]

in (C§ (I),]-Il,,), for each f € C§ (R), and studied the properties of the
sequence (Gy). They [15, Theorem 3.5] showed that under several assump-
tions, for every f € U C’b2 (I) with uniformly continuous and bounded second
derivative, there holds

lim w [n(an—f) — (af”+ﬁf’)] =0

n—oo

uniformly on R. Moreover, there holds
lim n(Gnf — f) = af” + Bf. (5.3)
n—oo

uniformly on compact subsets of R. The missing term v f comes into play
by considering

= ((1+1)r) (FeEm).

In this section we study the asymptotic behavior of the sequence (G,)
in greater detail.

Theorem 5.1 Let x+ € R and f € E(R). Assume that f possesses a
deriwative of order 2q at x. Then there holds the asymptotic expansion

(Guf) (@)= %c;c (f.2)+o(n™)
k=0

as n — oo with coefficients

k

ek (fyx) = Z <]:> FEED) (2) o ()85 ().

s=0
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Remark 5.2 In the special case ¢ = 1, we have

(@af) (@) = F @)+ [a @) O (@) 4 B(@) O @)] 40 (™) (0 00),
which is the Formula (5.3) by Altomare and Milella.

Remark 5.3 For sufficiently smooth functions f there holds the complete
asymptotic expansion

(G f) (@ +Z% (n = 00).
k=1

6 Auxiliary results and proofs

Proof of Theorem 4.1: The first part of the theorem is obvious because
relation (4.1) implies that

o0

P (@) (Lf) () = (L ~ 3 e (el

k=

= > ﬁck-i-l (Yuf, ),
k=0
where we used that co (Yo f, ) = ¢z (2) f (x) = 0.

In this proof we indicate the dependence of the operator M, on the func-
tions 8 and vy by writing

My, (f;B,7) = Ln <(1+Zl) fo <e1 +§>> .

Application of relation (4.1) to the definition (2.1) yields

¢ @) My (138, @) =t (- (14 D) o (04 2) ) @),

Using the identity

() v

I
/N
_
_|_
N—
—
=
8
O
/N
[
[y
_l_
=@
N——
3|
| I

I
~

—_

+
SI= 3=

o (a+ g) ]

+
N
o
()
+
o
()
|
S|
+
=2
N~
|
| =
N
()
+
“Q
)
N~
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which can easily be verified we conclude that

P (@) Mo (F3,7) ()
= nM, (%f-f;ﬂﬁ) (ar)—i-nMn(f;ﬁ,eo _6+7) (1‘)
M, (f;8,87) (x).

By Proposition 3.2 applied with ¢ + 1 in place of ¢ it follows that

0 (x) o Mn (f:8,7) ()

q
= Sl (W — F 8,7 2) + G (i Breo — B+ 75 @)

nk
k=0

q

-3 e pa s o) (n o)

k=0

187

because ¢o (Vo f — f;8,v:2) + éo (f;B,e0 —B+v;2) = o (Yuf — f,x) +

co (f,x) = 0. This yields
d N |

w (f38,7) Zﬁ z)+o(n1)  (n— o)
k=0

with

o2 () el (f,2)

= Ch1r (U f = f1B,7:%) + Cugr (f5 B0 — B+v52) — & (f; B, Bys ) .

Application of Formula (3.5) yields
Nil
P2 (2)e) (f,)
k+1

= cen(ef 943 o (G et = 0

_l’_

(bof = )00 57 1,2)

(r— 1)!
k41

+ep1 (f, +ch+1 7”( )T

(r=1) (pr—1 _ por r—
Yo )f V(g g+ ) )

—Ck f’

M;@

1 1
~ fmgr
= T(r!f b +(r—1)!

r=1

f(Tl)B%x) :
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Noting that (wxf)(r) = 1hp f) + rf0=1 and simplifying we obtain
il
o (z) ey (f.)

= o (ufix +Z Ch- ( il T)B’“Jr:!wxf(”ﬁ’"%x)-

By Eq. (4.3) and noting that, by (3.2), for each function h, there holds
o (Yzh, x) = 0 we conclude that

= F@ | (ho) ch r— 1< 1)!f(”6’"“+:!f(7")/37"%w>>

= 902( ( 1] (f,z +ch r< (r— IIBr C 11)!]0(7“—1)57"—1,%%))

which proves Eq. (4.5) for all x € I with ¢? (z) # 0. O

In order to derive the complete asymptotic expansion for the opera-
tors (5.1) by Altomare and Milella we use a general approximation theorem
for positive linear operators due to Sikkema [27, Theorem 3].

Lemma 6.1 For g € N and fized x € I, let Ap: Loo (I) — C(I) be a
sequence of positive linear operators with the property

(Antz) (x) = O (n_L(S+1)/2J> (n—o00) fors=0,1,...,2¢+2.

Then, we have for each f € Lo (I) which is 2q times differentiable at x the
asymptotic relation

24 £(s) (o
(Anf) (z) = Z / s!( ) (Apy) (z) + o (n_q) (n — o0). (6.1)
s=0

If, in addition, fR9%2) (z) eists, the term o (n~%) in (6.1) can be replaced
by O (n_(q+1)).

We start by deriving an exact expression for the central moments G,
of the operators G,,.
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Lemma 6.2 The central moments Gp3 (s =0,1,2,...) of the operators
Gy, are given by

s

CRAIEETIED S (R el L OF

k=1(s+1)/2]

Proof of Lemma 6.2: By Eq. (5.1) and the change of variable y — /2y,
the central moments G5 (s =0,1,2,...) can be written in the form

(Gn¥y) ( \F/ (\/ +57(f)>86—y2 dy.

Using the well-known formula

/yme_deyz
—0 I (2 if m=2,4,6

we obtain

Gurt) o) = 3= 3 “ZJ (2) ( (x)>2r <an)>s_2rF (a1

Substitution of the identity

yields

[s/2] s—r
G =3 (1) g @8 @),

r=0

and the desired formula follows by changing the order of summation, i.e.,
by setting k = s —r. O

Remark 6.3 Note that Lemma 6.2 implies that, for all s € N,

(Gut3) () = O (L) (0 00).

If the functions a and B are bounded, the estimate holds uniformly for
x eR.
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Proof of Theorem 5.1: By Remark 6.3 the assumption of Sikkema’s
result Lemma 6.1 is satisfied for the operators GG,. Therefore, application
of Lemma 6.2 yields

(Gnf) (x)
24 r(s) (o
= > T ) @) 4o (0)
s=0 ’
2q S
- 20w Y (et @ @ o
s=0 k=|(s+1)/2]
2k
= Z ﬁ Z (3 E k) O (@) " (2) B2 () + 0 (n79)
k=0 s=k
— Z %Ck (f,z) +o(n79)
k=0

as n — oo with coefficients

k
() = 3 (1) 1449 () (@) 84 o).

s=0 5
This completes the proof of Theorem 5.1. O
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Asymptotic formulae for
Baskakov-Mastroianni operators based on
g-integers

Octavian Agratini and Cristina Radu

Abstract. We establish an asymptotic formula for a general sequence
of positive linear operators of discrete type. This class represents a
generalization in ¢-Calculus of the operators introduced by G. Mas-
troianni, the construction taking its origin in a paper of Baskakov.
We also mark out Voronovskaja-type formulas for two particular cases
which are g-extensions of the Szész-Mirakjan operator and the ordi-
nary Baskakov operator.
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Keywords and phrases. Linear positive operator, g-integers, Voronovskaja-
type formula

1 Introduction

The roots of the paper are in connection with a general class of opera-
tors introduced by Baskakov [6] and developed by Mastroianni [8]. For
comparing, [3, p. 344, p. 351] can also be consulted. A g-analogue of
these operators has been introduced in [9]. The author investigated their
weighted statistical approximation properties. For the sake of complete-
ness, we recall: a g-analogue or a g-extension of a mathematical object X
is a family of objects X (q) (usually, 0 < ¢ < 1) such that hl{l X(q) =X.
g1~

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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Deeping the researches on the mentioned g-operators, in [1] all their mo-
ments were explicitly expressed with the help of a new g-analogue of the
Stirling numbers of the second kind. At the same time, the rate of conver-
gence was established in two cases: for bounded functions and for functions
having a polynomial growth.

The aim of this note is to present an asymptotic formula of Voronovskaja-
type for g-Baskakov-Mastroianni operators. As applications, we deduce
asymptotic formulae for two special cases which are g-extensions of the
Szész-Mirakjan operators and the ordinary Baskakov operators, respec-
tively.

The paper is organized as follows. Section 2 includes elements of ¢-
Calculus, the form of the announced class of operators and some results
obtained previously. Section 3 comprises the statement of the main result
and two particular asymptotic formulae. The last Section is devoted to the
proofs of our results.

2 The T, , operators

First of all we collect some useful formulas in ¢g-Calculus, see, e.g., [4], [7].
Let ¢ > 0. For any n € Ng = {0} UN, the g-integer [n], and the
g-factorial [n],! are respectively defined by

n—1 n
o=, [=]]lle neN,
j=0 J=1

and [0]; = 0, [0],! = 1. The ¢g-binomial coefficients are denoted by { Z ]
q

and are defined by

[ZL:W k=0,1,...,n.

For ¢ = 1 one has [n|; = n, [n];! = n! and [ Z ] turns into the ordinary
binomial coefficient A
We also recall the significance of the notation (z — a)g.

r—1 r
@-ay=[[a-ca=3| Lq’“““z Lark(_a)t.

s=0 k=0
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In the sequel we always will assume that ¢ € (0, 1).
The g-derivative of a function f: R — R is defined by

f(z) = flgz)
(1-qz ~

and the high g¢-derivatives Dgf =f, Dyf:=D, (D(’;*lf)7 n=12,....

A function f is g-differentiable on a real interval I if for any ¢ € (0,1)
the g-derivative of f exists and is finite in every x € I. Also, we recall the
product rule

Dyf (z) = z#0, Dgf(0):= iig(l)qu (),

Dy (f(2)g(x)) = g(2) Do f(x) + f(q2) Deg()-

For each (m,r) € Ny x Ny, a g-analogue of Stirling numbers of the
second kind can be considered the following

(r=)(r—j=1)/2 | T [T_J]zn
og(m,r) = & 'Z [qu(M)m. (2.1)

Lemma 2.1 ([1, Lemma 2]) The numbers oq(m,r), (m,r) € Ny x Ny,
given by (2.1) enjoy the following properties.

04(m,0) =0, meN, and 04(0,0) =1, .
¢ oq(m+1,7) = [r]qoq(m,r) + og(m,r —1),m € Ng, r € N,(2.3)

og(m,r) =0, r>m.

It is known that a g-analogue is not unique. In this direction it is worth
to be mentioned that others ¢-Stirling numbers denoted by S,(m,r) have
been used by Ali Aral [5] in studying a g-generalization of Szdsz-Mirakjan
operators.

Now we are in position to present T, ,, n € N, ¢ € (0,1), operators
[1, Section 3]. Let (¢;,),~; be a sequence of real valued functions defined
on R, continuously infinitely g¢-differentiable on R, and satisfying the
following conditions.

(P1)  ¢n(0)=1, neN, (2.5)
(P2)  (-1)"Di¢n(z) >0, neNkeNyz>0, (2.6)

(P3)  For every (n,k) € N x Ny there exists a positive integer i,
0 <1 <k, and a real function 8, 1, 4 : Ry — R such that

Dy (z) = (—1)* T Di % (g ) B i (), (2.7)
where
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1' /B'I’L,k,ik,q(o) —
%nm -
[n] ™ q

We define the operators

8

k(k 1)

,qf =

Dién(@) f (‘,ﬁ) , ©20,  (29)

k=0 [n]q q

where f € F(Ry) :={f: Ry — R, the seriesin (2.9) is absolutely
convergent for all n € N}.
Clearly, for each n € N, T}, , is linear and positive operator. With
the help of ¢-Stirling numbers defined by (2.1), we are able to indicate all
moments of our operators.

Lemma 2.2 ([1, Lemma 4]) Let T, 4, n € N, be defined by (2.9). One
has

m

(Th,gem) ( Z

r=0 q

nggbn(O)aq(m,r), Z Z Oa (210)

where e, stands for the monomial of m degree, m € Np.

We easily deduce

(Thyqe0) (z) =1, (2.11)

(Thge1) (z) = —xDq[ii(O), (2.12)
2

(Thqge2) (x) = 2* D;ﬁ%éo) — xDq[i%(m. (2.13)

These three particular moments have been obtained by a straightfor-
ward calculation in [9, Lemma 1], without involving ¢-Stirling numbers
oq(m,r).

Since hm[ l,=01—-¢)1

, relation (2.13) implies

lim (T ge2) (2) = 0" + (1= q)o # e2(a),

where the index i; can be 0 or 1, see relation (2.7). Clearly, (T, 4), does
not form an approximation process.
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Remark 2.3 To become (T} q),, an approzimation process, for eachn € N,
the constant q will be replaced by a number q, € (0,1) such that lim g, = 1.
n

Under this assumption, for any compact K C Ry and for each f € F (Ry)
which is continuous and bounded, one has

li7rln (Thq,. f) (z) = f(x), uniformly in x € K. (2.14)

The fastest motivation of the above statement can be made by using a more
general result obtained by Altomare [2] in the setting of locally compact
metric space. It reads as follows.

Theorem 2.4 ([2, Theorem 3.5]) Let J be a real interval and consider
a lattice subspace E of the space F(J) of all real-valued functions on J,
containing the functions ep(x) = 1, e1(xr) = x and es(x) = 2% (x € J).
Consider a sequence (L,)n > 1 of positive linear operators from E into
F(J) and assume that for every k =0,1,2

lim L, (ex) = ex uniformly on compact subsets of J.
n—oo

Then
ILm L, (f) = f uniformly on compact subsets of J

for every f € ENCy(J) (Cyp(J) denoting the space of all continuous and
bounded functions on J ).

Choosing J = Ry, E = F (R, ), and taking into account relations (2.11),
(2.12), (2.13), Theorem 2.4 leads us to the identity (2.14).

3 Results

Examining (2.6) and (2.7), for the sake of brevity we denote
dnk = DE¢n(0), neN, keN. (3.1)

For each x > 0, let ¢, be the function defined by ¢, (t) =t —x, ¢ > 0.
T,,q5 represents the s-th order central moment of the operator 7}, 4, where
s € Ny.

On the basis of relations (2.5), (2.7) and (2.8) one has d, # 0 for
every n € N and k € Ny. Also 04(s,0) =0, s € N, see (2.2). By inspecting
relation (2.10), we conclude
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Remark 3.1 For a given s € N, both T, jes and T, 4p; are polynomials
in x of s degree having the constant term null.

Consequently, we can write

(Tnq#3) ( Zmnsk Foa>0. (3.2)

Lemma 3.2 Let T, 4, n € N, be defined by (2.9). For s = 4, the coeffi-
cients of the polynomial introduced by (3.2) have the following values.

dp 1 1+ 3q + 3q dn 2 dy,

) _ SO 47 (3.3
Mi4.1(q) [nk]; Ma,a,2(q) = q3 [n]q * [n]q (3:3)

1+29+3¢%dns 40 +2¢)dna  _dna
) _ B3 e 3.4
Mn.4,3(q) P [n]4 @ [ [n]3 34

dTL 4 dn 3 dn 2 dn 1

_ R 4 s 6 ) 4 ) 1' 35
a0 = ot g Tt T, Y

Lemma 3.3 Let (¢n),~1, 0 < ¢n < 1, be a sequence such that limg, = 1.
— n

Supposing that the properties (P1), (P2), (P3) take place for ¢ = gy, one
has

dn,
lim —2% = (~1)%, k€ Ny, (3.6)
n [n]g,

where d,, j; is defined as in (3.1).

Lemma 3.4 Let (qn),>1, 0 < ¢n < 1, and (An),>1, An > 0, be sequences

such that lim g, = 1, lim \,, = oo and lim [n)j;’ is finite. Let T, 4,, n € N,
n n n n

be defined as in (2.9). If the sequences

()\?Lmnyzl,g(qn))n and ()\imn,474(qn))n are bounded, (3.7)

then (A2 (Th,q,¢%) (z ))n is bounded with respect to n. In the above, mp 43
and mp 44 are given by (3.4) and (3.5), respectively.

As usual, C?(R) denotes the space of all real-valued continuous func-
tions on R, which are twice continuously differentiable in R, .

Returning at the sequence (\,),, of strictly positive real numbers with
the property li}Ln An = 00, we suppose that the real numbers 71, 79, T3 exist
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verifying the following relations

hm)\ (M —1—1):7'1,

An
hﬁ“ N =7 (38)
d dn,2 o

where dy, 1,d, 2 are defined as in (3.1) with ¢ = ¢,. The sequence (\,)
will play a crucial role in establishing the Voronovskaja-type theorem.

n

Theorem 3.5 Let (¢n),>1: 0 < gn <1, and (An),,>1, An > 0, be sequences
such that hmqn =1, hm A, = 00 and the conditions (3.8) are fulfilled.

Let T, 4,, n € N, be deﬁned as in (2.9). If (3.7) takes place, then for any
function f € F(Ry)NC? (Ry) with f” bounded, one has

lim A ((Tog, ) (2) = F(2)) = @) + 5 (o +752) '(a), (39)

n—oo

for any x > 0.

The theorem shows that (7}, 4, f) (x) — f(z) is of order not better then
1/An, if f'(z) and f”(z) are not simultaneous null.

Two special cases of T, 4,, n € N, operators have been exhibited in
[9, Section 5]. In order to obtain an asymptotic formula of Voronovskaja-
type for these classes of g-operators, we will check the possibility to apply
Theorem 3.5.

Application 1. We choose ¢, (z) := Eg, <— (], a:), x>0,neN.
Here E,, is the known expansion in g-Calculus of the exponential function
being defined as follows

=3 eI e,
[K],,.!
k=0

qn’

see, e.g., [7, p. 31]. T), 4, operators turn into S}, , , a g-analogue of Szdsz-
Mirakjan operators. For all (n,k) € N x Ny, we have ¢,,(0) = 1,

k(k—1)

Db énlw) = (< [, an * By, (— [, dbe) . = >0,

and
Dk+1¢n( ) _Dgn(bn(Qn:E)ﬁn,k,O,qn ($)



202 OCTAVIAN AGRATINI - CRISTINA RADU

Consequently, relations (2.5)-(2.8) hold, where, for every (n, k) € NxNp,
ir = 0 and By, k.04, (¥) = [n]g, ¢~ is a constant function. Taking A, = [n]g,,
all we have to do is to verify conditions (3.8) and (3.7).

Since dn g = (—1)*[n]% gn , weget 1 =0, 5 =1and 3 = 0.
Further on, by using (3.4) and (3.5), we easily deduce
(1—gn)?
q%[n]Qn

and (3.7) takes place. The asymptotic formula (3.9) for Sy, |~ will be read
as follows

Min,4,3(qn) = ; Mna4(qn) =0,

. . x
Jim [nlg, (S5, F) (@) = (@) = 51" (@), 2 >0, (3.10)

where f € F(Ry) N C? (Ry) with 7 bounded.
Application 2. Choosing ¢n(z) := (1 +¢px),", * >0, n € N, T}, ¢,
operators become a g-analogue of the ordinary Baskakov operators, say
Vi g With the help of the known formulas [-n], = —[n] ¢7", n € N, and

q
Dy (1+az), =[], a(l+ aqx)g‘_l for any real numbers a, a, we deduce

q

k—1 ek

D} on(@) = (0" | [IIn+ g, | (1™ e) . 220
=0 "

Conditions (2.5) and (2.6) are satisfied. Choosing iy, = k and Sy, 1 kg, () =

k
(H [n—{—j]qn) (1 —l—qﬁ“x);j_l, n € N, k € Ny, (2.7) and (2.8) are also
j=0

fulfilled. In the above we used the formula (1+y)g'(1+ qo‘y)qﬁ =(1+ y)ZH'B

for g =qn, a = —n, f=—k—1and y = ¢" 1z,

Again, we choose A\, = [n],,. This time, d,, ;, = (—=1)*[n],, ... - [n+k—
14, and, in accordance with (3.8), one gets 71 =0, » =1, 73 = 1. With a
little more effort we find

A2 a.5(dn) M[n]qn a4+ 2qn)(q?,4— 2, — 1)
dn qr
L ()1 + 20, + 3g7)
a [1]q,,
and
2 3 9
)‘imn,4,4(Qn> Cic 3 2 [n]q, — I zgn 1 0+ q”()]g[n"i]_an + qn)_
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We used the identities [n+klg, = 1+ +...+q"%[n],, for k =1,2,3. Since
€ (0,1) and g, — 1, the requirement (3.7) is fulfilled. Actually, both
sequences are convergent.
Applying Theorem 3.5, we obtain the following asymptotic formula.

z(x+1)

5 f(z), =>0, (3.11)

sl (Vi f) (&) — F(2) =
where f € F(R;) N C? (R;) with f” bounded.

Remark 3.6 For g, = 1, S, and V;7y turn into the classical Szdsz-
Mirakjan and Baskakov operators, respectively. Our formulae (3.10), (3.11)
become the known Voronovskaja-type identities verified by these discrete op-
erators. In these two special cases the order of approximation is 1/n.

4 Proofs

Proof of Lemma 3.2

First of all, examining relations (2.2)-(2.4), we deduce o4(m,m) =
q_ 77L<772L+1)’ m e NO

To calculate all required coeflicients, we need to know some particular
values of ¢-Stirling numbers o,4(m,r) described by (2.1). The below table
may be useful.

m\r |0 1 2 3 4
0 |1 0 0 0 0
1 |0 ¢t 0 0 0
2 0 ¢?2 g3 0 0
3 10 ¢73 (1+2¢)q° q° 0
4 10 ¢t (1+3¢+3¢%)g " (1+2¢+3¢*)g? ¢ '

The identities (3.3)-(3.5) result after a boring calculation based on
(2.10) and taking in view that

(Toat) (@) = 3 (1) () e Tgen) @)

m=0
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Proof of Lemma 3.3

For k = 0 the conclusion is evident, see (2.5). Further on, choosing
x =01n (2.7), we can write

dn7k+1 — (_1)Zk+1 k—ik /Bn kst an (O) dnykfik (4 1)
n —q. ) *
()5 [l an ™™ [nlg, ™
for a certain index iy € {0,1,...,k}.

The proof runs by mathematical induction with respect to k. Assuming
lim i = = (=1)’ for j = 0, k, relations (4.1) and (2.8) imply hm ([1”],’5111 =

n [nlh,

(=1)k*1. Consequently, relation (3.6) holds.

0

Proof of Lemma 3.4

Since hm [n]qn = 0, setting hm @ ] =71y € R, we get 1i£n Nmya1(gn) =
0 and lim )\nmn,472(qn) =Trs — 472, see (3.3). Taking into account (3.2),
n

the assumptions’ lemma guarantee the achievement of the statement.

U
Proof of Theorem 3.5
Let > 0 be fixed. For any f € F(Ry)NC?%(R,) with f” bounded, we
define

fO—F@)—ea O f' (@) =27 2O (@)
qu(;U’t) = { (t— x)2 ) 1ft#.’1}‘7
, if t =z,
where t € R;. We get lim gbf(:c' t) = 0 = ¢(x;x), consequently ¢¢(z;-) €

C(R4). Moreover, @2 and ©2¢¢(x;-) belong to F (Ry). For the function
f, we can write the Lagrange form of the Taylor formula

L 5

F@) = f(@) + () f'(z) + 502 (0) (2 ) + a(t)os(a3t).

Applying T}, 4, and using (2.11), we obtain

(T f) () = f(2)

= (Thg.02) () f'(2) + % (Togu#2) (@) " (@) + Tg, (9305 (5)) (@).
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Taking into account relations (2.12)-(2.13), we get

Toap) @) = = (2 +1) =

[n]Qn
2 2 _ dn,? dn,l .732 _ dn,l o
(Thg.%2) (z) (mmgn T2t 1) P
and hence
(T ) ) = £(0)) = = (55 1) a0
1 dn,2 dn,l xQ . )\ndmll‘ " "
5 <A" <qn[n13n " e T 1) . ) (@)
AT, (V205 (230)) (2). (4.2)

Since p2¢f(z,-) € F(R4) and the series in (2.9) is absolutely convergent, we
deduce ¢2 |¢¢(z,-)| € F(R4). Further on, by applying Cauchy inequality
for the last term of (4.2), one has

0< A\ ‘Tn,qn (goggbf(:ﬂ; )) (93)’ < AT, (%25 |¢f(93§ ol »$)

< {2 (Tngued) @)} { (T (a:0) (@)}
Clearly, gb?c (z;-) is continuous on R;. Under the assumption made on the
function f, we get gb}(z, ) € Cp(Ry) € F(Ry), and in harmony with Re-
mark 2.3, we have li}ln (Tn,qngb?(:c; )) (x) = qb?c(x;x) = 0. On the other

hand, since (3.7) holds, Lemma 3.4 guarantees that a constant k(z) inde-
pendent of n exists, such that A2 (T4, ¢3) (z) < k(z) for each n € N.
Consequently, lim Ay [T}, 4, (gpm¢f( z;+)) (z)| = 0. Returning at (4.2),
n

for n tending to infinity, on the basis of (3.8) and (3.6) with k = 1,2, we
obtain the desired pointwise convergence.

O
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Partial Inner Product Spaces and
Operators on Them

Jean-Pierre Antoine and Camillo Trapani

Abstract. Many families of function spaces play a central role in
analysis, in particular in signal processing (e.g. wavelet or Gabor
analysis). Such are LP spaces, Besov spaces, amalgam spaces or mod-
ulation spaces. In all such cases, the parameter indexing the fam-
ily measures the behavior (regularity, decay properties) of particular
functions or operators. It turns out that all these space families are,
or contain, scales or lattices of Banach spaces, which are special cases
of partial inner product spaces (PIP-spaces). In this context, it is of-
ten said that such families should be taken as a whole and operators,
bases, frames on them should be defined globally, for the whole family,
instead of individual spaces.

In this paper, we shall give an overview of PIP-spaces and oper-
ators on them, illustrating the results by space families of interest
in mathematical physics and signal analysis. The interesting fact is
that they allow a global definition of operators, and various operator
classes on them have been defined.

Mathematical Subject Classification (2010). 46C50, 47A70,
47B37, 47B38

Keywords and phrases. Partial inner product spaces, Rigged
Hilbert spaces, function spaces, operators.

1 Motivation

Hilbert space is in general the first infinite dimensional topological vector
space one encounters. On the mathematical side, it is the one that more

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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closely resembles the familiar Euclidean space and thus it offers a smooth
introduction into functional analysis. On the physics side, the fact is sim-
ply that Hilbert space is the daily language of quantum theory, so that
mastering it is an essential tool for the quantum physicist.

However, the tool in question is insufficient. A pure Hilbert space for-
mulation of quantum mechanics is both inconvenient and foreign to the
daily behavior of most physicists, who stick to the more suggestive version
of Dirac, which lacks a rigorous formulation. On the other hand, the phys-
ically interesting solutions of most partial differential equations are seldom
smooth or square integrable, they rather correspond to changes of regime,
which mean discontinuities and/or distributions. Thus it is no coincidence
that many textbooks on PDEs begin with a thorough study of distribution
theory [20, 22].

All this naturally leads to the introduction of Rigged Hilbert Spaces
(RHS) [15]. In a nutshell, a RHS is a triplet

O — H — ¥, (1.1)

where H is a Hilbert space, ® is a dense subspace of the H, equipped with a
locally convex topology, finer than the norm topology inherited from H, and
®* is the space of continuous conjugate linear functionals on ®, endowed
with the strong dual topology. By duality, each space in (1.1) is dense in
the next one and all embeddings are linear and continuous. In addition,
the space ® is in general required to be reflexive and nuclear. Standard
examples of rigged Hilbert spaces are the Schwartz distribution spaces over
R or R”, namely S C L2 C 8% or D C L? C D* [15, 24, 27].

The problem with the RHS (1.1) is that, besides the Hilbert space
vectors, it contains only two types of elements, “very good” functions in
® and “very bad” ones in ®*. If one wants a fine control on the behavior
of individual elements, one has to interpolate somehow between the two
extreme spaces. In the case of the Schwartz triplet, S C L? C 8%, a well-
known solution is given by a chain of Hilbert spaces, the so-called Hermite
representation of tempered distributions [28].

In fact, this is not at all an isolated case. Indeed many function spaces
that play a central role in analysis come in the form of families, indexed
by one or several parameters that characterize the behavior of functions
(smoothness, behavior at infinity, ...). The typical structure is a chain of
Hilbert or (reflexive) Banach spaces. Let us give two familiar examples.

(i) The Lebesgue L? spaces on a finite interval, e.g. Z = {LP([0, 1], dx),
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1<p< oo}

L*c...clicllc..cl)?c..cL"clic..clL,
(1.2)
where 1 < ¢ < r < 2. Here L? and L7 are dual to each other (1/q+1/q = 1),
and similarly L, L (1/r +1/7 = 1). By the Holder inequality, the (L?)
inner product

1
(flg) = /0 7@ g(a) da (1.3)

is well-defined if f € L4, g € L. However, it is not well-defined for two
arbitrary functions f,g € L'. Take for instance, f(z) = g(z) = z~/2 :
fe L' but fg = f>¢ L'. Thus, on L', (1.3) defines only a partial inner
product. The same result holds for any compact subset of R instead of
[0,1].

(ii) The scale of Hilbert spaces! built on the powers of a positive self-
adjoint operator A > 1 in a Hilbert space Hy. Let H, be D(A™), the
domain of A", equipped with the graph norm || f|, = [|[A"f||, f € D(A"),
forn e Norn € RY, and H_,, = H (conjugate dual):

Hoo(A) = \Hn C...CHaCH1CHo C ...

L CH A CHog. . CHooo(A) = Hn

(1.4)

Note that here the index n could also be taken as real, the link between the
two cases being established by the spectral theorem for self-adjoint opera-
tors. Here again the inner product of Hg extends to each pair ‘H,,, H_,, but
on H_(A) it yields only a partial inner product. The following examples
are standard:

- (Apf)(x) = (1 + 22) f(z) in L2(R, dx).

c (Anf) (@) = (1 — L) f(2) in L*(R,dz) : Sobolev spaces H%(R), s €
Z or R.

o (Aosef)(x) = (1 + 22 — L) f(2) in L2(R, dx).

LA discrete chain of Hilbert spaces {Hn }nez is called a scale if there exists a self-adjoint
operator B > 1 such that H, = D(B"), Vn € Z, with the graph norm || f|l, = [|B" f]|.
A similar definition holds for a continuous chain {Hq }acr.



210 JEAN-PIERRE ANTOINE - CAMILLO TRAPANI

(The notation is suggested by the operators of position, momentum and
harmonic oscillator energy in quantum mechanics, respectively). Note that
both Hoo(Ap) N Hoo(Am) and Heo(Asse) coincide with the Schwartz space
S(R) of smooth functions of fast decay, and H_o(Aosc) with the space
S*(R) of tempered distributions.

However, a moment’s reflection shows that the total order relation in-
herent in a chain is in fact an unnecessary restriction, partially ordered
structures are sufficient, and indeed necessary in practice. For instance, in
order to get a better control on the behavior of individual functions, one
may consider the lattice built on the powers of A, and A,, simultaneously.
Then the extreme spaces are still S(R) and S*(R). Similarly, in the case of
several variables, controlling the behavior of a function in each variable sep-
arately requires a nonordered set of spaces. This is in fact a statement about
tensor products (remember that L?(X xY) ~ L?(X)® L?(Y)). Indeed the
tensor product of two chains of Hilbert spaces, {H,} ® {K,,} is naturally
a lattice {#, ® K, } of Hilbert spaces. For instance, in the example above,
for two variables x,y, that would mean considering intermediate Hilbert
spaces corresponding to the product of two operators, (Am(x))n(Am(y))m

Thus the structure to analyze is that of lattices of Hilbert or Banach
spaces, interpolating between the extreme spaces of a RHS, as in (1.1).
Many examples can be given, for instance the lattice generated by the
spaces LP(R,dx), the amalgam spaces W (LP,¢?), the mixed norm spaces
LYA(R, dz), and many more. In all these cases, which contain most families
of function spaces of interest in analysis and in signal processing, a common
structure emerges for the “large” space V', defined as the union of all indi-
vidual spaces. There is a lattice of Hilbert or reflexive Banach spaces V.,
with an (order-reversing) involution V, < Vi, where V& = VX (the space
of continuous conjugate linear functionals on V), a central Hilbert space
V, ~ V5, and a partial inner product on V that extends the inner product
of V, to pairs of dual spaces V,., Vi.

Moreover, many operators should be considered globally, for the whole
scale or lattice, instead of on individual spaces. In the case of the spaces
LP(R), such are, for instance, operators implementing translations (z —
x—y) or dilations (z — xz/a), convolution operators, Fourier transform, etc.
In the same spirit, it is often useful to have a common basis for the whole
family of spaces, such as the Haar basis for the spaces LP(R), 1 < p < oo.
Thus we need a notion of operator and basis defined globally for the scale
or lattice itself.

This state of affairs prompted A.Grossmann and one of us (JPA) to sys-
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tematize this approach, and this led to the concept of partial inner product
space or PIP-space [3, 5]. Many papers followed, with various collaborators.
Then, in recent years, the topic has found a new interest, in particular
through developments of signal processing and the underlying mathemat-
ics. Thus it appeared to the us that the time had come for reviewing
the whole subject, so that we finally made a thorough analysis in a re-
cent monograph [8], to which we refer for further information. The aim of
this paper is to present the formalism of PIP-spaces, which indeed answers
the questions raised above. In a first part, the structure of PIP-space is
derived systematically from the abstract notion of compatibility and then
particularized to the examples listed above. In a second part, operators on
PIP-spaces are introduced and illustrated by several operators commonly
used in Gabor or wavelet analysis. Of course, the treatment is sketchy,
for lack of space. For a complete information, we refer the reader to our
monograph [8].

2 Partial Inner Product Spaces

2.1 Basic Definitions

The basic question is how to generate PIP-spaces in a systematic fashion.
In order to answer it, we may reformulate it as follows: given a vector space
V and two vectors f,g € V, when does their inner product make sense? A
way of formalizing the answer is given by the idea of compatibility.

Definition 2.1 A linear compatibility relation on a wvector space V is a
symmetric binary relation f#g which preserves linearity:

f#g <= g#f,Vf,geV,
f#g, f#h =  f#(ag+ph), ¥V f,g,heV,Va,BeC.

As a consequence, for every subset S C V, theset S* = {g € V : g#f,V f €
S} is a vector subspace of V' and one has

SHH — (S#)# DS, SHHH — ¥
Thus one gets the following equivalences:

f#g <= [fe{gy = {fy* c{g}?

— ge{fft < {g#*C{f* 21)
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From now on, we will call assaying subspace of V a subspace S such that
S## = S and denote by F(V,#) the family of all assaying subsets of
V', ordered by inclusion. Let F' be the isomorphy class of F, that is, F
considered as an abstract partially ordered set. Elements of F will be
denoted by r,q, ..., and the corresponding assaying subsets V,.,V,,.... By

definition, ¢ < r if and only if V;, £ V,. We also write V5 = Vi# rePF.
Thus the relations (2.1) mean that f#g if and only if there is an index
r € F such that f € V., g € V& In other words, vectors should not be
considered individually, but only in terms of assaying subspaces, which are
the building blocks of the whole structure.

It is easy to see that the map S — S## is a closure, in the sense of
universal algebra, so that the assaying subspaces are precisely the “closed”

subsets. Therefore one has the following standard result.

Theorem 2.2 The family F(V,#) = {V,,r € F}, ordered by inclusion, is
a complete involutive lattice, i.e., it is stable under the following operations,
arbitrarily iterated:

V?:(W)#a
VoAV, =V, Vy  (pg,r € F)
VoV Vg = (V + V) #.

. dnvolution: V,
. infimum: Vong
. supremum: Vg

n i ¢

The smallest element of F(V,#) is V# = (0. V, and the greatest element
is V=, V;. By definition, the index set F' is also a complete involutive
lattice; for instance,

(Vong)™ = Virg = Vovg = V5 V Vg

Definition 2.3 A partial inner product on (V, #) is a Hermitian form
(') defined exactly on compatible pairs of vectors. A partial inner product
space (PIP-space) is a vector space V' equipped with a linear compatibility
and a partial inner product.

Note that the partial inner product is not required to be positive definite.

The partial inner product clearly defines a notion of orthogonality: f L
g if and only if f#¢g and (f|g) = 0.

Definition 2.4 The pPiP-space (V,#,(:|-)) is nondegenerate if (V#)+ =
{0}, that is, if (f|lg) = 0 for all f € V¥ implies g = 0.
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From now on, we will assume that our piP-space (V, #, (:|-)) is nondegener-
ate. As a consequence, (V#,V) and every couple (V;,, Vi), r € F, are a dual
pair in the sense of topological vector spaces [21]. We also assume that the
partial inner product is positive definite.

Now, one wants the topological structure to match the algebraic struc-
ture, in particular, the topology 7. on V, should be such that its conjugate
dual be V& : (Vi[r])* = V&, Vr € F. This implies that the topology
7, must be finer than the weak topology o(V;,Vr) and coarser than the
Mackey topology 7(V;, V5):

U(‘/;WVF) j Tr j T(VHVF)'

From here on, we will assume that every V, carries its Mackey topology
7(V;, V5). This choice has two interesting consequences. First, if V,.[r,] is a
Hilbert space or a reflexive Banach space, then 7(V,., V&) coincides with the
norm topology. Next, r < s implies V,, C V, and the embedding operator
Eg. : V. — Vs is continuous and has dense range. In particular, V# is dense
in every V.

2.2 Examples

Let us give some simple examples of PIP-spaces.
(i) Sequence spaces

Let V' be the space w of all complex sequences = = (z,,) and define on
it (i) a compatibility relation by z#y < > 7| |xn yn| < o0o; (ii) a partial
inner product (z|y) = > o7 | Ty Yn.

Then w? = ¢ , the space of finite sequences, and the complete lattice
F(w, #) consists of Kothe’s perfect sequence spaces [21, § 30]. Among these,
typical assaying subspaces are the weighted Hilbert spaces

Cr)y={(zn) s Y _ |zl r,? < oo}, (2.2)
n=1

where r = (ry,), r, > 0, is a sequence of positive numbers. The involution
is £2(r) « £2(F) = £2(r)*, where 7,, = 1/r,. In addition, there is a central,
self-dual Hilbert space, namely, ¢2(1) = ¢2(1) = 2, where 1 = (1).

(ii) Spaces of locally integrable functions

Let now V be LIIOC(R, dx), the space of Lebesgue measurable functions,

integrable over compact subsets, and define a compatibility relation on



214 JEAN-PIERRE ANTOINE - CAMILLO TRAPANI

it by f#g © [p|f(x)g(z)|dr < oo and a partial inner product (f|g) =
Jy T@)g(a) da.

Then V# = LX(R,dz), the space of bounded measurable functions
of compact support. The complete lattice F (Llloc,#) consists of Kothe
function spaces [11, 16]. Here again, typical assaying subspaces are weighted
Hilbert spaces

I2(r) = {f € L, (R, dx) : / @) Pr)2de <o}, (23)
R

with r,r=! € L2 (R,dz),r(z) > 0 a.e. The involution is L?(r) +> L%(7),

loc

with 7 = r =1, and the central, self-dual Hilbert space is L?(R, dx).
(iii) Nested Hilbert Spaces

This is the original construction of Grossmann [18] for finding an “easy”
substitute to distributions, and actually one of the motivations for intro-
ducing pip-spaces. And indeed the two are closely related, see [8, Sec.2.4.1].

(iv) Rigged Hilbert Spaces

This is the simplest example of PIP-space, but it is a rather poor one.
Indeed, in the RHS (1.1), two elements are compatible if both belong to H,
or one of them belongs to ®. Thus the three defining spaces are the only
assaying subspaces. The partial inner product is, of course, simply that of
H (provided the sesquilinear form that puts ® and ®* in duality has been
correctly normalized).

3 Lattices of Hilbert or Banach Spaces

From the previous examples, we learn that F(V,#) is a huge lattice
(it is complete!) and that assaying subspaces may be complicated, such
as Fréchet spaces, nonmetrizable spaces, etc. This situation suggests to
choose an involutive sublattice Z C F, indexed by I, such that

(i) Z is generating:

f#g < Jr el suchthat f €V, g€ Vi; (3.1)

(ii) every V,.,r € I, is a Hilbert space or a reflexive Banach space;
(iii) there is a unique self-dual, Hilbert, assaying subspace V, = V5.

In that case, the structure V; := (V,Z, (-|-)) is called, respectively, a lattice
of Hilbert spaces (LHS) or a lattice of Banach spaces (LBS). Both types are
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particular cases of the so-called indexed PIP-spaces [8]. Note that V#, V
themselves usually do not belong to the family {V,., » € I}, but they can

be recovered as
VE=(V,, V=) V.
rel rel

In the LBS case, the lattice structure takes the following form

. Vong = Vp NV, with the projective norm
1 lpng = ILf1lp + 11 llqs

. Vovg = Vp + V4, with the inductive norm

[fllpvg = it (lgllp + [1Bllg) g € Vp, h € V.
f=g+h
These norms are usual in interpolation theory [9]. In the LHS case, one
takes similar definitions with squared norms, in order to get Hilbert norms
throughout.

The definition given above leads to the proper notion of comparison
betwen two linear compatibilies on the same vector space. Namely, we shall
say that a compatibilty #; is finer than #s, or that #s is coarser that #1,
which we note #o < #;, if F(V,#) is an involutive cofinal sublattice of
F(V,#1) (Given a partially ordered set F', a subset K C F'is cofinal to F
if, for any element x € F', there is an element k € K such that z < k.).

Now, suppose a linear compatibility # is given on V. Then, every
involutive cofinal sublattice of F(V, #) defines a coarser PIP-space, and wvice
versa. Thus coarsening is always possible, and will ultimately lead to a
minimal PIP-space, consisting of V# and V only, that is, the situation
of distribution spaces. However, the operation of refining is not always
possible, in particular there is no canonical solution, a fortiori no unique
maximal solution. There are exceptions, however. In the case of a LHS,
refining is possible, with infinitely many solutions, by use of interpolation
methods or the spectral theorem for self-adjoint operators. In particular,
one may always refine a discrete scale of Hilbert spaces into a (nonunique)
continuous one, and even into a continuous LHS [8, Chap. 5].

4 Examples of LBSs

In this section, we will list a series of concrete examples of LBSs, some of
which are of particular interest in signal processing. For simplicity, we will
restrict ourselves to one dimension, although most spaces may be defined
on R™, n > 1, as well.
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4.1 Chains of Hilbert or Banach spaces

Typical are the two examples described in Section 1.

(1) The chain of Lebesgue spaces on a finite interval Z = {L([0, 1], dx),
1 <p<oo}.
The chain (1.2) is a (totally ordered) lattice. The corresponding lattice
completion is obtained by adding “nonstandard” spaces , such as

L~ = ﬂ L? (non-normable Fréchet), LT = U L? (nonmetrizable).

1<g<p p<g<oo

(2) The scale (1.4) of Hilbert spaces {H,,,n € Z} built on powers of A =
A* > 1. The lattice completion is similar to the previous one, introducing
analogous “nonstandard” spaces [8, Sec.5.1].

4.2 Sequence spaces
In w, we may take the lattice Z = {¢?(r)} of the weighted Hilbert spaces
defined in (2.2), with

. infimum: 2(p A q) = 2(p) A %(q) = £2(r), 7 = min(pn, qn) ;

. supremum: £2(pV q) = £2(p) V £2(q) = *(s), 85, = max(pn, qn) ;

. duality: 2(pAq) < 2(pVQ), PP(pVq) < 2(DAT])
(the norms above are equivalent to the projective and inductive norms,
respectively).

4.3 Spaces of locally integrable functions

In Ll (R,dx), we may take the lattice Z = {L?(r)} of the weighted Hilbert

spaces defined in (2.3), with
. infimum: L*(p A q) = L*(p) A L*(q) = L*(r), () = min(p(z), ¢(z)) ;
. supremum: L*(pV q) = L*(p)V L*(q) = L?(s), s(x) = max(p(z), ¢(x)) ;
. duality: L2(pAq) < L*(pV q), L:(pV q) < L2 (D A Q).
(here too, these norms are equivalent to the projective and inductive norms,
respectively).

4.4 The spaces LP(R,dz), 1 < p < oo

The spaces LP(R,dz), 1 < p < oo do not constitute a scale, since one has
only the inclusions LP N LY C L*, p < s < q. Thus one has to consider the
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1/q

A

L) = pen ! P L} L

Lonpe)  PALU=L®9 LY [ L9 = Lt 4 1

iLZ

- 1
L> LP>®) — [p 4 [ L) — 1 4 oo /P

Figure 1: The unit square describing the lattice J.

lattice they generate, with the following lattice operations:
. LPANLY = LPN LY, with projective norm,
. PV LY =[P+ L9 with inductive norm.
For 1 < p,q < oo, both spaces LP A L? and LP VvV LY are reflexive Banach
spaces and their conjugate duals are, respectively, (LP A L?)* = LP \ L1
and (LP Vv L9)* = LP N LY.
It is convenient to introduce the following unified notation :

L(p,q) — LP A Lq7 if p = q,
LPv Le,  if p<q.

Then, for 1 < p,q < 0o, L9 is a reflexive Banach space, with dual LP®.
Next, if we represent (p,q) by the point of coordinates (1/p,1/q), we
may associate all the spaces L9 (1 < p,q < o) in a one-to-one fashion
with the points of a unit square J = [0,1] x [0,1] (see Figure 1). Thus, in
this picture, the spaces LP are on the main diagonal, intersections LP N L4
above it and sums LP + L? below.
The space L®% is contained in L®*"9) if (p,q) is on the left and/or
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above (p',¢'). Thus the smallest space is
vi# =D = onL!
J
and it corresponds to the upper left corner, the largest one is
‘/J _ L(l,oo) — Ll —|—LOO,

corresponding to the lower right corner. Inside the square, duality cor-
responds to (geometrical) symmetry with respect to the center (1/2,1/2)
of the square, which represents the space L2. The ordering of the spaces
corresponds to the following rule:

LD c L) = (p,q) < (V,¢) = ' 2p and ¢ <q.  (41)

With respect to this ordering, J is an involutive lattice with the operations

P AN@.d)=mVD,and),
oV @.d)=mrr,qvd),
(p,q) = (P, 9),

where p A p' = min{p,p'}, pV p' = max{p,p’}. It is remarkable that the
lattice J generated by Z = {LP} is obtained at the first “generation”. One
has, for instance, L("%) A L(@:0) = [(rVa:sAb) hoth as sets and as topological
vector spaces.

4.5 Mixed norm Lebesgue spaces L74(R?)

Mixed norm spaces are close relatives to the Lebesgue LP spaces . The
definition runs as follows [17, Sec.11.1] (for the general case, one replaces
R¢ x R? by the product (X, u) x (Y,v) of two o-finite measure spaces):

LB (R??) = {f Lebesgue measurable on R?? : || |5 < oo}, 1 < p,q < oo,

where
/ 1/q
\fw:</ ( / \f(x,wnpm(x,w)pdx)“’dw) |
Rd \JRd

Here m is a weight function, that is, a non-negative locally integrable func-
tion on R24. In addition, m is assumed to be v-moderate, i.e., m(z1+22) <
v(z1)m(z2), for all 21, zo € R??, with v a submultiplicative weight function,
that is, v(z1 + 22) < v(21)v(2z2), for all 21,29 € R2d. The typical weights
are of polynomial growth: vs(z) = (1 +|z])%, s > 0.
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The space Lh;?(R??) is a Banach space for the norm || - ||, The duality
property is, as expected, (Lh,7)* = L?’/qm. Of course, things simplify when
p=q LHP(R%*) = L}, (R%), a weighted LP space.

Concerning lattice properties of the family of LL? spaces, we cannot
expect more than for the L spaces. Two Lb;? spaces are never comparable,
even for the same weight m, so one has to take the lattice generated by

intersection and duality.

A different type of mixed-norm spaces is obtained if one takes X =Y =
7%, with the counting measure. Thus one gets the space £5%(Z>?), which
consists of all sequences a = (axy,), k,n € Z4, for which the following norm
is finite:

1/q
llall e, = ( Z ( Z g |P m(k,n)p)q/p> ’

nezd  kezd

where m(-,-) is a weight function on Z2?. Contrary to the continuous case,
here we do have inclusion relations: if p; < p2,q1 < g2 and mg < Cmy,
then (57 C oh2®,

Discrete mixed-norm spaces have been used extensively in functional
analysis and signal processing. For instance, they are key to the proof that
certain operators are bounded between two given function spaces, such
as modulation spaces (see below) or (P spaces. In general, a mixed-norm
space will prove useful whenever one has a signal consisting of sequences
labeled by two indices that play different roles. An obvious example is
time-frequency or time-scale analysis: a Gabor or wavelet basis (or frame)
is written as {¢;x, j,k € Z}, where j indexes the scale or frequency and k
the time. More generally, this applies whenever signals are expanded with
respect to a dictionary with two indices.

4.6 Amalgam spaces

A situation intermediate between the mixed-norm spaces LP9(R??) (for
m = 1) and the spaces £P9(Z>?) is that of the so-called amalgam spaces.
They were introduced specifically to overcome the inability of the LP norms
to distinguish between the local and the global behavior of functions. The
simplest ones are the spaces W (LP, ¢%) of N. Wiener [14], which consist of
functions on R which are locally in LP with 9 behavior at infinity, in the
sense that the LP norms over the intervals (n,n + 1) form an ¢¢ sequence.
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It is a Banach space for the norm

00 n+1 a/p) V4
||f||p,q={ > [/ If(fﬂ)l”dfc} } , 1< p, g <oo.

n=—0oo

The following inclusion relations, with all embeddings continuous, are more
or less obvious from those of the LP and the ¢¢ spaces:

. If 1 < go, then W(LP, ¢1v) C W(LP, (%2).

. If p1 < po, then W(LP2 09) C W(LP, (9).
It follows that the smallest space is W(L>, ¢') and the largest space is
W (LY, £).

As for duality, one has W (LP,£9)* = W (LP,¢9), for 1 < p,q < co.

The interesting fact is that, for 1 < p, ¢ < oo, the set J of all amalgam
spaces {W(LP, ¢7)} may be represented by the points (p, ¢) of the same unit

square J as in the example of the LP spaces, with the same order structure.
However, J is not a lattice with respect to the order (4.1). One has indeed

W (LP, £9) AW (LP' 7)) D W (LPVP' 427y,
W(LP, £9) v W(LP  47) ¢ W(LPW' gavey,

where again A means intersection with projective norm and V means vector
sum with inductive norm, but equality is not obtained. Thus, as in the
previous case, one gets chains by varying either p or ¢, but not both.

Among the amalgam spaces, especially useful is the family W (FLP, ¢7),
1 < p,g < oo, where FLP denotes the set of Fourier transforms of L?
functions (one may even add weights on both spaces). These spaces have,
for instance, nice inclusion and convolution properties.

Among these, the most interesting one is So = W (FL!,¢'), called the
Feichtinger algebra [12, 13]. The space Sy has many interesting properties,
for instance:

(i) So is a Banach space for the norm || f|ls, = ||[Vg fll1, and S —
So < L?, with all embeddings continuous with dense range. Here gq is the
Gaussian and V, f denotes the Short Time Fourier (or Gabor) Transform
(STFT) of f € L?(R%), namely,

Vo) = [ S=a f@)e ™ dy. aweRl (12

(ii) Sp is a Banach algebra with respect to pointwise multiplication and
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convolution.

(iii) Time-frequency shifts T, M,, are isometric on Sy : |7 M, flls, =
|| fllsy, where, as usual, (T,9)(y) = g(y — x) (translation) and (M,h)(y) =
e?™ W< h(y) (modulation). Sp is continuously embedded in any Banach space
with the same property and containing gg, thus it is the smallest Banach
space with this property.

(iv) The Fourier transform is an isometry on Sy : || F f|ls, = || flls,-
Next we turn to the (conjugate) dual S;° of Sy. It is a Banach space with
norm Hf||50x = ||V fllo- The space S; contains both the ¢ function and
the pure frequency x,,(z) = e~ 2m@w,
In virtue of (i) above, we have

S8y — L? — SF — S, (4.3)

where all embeddings are continuous and have dense range. It turns out
that the triplet
So(R?) «— L2(RY) — SF(RY) (4.4)

is the prototype of a Banach Gel’fand triple, that is a RHS (or LBS) in
which the extreme spaces are (nonreflexive) Banach spaces. This is often
a very convenient substitute for Schwartz” RHS and it is widely used in
signal processing.

4.7 Other function spaces

Many other families of function spaces of interest in analysis or signal pro-
cessing are, or contain, lattices of Banach spaces. To quote a few:

(i) Kothe perfect sequence spaces, mentioned in Section 2.2 (ii);

(ii) Kothe function spaces (which contain all types of Lebesgue spaces);

(iii) Modulation spaces M#?(R?), well adapted to Gabor analysis. Indeed,
given a v-moderate weight function m(z,w), the modulation space
MP4 is defined in terms of a mixed-norm of a STFT:

MPARY) = {f € S*(RY) : V,f € LR}, 1< p,q< 0.

For p = q, one writes M%, = ME?. The space ME? is a Banach space
for the norm

1 lazze = Vo fllczye-

In particular, the Feichtinger algebra and its dual are simple modula-
tion spaces, namely, Sp = M' and S =M=,
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(iv) Inhomogeneous Besov spaces B;q(Rd), well adapted to wavelet analy-
sis;

(v) a-modulation spaces, which are intermediate between modulation spaces
and Besov spaces;

(vi) Coorbit spaces, which contain many of the previous cases.

For further information about those spaces, we refer to our monograph [8,
Chap.4 and Chap.8].

5 Operators on PIP-spaces

5.1 General definitions

As already mentioned, the basic idea of (indexed) PIP-spaces is that vectors
should not be considered individually, but only in terms of the subspaces
V, (r € F or r € I), the building blocks of the structure, see (3.1). Cor-
respondingly, an operator on a PIP-space should be defined in terms of
assaying subspaces only, with the proviso that only bounded operators be-
tween Hilbert or Banach spaces are allowed. Thus an operator is a coherent
collection of bounded operators. More precisely,

Definition 5.1 Given a LHS or LBS Vi = {V,, r € I}, an operator on Vi
is a map A : D(A) — V, where

(i) D(A) = Uged(a) Ve, with d(A) a nonempty subset of I;

(ii) for every q € d(A), there exists a p € I such that the restriction
of A to Vg is linear and continuous into V), (we denote this restriction by

APQ);
(i1i) A has no proper extension satisfying (i) and (ii).

The linear bounded operator A, : V; — V), is called a representative of
A. In terms of the latter, the operator A may be characterized by the set
j(A) ={(g,p) € I x I: A, exists}. Thus the operator A may be identified
with the collection of its representatives,

A= {Ay Vg = Vy:(g,p) €i(A)}

By condition (iii), the set d(A) is obtained by projecting j(A) on the “first
coordinate” axis. The projection i(A) on the “second coordinate” axis
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Figure 2: Characterization of the operator A, in the case of a chain.

plays, in a sense, the role of the range of A. More precisely,

d(A) = {q € I : there is a p such that A, exists},
i(A) = {p € I : there is a g such that A,, exists}.,

The following properties are immediate:

. d(A) is an initial subset of I: if ¢ € d(A) and ¢’ < ¢, then ¢’ € d(A),
and Apy = ApqE,y, where Ey is a representative of the unit operator
(this is what we mean by a ‘coherent’ collection).

. i(A) is a final subset of I: if p € i(A) and p’ > p, then p’ € i(A) and
Apqg = EypApg.
. j(A) C d(A) xi(A), with strict inclusion in general.

In order to get a feeling about this machinery of representatives of opera-
tors, we present in Figure 2 the case of a chain, i.e., I ~ R (or Z). Given
a pair (¢,p) € j(A), the quarter plane above and on the left of that point
(¢,p) contains all successors of (g, p) with respect to the partial order <
defined in (4.1). Thus j(A) is a union of such quarter planes. As for its
projections, either d(A) = I ~ R or the initial set d(A) has a maximal
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element gmax = Vged(a)q- Similarly, either i(A) = I ~ R or the final set
i(A) has a minimal element ppyi, = Npei(A) P- When both ¢max and pmin
exist (or are ‘finite’), then j(A) is contained in the quarter plane delimited
by ¢ < ¢max and p = pmin. In this way one sees that the larger j(A), the
‘better’ the operator A (think, for instance, of the Sobolev spaces).

We denote by Op(V7) the set of all operators on V7. Of course, a similar
definition may be given for operators A : Vi — Y between two LHSs or
LBSs and the corresponding set Op(V7, Yi).

Since V# is dense in V;, for every r € I, an operator may be identified
with a separately continous sesquilinear form on V# x V#. Indeed, the
restriction of any representative A,, to V# x V# is such a form, and all
these restrictions coincide. Equivalently, an operator may be identified with
a continuous linear map from V# into V (continuity with respect to the
respective Mackey topologies).

But the idea behind the notion of operator is to keep also the algebraic
operations on operators, namely:

(i) Adjoint : every A € Op(V;) has a unique adjoint A* € Op(V7),
defined by the relation

(A*z|y) = (z|Ay), fory € V;, r € d(A), and = € V5, s € i(A),
that is, (A*)rm = (As)™ (usual Hilbert/Banach space adjoint).

It follows that A** = A, for every A € Op(V]): no extension is
allowed, by the maximality condition (iii) of Definition 5.1.

(ii) Partial multiplication: AB is defined if and only if there is a ¢ €
i(B) Nd(A), that is, if and only if there is a continuous factorization
through some V; :

V, 2 v, 4 V., e, (AB)g = AyB,.

It is worth noting that, for a LHS/LBS, the domain D(A) is always a vector

subspace of V' (this is not true for a general piP-space). Therefore, Op(V7)
is a vector space and a partial *-algebra [6].

The concept of PIP-space operator is very simple, yet it is a far reaching
generalization of bounded operators. It allows indeed to treat on the same
footing all kinds of operators, from bounded ones to very singular ones. By
this, we mean the following, loosely speaking. Take

V., CV,~VzCVy (V,=Hilbert space).
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Three cases may arise:
. if A,, exists, then A corresponds to a bounded operator V,, — Vj;
. if Ay, does not exist, but only A, : V.. = V,, with r < o, then A
corresponds to an unbounded operator, with domain D(A) D V;;
if no A, exists, but only A, : V., — Vi, with r < o < s, then
A corresponds to a singular operator, with Hilbert space domain possibly
reduced to {0}.

5.2 Special Classes of Operators on PIP-spaces

Exactly as for Hilbert or Banach spaces, one may define various types of
operators between PIP-spaces, in particular LBS/LHS. We discuss briefly
the most important classes, namely, regular operators, homomorphisms
and isomorphisms, unitary operators, symmetric operators, and orthogonal
projections. Further details may be found in the monograph [§].

5.2.1 Regular and totally regular operators

An operator A on a nondegenerate, positive definite PIP-space, resp. a
LBS/LHS V7, is called regular if d(A) = i(A) = I or, equivalently, if
A:V# 5 V#and A : V — V continuously for the respective Mackey
topologies. This notion depends only on the pair (V#, V), not on the par-
ticular compatibility #. The set of all regular operators V; — V7 is denoted
by Reg(Vr). Thus a regular operator may be multiplied both on the left
and on the right by an arbitrary operator. Clearly, the set Reg(V7) is a
*-algebra and can often be identified with an O*-algebra [6, 23].
We give two examples.

(1) If V = w,V# = ¢, then Op(w) consists of arbitrary infinite matrices
and Reg(w) of infinite matrices with finite rows and finite columns.

(2) If V = 8%, V# = S, then Op(S*) consists of arbitrary tempered ker-
nels, while Reg(S*) contains those kernels that can be extended to S* and
map S into itself. A nice example is the Fourier transform.

An operator A is called totally regular if j(A) contains the diagonal
of I x I, i.e., A, exists for every r € I or A maps every V, into itself
continuously.

5.2.2 Homomorphisms

Let Vi, Yk be two LHSs or LBSs. With an obvious modification of the
definition of the set j(A), given in Section 5.1, an operator A € Op(V7, Yk )
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is called a homomorphism if
(i) (A) =1 x K and j(A*) = K x I ;

(ii) f#rg implies Af #x Ag.
We denote by Hom(V7, Yi) the set of all homomorphisms from V; into Y.
The following properties are easy to prove:

(i) A € Hom(V7,Yk) if and only if A* € Hom(Yxk, Vi).

(ii) If A € Hom(V7,Yk), then j(A* A) contains the diagonal of I x I and
J(AAX) contains the diagonal of K x K.

The homomorphism A € Hom(V7, Yi) is an isomorphism if there exists
a homomorphism B € Hom(Yx, V;) such that BA = 1y, AB = 1y, where
1y, 1y denote the identity operators on V7, Yy, respectively.

For instance, Fourier transform is an isomorphism of the Schwartz RHS
S C L? C 8% onto itself and, similarly, of the Feichtinger triplet (4.4)
onto itself. In both cases, the property extends to several scales of lattices
interpolating between the two extreme spaces, for instance, the Hilbert
chain of the Hermite representation of tempered distributions.

5.2.3 Unitary operators and group representations

The operator U € Op(V7, Yk) is unitary if U*U and UU* are defined and
U*U = 1y,UU* = 1y. We emphasize that unitary operators need not
be homomorphisms! In fact, unitarity is a rather weak property and it is
insufficient for group representations..

Thus a unitary representation of group G into a PiP-space V7 is defined
as a homomorphism of G into the unitary isomorphisms of V;. Given such
a unitary representation U of G into V7, where the latter has the central
Hilbert space Ho, consider the representative Upg(g) of U(g) in Ho Then
g — Upo(g) is a unitary representation of G into Hy, in the usual sense.

To give an example, let V7 be the scale built on the powers of the
operator (Hamiltonian) H = —A + v(r) on L?(R3,dx), where A is the
Laplacian on R? and v is a (nice) rotation invariant potential. The system
admits as symmetry group? G = SO(3) and the representation Upyg is the
natural representation of SO(3) in L?(R3):

[Uoo(p)¥] (x) = % (p~'x) , p € SO(3).

2The full symmetry group might be larger; for instance, the Coulomb potential admits
SO(4) as symmetry group for its bound states.
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Then Uy extends to a unitary representation U by totally regular isomor-
phisms of V; and angular momentum decompositions, corresponding to
irreducible representations of SO(3), extend to V; as well. In addition, this
is a good setting also for representations of the Lie algebra so(3). Notice
that the representation U is totally regular, but this need not be the case.
For instance, if the potential v is not rotation invariant, U will no longer
be totally regular, although it is still an isomorphism.

5.2.4 Symmetric operators

An operator A € Op(V7) is symmetric if A* = A. Since one has A** = A,
no extension is allowed, by the maximality condition. Thus symmetric
operators behave essentially like bounded self-adjoint operators in a Hilbert
space. Yet, they can be very singular, as indicated above, for a chain

vtc..cV,cV,=VscCcV,C...CcV.

In this case, the question is whether a symmetric operator A € Op(V7) has
a self-adjoint restriction to the central Hilbert space V,. In a Hilbert space
context, an answer is given by the celebrated KLMN theorem.? Actually,
this classical result already has a distinct PIP-space flavor. Thus is not
surprising that the KLMN theorem has a natural generalization to a LHS
or a positive definite PIP-space with central Hilbert space V, = V5, and a
quadratic form version as well.

An interesting application is a correct description of very singular Hamil-
tonians in quantum mechanics, typically with § or ¢’ interactions. For in-
stance, one can treat in this way the Kronig-Penney crystal model, which
consists of a & potential at each node of a lattice, in one, two or three
dimensions [19].

5.2.5 Orthogonal projections, bases, frames

An operator P on a nondegenerate PIP-space V, resp. a LBS/LHS V7, is
an orthogonal projection if P € Hom(V7) and P2 = P = P*. It follows
immediately from the definition that an orthogonal projection is totally
regular, i.e., j(P) contains the diagonal I x I, or still that P leaves every
assaying subspace invariant. Equivalently, P is an orthogonal projection if
P is an idempotent operator (that is, P2 = P) such that {Pf}# D {f}# for
every f € V and (g|Pf) = (Pg|f) whenever f#g. We denote by Proj(V)
the set of all orthogonal projections in V' and similarly for Proj(V7).

SKLMN stands for Kato, Lax, Lions, Milgram, Nelson.
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These projection operators enjoy several properties similar to those of
Hilbert space projectors. Two of them are of special interest in the present
context.

(i) Given a nondegenerate PIP-space V', there is a natural notion of sub-
space, called orthocomplemented, which guarantees that such a subspace
W of V is again a nondegenerate PIP-space with the induced compatibility
relation and the restriction of the partial inner product. There are equiva-
lent topological conditions, so that orthocomplemented subspaces yield the
proper notion of pip-subspace [4]. Then the basic theorem about projec-
tions states that a subspace W of V is orthocomplemented if and only if
W is the range of an orthogonal projection P € Proj(V), i.e., W = PV.
Then V =W & Z, where Z is another orthocomplemented subspace.

(ii) An orthogonal projection P is of finite rank if and only if W =
Ran P C V# and W N W+ = {0} (this condition is, of course, superfluous
when the partial inner product is positive definite).

There is a natural partial order on the set of projections:
Py < Pyifand only if W C Y,

but lattice properties are unknown.

Property (ii) has important consequences for the structure of bases.
First we recall that a sequence {e,,n = 1,2,...} of vectors in a Banach
space E is a Schauder basis if, for every f € E, there exists a unique
sequence of scalar coefficients {cg, k = 1,2,...} such that

m
Jim | f ~ ;ckekﬂ =0.
Then one may write
oo
f = chek. (51)
k=1

The basis is unconditional if the series (5.1) converges unconditionally in
E (i.e., it keeps converging after an arbitrary permutation of its terms).

A standard problem is to find, for instance, a sequence of functions that
is an unconditional basis for all the spaces LP(R), 1 < p < oo. In the PIP-
space language, this statement means that the basis vectors must belong
to V# = Micpeoc LP(R) = LE(R). Also, since (5.1) means that f may be
approximated by finite sums, the property (ii) of orthogonal projections
implies that all the basis vectors must belong to V#. A typical example is
the well-known Haar basis.
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Actually, in the context of signal processing, orthogonal (in the Hilbert
sense) bases are not enough, one needs also biorthogonal bases and, more
generally, frames. We recall that a countable family of vectors {¢,} in a
Hilbert space H is called a frame if there are two positive constants m,M,
with 0 < m < M < oo, such that

mlfI> < D Kl HI> < MIfI?, Vf e (5.2)
n=1

The two constants m, M are called frame bounds. If m = M, the frame is
said to be tight. Consider the analysis operator C' : H — ¢? defined by
C: f = {(¢¥nlf)} and the frame operator S = C*C. Then the vectors
Y, = S~p, also constitute a frame, called the dual frame, and one has the
(strongly converging) expansions

o

F=> Wl f)¥, Z Unl f) ¥

n=1

Then the considerations made above for bases should apply to frame vectors
as well, i.e., the vectors 1, ¢, should also belong to V7.

6 Application of pipP-spaces

6.1 Mathematical physics

PIP-spaces have found many applications in mathematical physics. Most of
what follows is described in detail in [8].

(1) Rigorous formulations of Dirac formalism in quantum mechanics: as it
is well-known, the Dirac formalism of quantum mechanics cannot be given
a rigorous formulation in a pure Hilbert space context. This had prompted
several authors [2, 10, 26] to propose a rigorous version in terms of a RHS
(generated from the observables of the system at hand), combined with
the generalized spectral theorem of Gel’fand-Maurin [15, 24]. However, the
construction is such that a PiP-space version is easily obtained.

(2) Symmetries, singular interactions in quantum mechanics : several other
topics in quantum mechanics can be advantageously formulated in a RHS or
PIP-space language. For instance, the implementation of symmetries, with
the two dual points of view, the active one and the passive one [7]. Another
problem is a correct definition of a Hamiltonian with a singular interaction,
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already mentioned in Sec. 5.2.4 [19]. Here the pIp-space approach is a
convenient substitute to the usual formulation in terms of von Neumann’s
theory of self-adjoint extensions of symmetric operators [1].

(3) Quantum scattering theory : the Weinberg-van Winter (WVW) formu-
lation of scattering theory [29] has a very natural interpretation in terms of
a LHS, whose components, including the extreme ones, are Hilbert spaces
consisting of functions analytic in a sector; thus the indexing parameter is
the opening angle of that sector. With this technique it has been possible to
show that the WVW formalism is a particular case of the Complex Scaling
Method [8, Sec. 7.2.3], a result hitherto unknown.

(4) Quantum field theory : various rigorous formulations of QFT rely heav-
ily on a RHS or a pPip-space approach, for instance, Wightman’s axiomatic
formulation, the construction via the Borchers algebra, Nelson’s Euclidean
field theory, or the precise treatment of unsmeared fields (fields at a point).
See [8, Sec.7.3] for a detailed presentation.

(5) Representations of Lie groups and Lie algebras: the proper framework
for this topic is Nelson’s theory of analytic vectors. Let G be a Lie group
and Upg a unitary representation of G in a Hilbert space Hg. Let A be the
closure of the Nelson operator A := Z?Zl X]z, where {X;,5 = 1,...,n}
are the representatives under Uyg of the elements of a basis of the Lie
algebra g of G. A is self-adjoint and A > 0. Define V; := {H,,n € Z}
as the canonical scale of Hilbert spaces generated by the operator A + 1.
Then Uy extends to a unitary representation U in the LHS V7, in the
sense of Section 5.2.3. In addition, both the Lie algebra g and its universal
enveloping algebra $(g) have nice representations in V7. See [8, Sec.7.] for
further details.

6.2 Signal Processing

Most families of function spaces used in Gabor/wavelet analysis come in
scales or lattices and, in fact, are or contain PIP-spaces. The (lattice)
indices defining the (partial) order characterize the properties of the corre-
sponding functions or distributions: smoothness, local integrability, decay
at infinity, etc. Such are, for instance, amalgam spaces, modulation spaces,
Besov spaces or coorbit spaces, mentioned above. Thus it seems natural
to formulate the properties of various operators globally, using the theory
of PIP-space operators, in particular the set j(A) of an operator encodes
its properties in a very convenient and visual fashion. In addition, it is
often possible to determine uniquely whether a function belongs to one of
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those spaces simply by estimating the (asymptotic) behavior of its Gabor
or wavelet coefficients, a real breaktrough in functional analysis [25].

We may therefore expect that the pip-space formalism will play a sig-

nificant role in Gabor/wavelet analysis, as well as in mathematical physics.
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Quasi *-algebras arising from extensions
of positive linear functionals

Giorgia Bellomonte

Abstract. In this paper we show how some known quasi *-algebras
can also be obtained through the construction of slight extensions of
nonclosable positive linear functionals defined on dense *-subalgebras
Ao of given topological *-algebras. Moreover, we consider also, for
each of the functionals we present, their absolutely convergent exten-
sions and the GNS *-representations of the quasi *-algebras arising in
the process of extension.
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1 Introduction

In [3] two techniques to extend nonclosable positive linear functionals have
been shown. Under suitable hypotheses, one of them permitted to construct
an absolutely convergent extension, the other one permitted to construct
slight extensions. In most cases, the domain of the extension (constructed
by means of a positive sesquilinear form associated to the functional) turns
out to be a quasi *-algebra. In this paper, we want to show, in full detail,
that known examples of quasi *-algebras can arise in the process of exten-
sion of nonclosable positive linear functionals. The first quasi *-algebra we
take into consideration is (L2(7), J1), where L?(7) is the noncommutative
L?-space constructed on a von Neumann algebra 9, starting from a normal
faithful semifinite trace 7. The second is (L?(X),C(X)) with X = [0,1].

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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It comes out by considering the extension of the Riemann integral on the
space of the continuous functions. The last case we examine is that of
(l2,2p) (with f9 the space of square-summable sequences and 2y the *-
algebra of the finite sequences 1), arising from the extension to infinite sum
of the sum of the elements of finite sequences.

Before going forward, we want to overview the main definitions and
results.

A quasi*-algebra is a couple (2, 2lp), where 2 is a vector space with
involution *, Qg is a *-algebra and a vector subspace of 2 and 2 is an g-
bimodule whose module operations and involution extend those of 2 [1, 8.

Throughout this paper we will deal with a topological *-algebra 2[7]
and a dense *-subalgebra 2y of A, where a positive linear functional w is
defined.

Such a functional w is called

e closable if
To — 0 and w(zy) — £, then £ = 0.

e admissible if, for every b € 2y, there exists 7, > 0 such that

lw(a*ba)| < ypw(a*a), Va € 2.

e trace on Ay if, w(ab) = w(ba) for every a,b € Ay.

Let us define
Gu = {(z,w(z)) € Ao x C; z € Ap}.

If w is nonclosable, G, contains couples (0,¢) with £ # 0. To every H,
subspace of 2l x C, such that

(g1) G, € H C Gy;

(g2) (0,¢) € H if, and only if, £ = 0.

there corresponds a so-called slight extension wgy of w, defined on

D(wgy)={zeU: (x,f) € H}

!The space of all sequences and the *-algebra of finite sequences are usually indicated
by w and ¢ respectively, according to Kothe [6]. However, here this notation would be
confusing.
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by
wg(x) =14,

where ¢ is the unique complex number such that (x, ) € H, see [4].

Remark 1.1 If w is nonclosable, then w admits infinitely many (maximal)
slight extensions (see Proposition 2.6 in [4]).

The set AT = {Z?:l a;aj; aj € Ql} is a convex cone in 2, whose ele-
ments may be regarded as the positive elements of 2. Let 2, = {z € A :
x = z*} denote the real vector space of all hermitian elements of 2. If
x,y € Ay, we write x < y if y — 2 € AT. We say that 2 has the property
(D) if, for every x € 2y, there exists a unique pair (z4,z_) € A" such that
ryrx— =z_zy =0 and
Dl) x =4 —x_;

D2) (x4+y)+ <zt +yy, Va,ye Ay with zy = yx;
D3) (A\z); =Azy, Vze A, AeRT;
D4) if z € A, N Ao, then x4 € A

(
(
(
(

Definition 1.2 Let 2 satisfy condition (D). A positive slight extension w
of w is called absolutely convergent if

r=z"€ DWw) ey, - € DWw).

Definition 1.3 A slight extension @ of a positive linear functional w is
said to be positively reqular if

@(a) =sup{w®): 0<b<a;beWAy}, Vac D@)NAT.

Let us recall the technique to construct a slight extension of a nonclos-
able positive linear functional by means of a sesquilinear form associated
to it, discussed in [3]. Even if w is nonclosable, it may happen that the
associated sesquilinear form ¢, on 2y x 2y defined by

vw(a,b) =w(b*a), a,be Ay
is closable. For sesquilinear forms, closability can be formulated as follows:
a, = 0 and Ywltn —am,ap—am) =0 as n,m — 0o = @y,(ap,a,) — 0.

If the topology of 2 is nonmetrizable, one should consider nets, instead of
sequences, in order to define the closability of ¢,. However, this choice
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would produce a much stronger (and unnecessary) condition than the one
used here.
If ¢, is closable, one can put

D(py)={ac : 3Ja, > a, a, € Ao and

Yw(an — am,an — ap) — 0 asn,m — oo}

and
SOW(CL, CL) = lim pr(aman)
n—oo

The closability condition implies that @, is well defined. Since D(@,) is a
vector space, @, can be extended to D(p,) x D(p,,) by polarization; i.e.,

3
__ 1 A k .k —
Pwl(a,b) = 1 E i"Ppu(a+1i"b,a+1i"b), a,be€ D(Py).

The form @, is closed in D(g,).

Once @, has been defined, if 2y has a unit e we can extend w to the
whole D(p,) as follows

@(z) = Pu(z,e), =€ D(@). (1.1)
By the definition itself, @ is a slight extension of w.

Remark 1.4 Proposition 4.4. in [3] guarantees that if w is an admissible
trace on g, then D(@y) is a quasi *-algebra over 2.

Now let us recall the main definitions about *-representations of quasi *-

algebras [1]. Let D be a dense subspace of the Hilbert space H, we put

LI(D,H) = {X closable linear operator in H : D(X) =D
and D(X*) S D}.

The set L’T(D,H) is a partial *-algebra w. r. to the usual operations
of addition, multiplication by scalar, the involution X — X' = X* | D
and the (weak) partial multiplication X; 0Xs = X 1T*X2, defined whenever
Xs is a weak right multiplier of X; (we shall write X € RY(X;) or X; €
L¥ (X)), that is, iff XoD c D(X,") and X|D c D(X3).
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Definition 1.5 A *-representation of a quasi *-algebra (2,2y) is a *-
homomorphism 7 of 2 into £(D,,H,), for some pair (D, H,), where
Dr is a dense subspace of the Hilbert space H, i.e. a linear map 7 : A —
LY (Dx, Hy) such that:

i) m(2*) =m(z)!, Ve,
)

ii) if x € A, a € Ay, then 7(z) is a weak left multiplier of 7(a) and
m(x)d7(a) = m(za).

If (2, 2p) has unit e, we assume 7(e) = I, the identity operator of D;.

The functional w defined on a quasi *-algebra 2, with distinguished 2o, is
said representable in the sense of [5] if

(L.1) w(a*a) >0, Va € Ap;
(L.2) w(b*z*a) = w(a*xb), Va,be Ay, Vr e,
(L.3) Va € 2, there exists v, > 0 such that

lw(z*a)| < yew(a*a)?, Va e Ap.

Indeed, as proved in Theorem 3.5 [5], conditions (L.1), (L.2) and (L.3) allow
a generalized GNS construction for the quasi *-algebra (2, 2lo).

2 Extensions of traces on von Neumann algebras

In this section, we show that the quasi *-algebra L?(7) over J; (where
L?(7) is the space of all measurable operators A such that u(A*A4) < oo
with p defined in (2.1) below and 77 the *-ideal of the elements of the von
Neumann algebra whose modulus has semifinite trace), is the domain of an
extension of a normal faithful finite trace 7, extension obtained by means
of a technique we introduced in [3, Section 4]. We also construct the abso-
lutely convergent extension of 7, and another extension of it by means of an
increasing net of central projections converging to the identity operator (in
alternative to a construction given by Bongiorno et al. in [4], by means of
an approximate identity) and, in the end, we show as the *-representation
of (L*(7), J1) defined by 7 works.

Let 2t be a von Neumann algebra on a Hilbert space H and let 7 be a
normal faithful semifinite trace defined on 9.
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We recall for the reader’s convenience the definition of the topology of
convergence in measure on M. For €,6 > 0, let N(e,0) = {A € M : for
some projection P € M, ||AP|| < e and 7(P+) < 6}. We endow 90 with the
translation-invariant topology t generated by the system {N(e,0);€,0 > 0}
of neighborhoods of 0.

If we complete 9 w.r. to t we obtain 2 = M the *_algebra of measur-
able operators. It should be noticed that 9 consists of operators affiliated
with 9%. From this fact it follows that, if X € %, then the operators
X, X_and |X| = (X*X)"/2 are in 2A.

We recall that the mappings

(i) A A* of M — M,
(ii) (A,B)+— A+ B of M x M — MN;
(iii) (A, B)+— AB of 9t x M — M,

have unique continuous extensions as mappings of 2l — 21 and 2 x A — 2.
The mappings (i), (ii) and their extensions, are uniformly continuous. The
map (iii) is uniformly continuous on products of sets which are bounded in
measure [9].
Let
J={X eM: 7(]X]) < o0}.

Then, J; is a *-ideal of M. Following Nelson [7], we denote with L!(7) the
Banach space completion of J; with respect to the norm

X1 = (X)), X e

We can extend 7 to L'(7) and obtain its unique absolutely convergent
extension.
To do this, let us consider y : AT — [0, +-00] defined by

u(A) =sup{r(X); 0< X <A X € 71} (2.1)

Then p verifies properties (AP;) and (AP») in [4], hence, by Proposi-
tion 2.21 in [4], p is a positively regular absolutely convergent exten-
sion of 7. Put D(u) = {A € 2A : u(|A]) < oo}. Then, using the no-
tation of [3], the “integral” of an element A € L'(7) = D(u) is de-
fined, p = 7 with 7 : L'(7) — [0,400] and 7(A) = 7(B) — i7(C) =
7(Bt) — 7(B-) + i[7(C+) — 7(C_)], taking into account that any A € A
can be decomposed as A = By — B_ +iC}y — iC_, where B = # and
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_ A-A*
C =454,

Now, we want to extend further the trace 7 to a larger set of measurable
operators. Let us suppose that 9 is finite (i.e. 7(I) < co & J1 = M).
In [4] Bongiorno et al. constructed a slight extension of 7 by means of an
approximate identity of J;. Here we want to construct a slight extension
by using an increasing net of central projections converging to the identity
operator.

Let {P,} with P, = P2 = P, P, € MN M, with M the commutant
of M, such that P, T L.

Recall that the following property holds (see [7]):

Xell(r), Ac M= AX € L'(7) and |7(AX)| < ||A||7(|X]). (2.2)
Put

DM, {P,}) ={X €A: P, X € L'(r) and 3lim |7 (P, X)| < oo},

depending on the net {P,} and
7(X) = lim7(P,X).

The extension 7 is slight and L'(7) C D(OM, {Py}).

Remark 2.1 In general the inclusion of L!(7) in D(9M, {P,}) is proper.
By (2.2) it follows that L'(7) C D(9M,{P,}). Let us consider the interval
I =10,1], f € L*(I) and the operator of multiplication by f

My :p e L¥(I) — fo € L*(D).

The set M = {M; : s f € L*°(I)} is a von Neumann algebra. The func-
tional 7(Mjy) fo x)dx, with f > 0, is a normal faithful finite trace
on M. Let us con51der the intervals Ja, 1] with @ > 0 and the operator
P, of multiplication by the characteristic functions xj4 1. The function
fo(z) = Lsin 13 is not Lebesgue integrable, hence My, ¢ L'(r), however

T(PaMy,) fo )dar—fllsm 3da?—fa L t(—75) sintdt < oo,
and, as a — 0, We obtam the well-known converging generahzed integral
I #dt. Thus, My, € D(OM, {P.}).

Remark 2.2 We could endow D(9, { P, }) of a norm strictly weaker than
that of L!(7):
1 = lim (P X)].



242 GIORGIA BELLOMONTE

It X € LI(r) then, by (2.2), |[r(PaX)| < | PallllX l1. Hence | X[l < X |-
The example discussed in Remark 2.1 also shows that the two norms are
not equivalent.

Now let us come back to case where 7 is semifinite and consider the
sesquilinear form ¢, on Jj X Ji, associated to 7, defined by

or(A,B) = 1(B*A), A,BeJ. (2.3)
Proposition 2.3 The sesquilinear form ¢, defined in (2.3) is closable.

Proof — Let us consider a sequence {A,} C J; such that A, % 0 and
or(Ap — Ap, A — Ap) — 0 as n,m — 0o. The former condition implies
that [|A,|l1 = 7(]4,|) — 0, the latter implies that

SOT(ATL - Ama Ay, — Am) = T(|An - Am|2) — 0.

This last condition implies that {A,} is a Cauchy sequence in the Banach
space L%(7) (the completion of {X € M : 7(]X|?) < oo} in the norm defined
by || X||l2 :== 7(|X|?)"/?) then there exists B € L?(7) such that A, e p
hence w. r. to || - ||1; it follows B = 0 since A, I,

r(An, An) = T(A}An) = 7(14n]?) = [ 4nl3 = 0.

The domain of the closure of ¢, is

D@)={Ae : 34, N 4 A, e and
A, — A3 = 0as n,m — oo} = L2(7).

Then we put

Zr(AA) = lim o (A,, Ay) = lim ||A,]3
n—oo n—oo
The closability condition implies that @, is well defined, it can be ex-
tended to L?(7) x L?(7) by polarization and it is closed in L?(7).

By means of the technique defined in [3, Section 4], if 77 has the identity
operator I (i.e. if 73 = 9, or equivalently if 7 is finite), we extend 7 to
L?(7) by putting

F(X)=%(X,I), X eL*r), (2.4)
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and look for properties of 7. By the definition itself, 7 is a slight extension
of .

The trace 7 is admissible. Indeed, for every B € J1, there exists yp > 0
such that
|T(A*BA)| < ypT(A*A), VA e J1,

in fact, by (2.2)
AeLl(r), X eM= XAe L' (r) and [7(XA)| < || X]||7((A*A)Y/?).
In particular for X = A*B, with A, B € 7,
[7(A*BA)| = [F(BAAY)| < || Bl|Ir(AA®) = | B|Ir(A*A).

Since 7 is an admissible trace, Proposition 4.4 in [3] forecasts that
(D(@7), J1) = (L*(1), J1) is a quasi-*algebra (as can be checked directly).

The functional 7 enjoys the properties (L.1), (L.2) and (L.3). They
are relevant, since they allow a generalized GNS construction for the quasi
*algebra (L2(7),J1) -

As for the *-representation of 7, the Hilbert space on which we con-
struct it, is equal to L?(7), because of the fact that the subset {A € L?(7) :
7(A*A) = 7(|AJ?) = 0} is the trivial one.

Now put D = D; = J; and if A € L*(7)
W;(A)B = AB, VB € 7.

Thus, 7z(A) is well-defined and maps J; into Ji, moreover mz(A) €
LY J, L?(7)) and 77(A)T = 7:(A%). Also, 7:(A)0mz(B) is well-defined
and 7:(AB) = m:(A)o7:(B), VA € L*(1),B € Ji. Thus, m; is a *-
representation mapping J; in L?(7), hence 7z is a bounded *-representation.

3 Extensions of the Riemann integral

The possibility of extending the Riemann integral (a classical problem that,
starting from Lebesgue, has allowed a series of different “new integrals”)
can also be cast in this general framework of extensions of positive linear
functionals defined on a *-algebra. In this case, the starting point is the *-
algebra C(X) of continuous functions, with X = [0, 1], which can be viewed
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as a dense subspace of the *-algebra of Lebesgue measurable functions.

So, let A be the *-algebra of Lebesgue measurable functions on X, 7 the
topology of convergence in measure, C'(X) the C*-algebra of all continuous
functions on X and

1
w(f) = /0 f(x)d. (3.1)

The functional w is nonclosable. To see this, it suffices to consider the
sequence { f, ()} with f,(x) = nz(1—22)", Vn € N, which tends pointwise
to zero, while the sequence of integrals has a nonzero limit.

Thus w admits infinitely many extensions; one of them is, for instance,
the improper integral defined on the space of the locally integrable func-
tions but there are many others. All of them are not absolutely convergent,
with the relevant exception of the Lebesgue integral.

Now we follow the path outlined in Section 1 to construct the extension
by the positive sesquilinear form ¢, on C(X) x C(X), defined by

1
ol 9) = /0 f(@)g(@)da.

As shown in [3], ¢, is closable.
We put

Do) ={fe% : 3fa > f, fn € C(X)and
Sow(fn_fm’fn_fm)—>0aSTL,m—>OO}

and )
wall.f) =l [ 1o
n—oo 0
Then we have the following
Proposition 3.1 D(gy) is equal to L*(X).

Proof — We just sketch the proof we gave in [2]. If f € D(py), then, by
definition, there exists a sequence of continuous functions { f, }, converging
in measure to f, which is Cauchy in L?(X). Hence {f,} converges to some
g w.r. to the L?—norm, then there exists a subsequence {f,, } converging
a.e. to g. Since the convergence a.e. implies the convergence in measure,
it follows that f = g € L?(X).

Viceversa, if f € L?(X), because of the density of C(X) in L?(X), there
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exists a sequence { f,} C C(X) converging to f in measure. Moreover, {f,}
is Cauchy in L?(X), hence f € D(%g). O

Since L?(X) is a vector space, @, can be extended to L?(X) x L?(X) by
polarization and through it we obtain the Lebesgue integral, the absolutely
convergent extension of w i.e.

w(f) =2u(f.1) /f dz, fe L*(X).

Since @ is an admissible trace, the couple (D(%y),C(X)) is a quasi
*_algebra. In this process of extension, we obtained the announced quasi
*_algebra with unit (L?(X),C(X)).

The functional @ satisfies the conditions (L.1), (L.2) and (L.3), hence
it is representable in the sense of [5].
Let us construct the generalized GNS construction for the quasi *-algebra
(L2(X), C(X)).
Since the subset {f € L%(X)|@(f*f) fo |f(z)|?dx = 0} is the null sub-
space, the Hilbert space on which we construct the *-representation of @ is
equal to L2(X).
Put D =Dy = C(X). If f € L*(X), we put

o(flg=fg  VgeC(X).

Then, m;(f) is well-defined and maps C(X) into L?(X), moreover

(f (
malf) € LHC(X), 2(X)) and ma(f)! = mo(f°).
Also, 75(f)D7s(g) is well-defined and 75(fg) = 7o (f)ong(g), Vf €

L?*(X),g € C(X). Thus, 7 is a *-representation of the quasi *-algebra
(L?(X),C(X)). By Theorem 3.5 in [5], there exists a closed cyclic *-
representation 7, of (L?(X), C(X)), with cyclic vector I, such that &(f) =
(7o (D), Vf € L?(X). This representation is unique up to unitary equiv-
alence.

As we already observed in [2], the representation 7, is not bounded.
Were it so, every 7,(f) should be bounded Vf € L?*(X), hence we could
extend 7, from C(X) to the whole L?(X). But this would imply that the
product of two elements in L?(X) is in L?(X), which is known to be not
true if, as in our case, X is an interval of the real line.

4 Sequence spaces and infinite sums

In this section we will show that the quasi *-algebra f5 over 21y, the space of
the finite complex sequences, can be obtained by extending a nonclosable
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functional defined on 2y. We show also its absolutely convergent extension
and the bounded *-representation of the quasi *-algebra ({2,%ly), by means
of infinite series on /5.

Let us consider the space 2 of all complex sequences?:

A :={(an) : an € C,Vn € N}.

Then, 2 is a *-algebra with respect to the usual operations. Let 7 be the
locally convex Hausdorff topology on 2l defined by means of the separating
family of seminorms

pr((an)) == sup |an|,
nel

with F' C N a finite subset.
Let us consider now the *-algebra 2l of all finite sequences, i.e.:

Ao :={(ap): IN €N a, =0Vn > N}.

Then, as it can be easily checked, 2y is a 7-dense *-subalgebra of 2. Let
us define a positive linear functional w on 2y by

+o0
w((an)) = an,  (an) € Ao, (4.1)
n=1

Then w is an admissible trace on 2.

In [3] we proved that the functional w is nonclosable (it suffices to con-
n—1
sider the sequence (by) C 2y, with by = (by,) and by, = n (ﬁ if

n < k and by, = 0if n > k, for n > 1), and that there exist infinitely
many possible extensions of w, which reduce to the ordinary sum for finite
sequences. This fact corresponds to the old problem of defining “infinite
sums”. The absolutely convergent extension w of w has domain coinciding
with the sequence space ¢; (see [3]) and is defined by

“+o0
W((an)) =Y an,  (an) € L1,
n=1
Following the technique presented in [3, Section 4], we can further ex-

tend w to a complex subspace of 2, larger than 2y, by means of the positive
sesquilinear form associated to w:

“+oo
Pu(%,Y) == Y Unn. (4.2)
n=1

2See footnote at page 236.
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for any two finite sequences x,y, with x = (2 )nen, ¥ = (Yn)nen-
The following proposition holds.

Proposition 4.1 The sesquilinear form ¢, defined in (4.2) is closable.

Proof — We just outline the proof we gave in [2]. Let us consider a
“sequence” of finite sequences (xj)ren, With X = (2 k)nen € o such that

i) X =0
1) Pu(Xp — Xp, Xk — Xp) 1= :3 |Tp 1 — mn,h|2 —0 as k,h — +oo.

Property i) implies that, ¥n € N, Ve > 0, there exixts k € N such that
Vk > k, |znk| < €. From ii) it follows that (x) is Cauchy in fs, hence it
converges in fq, then, in particular, Vn € N, Ve > 0 there exists ky € N
such that Vk > ko, |Tn 1k — zn| < e

We can conclude that, Vn € N, Ve > 0 and Yk > max{k, k2 }

0 < |zn| < |Tppl + [Tk — Tn| < 26,

hence the sequence x = {x,} € {3 is such that z,, = 0, ¥n € N and,

—+00
P (Xk, Xk) = Y [nk]® = 0 as k — +oo.
n=1
O
We put
D(@s) = {x=(zn) €: Ixp 5 X, X = (Tnp)nen € Ao and
Yw (X — Xp, X —xp) — 0 as k,h — oo}

and

+o00
Ta(x,x) = lm Y |z,
k—oo —1

The closability condition implies that @, is well defined. Since D(@y) is a
vector space, @, can be extended to D(@y,) X D(@y) by polarization. The
form @y, is closed in D(@y).

By Proposition 4.4 in [3] we already know that (D(%y), o) is a quasi *-
algebra. This, on the other hand, could be checked directly by the following
proposition.

Proposition 4.2 The set D(p,) coincides with {s.
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Proof — We just give an idea of the proof we gave in [2]. Fix x = {z,,} €
D(@y), then there exists (xi)ren C Ao with x; = {2y, k }nen such that

. T
i) X — X
1) Pu(Xp — Xp, X — Xp) 1= :iol |Tp i — Jcn,h|2 —0 ask,h— +oo.
Then,ifrom i) it follows that Vn € N, Ve > 0, there exixts k € N such that
Vk >k, |2, — xn| < € and from i), (x;) is Cauchy in /o, then it converges
in /5. Hence, it follows that, Vn € N, Ve > 0 there exists ko € N such that

Vk > ];32, |.CUn,k — yn\ < €. e
We can conclude that, Vn € N, Ve > 0 and Vk > max{k, k2 }

0 < |zp — yn| < |Znk — | + [Tnk — ynl| < 2,
hence y = x € /.

To prove the viceversa, considered any x = (z,) € {3, we take the
suitable sequence (xj)reny With xp = (Tpk)nen With 2, = 2, if n < k
and x,, = 0, if n > k; if we put l, ;, = min{h, k} and L = max{h,k},
then Ve > 0 there exists n € N such that Vs > n

+o0 Lp
Co(Xk = Xp, Xk = Xp) = > |k —nnl’ = D |z’ <6
n=1 s=lp,k+1
because of the fact that the sequence (z,) is Cauchy in /5. O
We extend w to D(@,) = {2 by putting
O(x) = Pu(x,€), x € la. (4.3)

By the definition itself @ is a slight extension of w.

Since @ satisfies conditions (L.1),(L.2) and (L.3), it is representable.
The subset {x = (z,,) € o : ©(x*x) = 32 |z,|? = 0} is the null sub-
space, then the Hilbert space on which we construct the *-representation
of & is exactly ¢5. Hence, we put D = D, = 2 and, if x € £,

To(X)y =%y = (@nYn)nen, Yy € Ap.

Thus, 75 (x) is well-defined and maps 2lp into 20y, moreover m5(Xx) €
LT(Ag, o) and 7z (x)T = 7m5(x*). Also, mz(x) 07z (y) is well-defined and
To(Xy) = 7o (X) D7 (y), Vx € la,y € Ap. Thus, 7y is a *-representation
mapping 2o in /2, hence 7y is a bounded *-representation.
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Conclusions

The research of an absolutely convergent extension of a functional 7 is
important, but it is known in many examples. Even more interesting, how-
ever, appears to us the research, among the infinitely many non absolutely
convergent extensions, of those extensions that enjoy a certain set of pre-
fixed properties. The widespread interest for the non absolutely convergent
extensions of the Lebesgue integral, would motivate work in this direction.
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Abstract. We show that the transformation (x,,)n>1 — (1/(1+z1 +
...4+Zn))n>1 of the compact set of sequences (z,,),>1 of numbers from
the unit interval [0,1] has a unique fixed point, which is attractive.
The fixed point turns out to be a Hausdorff moment sequence studied
in [3].
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1 Introduction

Let K = [0,1]N denote the product space of sequences () = (z)n>1 of
numbers from the unit interval [0, 1].
We consider a transformation T : K — K defined by

1
n > 1. (1.1)

T —
(T(@n))n 14z 4+... 4z, -

Since T is a continuous transformation of the compact convex set K in
the space RN of real sequences equipped with the product topology, it
has a fixed point (m,) by Tychonoff’s extension of Brouwer’s fixed point
theorem. Furthermore, it is clear by (1.1) that the fixed point (m,,) is
uniquely determined by the equations

I+mi+...4+mp)my, =1 n>1 (1.2)

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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Therefore m

miﬂ + 1= 0, (1.3)

n
giving
—1+5 V22 +2v5-v5-1
m; = ———, Mo = e
2 4

Berg and Durdn studied this fixed point in [3], and it was proved that
mo = 1, mq1, mo, ... is a normalized Hausdorff moment sequence, i.e., of the
form

1
mn—/ z" dr(x), (1.4)
0

where 7 is a probability measure on the interval [0,1]. For details about
the measure 7, see [3] and [4]. We mention that 7 has an increasing and
convex density with respect to Lebesgue measure.

There is no reason a priori that the fixed point (m,,) should be a Haus-
dorff moment sequence, but the motivation for the study of 7' came from
the theory of moment sequences because of the following theorem from [2]:

Theorem 1.1 Let (an)n>0 be a Hausdorff moment sequence of a measure
pu#0 on[0,1]. Then the sequence (by)n>0 defined by b, = 1/(ag+...+an)
1s again a Hausdorff moment sequence, and its associated measure v = f(u)
has the properties v({0}) = 0 and

1 1— tz+1 1
/0 - du(t)/o t*dv(t) =1 for Rz>0. (1.5)

Let ‘H denote the set of normalized Hausdorff moment sequences, where
we throw away the zero’th moment which is always 1, i.e.,

H = {(an)ns1 | an = / 2 dp(), (0, 1]) = 1}, (1.6)

Clearly, H C K and by Theorem 1.1 we have T'(H) C H. It is easy to see
that H is a compact convex subset of IC, e.g., by using Hausdorff’s 1921
characterization of Hausdorff moment sequences as completely monotonic
sequences, 1i.e., sequences (an)n>0 satisfying

Z(—l)k (ZL) aptr >0 for m,n >0. (1.7)

k=0

See [1] for details.
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It was proved in Theorem 2.3 in [3] that (m,,) is an attractive fixed point
of the restriction of T' to H. This proof was a direct proof not building on
any classical results on attracting fixed points. For classical fixed point
theory see [5].

The purpose of the present paper is to prove the following extension of
this:

Theorem 1.2 The unique fized point (my,) of the transformation T : K —
K given by (1.1) is attractive.

2 Proofs and complements

The product topology on the vector space RY is induced by the metric
d((an), (bp)) = Y 27" min{|ay, — ba[, 1} for (an), (bn) € RY,
n=1

which makes it a Fréchet space.
On the compact subset K = [0,1]Y the expression for the metric is
simplified to

d((an), () =D 27 "an — ba| for (an), (bs) € K. (2.1)
n=1

Before we find the best Lipschitz constant for 7', let us introduce some
notation. For 0 < a <1let a = (a")p>1,500=0,0,...and 1 =1,1,....
Clearly, T(0) =1, T(1) = 1/2,1/3, ..., while

(r(75)), ~ e e -3
= , where = —.
TL—|—1 n Hn+1 " k:lk

The numbers H,, are called the harmonic numbers. In [2] it is proved that

1 ! =
= " ap,z ¢ | dz,
Hn+1 \/0 ;) P

where 0 = §o > & > & > ...osatisfy —p—1 <& < —pforp=1,2,...
and o > 0,p = 0,1,.... More precisely, it is proved that &, is the unique
solution z € |—p — 1, —p| of the equation ¥(1+z) = —v, and o, = 1/¥'(1+
&p). Here U(z) =TI"(z)/I'(z) and ~ is Euler’s constant.
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In [3] it is proved directly that 77 (0) converges to the fixed point (my,),
and this was used to derive that the same holds independent of where in
‘H the iteration starts.

We cannot apply Banach’s fixed point theorem directly because of the
following Lemma.

Lemma 2.1 The best Lipschitz constant c in
d(T(an), T(bn)) < cd((an), (bn)) for (an),(bn) € K
s ¢ = 2.
Proof. For (ay), (by,) we find
d(T(an), T(bn))

‘Z; 1 a])‘
(1—|—a1—|—...—|—ak)(1—|—bl—|—...+bk)

k 00 00
Z aj— bl => laj—bj| > 27F
=1 j=1 k=j
(an) (bn))a (2.2)

which shows that T is Lipschitz with constant ¢ = 2.
Assume next that T satisfies a Lipschitz condition with constant c.
We note that

2—k

£ HM8 e

IN

o0

d(0.0) = Y (a/2)" = 57—

n=1

Furthermore, 7'(0) = 1 and for 0 < a < 1 we have

1—-a
(T(a))n = 1 — g+l
so finally
> 1—a"
d(T(0),T(@) =a) 27" ——
n=
This gives

n

> l1-a 1
Z2_ﬂ1—an+1 <eg— 0<a<l,

n=1

and letting a — 0 we find ¢ > 2. O
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Proof of Theorem 1.2.
Let us now introduce the set

C:{(an)EIC]alzé},

which is a compact convex subset of K. We first note that T'(K) C C
because for any (a,) € K we have a; < 1, hence

(T(an)1 =

>

N | —

1+ a1
By (2.2) we always have
d(T(an), T(bn))

S PR
&7 (tat A a) (bt by)

9] k
1
< 9~k b
< T L Dy

j=1
- : a; — b; ok
— (1+al)(1+b1);| ] b]|kz_;2
— 2 d((an), (bp)). 23)

If now (ay), (bn) € C, we have ay,b; > %, and hence 0

2 8
1+a1)(1+b1) < 9 80
that

AT (@), T(0n) < cll(an), (b)) for (an), (bo) € C.
showing that T is a contraction on C. Since T" maps K into C, any fixed
point of T" on K must belong to C, and T : C — C has a unique fixed
point by Banach’s fixed point theorem, and this must be the sequence (m,,)
determined by (1.3). We also see that for any & = (a,) € K the iterates
T E) = T™(T(€)) converge to the fixed point (m,,), which finishes the
proof of Theorem 1.2. O

Proposition 2.2 The compact set H defined in (1.6) has diameter
diam(#H) =1,

and the only two points a,b € H for which d(a,b) =1 are {a,b} = {0,1}.
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Proof. 1t is easy to see that
1=4d(0,1) < diam(H) <1,

so we only have to prove that if d(a,b) = 1 for some a = (ay,),b = (by,) from
H, then {a,b} = {0,1}. Supposing that

oo
D 27Map — byl =1,
n=1

then necessarily |a, — b,| = 1 for all n > 1. In particular, for each n
necessarily a, and b, are either 0 and 1 or these numbers reversed. Assume
now that a; = 0,b; = 1. Since a,, = fol " dp(x) for a probability measure
1, the condition a; = 0 forces p to be the Dirac measure dg with unit mass
concentrated at 0, and hence a,, = 0 for all n > 1. This shows that a = 0
and b = 1. O
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1 Introduction

Most of the fixed point theorems are given for self maps, that is, for a
function with domain and range the same. A function with domain and
range the same is called a selfmap. In case a function does not have the
same domain and range, then we need a boundary condition to guarantee
the existence of a fixed point. The importance of the approximation theo-
rem presented here is in establishing the fixed point theorem for mappings
with different domain and range. Ky Fan (see Theorem 2 [ 8]) proved an
important theorem, now it is called the Fan’s best approximation theorem,
has applications in fixed point theory, approximation theory, variational
inequalities, minimax theory, and mathematical economics.

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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2 Finite dimensional case

The following result, given in R™, is known as the Fan’s best approximation
theorem (see Theorem 2 [8]).

Theorem 2.1. Let C be a closed bounded convex subset of R™ and f :
C — R"™ a continuous function. Then there is a y € C such that

ly = FW)ll = d(£(y), C), (%)

where

dz,C)=inf{||lz —y||:yeC}, ze€R" x¢C.

Proof: We note that y is a solution of (*) if and only if y is a fixed point
of Po f, where P : R" — C is the metric projection onto C' and P is a
continuous function.

Thus, Po f : C' — C is a continuous function and has a fixed point in
C by Brouwer’s fixed point theorem.

Let Po f(y) =y, ye€C. Then |ly— f(y)|| =d(f(y),C) follows.

Theorem 2.1 has an application in fixed point theory [1, 2].

The following is the well known Brouwer fixed point theorem.

Theorem 2.2. Let f: C — C be a continuous function, where C' is a
closed bounded convex subset of R™. Then f has a fized point.

In this case d(f(y),C) =0 and f(y) = y.

Remark 2.1. In case f : C — R™ is a continuous function and C' is a
closed bounded convex subset of R"™, then f has a fixed point provided one
of the following conditions is satisfied:

i) If f(y) # v, then the line segment [y, f(y)] has at least two points of
C. or

ii) If f: C — R™, with f(0C) C C, (9C is the boundary of C) [1].

Remark 2.2. If B in R" is a ball of radius r with center 0 and f : B — R"
is a continuous function, then there is a y € B such that ||y — f(y)| =

d(f(y), B).

We derive the following fixed point results for continuous function f :
B — R™ under one of the following conditions for y € 9B.

D@ <yl
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i) <y, fy) >|< lyll®

ifi) Hf( < lly = f@)ll
iv) If f(y) = ky, for some k € R, then k <1
2 <

W) 1) < Il + 1£w) — vl

For example, if i) holds, then || f(y)|| < r, and f(y) € B.
Thus d(f(y),B) = 0 and f has a fixed point.

In case iv) holds, then for y € 9B, ||y|| = r.
If f(y) = ky, then % = k. Since k < 1so f(y) € B and f has a
fixed point.

Theorem 2.1 has an application in approximation theory.

Theorem 2.3. A closed convex bounded subset C' of R"™ is a set of ex-
istence, that is, for each x € R", x ¢ C, there is a y € C such that
ly — x|l = d(z, C).

Proof: If we define f : C — R"™ by f(y) = x for all y € C, then f is
continuous and by Theorem 2.1, there is a y € C such that ||y — f(y)|| =
d(f(y), C), that is, |y — o]l = d(z,C) for y € C.

Remark 2.3. ||y — z| = d(z, C) if and only if
<z—y,y—2>>0
for all z € C.

Theorem 2.1 has an application in variational inequalities [2, 9].

Theorem 2.4. If C is a closed bounded and convex subset of R", and
f:C — R™ is a continuous function, then there is a y € C such that

< fly),z—y>>0, forallzeC (VIP)

Proof: Let g = I — f, where [ is the identity function. Then g : C' — R"
is a continuous function and, by Theorem 2.1, ||y — g(y)|| = d(g(y), C).

Thus < g(y) —y,y —x >>0 for all x € C, that is, < f(y),z —y >>0
for all z € C.

Remark 2.4. The variational inequality problem (VIP) has a solution if
and only if P(I — f) has a fixed point.

Now an application of Theorem 2.1 is given to find a fixed point and in
turn to find a zero.
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Theorem 2.5. Let C be a closed, bounded, convex subset of R™ and f :
C — R"™ a continuous function.

Let x — rf(x) € C for all x € C and some r > 0.

Then f(x) = 0 has a solution, that is, there is a z € C such that fz = 0.

Proof: Let g(x) = v —rf(z) for all x € C. Then g : C — R" is a
continuous function and there is a z € C such that ||z — g(2)|| = d(g9(2), C).

Since for all x € C, g(x) € C, therefore g has a fixed point, say g(z) = z
and consequently, z — rf(z) = z, that is, f(z) = 0 since r > 0.

3 Results in Hilbert spaces

Theorem 2.1 does not hold true if the space is infinite dimensional. If we
take a Hilbert space and a continuous function f, then the result is not
true.

For example, if B is a unit closed ball in a Hilbert space H and f : B —
B is a continuous function, then f does not have a fixed point.

If Theorem 2.1 holds, then the self map must have a fixed point.

However, if the function is Lipschitz continuous, say for example a non-
expansive map, then the result holds.

We need a few preliminaries.

Definition 3.1. Let f : H — H be a map, where H is a Hilbert space.
Then f is said to be nonexpansive if ||f(z) — f(y)|| < ||z — y|| for all
x,y € H.

Remark 3.1. A nonexpansive map is Lipschitz continuous.

Definition 3.2. In case || f(z) — f(y)|| < k||z — y||, where 0 < k < 1, then
f is said to be a contraction map.

Definition 3.3. Let X be a normed linear space and C' a nonempty
subset of X. Let x € X. An element y € C is called an element of best
approximation to x by elements of C| if

|z —y|| = d(z,C) = inf{||z — z|| : z € C}.
Let P(z) denote the set of all points in C' closest to z, that is,

Ple) ={y e C: |z -yl = d(z,C)}.
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The set C is said to be proximinal if P(z) is nonempty for all x € X.

If P(z) is a singleton for each x € X, then C is said to be a Chebyshev
set.

If C is a Chebyshev set, then P is a single valued map.

In case P : X — 2¢ is a multivalued map, it is called the metric
projection or the best approximation operator.

Let C be a closed convex subset of a real Hilbert space H. Then for
each z € H, x ¢ C, there is a unique y € C nearest to z, that is.

|z —y|| = d(z,C) =inf{||z — z|| : z € C}.
In this case the set C' is a Chebyshev set and
Plx)={y e C: |z —yll = d(z,C)}

is the best approximation operator or the proximity map on H.

Remark 3.2. It is easy to see that the proximity map staisfies the following
properties.

i) <x— P(x),P(x) — P(y) >>0 for all z,y € H;

it) |P(x) = P(y)l| < [l —yl| for all z,y € H;

iii) | — P(@)|> + [|1P(2) —y|* < llz —y|*, 2 ¢ CyeC.

Indeed, for 0 <t <1,
lz = P(2)]* < [l —tP(y) = (1 =) P(2)|* = ||(z = P(2)) + t(P(x) - P(y))|*
= llo = P(@)|* + £||P(x) = P(y)|I* + 2t <z — P(x), P(x) = P(y) > .
Thus,
t?|P(z) — P(y)||* + 2t < x — P(z), P(z) — P(y) >> 0.
This will be violated for small ¢, unless
<z — P(x),P(x) — P(y) >> 0.

Now,
<w,P(z) - P(y) >>< P(x), P(x) — P(y) > (1)

from 1).
Similarly,
<y—P(y), Ply) - P(x) >> 0
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implies that
<y, P(y) — P(z) >=< P(y), P(y) — P(x) >,

that is,
< —y,P(z) = P(y) > >< —P(y), P(z) — P(y) > (2)

Summing (1) with (2) we get
< P(z) = P(y),z —y > =< P(x) — P(y), P(x) = P(y) > .
This implies that
[1P(z) = P(y)ll <llz—yl.
iii) For z ¢ C' and y € C,
lz — P(x)|* + [|P(x) — y|?
< |lz = P(@)|* + ||P(z) = y|* + 2 < 2 — P(z), P(z) —y >
= |l& = P(z) + P(z) - y|* = |z — y|*.
Definition 3.4. Let f: H — H. Then f is said to be monotone if

<f(@)—fly)z—y>=0
for all z,y € H.

Remark 3.3. If H is a real Hilbert space and f : H — H is a nonexpansive
map, then I — f is a monotone map.

Indeed, since f is nonexpansive,

1f(2) = FWIl < llz = yll

for all z,y € H.
Let g=1— f. Then

1f(x) = I < [l = ylI* + l9(x) — g(»)I>-
Now,

11 = g)(z) = (I — gW)|* = [lz —y — (g9(z) — g(w))II”

I?

= [lz — y> + llg(z) — gW)II* =2 < g(x) — g(y), 2 —y >
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< llz =yl + llg(z) — g,
only if < g(z) — g(y),x —y >> 0. Thus g = [ — f is monotone.
We state the following result (see [26]).

Theorem 3.1. Let C be a closed convexr subset of a Hilbert space H and
f:C — H a nonexpansive map with f(C) bounded.
Then there exists a y € C such that ||y — f(y)|| = d(f(y),C).

Proof: Let P : H — C be a metric projection. Then P is a nonexpansive
map.

It is easy to see that Po f : C' — C. Since P is nonexpansive and f
is nonexpansive map, then P o f is also a nonexpansive map. Hence P o f
has a fixed point y € C' (see [26]).

Let Po f(y) = y. Then we get ||y — f(y)|| = d(f(y),C)..

Remark 3.4. If f(C) C C in Theorem 3.1, then f has a fixed point.

The following theorem, proved independently by Browder in [3], Gohde
n [11] and Kirk in [15], is derived as a corollary from Theorem 3.1.

Theorem 3.2. If C is a closed bounded convex subset of H and f : C — C
s a nonexpansive map, then f has a fized point.

The following examples illustrate that Theorem 3.1 is more general.
Example 3.1: Let f:[—1,1] — R be given by f(z) =1—z (x € [-1,1]).
Then f(—1) = 2 ¢ [—1,1], that is, f is not a self map but f does have a
fixed point z = 1 = f(1).

Example 3.2: Let f :[0,00) — R be given by f(z) = H% Then f is a
nonexpansive map and f(y) =y = @
But [0, 00) is not bounded.

In case we take
B, ={xe€H: x| <r},
a ball of radius r and center 0, in place of C in Theorem 3.1, then the
following result holds (see [1]).

Let f: B, — H be a nonexpansive map. Then there is a y € B, such

that ||y — f(y)|l = d(f(y), B).
If f: B, = B,, then f has a fized point.

Hartman and Stampacchia in [13] proved the following result about vari-
ational inequalities, which is useful in mathematical, physical and economic
problems.
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Theorem 3.3. Let C' be a closed bounded convex subset of a Hilbert space
H and f : C — H a monotone, continuous map. Then there is a y € C
such that

< fly),r—y>>0 forall zeC. (VIP)

Remark 3.5. We know that the (VIP) has a solution if and only if P(I —
f): C — C has a fixed point.

An application of Theorem 3.3 allows to prove the following result which
is contained in [12].

Theorem 3.4. Let C' be a closed bounded convex subset of a Hilbert space
H and f: C — C a nonexpansive map. Then f has a fixed point.

Proof: Since f is a nonexpansive map, it is continuous. Consider g :
C — H defined by g = I — f, then g is a continuous map.

It is easy to see that g is monotone, that is, < g(z) — g(y),x —y >> 0.

As g is continuous and monotone, by Theorem 3.3 there exists a y € C
such that

< g(y)7$ —-vy >Z 0
for all x € C, that is,
<y—fy),z—y>>0 forall zeC.
By taking x = f(y) we get that
<y—f),fly) —y>=0,

that is <y — f(y), f(y) —y >< 0. But ||y — f(y)||> > 0 hence y = f(y).

The following result is an application of Theorem 3.3 to approximation
theory [12].
Theorem 3.5. A closed bounded convex subset of a Hilbert space H is a
set of existence.

Recall that if C'is closed convex subset of a Hilbert space H and y ¢ C,
then there exists x € C such that < y —x,x — 2z >> 0 for all z € C, that
is, x is a nearest point to y.

Proof: Let f: C — H be defined by f(z) =z —y for all z € C.

Then f is a continuous and monotone function. Hence, by Theorem 3.3
there is an x € C such that < f(z),w —2z >> 0 for all w € C.

Thus, <z —y,w—a >>0forallwe C, that is, <y —z,x —w >>0
for all w € C' and x is nearest to y.

It follows easily that x is unique.
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4 Results dealing with approximating sequences

The following is an interesting question treated in [3].

Let C be a closed convex subset of a Banach space X and f:C — C a
nonerpansive map.

Define fr(x) = kf(z)+ (1 —k)p for some p € C and k € (0,1).

Then each fr is a contraction map with Lipschitz constant k. For k
sufficiently close to 1, fi is a contractive approrimation to f. Fach fi has
a unique fixed point by the Banach contraction principle, say

ri = fr(zr) = kf(zg) + (1 = k)p.

It is natural to ask if the sequence {x}} converges to a fixed point of f.

One can not expect, in general, an affirmative answer to this question
as there are nonexpansive mappings which do not have fixed points.

For example, a translation map is nonexpansive and does not have any
fixed point.

However, in Hilbert spaces the following theorem holds.

Theorem 4.1. Let C be a closed bounded convex subset of a Hilbert space
H and f: C — C a nonexpansive map.

Define fr(x) = kf(xz) + (1 — k)p, where p € C and k € (0,1). Let
fr(zr) = 2. Then {xk} converges strongly to y, where y is a fixed point of
f closest to p.

Definition 4.1. A mapping f : C — X is said to be demiclosed if for each
sequence {ry} weakly converging to xop and such that {f(xy)} strongly
converges to yo, then f(zg) = yo.

If C' is a closed convex subset of a Hilbert space H and f: C — H is a
nonexpansive map, then I — f is a demiclosed map (see [3]).

The following is a general result whose proof is based on approximation
techniques (see [27]).

Theorem 4.2. Let H be a real Hilbert space and C a closed convex subset
of H. Let f : C — H be a nonexpansive map with f(C) bounded and
fc) cc.

Let us assume that 0 € C. Define

fk(l’) = k:f(a:) + (1 — k)a?()

for some xg € C and 0 < k < 1.
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Let xy, be a fixed point for fi, that is frxr = xk.
Then xj, strongly converges to yg, as k — 1, where yqy is the fized point
of f closest to xq.

Proof: Let us denote the fixed point set of f by F(f). We know that
the set F'(f) is nonempty closed and convex. There exists a unique closest
point yo = f(yo) to o.

For the sake of convenience take zg = 0.

Now

155 = woll® = £ () = woll® = 1£(xn) = Fwo) > < llz = o>

By simplifying we get

zk]|? < 2R o ><< >
kIl = 1+k ks Yo ~>>< Tk, Yo .
So, ||zkll < llyol|, and {x} is bounded.
The bounded sequence {z} has a subsequence {zy, } weakly converging
to x.
Now, denoting by z; = xy,,

i = f(@i) || = ki f (i) = fza)ll = (ki = DI[f (@) =0

as ¢ — 00.

Thus z; — f(z;) = 0.

Since I — f is demiclosed, therefore (I — f)(z) =0, that is, f(z) = «.

Since ||z;|| < |lyol|, therefore ||z|| < |lyo||. Since yo is closest to 0,
llz|l = llyol| and {z;} weakly converges to yo.

Now

lyoll* = llzil* = llzi — yo + ol
= |lzi — yoll* + llwoll® + 2 < zi — yo, 50 > -

By passing to the limit as ¢ — oo, the right hand side goes to 0 giving
|zi = yol — 0.

Thus z; strongly converges to . Since x; is an arbitrary subsequence
of xx, the sequence zj strongly converges to .

The following result deals with the convergence of sequence of iterates
(see [17]).

Theorem 4.3. Let C be a closed convexr subset of a Hilbert space H and
f: C — H a continuous function such that I —\f is a contraction function.



ON BEST APPROXIMATION THEOREM IN NONLINEAR ANALYSIS 269

Then there exists a unique solution u € C of < f(u),v—u >> 0 for all
v € C and u = limu,,, where u,y1 = P(I — Af)(un), wup€C.

It is easy to see that if f is Lipschitz continuous and strongly monotone,
then I — Af is a contraction for a suitable A € (0,1).

For example, if f: C — H satisfies

1/ () = F@)l < kllx -y

for all z,y € C,k > 0, and f is strongly monotone, that is,

allz —yl* << fz) = fly).o —y >

for all x,y € C,a > 0.
Then I — Af is a contraction map for 0 < \ < i—‘;

5 Two Function theorems and Coincidence Points

In this section Prolla’s extension of Fan’s best approximation theorem is
discussed. Recently Prolla proved a theorem of Ky Fan type by introducing
a second function g. If ¢ = I, then one gets Fan’s theorem. Prolla used
fixed point theorem for multifunctions to prove this result. Its applications
in fixed point theory and coincidence theory have been given by a few.

Definition 5.1. Let C' be a convex subset of X. Then f:C — X is said
to be almost-affine if it satisfies

[f Az + (1= A)y) — 2| < Al f(x) =2l + (1 = V[ f(y) — =]l

forall z,y e C,z€e X and 0 < A < 1.
f is said to be an affine map if

fOz+ (1= Ny) = Af(x) + (1 =N f(y),

Ae(0,1).

Definition 5.2.. A sequence {z,} in C, where C is a subset of a normed
linear space X, is called a minimizing sequence for y € X if |y — z,|| —
d(y,C).

Definition 5.3. A set C is called approximatively compact if for each
y € X, each minimizing sequence for y has a subsequence converging to a
point of C.
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A metric projection P onto an approximatively compact set is upper
semicontinuous.

A compact set is approximatively compact. The converse is not true.
For example, the closed unit ball of an infinite dimensional uniformly convex
Banach space X is approximatively compact but not compact.

The following is due to Prolla (see [21]).

Theorem 5.1. Let C' be a nonempty compact convex subset of a normed
linear space X, g : C — C a continuous almost affine and surjective func-
tion.

If f: C — X is a continuous map, then there is a y € C such that

lg(y) — f()Il = d(f(y), C).

Remark 5.1. In case g is the identity map, we get Ky Fan’s theorem.
If f:C — C, then we get g(y) = f(y), which is a so-called a coincidence
result.

The following theorem contained in [24] extends the result of Prolla (see
Theorem 5.1 in [21]).

Theorem 5.2. Let C be a nonempty convexr subset of a normed linear
space X and P : X — 2 the metric projection satisfying the following
assumptions.

i) P(z) is nonempty for each x € X ;

i1) P maps compact subsets of X into compact subsets of C;

iii) g : C' — C' a continuous, almost affine and into mapping such that:

for any compact set D in C, g~'(D) is compact.

Then for any continuous map f : C — X such that f(C) is relatively
compact, there exists a y € C' for which

lg(y) — fW)Il = d(f(y),C).

Carbone in [4] introduced the following definition.
Definition 5.4. The function f : C — X is said to be almost quasi convex

if
1f Az + (1 = Ny) — 2| < max(|[f(z) — 2], [ f(y) — =),
foranyx,ye Cize X and 0 < A < 1.

He proved the following where only the image set of C' is compact [4].
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Theorem 5.3. Let C be a nonempty convex subset of a normed linear
space X and P : X — 2C the metric projection.

Assume that

i) P(x) # 0 for each x € X ;

ii) P maps compact subset of X into compact subsets of C.

Let g : C — C be a continuous almost quasi convex onto and proper
map.

Then for each continuous function f: C — X such that the closure of
f(C) is compact, there is a y € C such that ||g(y) — f(y)|| = d(f(y),C).

Definition 5.5. Recall that if g : C' — C is a function, then g is said to
be proper if g~1(A) is compact provided A is compact too.

6 Multivalued analogue of Ky Fan’s Theorem

We need a few preliminaries concerning with multivalued maps.

Let X and Y be two sets in a normed linear space E. A multivalued
map F': X — Y is a subset FF C X x Y. The inverse of F', denoted by
F~1:Y — X, is defined by (y,z) € F if and only if (z,y) € F.

The values of F' are the sets
Fz)={yeY:(z,y) € F}, (z € X),
the fibres of F' are the sets
F7l(y) ={z € X : (z,y) € F}
foryeY.

For A C X, the set F(A) = U{F(z) : * € A} is called the image of A
under F', for B C Y, the set

FYB)={reX:F(zx)nB #0},

which is the image of B under F'~!, is called the inverse image of B under
F.

A multifunction (or multivalued map) F' : X — Y has a fixed point if
xz € F(zx) for some z € X.
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Let X and Y be two topological spaces. A multifunction F : X — Y
is called upper semicontinuous (usc in short) if the inverse image of any
closed set is closed, and it is called lower semicontinuous (Isc) if the inverse
image of any open set is open. A multifunction is said to be continuous if
it is both upper and lower semicontinuous.

First, we list following fixed point theorems used in the proof of Ky Fan
type theorems for multivalued maps.

Theorem 6.1. Let C' be a nonempty compact convexr subset of a normed
linear space X and F : C — 2% an upper semicontinuous multifunction
such that F(x) is nonempty, closed and convex for each x € C.

Then F has a fized point, that is there exists v € C such that x € F(x)
(see [8]).

The following is due to Himmelberg [14].

Theorem 6.2. Let C be a mnonemptly convexr subset of a normed linear
space X and F : C — 2 an usc multifunction where F(x) nonempty,
closed convex for each x € C. If F(C) is contained in a compact subset of
C, then F has a fized point.

Definition 6.1. If F(x) is compact for 2 € C, then F(z) is point compact.
If F(x) is convex for z € C, then F(z) is point convex.

The following multivalued analogue is due to Reich [23].

Theorem 6.3. Let C' be a compact convex subset of a locally conver Haus-
dorff topological vector space E, and F : C — 2° a continuous function

with point compact, point conver, and consider a continuous semi norm p
on E, then there exists an x € C such that d(z, F(z)) = d(F(z),C).

Recall that

d(A,B) =inf{d(a,b) :a € A and be B}.

Sehgal and Singh proved the following result in [25].

Theorem 6.4. Let C be a nonempty, approximatively compact convex
subset of a locally convex Haurdorff topological vector space E and F : C' —
2¢ a continuous multifunction with nonempty closed convex values such
that F(C) is relatively compact.
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Then there is an x € C such that

d(z, F(x)) = d(F(z),C).

Continuity can not be replaced by upper semicontinuity as the following
example illustrates (see [25]).

Example 6.1. Consider X = R? endowed with the Euclidean norm and

C =[0,1] x {0}. Then C is a compact and convex set.
Define F : C' — 2/ by

(0,1) if x#0

F(z,0) =
(,0) {L = the line segment[(0, 1), (1, 0)] if x=0

F is a compact and convex valued map.
For any A C R?

0 if ANL=10
Flay=<c if (0,1)€ A
(0,0) if (0,1)¢ A,ANL#0

Thus F is an upper semicontinuous multifunction but it is not lower
semicontinuous and F'(C) is compact set.

However, for any (z,0),

d((x,0), F(z,0)) > 1 =d(F(z,0),C) if x # 0,

d((0,0), F(0,0)) = %2 # d(F(0,0),C) = 0 if z = 0.

Thus the result doesn’t hold true if F' is not continuous.

The main application of Ky Fan’s best approximation theorem allows
to deduce fixed point theorems. However, for the multivalued case, there
are some fixed point theorems for usc maps, while as Ky Fan’s theorem
requires a continuous map.

The following result improves earlier ones and only requires upper semi-
continuity [19].

A subset K of X is called o-compact if K is the countable union of
compact sets. A nonempty topological space is acyclic if all of its reduced
Cech homology groups over rationals vanish (or is empty) [19].
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We say that F': X — Y is a Kakutani map, in symbols F' € K(X,Y), if
X is a topological space, Y a convex space and F' is an upper semicontinuous
multifunction with nonempty compact convex values.

F is an acyclic map, written F' € V,(X,Y) if F' is upper semicontinuos
with compact acyclic values. We write that F' € V*1(X,Y) if, for any o-
compact subset K of X, thereisa G : K — Y, G € V(K,Y) such that
G(z) C F(z) for each z € K.

F € VH(X,Y) if, for any o-compact subset K of X, there is a G €
Ve(K,Y) such that G(z) C F(z) for each z € K.

The following result, due to Park, Singh and Watson is stated below
(see [19]).

Lemma 6.1. Let X be a nonempty convex subset of a locally conver Haus-
dorff topological vector space E and F € V¥ (X, X).
If F is compact, then F has a fixed point.

Theorem 6.5. Let C' be a nonempty approximatively p-compact convex
subset of a locally convex Hausdorff topological vector space E, and let F' €
VH(C, E) be a compact multifunction. Then for each continuous semi norm
p on E, there exists (xo,y0) € F such that p(xo — yo) < p(x — yo) for all
z e C [19].

The following example illustrates the theorem [19].
Example 6.2. Let £ — R? and C = [0, 1] x {0}. Suppose F € V(C, E) is
given by

F(a,0) = (0,1), if a # 0, and

F(a,0) =1(0,1),(1,0)] U [(=1,0),(0,1)], if a = 0,
where [a, b] stands for the line segment joining a and b in the plane.

Here F' is not lower semicontinuous, but 2o = (0,0) and yo = (3, 3)
satisfy the conclusion of the theorem.

One derives fixed point theorems for upper semicontinuous multifunc-
tions.

7 Maximal elements in economics

In the end, we give the following.
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The existence of maximal elements in mathematical economics is very
useful in the study of fixed point theory, variational inequalities, approxi-
mation theory and complementarity problems.

Definition 7.1. Let X be a nonempty subset of a topological space and
F: X — 2% a multivalued map defined by F(z) = {y € X|(y,z) € F}.

If there exists z € X such that F(z) = (), then z is said to be a maximal
element.

The following result is due to Ky Fan (see [8]).
Theorem 7.1. Let C be a nonempty compact convex subset of R™ and
F : C — 2% a multifunction such that x ¢ F(z), F(x) is convex for each
x, and F has an open graph. Then F' has a mazximal element.

The following result illustrates an application of maximal elements to
approximation theory.

Theorem 7.2. Let C be a compact convex subset of R™ and f : C — R"
a continuous function.
Then there exists xg € C such that

1/ (o) — woll = d(f(20),C) < || f(wo) =yl forall yeC.

Proof: Define F' on C by letting y € F(z) if and only if || f(z) — y|| <
| f(xz) — x| for each y € C.

Then, by Theorem 7.1, F' has a maximal element since z ¢ F(z), F' has
an open graph and F'(x) is convex for each z € C.

Hence F(xo) = ) for some zy € C, that is,

lzo = f(zo)ll < [lf (o) —yll forall yeC.
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Abstract. In this paper, the authors introduce a quadrature rule to
approximate integrals of highly oscillatory functions. They prove that
it is stable and convergent. Moreover they give applications to the
approximation of integrals of singular highly oscillatory functions on
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tests in which they compare their results with the ones obtained with
some of the methods available in literature.
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1 Introduction

Let us consider the integrals

b
I:/ F(z)g(wx)dx, (1.1)

where F'(x) is a Riemann integrable function in [a,b] C R, g(wz) is an
analytic highly oscillatory function and w € R is the parameter of the os-
cillation.

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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The numerical evaluation of the above integrals has interested several au-
thors and actually it is a special chapter of the numerical integration. The
interested reader can consult for example [3, 4, 6] and the references there
in.

The following example is useful to point out the difficulties that appear
in the computation of (1.1). We consider the following integral

1
I:/ e’ sin (5000x)dz. (1.2)
-1

If we apply a Gauss-Legendre quadrature rule we get

I=) G+ em(G) = 2 (G) + em(G), (1.3)
k=1

where G(z) = €% sin (5000z), =,k = 1,...,m, are the zeros of the m-th
Legendre polynomial and Ag, k = 1,...,m, are the corresponding Christof-
fel numbers.

Since G is differentiable, we can write the error as (see [7, p. 333])

GEM (&)

(1.4)

where &, € [—1,1] and v, is the leading coefficient of the m—th orthonormal
Legendre polynomial, and it satisfies the following estimate (see the proof

of Theorem 3.4)
3399\ "
— .

Therefore, we can obtain some exact digits using a Gauss-Legendre quadra-
ture rule based on a number of points greater than 3399. But it is not
realistic.

On the other hand, looking at the graph of G in Figure 1, it seems that,
working in finite arithmetics, a “small” error in the computation of x; can
produce a “big” error in the evaluation of G(zy), with an eventually change
of sign. In conclusion, the Gaussian rules cannot give a reasonable approx-
imation of the integrals (1.1). This fact is confirmed by the numerical test
in double arithmetics shown in Table 1.

lem(G)] = O
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3

o

S

-1 -0.5 o 0.5 1

Figure 1: Graph of G(x) = e” sin (5000x)

m D, (G)

8 0.428672207843679
16 | —0.192123222625601
32 | 0.024304986655065
64 | 0.042348837355750
128 | 0.078391819539537
256 | 0.170674839281539
512 | —0.013440192353402

Table 1: G(x) = €* sin (5000x)

In this paper we propose a new procedure to approximate the integrals
(1.1). It is essentially based on the idea of Professor G. Mastroianni of
dilating the integration interval, in order to reduce the oscillation of the
function g, of writing the new integral as the sum of a certain number of
integrals and of approximating each of them using a Gaussian rule.

We prove that such procedure is stable and convergent and we show how
it can be also used to approximate integrals of singular highly oscillatory
functions on bounded and unbounded intervals.

The paper is organized as follows: in Section 2, we give some definitions
and preliminary result; in Section 3, we describe the quadrature rule to
approximate the integrals (1.1) and state the theorems dealing with its
stability and convergence; in sections 4 and 5, we show its application to
approximate singular highly oscillatory integrals on bounded intervals; in
Section 6, we consider the case of highly oscillatory integrals on unbounded
intervals; Section 7 is dedicated to the proofs; in Section 8 we show some
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numerical tests.

2 Preliminaries

We will denote by CY(A) the space of all continuous functions in an interval
ACR. For all f € CYA) we will write

1£11a = mae | ().

We will also consider functions belonging to the following Sobolev type
space of index r e N, r > 1

We(la,8]) = {f € C([a,)) : fV € AC(a,b) and |[F7" ||jap) < o0},

where AC(a,b) denotes the set of all absolutely continuous functions in the
open interval (a,b) and p(z) = /(z — a)(b — z).
We equip it with the following norm

A wctae) = 1 s + £ o

We recall that for the remainder term of the gaussian rule (1.3) the following
estimate holds true (see [7, p. 337])

lem(f)] < 4Bam—1(f)ry,  f e CO(=11)), (2.1)

where
Falf)a= juf 7 = Plla

is the error of best approximation of a function f in the interval A C R by
means of polynomials of degree at most n.
We recall that for f € W,([a,b]) the following estimate (see [7, p.172])

c r), r
En(f)[a,b] < FHf( )(:0 H[a,b] (22)

holds true, where C is independent of f, n and r.

In the following C denotes a positive constant which may have different
values in different formulas. We will write C # C(a,b, ...) to say that C is
independent of the parameters a,b, .. ..
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3 The Quadrature Rule

As announced in the introduction, the procedure to obtain our quadrature
rule consists of the following steps: first, we dilate the integration interval
in order to reduce the oscillation of the function g(wz); second, we choose
a suitable partition of the new interval; third we transform each interval of
the partition into [—1, 1]; fourth we use a Gauss-Legendre quadrature rule
to approximate the new integrals.

Letting ¥ = wx and choosing a suitable parameter d € R, we can write

I= 1/;bF(y)g(y)dy- (3.1)

W Jwa

Note that the approximation of the integral (3.1) by means of a gaussian
rule is not convenient because, greater is the interval [wa,wb] and higher
is the number of knots and weights that are necessary in order to achieve
the required accuracy. Moreover, for large values of w, the gaussian rule
cannot be implemented.

Then we consider the following partition of the integration interval into
subintervals of size d

S—1 0 rwat(j+1)d wb
LB o] L[ (s
w(b—a)

where S = (la] denotes the greatest integer smaller than a).

Transforming the intervals A; = [wa + jd,wa + (j +1)d],j =0,...,5 — 1,
and B = [wa + Sd,wb] into [—1, 1] we get

d = [ wb—a)—Sd [~
) [ B@ges] + 202 [ Fagadn, 62
where
F@) = F(1D), g,0) = gy ). Fla) = F(MD), a) = o002,
w(b—a)—Sd

’yj(:zz):g(a:+1)+wa+jd,5(m):< )(m+1)+wa+5d.

2

Now, all the integrals in (3.2) are well approximated by the gaussian rule
(1.3) and we get

I = 0% (F) 4+ r2(F), (3.3)
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where
- d = wb—a)—Sd -
UL (F) = o jz; P (Fjg5) + B T— P, (Fg) (3.4)
and
b d =2 wb—a)—Sd -
i (F) = 5 ;) em(Figj) + =5 —— em(F9). (3.5)

In conclusion, we approximate the integral I by the sum of S + 1 gaussian
rules. Both the theoretical error and the numerical one are the sum of S+1
errors. In particular, in order to reduce the global numerical error, it could
be convenient to sum the S + 1 terms in ascending order of magnitude.
Moreover in order to avoid the numerical cancellation it is better that the
first two terms of the sum have the same sign.

The following results establish the stability and the convergence of the
quadrature rule W%’:

Theorem 3.1. If F € C%Ja,b]) and g € CY(Jwa,wb]), then

Wi (F)| < (b - a) mas [F(x)g(en)] (3.6)

Proposition 3.2. If F € C°([a,b]) and g € C°([wa,wb]), we have

/.
J

2d5’—1
)< D [IFllag Bnea(o)a, + 2lolla, Bnoa(F)g] (37)
j=0

2d
+ PN En-1(9)s + 2lgl 3 Em-1(F) 1),

whereA;-: [a—l—j%,a—i—(j+1)g],ij,...,S—l, and B' = [a+5%,b].

The following theorems give estimates of the error (3.5) for special
classes of functions F.

Theorem 3.3. If F € W,([a,b]),r > 1, and g € C*"([wa,wb]) then (3.7)
becomes

. c d
() < ot (0= 0+ 2 ) Ul ol sy 35

where C # C(m, F,g,d).
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Theorem 3.4. If F € C*"([a,b]) and g € C*"™([wa,wb]) we have

i (F)] <

- 2 2w kzg’ul?Qm [a,0] 19 [wa,wbd] m i
(3.9)

3.1 The choice of the parameter d

In the implementation of the quadrature rule T a crucial role is played
by the parameter d used for partitioning the dilated integration interval.
Smaller is the value chosen for d and higher is the number S of the intervals
of the partition and then higher is the computational cost (Sm) of the
quadrature rule. On the other hand, since when we transform the intervals
of the partition into [—1,1] the oscillating parameter of the function g
becomes %, as shown in theorems 3.3 and 3.4, greater we take d and slower is
the convergence of the error of the Gauss-Legendre rule used to approximate
each integral of the partition.

For example, if F' and g satisfy the hypotheses of Theorem 3.3, in order
to compute the integral I with an accuracy of the order of 107%, a crude
estimate of the parameter d could be obtained solving the inequality

for any fixed m (less than 500). However, looking at the numerical tests
shown in Section 8, it results very pessimistic.
Therefore the optimal choice of the parameter d is still an open problem.
In next sections we will give some application of the above introduced
quadrature rule.

4 A special class of Hilbert Transforms

We consider the following kind of integrals

b f(x
H(f,t):/ / )g(wac)dx, (4.1)

x—t
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where the integral is understood in the Cauchy principal value, f is a Holder
continuous function in [a,b], a < ¢t < b and

sin (wx)

cos (wz) ’ weR.

g(wz) = {

In order to approximate the integrals (4.1), we consider three different cases:
1 1 1

a<t<a+f, a+f<t<b——andb——<t<b We start from the

second case. We use the followmg decomposmon of the integral (4.1):

{ [ /i o } )

= L1+ 1+ Is. (4.2)

We note that only Iy is a Cauchy singular integral. Therefore, to approxi-
mate the integrals I; and I3 we can apply the quadrature formula described
in the previous section. We obtain

at t+1b at—1 t+1b

L+l = WS s (F)+ 0o (F) 40575 (F) £ 5 50 (F), (43)
where
Fz) = :f (_"L')t (4.4)

Concerning I, making the change of variable y = wx, we get

wt+1 y
Izz/ : f(“)g(y)dy-

wt—1 Y — wt

Transforming the integration interval into [—1, 1] and adding and subtract-
ing f(t) we have

/f y+wtdy_/ f ) f(t)g(y—i—wt)dy

{Qf()cos(wt)Sz() if g(z) = sin(z)

—2f(t)sin(wt)Si(1) if g(z) = cos(z),

where

Si(x) = /01“ siny(y) dy
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is the special function sine integral. Approximating the integral by (1.3)
based on an even number of knots, i.e. m = 2n, we obtain

B 2f(t) cos(wt)Si(1)  if g(x) = sin(z)
b= Tan(la) + {—2f(t) sin(wt)Si(1) if g(z) = cos(x) (L), (45)
where
Li(y) = it +2 REAG 9(y + wt).

1 1
Therefore, when a + — <t < b— —, combining (4.3) and (4.5) with (4.2),
w w

we get
H(f,t) = O3 (f.6) + RE(f,1),

where
a at—1 1%
O52(ft) = Wy ¥ (F) + Wy (F) + o (L)
N 2f(t) cos(wt)Si(1)  if g(x) = sin(z) (4.6)
—2f(t) sin(wt)Si(1) if g(z) = cos(x) .
and . L,
a a,t—= t+=,
R (1) = v (F) 10 (F) + ean(La). (47)
When a < t < a+ 1 we decompose the integral (4.1) as follows:
2t—a b
H(f.t) = {/ +/ }f(:c) g(wz)dx
a 2—al) LT — t
= I+ 1. (4.8)

Now only I} is a Cauchy singular integral. Then we approximate the inte-
gral I} by the quadrature rule (3.3) and obtain:

I = W2-0P(F) + 120 (F), (4.9)

m

where F' is defined in (4.4).
Concerning the integral I}, making the change of variable y = wx, we get

2wt—wa f (g)
I = 29l g(y)dy.
1 /w I — 29(y)dy
Transforming the integration interval into [—1, 1] we obtain
-1

—2f(t) sin (wt)Si(w(t — a)) if g(x) = cos(x),
(4.10)
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where

f((t=a)y+1t) = f(t)
Y

Therefore, for a <t < a+ %, approximating the integral in (4.10) by the

rule (1.3) based on an even number of knots and combining (4.10) and (4.9)

with (4.8), we get

La(y) =

g(w(t —a)y + wt).

H(f,t) =03 (f,t) + B3 (f,1),
where
050 (f,t) = ®an(Lo) + Wl “(F)

i { 2f(t) cos (wt)Si(w(t —a)) if g(z) = sin(x)
—2f(t) sin (wt)Si(w(t —a)) if g(z) = cos(z)

and
REY(f,1) = ean(La) + ot “P(F).

Finally, in the case where b — % < t < b we decompose the integral as

follows:
—b42t b
{/ —I-/ }f(x)g(wx)dx
a —b+2t) T — t
Ii/_l_lé/

and, proceeding as done for the previous cases, we get

H(f,t) = 05°(f,t) + RE(f,1),

where

052 (f,t) = op(Ls) + Ty "F2(F)

+{ 2f(t) cos (wt)Si(w(b—1t))  if g(x)
—2f(t)sin (wt)Si(w(b—1t)) if g(x) = os(m)

| |
S E
—~
8
~

and
RS, (f,1) = ean(Ls) + 15, "T2(F),
with F' defined in (4.4) and

f(o=ty+t) - f(t)

Li(y) = ”

g(w(b—t)y + wt).

The following theorem shows that the quadrature rule @gf is stable and
convergent
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Theorem 4.1. If f is a Holder continuous function in [a,b], fora <t <b
fized, we have

1057 (£, )] < €| fllfa.) log(2n). (4.11)
Moreover, if f € Wy([a,b]),r > 1, then
IREY(f,1)] = O <1°(g2f)”)> , a<t<b fived. (4.12)

Here the constant C and the constants in “O” do not depend on f,n and t.
5 The case of integrals of weakly singular highly
oscillatory functions

If we consider the integrals

b X
k(0= [ IO g

|z —t[#

where f € C%([a,b]),a <t <b, 0<p<1and

g(wz) = {

we can proceed analogously to the case of the Hilbert transform H(f,t).
Then we get:

sin (wx)

cos (wz) weR,

)

1 1
1. casea+ —<t<b——
w w

a,t—% t+1b at—L

K(f,t) = ¥p “(G)+Yn“"(G)+rm “(G)+rm (G)
BN el
pn—1 w
+ w /_1 e 9(y + wt)dy,
where

(5.1)

Approximating the function hi(y) = w* ' f (£ +1¢) g(y + wt) by the
Lagrange polynomial based on the zeros ti,...,t, of the m—th or-
thonormal Chebyshev polynomial of first kind 7;,, we get

1 m
_ s
R ST
k=1

m—1

1
X T30 | Dol e + 7o)
= i)m(hl) + fm(hl).
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We compute the modified moments M; = / x)|x| Hdx using the

three-terms recurrence relation proposed in [10] Consequently, we
obtain

K(f,1) = ARP(f.0) + Ry (f.1),

where

a,t t—l— b

AS(fot) = Wil 5 (G) + U 5N(G) + By ()

and ) L,
= t+L
REY(fot) = v “(G) +1m =" (G) + Tin(h1);

2. casea<t§a+5

K(f,t) = ABY(f,t) + RY(f,1),
where

AR (f,1) = U5 (G) + Pi(ha)

and
REP(f,1) = rot ™ Y(G) + T (),

with G defined in (5.1) and ha(y) = w* L f((t—a)y+t)g(w(t—a)y+wt);
3. caseb—%§t<b

K(f,t) = A%Y(f,1) + RY(f.1),
where
ABP(f,t) = U0 P2HG) + By (ha)

and B
RGP(f,t) = v "G + P (ha),

with G defined in (5.1) and h3(y) = w* L f((b—t)y+1)g(w(b—t)y+wt).

The stability and the convergence of the quadrature rule A?ﬁb are stated in
the following theorem.

Theorem 5.1. If f € C%([a,b]), for a <t < b fived, we have
‘A?ﬁb(f?t” < CHfH[a,b}
Moreover, if f € Wy([a,b]),r > 1, then
IREY(f, )| =0 (m™"), a<t<b fized

Here the constant C and the constants in “O” do not depend on f,m and
t.
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6 Integrals on unbounded intervals

In this section, we show how it is possible to apply the previous quadrature
rules to approximate integrals of the following kind

+oo
I_:/U F(z) g(wz)dz,

under the condition

dM >0 s.t., forsomen >0, |F(x)|<

peES] vV > M. (6.1)

In fact, we can write

M +00
I = /0 F(m)g(wx)daz—f—/M F(z)g(wz)dz = I + Is.

Since, under the assumption (6.1), we have

+oo
‘/ g(wx)dz

we neglect Iy and approximate only I; using the quadrature rule oM it
the function F' is smooth, the quadrature rule @g;LM if F(z) = ( ) and the

quadrature rule AQM if F(z) = f(z)lz — 7,0 < p < 1. Then, we get

C
_ma

oM PY + r3M ()

~i
|

1
0% (£.6) + Ry (£.1)  +

ASM(f. )+ ROM(f,1)

Using the same argument we can also treat the following type of inte-
grals

“+oo
I = / F(x)g(wzx)dx,

under the condition

M >0 s.t., forsomen >0, |F(z)|< v |x| > M.

In fact, we can consider the following decomposition of I*:

/ F(z)g(wz)dz + / " F(2)g(wz)dz + / o F(z)g(wz)dz.

-M M
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7 Proofs
Proof of Theorem 3.1. We have
w e < S35 F< S gy )
k=1 §=0

+ <w(b _2(2 — Sd) F (5(Zk)> 9(5(%))‘} Ak

< (b—a)xfgﬁ]lF( z)g(wz)|.

Then (3.6) follows. O
Proof of Proposition 3.2. By (3.5), using (2.1) and the following inequality
[7, p. 384]

En(fg)a < |lgllaE| 2 (f)a+2[|flaE|2(g)a,

we get,
ab 24 w(b—a)—Sd ~
ro (F)] < *ZEZm 1(Fj95)(-1,1) +4<2—)E2m—1(F9)[—1,1]
j=0 w
P F Bt (9) 1, + 211930 1, B (F) 1
j=
[ FH 1y Em-1(9) -1 + 2||§H[—1,1]Em—1(1})[—1,1]}
2d5
== [HFHA/ m-1(9)4, +21l91L4, Bnr (F) oy |
j=
2d
*[HFHB/Em 1) + 209/l Enr(F)s .
O
Proof of Theorem 3.3. Estimate (3.8) easily follows by (3.7), taking into
account that, under our assumptions on F' and g, (2.2) holds true. O

Proof of Theorem 3.4. In order to prove (3.9) we start from (3.5) and esti-
mate the errors e, (Fjg;) and e,,(F§) using (1.4). Under our assumptions
on F' and g, we have

2m
@@ < Y (%)
k=0
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2m 2m—k k
2m d d
(k) (k) i z
s {FO g ||[wa,wb}}k§:j ( ] ) <2w) (2)

IN

[ARE)

0

d d\*"
= (k) (k) v ¢ ‘
k:(s),lll? . {H ||[a,b] ||g ||[wa,wb}} 2% + 9

Moreover, taking into account that [8] lim,, 27", = ﬁ and using the
well-known Stirling formula (see [11])

mym 1 m\m __1
(—) \/2wme_m§m!§(—) 2rm e Al om=1,2,...,

e e
we get
em(Fy05)| < (O 99 s | 22 atic
em(L'j95) = Su a wa,w .
= o am [a b9 et Am 2v/m
Since an analogous estimate holds true for e,,(F§), (3.9) follows. O

In order to prove Theorem 4.1 we need the following

Proposition 7.1. Let F € W,([a,b]),r > 1. Forn > 1,¢> 0 and t such
that a <t + cu < b, we set

Y(Ft,c) = /1 Flt+e) = F®) 0wt wt)du

1 u
and
2n
F(t+ cx;) — F(t)
Yo, (F,t,c) = i t)A;.

an( ¢) ; z g(zic w+ wt)

Then, we have
log(2n M
[Y(F.t,e) = Yau(Frt,0)| <C (2;)3 1FO o, (7.1)

where C is a positive constant independent of n and F'.

Proof. Setting N = 2n and denoting by Ly(f,x) the Lagrange polynomial
interpolating the function f on the zeros of N—th Legendre polynomial,
we can write
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T(F7t7c) - TN(F,t,C) =

_ Ul Beuf ') 1 o wt wh), w)du

-1 u

N
A F
- Z li(t)g(:vic w~+ wt)\;

T
i=1 v

+ /1 A"’uiF(t)[Q(uc w+wt) = Ly(g(-c w+wt),u)|du
~1

u
= on(F,t)+ pn(F,1).

Taking into account that (see [7, p. 54])

C 1
l9(uc w +wt) = Ln(g(ew+wh), u)l < opm5m—ms,
we have
C ! Ach(t) 2\—1
< —— 7 — - .
lon(F )| < 2NTJ!][1 " ‘(1 u?) " idu

Now we prove that
1
[,

To this end we consider the following decomposition

A F(t)
u

/_11 Acuf(t) ‘ . _1u2)411 s —
{/ ” /12 /N}‘ - '(1—1u2)idu
= A+B+C.

Concerning A, we have

||Fu[ab{/ /% }WM) du

ClIF([fq,5) log N.

Al

IN
.m»a

IA

_1 c
‘ (1 —wu®)"3du < C||F ||y log N + Nz 1 el

(7.3)

(7.6)
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Analogously, we obtain
|B] < C||F||[q,) log N. (7.7)

Concerning C', we get

c| < g/“
%

~ [t du dv el t+” du dv

< F’ — —

< o[ [ o [7 [ wEamigs s

(7.8)

F(t+u) - F(t)|

<

WHF/
Combining (7.6)-(7.8) with (7.5), (7.4) follows and then, by (7.3), we have

lon(g,t) 1 a8 + 11 'l fa,p)] log N. (7.9)

< C
< 2N NI
Let P € Pn1 be the polynomial of best approximation of F', since
Ao P(t
Cui()LN(g(-c wtwt,u)) € Pay_1 and Ly (g(-c wtwt, x;) = g(x;cw+wt),
the Gaussian rule is exact and we can write

O’N(F,t) = O’N(F—P,t)
_ /1 Ay (F — P)(t)
-1

Ln(g9(-c w+ wt), u)du
u

Aca, (' = P)(t)

Z;

= Mg(uc w~+wt)du — pn(F — P,t)

M) =

g(zic w+ wt)\;

~.
I

—

—1 u
N
A (F—P
-3 i : )(t)g(xic Wt WA,
i=1 i
= X — pn(F = Pjt) — Xo. (7.10)
Concerning 31, proceeding as in the proof of (7.4), we obtain
C
1l < CEN(F)(aplog N + Sz I(F = P)¢lay- (7.11)
y (7.9), we get
C
N (F =P )] < oxr [EN(F) (o) + [I(F = P) ©||(a,5)] log N(7.12)
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Moreover, by [2, (5.16)], we have

Ai
’1“ S CEN(F)([a7b]) IOg N. (713)

N

|So| < CEN(F) (g Y

i=1

Substituting (7.11)-(7.13) into (7.10), we obtain

lon (F, )] < CIEN(F)(ja,p) T+ (F — P)'¢|{q,5)] log N.

1
.
Since by [5] the following inequality
I(F' = P) @lljap) < CNEN(F) (ap)) + CEN-1(F ) ((ap]) < CEN-1(F")g ((a))

holds true, where
En(G)ga,([a,b}) = PlglEf’;n H(G - P)@H[a,b]

and C # C(N, F, P), by our assumptions on the function F and (2.2) we
get

C T T
lon(Fy )] < WHF( )¢ fay log N. (7.14)

Finally, combining (7.9) and (7.14) with (7.2), (7.1) follows. O
Now we can prove Theorem 4.1.
Proof of Theorem 4.1. We consider only the case a + % <t<b-— %, being
the proof in the other cases similar. By (4.6) we have
7b ’t_% t+%’b

105, (£ )] < [Woy = (F)] + [ " (F)] 4 @20 (L1)| + Cl| £l
Taking into account that F(z) = f(z)(z —t)~! in the intervals [a,t — 1]
and [t + %, b] has the same regularity of f, using Theorem 3.1 we get

at—1 t+L1.b

(W, “ ()] + [Wa, " (E)] < C[ fll{a,e1-

Moreover, since using [2, (5.16)] we have

2n
[®an(L1)] < 2|l S
i=1

||

< Cl[ a5 log (2n2),

(4.11) follows. Concerning (4.12), by (4.7) we have

ab at—21 t+Lb
[Ryy, (f,t)| < rop, @ (F) 4 |rg, " (F)] + [e2n(L1)]-
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Now, using Theorem 3.3 we get

at—L t+1,
‘r2n (F)| + |T2n (F)| S

and, by Proposition 7.1, we deduce

1 1 C
T <f7 tv w> - TZTL <f7 t7 w> ‘ S (271,)7" log(2n)

Then (4.12) is proved. O
Proof of Theorem 5.1. We prove the theorem only in the case a + % <t<
b— % The proof in the other cases is similar. As for the proof of Theorem
4.1, taking into account theorems 3.1 and 3.3, we need only to prove that

le2n(L1)| =

@ (h1)| < CIl | fay (7.15)
and c
Frm < 1
Fmb)| < (7.16)
We can write L
1 77273
bt = [ L),
-1 ||

_1_1
where L, 2(f,x) denotes the Lagrange polynomial of a function f based
on the zeros of the Chebyshev polynomials of the first kind. Since by a
result due to Nevai in [9], for 0 < 1 < 1, we have

1 1
1 L;@§7_§ , T
/)|(f)uxﬁmﬂwmp (7.17)

-1 ||
we deduce
[ ()| < Cllhallj—1,1) < ClIf llfap)>
i.e. (7.15). In order to prove (7.16), denoting by P,,—1 € P,,,—1 the polyno-
mial of best approximation of hi, we write

1 1
Y hy(2) — L 2 (h
i) = [ 2 (h1,2) g,
-1 ||

1_1

1 _ 1 202 _

_ / hl(CC) Pm_l(x)dl'—}—/ Lm (hl Pm_l,l‘) da.
-1 || -1 k4

Using (7.17) again, we get
(r) or
O e

mr ’

[Tm(h1)| < Clh — Po—illi-1,1) = CEm—1(h1) -1,y <

i.e. (7.16). The proof is now complete. O
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8 Numerical tests

In this section we show by, some examples, that our theoretical results are
confirmed by the numerical tests. As announced in Subsection 3.1, the
convergence order of the error of the proposed quadrature rules depends
not only on the smoothness of the functions F' and g but also on the value
chosen for d.

We will denote by CC' = Sm = L@Jm the computational cost of the
quadrature rules in terms of the number of the evaluations of the functions
F.

When we don’t know the exact values of the integrals, we will think as
exact their approximate values obtained for m = 300 and in all the tables
we will report only the digits which are correct according to them.

Example 1 As first example we consider the integral

1 : 2 (i
wcosw + sinw + e*(sinw — w cosw
/ e’ sin (wz)dr = T i <2 )7
—1 e(l+w?)

that is (1.2) for w = 5000. As you can see in Table 2, applying our procedure
with d = 16 and m = 14, we get the machine precision in double arithmetic.

m | rpH(F) d=16
8 7.23e — 008
14 1.21e — 016

Table 2: F(z) = €*, w = 5000

Example 2 Given the integral

2
/ x cos (50z) sin (wz)dr =
0

2w (2500 — w?) cos (2wm) + (2500 + w?) sin (2w)

50
_ (2500 — w?)2 w# 50,
T
~100 w = 50,
8.1)

in case when w = 30, in Table 3 we compare the error of our quadrature rule
with the one obtained using the Price’s method and showed in [3, p. 154].
In Table 4 we show that for w = 1000 the proposed quadrature rule gives
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an approximation of (8.1) with the same precision. As announced in Sub-
section 3.1, increasing d we need to increase also m but the computational
cost C'C' decreases.

d=4,CC =613 | d =16, CC = 330 | Price’s method
0,2m 0,27
ry (F) ros (F)
1.94e — 016 1.8e — 016 7.67e — 003

Table 3: F(x) = z cos (50x), w = 30

m| cC | d]| F(F)
7 121992 | 2 | 5.2e — 018
9 | 14138 | 4 | 1.1e — 017
13| 8169 | 10 | 6.9e — 018
16 | 5891 | 16 | 4.3e — 018

Table 4: F(x) = z cos (50x), w = 1000

Ezample 3 Now we consider the following integral on the the real semiaxis
o
/ e sin (wr)dx =
0

Since F(z) = e™% satisfies (6.1) and |F(x)| < 10716 for = > 37, we ap-
proximate the above integral using the rule U237 For w = 100, in Table
5 we compare our results with the ones showed in [3, p. 238-240] and ob-
tained using the methods proposed by Gustafson and Dahlquist (GD) and
by Krylov and Skoblya (K.S). In Table 6 we show our results obtained for
w = 1000.

w
14+ w?’

WS(F) d=16| GD KS
3.46c — 018 | 9.8¢ — 003 | 9.9¢ — 007

Table 5: F(z) =e *, w =100

m | (F) d=16
8 1.02¢ — 006
15 | 3.34e— 017

Table 6: F(x) =€ ", w = 1000

Ezample 4 We take the following integral on the real line

oo .
/ me—2|x|esm (w;t)d:p
—00
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In this case |ze~2#l| < 10716 for |x| > 20. In Table 7 we show our results
obtained choosing d = 10.

m | U, 20(F) d=10
20 | 9.029¢ — 009

32 [ 9.02937116e — 009
40 | 9.029371163¢ — 009

Table 7: F(z) = ze 2%l w = 1000
Ezxample 5 Now we consider the following Hilbert transform

/\/ﬁ

x_,

cos (wz)dz.

For w = 100, in Table 8 we compare our results with the ones obtained using
the quadrature rule I}, proposed in [1]. Since the function f(x) = v/1 — 22
is not smooth we need to increase m to reach exact digits. In the case
where w = 5000 the approximations obtained using our method are shown
in Table 9.

on | ©,01(f,05) d=4 | I} (0.5)
8 | 0.71221 0.71
16 | 0.71221 0.712
32 | 0.712213 0.712
64 | 0.712213 0.71221
128 | 0.712213598 0.71221

Table 8: f(xz) = V1 — 22, w =100

2n | ©,1(£,05) d=10
8 | 1.768797

16 | 1.76879751

32 | 1.768797516

64 | 1.7687975165

128 | 1.76879751653

256 | 1.768797516538

Table 9: f(z) = V1 — 22, w = 5000

Ezample 6 Given the Hilbert transform

/°° log (1 + ac) sin (wz) I
0 (1+22)i(z—17)
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it results

the results obtained, for different values of w, using the quadrature rule

log (1 + x)
7

(14 22)3 (z — 1.7)

@g;lm?(f, 1.7) choosing d = 16.

< 10716 for x > 122. In Table 10 we show

on | ©017(f,1.7) w = 1000

05, %%(f,1.7)  w = 5000

8 | —0.02477

0.01098

16 | —0.02477261286973 0.01098589258860
32 | —0.024772612869733 0.01098589258860
64 | —0.024772612869733 0.0109858925886056
log (1
Table 10: f(x) = M, d=16
(1+a2)F

Ezample 7 Now we take the following integral

In Table 11 we show the results obtained using the rule A?ﬁl, with d = 16,

sinh x

I

|x —0.5]2

for different values of w.

- sin (wz)dx.

m | Ay (f,0.5) w = 1000

AV (f,0.5)  w = 10000

8 | —0.02029

—0.01274

16 | —0.020295243694676

—0.012746276943

32 | —0.0202952436946768

—0.01274627694393

Table 11: f(x) =sinhz, d = 16

Ezample 8 As last example we consider

Taking into account that |(z'+5)~1|z —0.0001| 5| < 10716 for z > 32, we
approximate the integral using A%f’Q( £,0.0001). The results, for different

sin (wx)

o0
/0 (210 + 5)|z — 0.0001|3

values of w, are presented in Table 12.

m

AR (£,0.0001)  w = 1000

AYP(£,0.0001)  w = 10000

8

0.002976

0.0008681

16

0.0029769

0.0008681106039

32

0.0029769728

0.0008681106039240

54

0.002976972829814

0.0008681106039240

Table 12: f(z) = (z'°4+5)"', d =38
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1 Introduction

Throughout this paper we shall make use of the following notations. X and
Y are real Hasudorff topological vector spaces, K is a nonempty convex
subset of X, C' is a closed convex pointed cone in Y and f: K x K — Y is
a vector-valued function on K x K. The scalar (that is, Y = R) equilibrium
problem, that is (for short, EP) is to find € K such that

f(z,y) =0, WyekK. (1.1)

This problem contains as special cases for instance optimization prob-
lems, problems of Nash equilibria, complementarity problems, fixed point

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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problems and variational inequalities. For details, we can refer to [5, 8, 9]
and the references therein

Motivated by the extensions of variational inequalities to vector varia-
tional inequalities, many authors generalized EP to the vector case in the
following ways:

find z € K such that
f(z,y) ¢ —intC, Vye€ K, (1.2)
find z € K such that
f(z,y) eC, YyeK, (1.3)
where intC' denotes the interior of C. In this case, we assume that
intC #0,and f: K x K =Y.
These problems are called vector equilibrium problems (for short, VEP).

The following problem, termed as dual vector equilibrium problem (for
short, DVEP),

find z € K such that
f(yaf)gica vyEK?

is closely related to VEP (1.3)

We denote by Sk and SE the set of all solutions of VEP (1.3) and
DVEP, respectively. Recently, Aussel and Hadisavvas [2] introduced the
concept of local solutions of variational inequalities. Bianchi and Pini [4]
extended this concept of local solutions to EP in the setting of reflexive
Banach spaces. We further extend this concept for vector equilibrium prob-
lems in the setting of topological vector spaces.

The sets of local solutions for VEP (1.3) and DVEP are denoted by

Sk loc and SI[() loc> Tespectively. We define Sk j,. and S}? loc as follows:

S[D(,loc = {z € K : 3V open neighborhood of z such that f(y,z) € —C,Vy € VNK},
Sk.,oc = {z € K : 3V open neighborhood of x such that f(z,y) € C,Vy € VNK}.
Obviously, SE C SI%ZOC and Sk C Sk joc-

In most of the papers appeared in the literature on the different as-
pects, VEP (1.2) is considered and studied. It is worth mentioning that
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the weak (strong, respectively) Pareto optimal solution of a vector optimiza-
tion problem can be studied by using VEP (1.2) (VEP (1.3), respectively).
Our results generalize and extend the results of Bianchi and Pini [4] to the
topological vector space setting.

2 Main results

In this section, we first recall some concepts and then we give main results.

The following concept of upper sign continuity is vector version of the
the upper sign continuity was introduced by Bianchi and Pini [4] which
extends the earlier notion in the framework of variational inequalities in
[10].

Definition 2.1. Let y be an arbitrary element of K. A mapping z —
f(z,y), from K into Y, is said to be upper sign continuous at y if for any
x € K, the following statement holds

flu,y) € C, Yue Jo,y[ = f(z,y) €C,

where ]z, y[ denotes the line segment joining x and y except the end points
x and y.

Definition 2.2. A mapping f: K x K — Y is said to be

(i) C-pseudomonotone if for any z,y € K,
flzy) e Y\ (=C) = [fly,x) e —=C\{0};
(ii) C-quasimonotone if for any x,y € K,
fy) eY\(=C) = [fly,2) € =C;

(iii) C-properly quasimonotone if, for all {z1,...,z,} C K and for all x €
co{z1,...,xn}, there exists i € {1,2,...,n} such that f(z;,z) € —C,
where co{z1,...,x,} denotes the convex hull generated by z1, ..., z,.

It is clear from the definition that C-pseudomonotonicity of f implies

C-quasimonotonicity. But in general there is no relationship between C-
properly quasimonotonicity and quasimonotonicity or pseudomonotonicity.
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The next result is a vector version of a proposition given in [3] with mild
assumptions which provides a link between C-pseudomonotonicity and C-
proper quasimonotonicity .

Proposition 2.1. Let f : K x K — Y be a vector-valued function such
that one of the following conditions holds:

(i) The set {z € K : f(z,y) € Y\(—C\{0})} is conver and f(y,y) € —C
forally € K;

(i) The set {y : f(x,y) € —C\{0}} is convex and f is C-pseudomonotone
such that f(x,z) =0 for all x € K.

Then, f is C-properly quasimonotone.

Proof. Suppose that (i) holds and on contrary that f is not C-properly
quasimonotone. Hence, there exist z1,...,z, € K and & € co{z1,x9,...,Tpn}
such that f(x;,Z) € Y\(—C) for i = 1,2,...,n, Therefore, by (i) we have
f(z,z) € Y\(=C) and so f(z,%) ¢ —C which is impossible by (i). Then f
is C-properly quasimonotone. Now let (ii) hold and the result of proposi-
tion is not true. So there exist x1,...,z, € K and & € co{x1,z2,...,2,}
such that f(z;,z) € Y\(—C) for i = 1,2,...,n and hence, because f is
C-pseudomonotone, f(Z,z;) € —C\{0}. Then, since the set {y : f(z,y) €
—C\{0}} is convex, we have f(Z,z) € —C\{0} and so f(Z,z) # 0. This is
impossible in view of (ii). This completes the proof. O

The following lemma plays a key role in this section. Moreover, it im-
proves Lemma 2.1 in [4].

Lemma 2.1. Let K be a nonempty convex subset of X and f : K xK — Y
be a vector-valued function such that the following conditions hold:
(i) f(x,z) € C forall xz € K;
(i) For ally € K, the mapping x — f(x,y) is upper sign continuous;
(i) If f(z,y) € Y\C and f(z,z) € —C, then f(z,u) € Y\C, for all
ue |y, z.
Then, Sl?,loc C Sk.

Proof. We argue by contradiction. Then there is z € K such that z € S [D< loc
and z € Sk. So there exist y € K and an open neighborhood V of z such
that f(z,y) € Y\C and f(v,z) € —C for all v € KNV. Since V — z is
a neighborhood of 0, there exists tg €]0, 1] such that t(y — z) € V — z for
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all 0 <t <tyg. Let y=2+4+1to(y—2) and yy = (1 —t)z +ty € [2,7] for
t €10,1]. It is clear from y; = (1 —t)z +tz+t to(y — 2) = z + t to(y — 2)
and t to(y — z) € V — z that y» € K NV which implies f(y:,2) € —C, note
z €SP, . and so by (i) we have f(z,z) = 0. We claim that f(u,y) € C
for all u € |z,y[. Otherwise, there is u €]z, y[ such that f(u,y) € Y\C
and so ,note that f(u,z) € —C, by (iii) we conclude f(u,v) € Y\C for
all v €]z, g] and in particular f(u,v = u) = 0 € Y\C. Therefore 0 ¢ C
which contradicts the fact that 0 € C. Note that C' is a pointed cone.
Consequently, f(u,y) € C for all u € ]z,gy[. Thus (ii) implies that

f(z,9) €C. (2.1)

Relation (2.1) is impossible because the facts f(z,z) = 0, f(z,y) € Y\C
and (iii) imply that f(z,7) € Y\C . This completes the proof.

The following example shows that condition (iii) of Lemma 2.1 is essen-
tial.

Example 2.1. Let X =Y =R, K =[-1,1], C = [0,00) and f: [-1,1] x
[—1,1] — R be defined by

0 if (z,y)e{0}x[F,1] or 2=y,

—1  otherwise.

f(z,y) ={

It is obvious that f(x,z) = 0, for all x € K and if f(u,y) > 0, for all
u €]z, y|, then u = 0, for all u €]z, y[, which is impossible. This shows that
the mapping z — f(z,y) is upper sign continuous mapping for each fixed
y € K. From the relations f(1,1) < 0, f(2,1) < 0, one can verify that
the statement f(u, %) < 0, does not true for all u 6]%, %[, for example take
U= % E]%, %[, and so the example all the assumptions of Lemma 2.1 except

condition (iii). Also one can easily see that 0 € SID(,loc and Sk = 0.

Remark 2.1. (a) If the mapping y — f(x,y) is C-convex, that is,

tf(z,y)+ (1 —t)f(z,2) — f(z,ty + (1 —t)2) € C, Vy,z€ K, Vt € 0,1],

(2.2)
then condition (ii) of Lemma 2.1 holds. To see this, let f(z,y) € Y\C and
f(z,z) € =C. Since Y\C and —C' are cones, we have tf(z,u) € Y\C and
(1 —=t)f(x,z) € —C. Also the inclusion (Y\C) — C C Y\C implies that

tf(z,u)+ (1 —1t)f(z,2) €e Y\C. (2.3)
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From (2.2), (2.3) and (Y\C) — C C Y\C, we obtain
flz,ty+ (1 —t)z) e Y\C, Vtel0,1].
This shows that condition (ii) of Lemma 2.1 holds.

(b) Lemma 2.1 improves and extends Lemma 2.4 in [11] and Lemma 2.1 in
[4] to vector-valued bifunctions.

(c) It is straightforward to see that Sx C SID( whenever the following state-
ment holds, for all x,y € K,

flz,y) e Y\(=C\{0}) = fly,z) € =C. (%)

Therefore, if we add () to the assumptions of Lemma 2.1 then we obtain
S}? = S[[g’loc = Sk. As an application of this remark, if we take Y = R and
C = [0, 00), then we deduce Proposition 2.5 in [11].

A set-valued map ( or multimap) F': K = X is a function from K into
the power set 2% of a set X. Let K be a convex subset of a vector space
X. Then a set-valued map F : K = X is called a KKM map if for each
nonempty finite subset A of K, the inclusion coA C F'(A) holds, where coA
denotes the convex hull of A and F(A) = |J{F(x) : z € A}.

We need the next result in the sequel. It is a special case of Fan-KKM
principle [6].

Lemma 2.2. Let X be a nonempty subset of a topological vector space E
and F : X — 28 o KKM mapping with closed values. Assume that there

exists a nonempty compact convex subset B of X such that (.5 F(x) is
compact. Then (\,cx F(x) # 0.

Now we establish an existence result for a solution of DVEP.

Theorem 2.1. Let K be a nonempty convex subset of X and f : KxK — Y
be a vector-valued function with f(x,z) = 0, for each x € K. Assume that
the following conditions hold:

(i) For each finite subset A of K and x € coA\A, there exists y € K such
that f(y,z) € —C,

(ii) For each x € K, the set {y € K : f(x,y) € —C'} is closed in K;
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(iii) There exist a nonempty compact subset D and a nonempty compact
convez subset B of K such that for each y € K\D, there exists x € B
such that f(x,y) e Y\ —C.

Then, the solution set SID< of DVEP is nonempty and compact.
Proof. Define I' : K = K by

Nz)={ye K: f(x,y) € —C}.

By (i) I' is a KKM mapping. In fact let A = {z1,...,2,} C K and x € coA.
If € A then f(x,z) = 0 and so x € I'(z). Now if © € coA\A then by
(i) there exists y € K such that f(y,z) € —C and hence z € I'(y). Con-
sequently, coA C Ul ;T'(z;). This means that I" is a KKM mapping. The
values of T, that is I'(z), for all x € K. is closed and it is obvious from (iii)
that (,cp'(z) € D. Hence I' satisfies all the assumptions of Lemma 2.2
and (,cx I'(2) is nonempty. It is clear from the definition of DVEP that
S =,ex I'(x). Then S¥ is nonempty and by (iii) it is a compact subset
of K. O

Lemma 2.3. If, for each x € K, the set {y € K : f(z,y) € —C} is
closed and convex subset of K, then either f is C-properly quasimonotone

or Sfl?,loc # 0.

Proof. Assume that f is not C-properly quasimonotone. Hence, there exist
Z1,...,xn, € K and T € co{z1,z2,...,2y} such that f(z;,z) € Y\(-C),
forall¢ =1,2,...,n. Then, there exists an open neighborhood V of Z such
that

flzi,y) e Y\(-C), Vye KNV, i=1,2,...,n.

Hence from the C'— quasimonotonicity of f we have f(y,z;) € Y — C for
alli=1,2,...,nand y € KNV and so by our assumption, that is the set
{ye K: f(z,y) € —C} is convex, we get

fly,z)e -C, VYye KnV.

This completes the proof. Il

Therefore, T € S[D< loc-

In the following we establish some existence results for a solution of
VEP (1.3) with or without C-quasimonotonicity assumption.
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Theorem 2.2. Let f : K x K — Y be a C-quasimonotone function sat-

isfying the conditions of Lemmas 2.1, 2.8 and condition (iii) of Theorem
2.1. Then Sk # 0.

Proof. If f is C-properly quasimonotone, then the result follows from The-
orem 2.1 through Lemma 2.1. Otherwise, we obtain the result from Lemmas
2.3 and 2.1. O

Theorem 2.3. Assume that f : K x K — Y satisfies condition (iii) of
Lemma 2.1. Let xog € K be a local solution of VEP (1.3) in a neighbor-
hood V' of xg. If there exists §y € K Nint V such that f(xg,y) € —C, then
xo € Sk O

Proof. We argue by contradiction. Then there exists z € K such that
f(zo,2) € Y\C. So, by condition (iii) of Lemma 2.1 we have

f(z,u) e Y\C, Vu €y, z|[.

Since g € K NintV, there is a u € ]y, z[ such that f(zg,u) € Y\C. This
contradicts the fact that xg is a local solution of VEP (1.3) in a neighbor-
hood V of z. U

Acknowledgement

The author wish to thank the referee for his comments.

References

[1] Q.H. ANnsARI, A.P. FARAJZADEH,On some aspects of equilibrium
problems, Submitted for publication.

[2] D. AusseL, N. HADJISAVVAS, On quasimonotone variational inequal-
ities,J. Optim. Theory Appl., 92 (1997), 527-542.

[3] M. BiancHI, R. PINI, A note on equilibrium problems for properly
quasimonotone bifunctions, J. Global Optim. 20 (2001), 67-76.

[4] M. BiancHI AND R. PiN1, Coercivity conditions for equilibrium prob-
lems, J. Optim. Theory Appl. 124 (2005), 79-92.

[5] E. BLum, W. OETTLI, From optimization and variational inequalities
to equilibrium problems, Math. Stud., 63 (1994), 123-145.



ON BETWEEN DUAL VECTOR EQUILIBRIUM PROBLEM 313

[6] K .FAN, Some properties of convex sets related to fized point theorems,
Math. Ann. 266 (1984), 519-537.

[7] F. FLORES-BAZAN, Ezistence theorems for generalized noncoercive
equilibrium problems: the quasi-conver case, SIAM. J. Optim., 11
(2000), 675-690.

[8] F.Gi1aNNEssI (ED.), Vector variational inequalities and vector equilib-
ria, Mathematical theories, Kluwer, Dordrecht, 2000.

[9] F. GIANNESSI, Theorems of alternative, quadratic programs, and com-
plementarity problems, in: R.W.Cottle, F. Giannessi and J.L. Lions
(Eds.) Variational Inequality and Complementarity Problems, John
Wiley and Sons, New york (1980), 151-186.

[10] N. Hapuaisavvas, Continuity and mazimality properties of pseu-
domonotone operators, J. Convexr Anal. 10 (2003), 465-475.

[11] A.N.IuseM, W. SosA, New existence results for equilibrium problems,
Nonlinear Anal. 52(2003), 621- 635.

AL1 FARAJZADEH
Department of Mathematics, Razi University, Kermanshah, 67149, Iran
e-mail: faraj1348@yahoo.com






RENDICONTI DEL CIRCOLO MATEMATICO DI PALERMO 315
Serie 11, Suppl. 82 (2010), pp. 315-343

On a positive linear operator
on the semiaxis

Luisa Fermo

To my Professor Giuseppe Mastroianni

Abstract. A positive linear operator is introduced on the semi-
axis and its convergence is investigated in suitable weighted spaces
equipped with the uniform and the L!'-norm. As corollaries, error
estimates for a special Hermite-Fejér polynomial are obtained.

Mathematical Subject Classification (2010). 41A36

Keywords and phrases. Positive operators, Hermite-Fejér inter-
polation

1 Introduction

In 1975 1. Joé investigated the following operator

PO (fa) =Y ((”0‘) - a> F ()2 () (L.1)

X
=1 k

where 1 < z9 < ... < x,, are the zeros of the polynomial p,,(w,) which
is orthonormal to the Laguerre weight wq(z) = 2% ", —1 < a < 0, and

b k() = % are the fundamental Lagrange polynomials based

on the nodes xy. It is a positive linear operator and is a part of the Hermite-

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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Fejér interpolation Fr(na). Indeed the latter one can be written as

m
E)(fow) = PY(fox) = ) flaw) (@ — o)l ().
k=1
Particularly, in [4] I. Joé proved that, under certain growth conditions on
f, an error estimate in uniform norm can be given in finite intervals. In
fact he got the following relation

0 (o (fbe) + Ml 4+ L), 1 <cax-d
IPSO(f) = £l =
0 (w (f, m_lap) SV L'jl':) . “lca<o

where w denotes the ordinary modulus of smoothness on the interval [0, 2A]
with A > 0 arbitrary and fixed, |- || denotes the maximum-norm of the cor-
responding function in the interval [0, A] , || f||* = 2supg<,eoo{|f(x)e "]}
and the O sign depends only on A. -

Later in [6] I. Jo6 and J. Szabados investigated the weighted convergence
of PTE@Q) in L'. In particular they considered a continuous function f on
[0,00) such that lim, o f(z)e™* = 0, A < 1 and associated to every f
of this type a function F defined as F(z) = f(z2)e~>*". Thus the authors
proved the following estimate

/OOO a%e | f(z) — P\)(f,x)|dz = O <w <F, lo\g/;m>>

where w(F,t) = supgcp<; [|AnF|lr and the O sign denotes a constant de-
pending only on a and .
In this paper we will see that, by means of a slight change of the operator

PTS?), it is possible to approximate a wide class of functions defined on
(0,00). In order to make this modification we will proceed in the following
way.

Let 1 < ... < x;, be the zeros of p,,(w,) and let z,,41 := 4m. We
consider the Hermite-Fejér polynomial based on these m + 1 points defined
as

m+1 (o ~
FO (fa)= 3 (1 UACO . m) 2, (2) f(a)

p q (k)

where ¢(x) = ppm(wq, z)(4m — ) and

~ 4dm — x ' Pm(Wa, T
lm,k(x) = <4m—xk> lm,k(wa7$)7 k <m, lm,m—i—l(-r) = M
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are the fundamental Lagrange polynomials based on the zeros x1 < xo <
o < Ty < Tyyy1. By developing the expression of the coeflicients we can
write

m+1
®) (fre) =P +Z( 2) (& — o) () B ()

dm — xp,
(1.2)
where
N m—+1 (1 + a)x -
P (fox) = > (% - Of> U (@) f (k). (1.3)
k=1
Now if
xj = lg}fm {zf : xp > 2m}
and

1 x> N T — T,
\Il(x)_{oﬁ if o <0. " \P](x)_\p<9«“j+1—$j)’

for any f € C°((0,00)), we introduce the following function

filw) = (1 =V;(x)) f(z) (1.4)

and the following “truncated” Hermite-Fejér polynomial

Fi (fow) = Faly(f.0) (1.5)
J 9 .
m+1 (f,x) + ; < 4m—:nk> (v — 13k)f(5'3k)l72nk($)
where

J
P ) = P = 3 (B2 o) B ). (o)
k=1
*(a)
m+1
expression as the operator P,(na) defined in (1.1) with the only difference
that the sum is until j and not until m and that the fundamental Lagrange
polynomials are based on m + 1 points and not on m pomts.

In this way we have defined a new operator P which has the same

In this paper we will investigate the operator Pm +1 Particularly in

*(a)

Theorem 3.1 we will show the convergence of P, 11 (f) to f and we will give
an error estimate in uniform norm on (0,00) (and not on finite intervals).
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We will also consider P;l(f_)l : L — Ll where L and L} are two
suitable weighted spaces equipped with the uniform and the L'-norm, re-

spectively. Then in Theorem 3.2 we will prove

*(a) 1 [ full oo
Il =P <, (£.7=) + 1],

where w,, is the first weighted ¢-modulus of smoothness in uniform norm
and C is a positive constant independent of m and f.

As corollaries, we will obtain some error estimates for the “ truncated”
Hermite-Fejér polynomial based on the zeros 1 < 9 < ... < Ty, < Tyy1-

The paper is structured as follows. In Section 2 we will define the
weighted spaces we consider. In Section 3 the main results are showed
while in Section 4 the proofs of the main results are given.

2 Preliminary results

First we give some notations and preliminary results. In the following we
will denote by C a positive constant which may assume different values in
different formulae and we shall write C # C(a,b,...) to indicate that C is
independent of the parameters a, b, .... Moreover if A and B are two positive
quantities depending on some parameters, we will write A ~ B if and only
if (A/B)*! < C, where C is a positive constant independent of the above
parameters.

Now let wy(z) = 27e™*, v > 0 and let us denote by C°(B) the set of
all continuous functions on B C [0, c0).

With this notation we introduce the space ng;

Ly, =49 f€C((0,00) : lim (fwy)(z)=0

z—0
T—r—+00
equipped with the norm
1fllLgs, = [lfwylloo = sup [(fwy)()].
x>0

If v =0 then L3> denotes the set of all continuous functions on [0, 00)
such that lim,_, o (fwy)(x) = 0. In other words, when v > 0, the func-
tions f € Lgﬁy could take very large values, with algebraic growth, as x
approaches zero from the right, and could have an exponential growth as
T — OQ.
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In order to characterize these type of functions we introduce the follow-
ing modulus of smoothness (see, for instance, [10, p. 175])

ww(fa t)uw = ng(ﬂ t>ww + ilclf ILf — C]wvHLOO([OAt?})
where

Qo(fit)w, = sup  sup |f(z + hp(z)) — f(2)|lwy(z), @(@)= Ve
0<h§txe<4h2,h%>

and we recall the following properties (see, for instance, [10, p. 169], [13],

[1])

Qplf A 8y < (N +1) Qs 0)us A ERT (2.1)
Qo(f,01)wy < 2o(f02)wys 01 < 0 (2.2)
ng(fa 5)10., < Wga(fa 5)ww (2'3)

Q‘P((Sf: 51) < QSO((S‘}; 52)’ 51 > 52 (24)

where [A] denotes the integer part of A.

3 Main Results

x

Let wq(z) = 2%~ %, © > 0, @ > —1 be a Laguerre weight and let {p,,(ws)}
be the sequence of orthonormal Laguerre polynomials defined as

Pm(Way ) = Y™ 4+ ooy ym >0,

/ pm(wavx)pn(wayx)wa(m)dx = 5m,n-
0

We denote by xj := @, 1, the zeros of pp,(wa), m > 1, x; = minj<gp<m{z
z > 2m} and for all f € L7 we consider the operator P:n(i)l( f) defined
in (1.6)

o - (e

it () = P () = D0 (0
k=1

- a) 2 (o) f(ar).

By the definition it follows that if —1 < o < 0 then P*(j:)l is a positive

m
linear operator and it does not preserve the constant functions.

Next theorem shows, that under suitable conditions on the parameter

~ of the weight of the space, P:n(jf)l( f) converges to f in the norm of L{'U‘i/.
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Theorem 3.1. Let wa(x) = 2%, wy(x) = 27e™", such that

1
max{O,a+2}§’y§a+1, —1<a<0.

Then for every f € qu‘uoW it results

It - P <>mﬂmosc["l?w f— +“%"wamm]<aw
Bedle <03 e (1) +

where C # C(m, f).

We underline that the right-hand side of (3.1) tends to zero. Indeed, by
the properties of the modulus of smoothness we have

_—
Lo @¥e \l ) T Lapte\ T m
=1 W~ w

=1 y

log=m “ 1
<
= e (f’ vm >w7;ilog2i

log“m
SCWQD <f7 \g/% > .
W~y

Note also that the second term on the right-hand side of (3.1) cannot
be dropped, since the operator is not exact for the constant functions.
Moreover we observe that if f € W;(w.) with

Wiwy) = {£ € L3 1 1Flwyun) = 1Flloe + 1100 loe < 00}
o(x) = y/x, by (3.1) it results

(o logm
I1F = P edloe < € =2 1w

Furthermore by Theorem 3.1 we can immediately deduce an error esti-
mate for the “truncated” Hermite-Fejér polynomial defined in (1.5).

Corollary 3.1. Under the assumptions of Theorem 3.1, for every f € Lzﬁy
it results

) w? “ lw L logm

=1

where C # C(m, f).
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By (3.2) and (3.1) we can deduce that a homogeneous error estimate
cannot be given. Indeed, in order to approximate a function f with the

)

Hermite-Fejér polynomial or with the operator P:n(il in the norm of the
space L%, we have to assume f € Lm . On the other hand, the investi-

gations of D.S. Lubinsky in [9], J. Szabados in [18] and S.V. Szabé in [19]
showed that, if we consider the Hermite-Fejér polynomial F,,, based on m
nodes of the m-th orthonormal polynomial w.r.t. some Freud-type weights,
error estimate of the type lim,, ||[f — Fin(f)wi|e = 0, Vf € Lg;, cannot
be given with w; = ws.

Now we consider P;:L(i)l(f) 1 L — L, where v(x) = %,

u(z) = v(@)(1 + 2)2 = wy(2)(1 + 2)*, A € R and L} is the space of all
measurable functions in (0, 00) such that

1fllzy = [l foll = /0 (o) (@)|dz < oo

The following proposition shows the boundedness of 73;(1)1 : L — L.

Proposition 3.1. Let wy(z) = 27e™", v(z) = wy(z)(1 + z)™ and
u(z) = v(z)(1 + )2 such that

1
A>1, max{O,a+2}§7<a—|—1, —-1<a<O.

Then for every f € Ly° we have

1P (Foll < €|l Fulloo
where C # C(m, f).

The following theorem gives an error estimate for P;fi)l in the L'-norm.

Theorem 3.2. Let wy(x) = 27e™2, v(x) = w,y(z)(1 +2)~* and
u(z) = v(z)(1 + )% such that

1
1<)\<g, maX{O,a+2}§7<a+1, —-l<a<.
Then for every f € LS we have
@) < 1 [ full oo
Il =PrA Ol <€ u, (£.7=) + 150

where C # C(m, f).
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By the previous theorem we can easily deduce an error estimate for the
“truncated” Hermite-Fejér polynomial (1.5) in L'-norm as showed by the
following corollary.

Corollary 3.2. Under the assumptions of Theorem 3.2, for every f € L3°
we have

I = FL (Pl < € {w@ (f, %) .

where C # C(m, f).

4 Proofs

Before proving the main results we recall some properties of the zeros
of pm(we) and some estimates of the fundamental Lagrange polynomials
lm. k() based on the nodes of pp,(wa).

Namely, the zeros xj := &, 1 (wa) of pm(wa), m > 1 are such that (see,
for instance, [20], [3], [5]),

C k2
—<x1<...<xm:4m+2a+2—(3(4m)%, T~ — (4.1)
m m
andVk=1,2,...m—1
A Tk Azg ~ A (4.2)
T 1= X1 — Th ~ | ———— xR ~ Az .
k k+1 — Tk e k k+1

where C and the constants involved in ~ are independent of m and k.
Moreover, if x4 is a node closest to z,

xj = 1£111€1S1177L{x1€ c x> 2m}

0<ax<4dm, k#{ddx+1l}, k=1,..5, d < mand z # xj, (see, for
instance, [12, Lemma 5]) it results

|z — x| > (|d — k| + 1) min (Azg, Azg) > C(|d — k| + 1)Axy, (4.3)

where C # C(m, k).
Furthermore, denoting by A\, (wa,z) = | 21:_()1 pi(Wa, )] the m-th
Christoffel function, one has (see, for instance, [20] and [15] )

xkAm(waa xk)

TR Vk=1,..,m. (4.4)

o k(@) = D (Wa, )
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Now, since (see, for instance, [3], [5], [15]) Vk =1,2,...,m

Lk

Am(Wa, Tk) ~ Wa (T ) Az ~ wo (k) py— (4.5)
and (see, for instance, [11])
|Dm (W, )/ we ()| < ¢ , T€ (C,4m> (4.6)
Vrdfdm —x + 73;73 m

we can deduce the following useful estimate for the fundamental Lagrange
polynomials

) yma-l  Azp apwa(zy) <
L i (z)wy(z) < Cr 2 o VA= x € m,4m (4.7)

Vk=1,2,...,m.
The following lemma [11, Lemma 3.1-3.2] (see, also, [2], [8], [9]) will be
useful for our aims.

Lemma 4.1. Let {1, 1 }}", be the fundamental Lagrange polynomials based
on the zeros of pm(wa), let € [x1,2y] and d = d(z) € {1,2,...,m} be an
indezx of a zero of pm(wy) closest to x. Then, for some positive constants

C # C(m,x,d) we have

1 wa(z)l2, 4(x)
CS g s¢ (4.8)

From now on, for simplicity of notation, we will write {;, instead of l,,, j,.
In the sequel we also need a Remez type inequality stated in the follow-
ing proposition (see, for instance, [1]).

xT

Proposition 4.2. Let wy(z) = x7e™™, v > 0. Then for each polynomial
P,,, of degree at most m and for a fired a > 0, there exists a positive constant
C that depends on a but not on m and P,,, such that the following inequality

[Prwylloe < Cl|Prwyl| oo (2 2m))

holds true.

Finally, we introduce the error of best approximation by means of poly-
nomials of degree at most n (P, € P,)

Eu(flu, = jind (= Py e
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and recall the following Jackson’s inequality (see, for instance, [13], [1])
1
En(f)w, < Cwy <f, \/ﬁ>wv, C #C(n, f). (4.9)

In order to prove Theorem 3.1 we need the following lemma.

Lemma 4.2. Let wy(z) = 27e™" and wq(x) = 2%e™" such that
1
max{(),a+2} <yv<a+l, —-1l<a<.

Then for every f € quov we have

vl m . 1
1 = Pr (N e 0,0) < [212 ( f) + %Ilfwwl\oo]
where C # C(m, f).
Proof. Since i _)H(l x) =1, by (1.2) we have
ILf — Pm+1(f)]w'yHL°°((0733j])
= swp |[f(@)Fmii(l,2) = Po (f. 0w (@)

z€(0,2;]

= su . w—a ~2xw2$ xTr) — T
_xe(ogj]{kz( - )zkuw( (@) — Flan)]

1

s (B2 o) s
(

)

x)w,zy(x
k=j+1
m—+1
- Z < 4m —) @ xk)iz(x)f(x)wg(x)}

(= sup {Al( )+A2( )+ As(z)}. (4.10)

z€(0,2;5]

We first consider A;(x). We denote by x4 a node closest to = and assume
Tg—1 < T < Tqg < Tgq1, d > 2. Then we write

(e |<Z<”“ a)izm)w%(xnf(x)—f(xk)r

+ (@)l (@) f (@) = flza)l + Y G (@) f(2) = flar)]

k=d+1
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being ((Ha)x a) < 1if x < xx. We first estimate Yo(x). To this end
observe that being 241 < x < 4 and x € (0,z;] by (4.2) we have

Tg—T < Tqg—Tg_1=Axqg_1 <C Ld (4.12)
\/m

Therefore, setting ¢(y) = /¥, taking into account that sup, w-(z) < C and
by applying (2.1) and (4.8), we get
Yo(x) = [f (2 + (xa — 2)) = f(2)|w,(z)

< sup sup  [f(y+he(y)) — f(y)|wy(y)
O<h_\/7y€<4h2’i2)

<CQ, <f, \/m>w7 . (4.13)

Now we consider 31 (z). We write

Si(2) < —a ) R(z)wd(@)|f(2) — f(zp)]

1

d—
(a@+1)3" 22 (@)w(@)|f(x) — f ()]
=1 Tk

=1 (x) + Ix(z). (4.14)

About I; we observe that, by using relation (4.7) and taking into account
that sup, w,(z) < C, we have

dm —z \? T Ax T\ 1+a—y
:Ck 1<4m—:ck> \ 4m—a:(x—afk)2 (?k)
S (@) = f(@e) lwy ().

2 _
Therefore, since (4’”7_“’> <2, (”3—’“)1+(l T <1being vy < a+1,

Am—zxy

Az < CA%zy < C(x — 24)? being Az, < Azg, and by applying

4mx
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2 T —x4)> d—k
4 (x_xk> Q, <f,\/7n)ww L 1s)

f1<k< [%] since in general it results

i—1
xi—xT:Zij > Axy(i—r), Vi>r (4.16)
j=r
we have
(x —2x) > (xg-1 — x) = (Tg—1 — x[%]) + (x[%} — Tk)
d d
d d
Therefore
] T —x d—k 5] 1 d—k
) o (7)., =X ()
k=1 K wy k=1 wy

<ca, (f, 1) (4.18)

in virtue of (2.1).
If [g] +1 <k <d-2, then by applying (4.16) and by using (4.2) and (4.1)
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S d—k
<<% @), o

Thus by replacing (4.18) and (4.19) in (4.15) we obtain
d—2
1 1 d—k
I <C |9 — —0 — . (4.2
wsela (1) + 3 Gt (n ), |- o
Y k=[g}+1 v

Now we consider [o. By using (4.7) and taking into account that
sup, w(z) < C, we have

, ! Axy 7
I(z) < CxV~oF3 . -
2(%’) > 0T r (J} — xk)2 T — ww’y(xkﬂf(x) f(wk”
d—1 a—
A 7 d—k
<Carmets (z —x;k)Q Z’; - a:Q(p (f7 vm )
k=1 Wry
[%] d—2 a—y
= (x —xk)? Vadm — o vm ).,

().

In the first sum we observe that \/477117_1, < %, and in virtue of (4.1)
1d* 1

T(a) ~ 149, ~ 724 while in the second one we use (4.2) and (4.3). Therefore
2
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by applying (2.2) we have

—a— (3]
d p) T2 2L e gy 1
< d — —
Blo) =€ {Q im), e ),
d—2

+x,},,a+% Z Al’k xaf'yf% 4m — Tk Tk
—~ (z —xy)? k dm —x '\ 4m — xy,

k=[4]+1
R Ry S A P
Fm)., vy w0,

d-2 oty _
R (””) % (1)

k= g]-s-l

<C

Thus, by the assumption on v, we get

<c |, (f,\/lm>ww+ df € 1k)2 “"(f’dwfnk)wﬁ, . (4.21)

k= %]-s-l

Consequently, by replacing (4.20) and (4.21) in (4.14), we get

Si(z) <C |y (f\/lm> + df <f’d\/n“f>w . (4.22)

k= g}+1

Finally, we consider ¥3(x). By using (4.7) and taking into account that
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sup, w,(z) < C, we obtain

23(.@)

) B 9 . 14+a—y
<4m$> Vo2 ATk T |f (@) = f(x)[ws (zy)
1

dm — xp, (x —z)? VAm — =z

>
—d+
J dm —z \ Tk Axy, T T-g-e
:CZ dm —x Am — xp, (x — x)2 \xp
Mt k k k k
| f(@) = fan) |wy (zg).
Then since Az, ~ , /4nf_kxk, frfl”:;k < 2, wy(zr) < Cwy(z),

—%—a+’7 . 1
(l) < 1 being v > a + 3,we have

Tk

J 2
Sy <C Y (A””’“) (@) — f) oy (@),

from which by using (4.3) we get

23<x>§c[% (1 5) + %l ﬁ)] 123

v k=d+2
Hence by replacing (4.13), (4.22) and (4.23) in (4.11) we have

J )
1 7
Ai(z)| <C Y =0 <f,> : 4.24
Al <ed 50 (1) (4.24)
Now we estimate As. Since x < xj, in virtue of (4.7) we have
Az ()]
m~+1
1+ a)r ~
= > (M o) B @)

xr
k=j+1 k

< (fwy)(2) |:l21,m+1($)w’y($)+ > ffn,k(w)wv(x)]

k=j+1

2 (Wayz)  wy(x
< (fuy)(a) [ P00, 7) WAT) 4

P (Wai, 4m) wy (4m)

2
r—T — dm — x
v k)2 VAm — x k

m A 1+a—y Am — 2
_’_Cx'y—a—% Z ( Tl Z, < m :L’) ww(ﬂfk)] .
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P%m (wa,z) wy(x)
P2, (wa,4m) w (4m)

4.12)), 2m < x < 4dm, = < 2m, Tk _ < C,x < xR,y > a+ & we have
2

dm—zx

Consequently, being < C (see, for instance [11], estimate

| Az(2)]
e S v o £ M )
< w)(z)le e ~ (z—z)? \zx Am — xp,
i k=j+1
U Az
< —2m —2m k
<Cl(fe)@le™ e+ 3
i k=j+1
B 3
§J] m Al‘k
< —2m —2m D
<CFw) @I {40 30+ 30 b
k=j+1  k=[3j]+1

Therefore, since in virtue of (4.1), we have 23
deduce

Az ()|

S [ TS < Y [
< Cl(fwy)(x)]e € +(4m—x[%j])2+ Z /x (4m — t)?

k
< Cl(fun) (@)l [ M] . (4.25)

It remains to estimate As.
By the definition and being —1 4+ —2— < 1 we can write

Adm—z) —

i
[A3(2)] < [(fw) (@) | |2 —zallj(@)ws (@) + Y B(@)|z — wxfw, ()

k=1
k£d

+ Yl =zl (@)wy (@) + |z — dm|l, o (2)w, (2)
k=j+1

About the first two terms we can note that by using relation (4.7) and
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being (£7=2.) < C we have

dm—xy

J
& — zall3(2)wy (z) + Y @)z — aplw, (2)
k=1

k£d
12(z) L~ Az, oz
<z — x4 —2 w~ (z)w (g +x770‘75§ k w~ (T
‘ |w'y($d) ’Y( ) ’Y( ) e~ ‘$—$k|\/m ”/( )
k£d
ol J
g VT2 Az lia—y

< C,/Ewy(xd) + N kgl Py xk|xk VZEw~ (xg)

k#£d

by applying (4.8), (4.12) and taking into account that ——— < % There-

fore, since sup,, \/Trw~ (7)) < 1 and (see, for instance, [11])

N

%
8
3

J Axy logm
Z |z — x|z, xP
k=1
k£d

by the assumptions on v we deduce

logm

|z — zallj(2)wy(z) + Y G(2)|2 — 2wy (x) < C (4.27)

About the last two terms we note that being 2m < zp < 4m, z < xp,

’y>a+%and,/4n€’€_x§0wehave

Y | —zalli(@)wy (2) + |z — dm| T, 4 (@)ws(2)

k=j+1
m 1+a—y 2
o1 Az, = dm —x _
<Cx"7%2 Z k ( )w z) + |z — dmle 4™
- k=j+1 |z — 2| VAm —z \ 4m — zy () |
- Axk

< e ?M(4m — x) Z

k=j+1

(4m — xy)?

Then by estimating the sum as already done for A, and taking into account
estimate (4.27) we get

| Ag(z)] < cl‘\’fg‘. (4.28)
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Hence by substituting (4.24), (4.25) and (4.28) in (4.10) we have

Z 2% (5 7m) .+ el

and the theorem follows by applying (2.3). O

If — Pr (w2 e ((0.0,)

Proof of Theorem 8.1. Let f € Lﬁj’7 and let P J)rl and f; be the functions
defined in (1.3) and (1.4), respectively. We write

ILf = Prh (w2 oo = I1F = Prods (£))02 oo
<|f - f]] W lloo + £ = Proa ()13 loo
<I[f = £ilwlloo + I1F = Pt (D]l Lo (0.0,)

+ [P DO Lo (5, 4-00))-
(4.29)

In order to estimate the first term on the right-hand side we denote by Qs
the near best polynomial approximation of f i.e.

ILf — Qulwslloo < CEM(Plw,, M= [%} . (4.30)

Thus, by observing that f = f; in (0, z;] and that w,(z) < C, we write
ILf = filw3llso < Cllfwyll Loz +00))

< NS = Qmlwyll Loo((2),400)) + Q11w || oo (2),400))
< CEM(f)w, + [|Qnwy || Lo (2m,+00)) (4.31)

being x; > 2m. Now we recall that (see, for instance, [13]) VP, € Py, and
Vd > 0 it results

1Py || oo (am(1-46) 400)) < CE™ A | Pty [l (4.32)

where C and A are positive constants independent of m and P,.
Therefore using (4.32) to the last term of (4.31) we have

11 = filw3lloo < CLEM(f)uw, + e ™| Qrrwy o]
< CIEM(f)w, + e | fwy]loo]
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from which by applying (4.9) we deduce

1
Ilf = filwllleo < C [w@ (f, \/m>w7 +6‘Am|fww||oo] :

The second term in (4.29) can be estimated by applying Lemma 4.2. Con-
sequently we have only to bound the last term. To this end it is sufficient

to note that P:fi)l is a bounded operator and is a polynomial. Therefore

by applying (4.32) we easily deduce

1P ()2 Lo (g o) < Ce ™| Fr0y oo
and the theorem follows. O

Proof of Corollary 3.1. By (1.5) we can write

I = Frps (D] lloo < 11 = P2 ()02 |oo
)3 (14 e ) - @i

k=1

+ sup
x>0

The first term can be estimated as in Theorem 3.1 and then we have only
to bound the last one. By applying Proposition 4.2, by using (4.7), (4.8),
(4.26) and taking into account that |r — zq| ~ /Z, sup, zw,(z) < 1,
(=14 —2—) < 1 we have

4m—a:k

J

)Y (<14 ) - e ike)

Sup
220 k=1
o w (@)
<Clfwsloe sup w(2) [|x—xd|z§<x> 1
4 <3p<2m wv(md)

1 loem
<Cllfw e sup Ew, () [+ : ]

m =
log m

N I frwylloo

and the corollary follows. O

<c




334 LUISA FERMO

Proof of Proposition 3.1. Let w,(z) = 27e™%, v(z) = w, (x)(1 + )72,
u(x) = w,(z)(1 4+ z)*. By applying Proposition 4.2 we have

IPED (Fyvlh < PR ()
(1+a)z ~
v(x) Z (ﬂ% — a) f(svk)l2

¢ /mm > 2(2)

<l [ (22— o) oy 22
k=1

a T k
m

vl 2my)
j

<. =

Then denoting by x4 a node closest to z with 41 < ¢ < x4 < 441 We
get

Zq

m

m o)x ~ v(x
1P (Fyoll < Clfulle [ L (B2 o) B 2

dz
n k=1 Tk ()
k£d
from which by (4.8) we obtain
7)*(0‘)
[Py (F)vlly
*  de I (Ata)r N\ ()
< i, _ SNy
<clsul | [ i +/; ;( L oz) @) 2
_ = _
< C||ful 1+/2m : i((lw)w >w7(x) fia)do
| oo - .
B o (L+z) = T, Wy () (14 z5)*
_ = _
(4.33)
<



ON A POSITIVE LINEAR OPERATOR ON THE SEMIAXIS 335

Being m < 1 and by applying (4.7) we have

> (UL ) )

T, Wy () (1 + ax)A

1 J Az, a7 <4m—x>2

pt (x — x)? VAdm — x \4m — xp,
k£d
N ya—} i Axy, x11€+0¢—7 < dm — x )2
x
pt (x —x)? VAdm — x \4m — xp,
k#d

= C[X1(x) + Xa(z)].
1

We first consider ¥ (z). If z < xy, since v > a, (:;Zl__fk) <Cand zg > ;-
by (4.2) and (4.3) it results

k=1 =1
k#d k#d
J 1
< —— <C(.
_kz1(|d_k|+1)2 -
k#d
If z), < x < 2m then \/4757% < \/ii/ﬁ and being again (44721::01) < C, we
can write
C 1 Axy, _
b < ——gtae 2=
1($) = \/m.fﬁ Z + Z (33 _ $k)2 k
r1<w <5 §<wp<z4-1
C
= —— 2" 2O (2) + I(x)). (4.34)
m
In the sum I; it results (l,_ik)Q < % and being v < a4+ 1 we obtain
4 1\ C T 1\
Ii(z) < ) Z (x) Azy, < 2 Z / (t) dt
pi<op<g N z1<op<E TR

< C/2 dt < Cx L
- ﬂ?Q 0 ty—o
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For the sum I3(z) since v > a and § < x;, we have

Then substituting the expression of I; and I3 in (4.34) and taking into

account that z > & we obtain the boundedness of ¥ (x).
Now we consider ¥a(x). We write

~ Ax one

J 1+a—y _ 3/2
So(z) = Ca¥ 2 Y Atk T <4m - ) .
— (x — xg)? V/Am — xp \4m — xi,
k#£d
Being (f;r?f_g;’;)3/2 < C and taking into account that 4nf_kxk
deduces
J 2
a1l Azy, L+a—y
Yo(z) < CxV™ %2 < > T2 .
eSS (A
(=

Hence by (4.3) and (4.1) we get

’Y—a—l 3 1 1 W—Oé—%
=026 e (5)

k=1
k#d
< Cx 2m’ 2 .
= K200 (|d - k| + 1)
k#d

Therefore being max{0, a + %} <~v <a+1andz < z4 we obtain (see,

for instance, [16, Lemma 9))

a1l —ytatd
Yo(x) < Czx" ™ 2:nd7a 2 < C.
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Consequently the sum appearing in the integral (4.33) is bounded and
we deduce

#(a) < > dx
PO < Clpule 14 [ s

being A > 1. O

] < ¢l fullso

In order to prove Theorem 3.2 we need the following lemma.

Lemma 4.3. Let w,(z) = 27e™ %, v(z) = w,(z)(1 +2) 7,
u(z) = wy(x)(1 4 z)* such that

3 1
1<)\<§, max{O,a+2}§7<a+1, -1<a<0.

Then for every function f € L we have

11Qar = PiS) (@l < € [w@ ( . ;ﬁ) . |I%oo]

where Qpr € Ppy with M ~ m is the near best approximant polynomial of
f defined in (4.30) and C # C(m, f).

Proof. First of all we recall that denoting by H(f,x) the Hermite polyno-
mial based on the zeros 1 < 2 < ... < Ty < Typt1 = 4m

m+1
H(f,x) = Faa(f,2) + ) (@ — 2p)l{ (@) ()
k=1
it results f(x) = H(f,z) if f € Popp—1.
Now let f € LS° and let us consider its near beat approximant polynomial
Qu with M = [%]. By Proposition 4.2 we have

1[Qur — PR @un)lvlly < € 1Qar — PR (@Quol 2 1 2

2m
_c / Qui(x) — P (Qur, 1) v(w)da

om
— C/a |H(Qwn,x) — P:rfi)l(QM,:B”U(l')dl‘
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from which

11Qn — PE (Qun)]oll

—c mm 03 (B2 - o) Quianiia) de,
+ /2m v(g:)g <Q'M(xk) + (-1 + 4m2_xk> QM(xk)> (2 — 20)B(2)| do

=1 + Is.

Now we immediately note that

2m 1 1+a)x ~ wn(x
B = ClQutlamn) [, e 2 (o = a ) )
a k>

wv(xk)

and this quantity tends to zero taking into account relation (4.32) and by
estimating the sum by using (4.7).

About the integral I, we observe that since —1 4+ —2— < 1 we can write

Adm—x —
2m
I S/

m

J
dx

Qv (p) (@ — xp)lg ()v(x)
k=1

2m | J 5
+/ ZQM(xk)(x—xk)l,%(x)v(x) dx

2m -
T / Qi) (& — 2 B(2)v(x)| da

2m N
+ / > Quilak) (@ — zp) i (x)v(x)| da

= Bl + BQ + B3 =+ B4. (435)

The integrals Bs and By can be estimated as already done for the integral
I; deducing that they tend to zero. There remains to estimate the first
two. We begin with By. By using (4.4) we have

2m .2

’ Pn(wa, 2)0(z)g(x) |
By <C ;kaa(xk)AkuM(»Tk) /:1 @ =) d
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where g = sign(v(x) Zi:l Qu(z)(z — a:k)l% (z)). Therefore we deduce

Al’k

J
1 —
Bol < € Quruloe Yo" s

k=1

()|

where

i = " Pl 2)oe) . 0 )

m

x (4.36)

and ¢ is a polynomial of degree ¢m (¢ fixed).
Then by applying the Marcinkiewicz inequality (see, for instance, [7]) ac-
cording to which

J 4mo1
ZAxk]P(xk)xﬂ < C/ |P(x)2|dz, 2° € L', P &Py, /1 fixed
k=1 m

where z; = min{z), > 2m} and 2; < 4mf; with 6; € (3,1), we have

4mb, t1+a—'y
By < 00 — |1
Bl <C @l [, (i@l
m gl 2 pt (wa, x)o(2)g(2)
= C [|@nrulloo [/ TETR / =D d| dt

4mo, tl-{—a—'y 2m v(m)g(m)
e | [

= C [ Qurulloo[Ar + A2 (4.37)

where each integral is in the sense of the principal value.
. . . 1 c .
We estimate A;. To this end by (4.6) and being T S e write

Ay

c [imh t 't A1t
< & o (14 1) +1He—
—/m /a (1 + t>

3
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Now we recall the following inequality [14]

/ooo <1t+t> (1+1) /0 | F(@)

x—t

dx‘ dt

<C|1+ /000 <1t+t>R (1+ )% F@)|(1 +log™ |F(t)] + log™ (t))dt
(4.39)
where
r>—-1, R<0, >R, s<0, S>-1, s<S§ (4.40)

log®(z) = logmax(1,z), and C # C(F).

In order to apply this inequality to estimate (4.38) we set R = 0,
S:—)\—f—%,r:l—i—a—’y,s:—)\—i—l—l—a—’y

In fact with these definitions by the hypothesis on 7 and A, relations (4.40)
are satisfied and we have

p—a—j tz—aty C
1+log™ [ —— dt < —.
\/ / (1422 ( s ((1+t))‘>> —Vm

Now we estimate As. To this end we choose the polynomial g(z) ~ 2ot 2e”
(see, for instance, [8, pp. 485-493] and [17, p. 335]) and we use (4.6). Hence
4mby t1+a 0

we get
n 4mo, xv—a—%
Q—f/ (1+t)A / (w—t)(l+w>kdw

This integral is equal to that of (4.38) and then is less than \ﬁ Therefore
we deduce by (4.37)

x

dt.

| Ba| < \ﬁHfUHOO

Now we consider the integral B;. By proceeding as already done for By we
have

J 1
Bi] < CllQypulloc Y o}
k=1

where o(t) = v/t and II(t) is the polynomial defined in (4.36). Moreover
following the same procedure adopted to estimate the integral Bs we find

m\ﬂ(ﬂ%ﬂ

|Bi < \ﬁIIQmeoo
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from which (see, for instance, [1] )

1
|B1| < Cwy <fa \/m>u

Hence replacing this expression in (4.35) we have

wise e e (15)

and the lemma follows. O

Proof of Theorem 3.2. Let Qa with M = [%],the near best approximant
polynomial of f and write

I = Pl < IF = Qualoll + P (F = Qun)olls
+1Qwm — PrE(@Qun)]o]l1-

By applying Proposition 3.1 to the second term and Lemma 4.3 to the last
one we have

*(a o0 dx
17 = Pkl <€ I = Quilile [ s + 1 = Qurlul

) 4

<c [EM(f)u w, <f> %)u " %] |

Then by applying (4.9) we have the statement. O

Proof of Corollary 3.2. By (1.5) and by applying Proposition 4.2 we have
J
(@) > (@ —xp) f )l ()

k=1

2m

W =Fra (Folls < C =P o)1+ / dz.

a
m

Hence the corollary follows by applying Theorem 3.2 to the first term and
by observing that the second is bounded by ﬁH ful|oo- Indeed it is equal

to the integral By defined in (4.35) with f = Q. O
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Maximal Operators of Logarithmic
Means of One-Dimensional Walsh-Fourier
Series
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Abstract. The main aim of this paper is to investigate (H,, L,)-
type inequality for maximal operators of logarithmic means of one-
dimensional Walsh-Fourier series.
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Keywords and phrases. Walsh function, Hardy space, Logarithmic
means
Let P denote the set of positive integers, N := P U {0}. Denote Z,

the discrete cyclic group of order 2, that is Zy = {0,1}, where the group
operation is the modulo 2 addition and every subset is open. The Haar
measure on Zs is given such that the measure of a singleton is 1/2. Let
G be the complete direct product of the countable infinite copies of the
compact groups Zs. The elements of G are of the form x = (zg, 21, ..., Tk, ...)
with z € {0,1} (k € N). The group operation on G is the coordinate-wise
addition, the measure (denoted by p) and the topology are the product
measure and topology. The compact Abelian group G is called the Walsh
group. A base for the neighborhoods of G can be given in the following
way:

Iy(z) : =G, I,(x):= L, (20, ... Tp—1)
= {y €G: Yy = (1‘07 <5 Tn—15Yny Yn+1, )}7

(x € G,n e N).

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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These sets are called the dyadic intervals. Let 0 = (0: ¢ € N) € G denote
the null element of G, I,, := I, (0) (n € N). Set ¢, := (0, ...,0,1,0,...) € G
the n th coordinate of which is 1 and the rest are zeros (n € N). Let I,, :=
G\I,.

For k € N and = € G denote

i (z) = (=)™ (z € G,k eN)

0 .
the k-th Rademacher function. If n € N, then n = ) n;2', where n; €
i=0
{0,1} (i € N), i. e. n is expressed in the number system of base 2. Denote
In| := max{j € N n; # 0}, that is, 2"l <n < 211,
The Walsh-Paley system is defined as the sequence of Walsh-Paley func-
tions:

00 In|—1
wn (2) o= T] (re @)™ = iy () (1) 50 ™™ (weGneP).
k=0

The Walsh-Dirichlet kernel is defined by

n—1
Dy (x) =) wy (x).
k=0

Recall that
2 if x € I,

Dan (9”):{ 0, if z €I, @

The partial sums of the Walsh-Fourier series are defined as follows:

M-—1 R
Suf@) =3 Fli)ywi (),
=0

where the number
F) = [ £ @ wi (@) du(a)
G
is said to be the ¢ th Walsh-Fourier coefficient of the function f.
The norm (or quasinorm) of the space L, (G) is defined by

1/p

1, = /umwmmm (0<p < +00).
G
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The space weak-L,, (G) consists of all measurable functions f for which
1 hsear—z,6) = $up Awe (1 F] > MNP < oo

The o-algebra generated by the I, dyadic intervale of measure 2% will
be denoted by Fj (k € N).

Denote by f = (f("),n € N) martingale with respect to (F,,n € N)
(for details see, e. g. [16]). The maximal function of a martingale f is
defined by

— aup 0]
nEN

In case f € L1 (G) , the maximal function can also be given by

[ (x) =sup ————= /f Ydp (u)|, € G.

neN N

For 0 < p < oo the Hardy martingale space Hy(G) consists all martin-
gales for which

11l = (171, < oo

If f € Ly (G) then it is easy to show that the sequence (Saon (f) : n € N)
is a martingale. If f is a martingale, that is f = (f(©, f ) then the
Walsh-Fourier coefficients must be defined in a little bit different way:

k—o00

—hm/f 2) dp ().

The Walsh-Fourier coefficients of f € Ly (G) are the same as the ones
of the martingale (Sa» (f) : n € N) obtained from f.

For n = 1,2,... and a martingale f the Fejér means of order n of the
Walsh-Fourier series of the function f is given by

onf (x Zs f@

For the martingale f we consider maximal operators

o f = sup |onf () |-

neP
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The Fejér kernel of order n of the Walsh-Fourier series defined by

K (2) = %ZD’@ ().
k=1

A bounded measurable function a is a p-atom, if there exists a dyadic interval
I, such that

a) [adu = 0;
T

b) llallo < u(I)~1%;

c) supp a C I.

The first result with respect to the a.e. convergence of the Walsh-Fejér
means oy, is due to Fine [1]. Later, Schipp [9] showed that the maximal
operator o* is of weak type (1, 1), from which the a. e. convergence follows
by standard argument. Schipp’s result implies by interpolation also the
boundedness of o* : L, = L, (1 <p < o00). This fails to hold for p = 1.
However, Fujii [2] proved that ¢* is bounded from the dyadic Hardy space
H; to the space L; (see also Simon [10]). Fujii’s theorem was extended
by Weisz [15]. Namely, he proved that the maximal operator of the Fejér
means of the one-dimensional Walsh-Fourier series is bounded from the
martingale Hardy space H, (G) to the space L, (G) for p > 1/2. Simon
[11] gave a counterexample, which shows that this boundedness does not
hold for 0 < p < 1/2. In [7] the author proved that the maximal operator
o* is not bounded from the Hardy space H,/, (G) to the space Ly, (G).
In the endpoint case p = 1/2 Weisz [17] proved that ¢* is bounded from
the Hardy space Hj /o (G) to the space weak-Ly /5 (G) .

In the literature, it is known the notion of Riesz’s logarithmic means of
a Fourier series. The n-th Riesz’s logarithmic means of the Fourier series
of an integrable function f is defined by

Raf (2) = 30 B,
k=1

where I, :==>"}_, (1/k).

Riesz’s logarithmic means with respect to the trigonometric system was
studied by a lot of authors. We mentioned, for instance, the paper by Szasz
[13] and Yabuta [14]. This means with respect to the Walsh and Vilenkin
systems was discussed by Simon [11] and Gat [4].

Let {qr: k> 0} be a sequence of nonnegative numbers. The n-th
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Norlund means for the Fourier series of f is defined by
n—1
1
Q E qnka k f )
" k=0
where

n
Qn = Z qk-
k=1

If g = k, then we get the Norlund logarithmic means

Lf@) = 1350

n

o~

In this paper we call it logarithmic mean altough, it is a kind of ”reverse”
Riesz’s logarithmic mean.
For the martingale f we consider the following maximal operators

R*f(x) = sup |[Rnf (z)], L"f(x) =sup |Lnf(z)].
neP neP

Moricz and Siddiqi [8] investigates the approximation properties of some
special Norlund means of Walsh-Fourier series of L, functions in norm. The
case when ¢ = 1/k is excluded, since the methods of Méricz and Siddiqi
are not applicable to logarithmic means. In [5] Gat and Goginava proved
some convergence and divergence properties of the logarithmic means of
functions in the class of continuous functions and in the Lebesgue space
L. Amoung others, we gave a negative answer to the question of Méricz
and Siddiqi [8]. Gét and Goginava [6] proved that for each measurable
function ® (u) = o (uy/logu) there exists an integrable function f such
that

/<1><|f<w>|>du<x><oo
G

and there exists a set with positive measure, such that the Walsh-logarithmic
means of the function diverge on this set.

The main aim of this paper is to inverstigate (H), L, )-type inequality for
maximal operators of logarithmic means of one-dimensional Walsh-Fourier
series. In paricular, we prove that the following are true

Theorem 1 a) Let p > 1/2. Then the mazimal operator R* is bounded
from the Hardy space H, (G) to the space Ly (G).
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b) Let 0 < p < 1/2. Then there exists a martingale f € Hy,(G) for
which
I1R" fl, = +oc.

Corollary 2 Let 0 < p < 1/2. Then there exists a martingale f € Hy (G)
for which
lo™ f1l,, = +oo.

Theorem 3 Let 0 < p < 1. Then there exists a martingale f € H, (G) for
which
IL*fll, = +oc.

In order to prove theorems we need the following

Theorem A (Weisz [16]). A martingale f = (f™ :neN) is in
H, (0 < p <1)if and only if there exists a sequence (ax, k € N) of p-atoms
and a sequence (ug, k € N) of real numbers such that for every n € N,

Z f1Sanay = f™, (2)
k=0

D il < oo

k=0

Moreover,

o) 1/p
111, ~ inf (Z rmp) ,
k=0

where the infimum is taken over all decompositions of f of the form (2).
Proof of Theorem 1. a) Using Abel transformation we obtain

n—1
10 @) ouf @)
L”f($)_zn2 R
J_
Consequently,
L*f < co™f. (3)

On the other hand, Weisz [15] proved that ¢* is bounded from the mar-
tingale Hardy space Hp, (G) to the space L, (G), when p > 1/2. Hence,
from (3) we conclude that L* is bounded from the martingale Hardy space
H, (G) to the space Ly, (G), when p > 1/2.
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b) Let {my, : k € P} be an increasing sequence of positive integers such

that
IR EIRS
2 b
k= 1mi/
E:l 92my /p 22mk/p
— W NI
92mp_1 oM
<
VMek—1 Mg
Let
f@) = > Mar(a),
{k:2m, <A}
where
A 1= 2
k= e
and

ag () = 22k /P=D=1 (D s i1 () — Doy, (1))

It is easy to show that the martingale f = (f(()),f(l), e fA

H, (G) . Indeed, since

HakHoo _ 22mk(l/p—1)—122mk+l _ 22mk/p _ (supp (ak))l/p

)

O,ASka
SQAak(x):{ ag A>2mk )

f(A) (l‘) = Z )\kakz Z)\kSQAak )

{k:2m, <A}

from (4) and Theorem A we conclude that f € H, (G).
Let
qas =221 4+2% A>s.

Then we can write

Rka,sf (x) =

22mk_1 dmy,s

(4)

(5)

) €

o ZS]-J”.(OC)Jr 1 ZSJJ;(”?)—IJFH.

Zka,s j=1 J dmy s j:Qka
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Let j € {2%m, .. 2%™+1 — 1} for some k € P. Then

NI 92mi(1/p-1)
f(])—AgT;Of ) (j) = Y (8)
and -
fay=o, je¢J{2Pm, .22 -1}, (9)
=1
Let j < 22™k. Then from (5), (8) and (9) we have
k—lo2mutlo1 —122mitiol 22mz (1/p—1)
Sif@l < Y > [F) s Z (10)
=0 v:22ml 22ml

=loam/p 9. 22mk—1/P

<
— VTu vV MEk—1

Consequently,
22mk_1
1 S 22mk 1/p 2 1 22mi—1/p
I< Z Jf(x)‘ e Z 2 ) (11)
ZQ’mk j=1 J _ .] \/ -1
Let 22 < j < gy, s- Then we have the following
k—122m+l 1 Jj—1
Sif(z) = F@uw, @)+ Y fw(z)  (12)
=0 p=22my v=22mk
1

— V'

This gives that

1 Gmy,s (k 1 22ml 1/p— 1)

=0

1I =

Dyomyi1 () = Dy, <x>>><13>

dmy,s j:Qka
1 22me(/p=1) “T D (2) — Doy (2)
lqu,s V mg j:22mk J
= IL +115.

—+
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To discuss I, we use (1) and (5). Thus we can write

k-1
92my/p 92my—1
n<ey ¢

< .
Mg

Since

Dy g2my — Doy, = wyzm, Dj, 0 < j < 2°™

for Iy we have

2s
1 22mk(1/p-1) 2 D,
I, = Wozmy, (T) Z L;)l
lqu,s /Mg =0 ] + 2 k

From
qubsf(l‘) =I1+1L+1I

and (6), (7), (11) and (13)-(15) we have

22Mk—1

Y

(LLo| = [ = I = |I L] -

R, f @)]

mME—1
225

Z Dj (:L‘) _ 2"k

mik Mk =0 j + 22my, mi '

¢ 92mi(1/p=1)

Let x € Iz5\I25+1. Then it is evident that

225
Z Dj (.’E) > 0248

J+22mk | = 22my’

J=0

c 22mk(1/p—1) 245 Mk

mi /M 22my mi
c22mi(1/p—2) 1o C2M

Ry f @)] 2

Vv

m2/2 o omy,
22mu(1/p—2)

=z 3/2
my,

24 s = [my/2], ..., my.

353

(14)
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Consequently (0 < p < 1/2),

[ @ ¢ @)y
G
mp
> Y [ ®r@rae
S:[mk/Q}fz \T2s41
p
Z Z / kas w)‘ du (‘:U)
s=[ma/2] I2s\ 12541
Ul 92mi(1/p-2) \?
2 C Z / W24S dﬂ ($)
S=[mk/2][23\[23+1 Mk
Mg 22mk(1—2p)
2s(2p—1)
> ¢ ) 2 NCTER
s=[my,/2] k

1
cmk/ p=1/2
2 02mk(1 2p)

— 00 as k — oo.

Theorem 1 is proved.
Proof of Theorem 3. We write

‘bnk,s_l
1 S;f ()
Lopyof (@) = 7— > =% (16)
qmy,s =0 qu,s —J
22mE 1 Gmy,,s—1
_ 1 3 Sif(x) 1 — Sif ()
Amy,s 5 dmes —J lqu,s o Amy,s -J
J= J=2“"k
= JIT+1V.
Since (see (10))
c22Mk 1/p 9
1S;f (2)] € ———, j<2°™
mg—1
for I11 we can write
22mk_1




MAXIMAL OPERATORS OF LOGARITHMIC MEANS OF ONE-DIMENSIONAL WALSH-FOURIER SERIES 355
For IV we have (see (12))
v (18)

g It k=1 92m(1/p-1)
= ] Z q Z D22m1+1 (x) - D22ml (.CU))
mg,S I—

dmy,s j:22mk

1y Qmy,s—1
1 22m(/p=1) LT Dy (x) — Dyomy, ()

+ -
lqu,s \V mpg j:22mk ka,s -]
= IVi+1V;.
It is easy to show that
92my_1/p
v < S (19)
Mk —1
2s
1 22mk(1/p=1) 22 p, (z)
IV, = Wozm,, (T) - (20)
l%nk,s V mg 2 ; 225 —J
Let x € Iys\I2s+1. Then D; (z) = j, j < 2%. Consequently,
2251 2251 . 2251
Dj (x) J 2% 2
222s_j22225_j22 225_ -1 26828’
§=0 §=0 §=0
IVy > Tﬁi z € Ing\Ios41. (21)
my
Combining (6), (16)-(21) we have
22my(1/p—1) 5 Mk
‘Lqu’sf(.%')) Z 3/2 52 5 — My
my,
22mi(1/p—1) )
> WS2 S, T € IQS\I25+1, s = [mk/Z] y ey M.

my
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Then we have

Jw i@y due
G
my
> > [ wreras
S:[mk/z]bs\fzsﬂ
p
S [ |t s @ duie)
5= m’“/Q]Izs\stH
92my(1/p—1) . p
> Z / ( e 522 | du ()
5—[mk/2][2 \ost1
m 92mi.(1-p) gp
s(2p—2)
> e ) 2 G/
s=[my /2] k
cm,lc/Q, p=1
> comi(1=p) — 00 as k — 00.

7m§€1/2)p 0<p<l1

Theorem 3 is proved.
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Abstract. There are two kinds of estimates of the degree of ap-
proximation of continuous functions on [—1, 1] by algebraic polynomi-
als, Nikolskii-type pointwise estimates and Jackson-type uniform esti-
mates, involving either ordinary moduli of smoothness, or the Ditzian-
Totik (DT) ones, or the recent estimates involving the weighted DT-
moduli of smoothness. The purpose of this paper is to complete the
table of the validity or invalidity of the pointwise estimates in the case
of coconvex polynomial approximation. This will enable us to com-
pare this table with a corresponding one for coconvex Jackson-type
(uniform) estimates.
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1 Introduction

There are two kinds of estimates of the degree of approximation of continu-
ous functions on [—1, 1] by algebraic polynomials, Nikolskii-type pointwise
estimates and Jackson-type uniform estimates, involving either ordinary
moduli of smoothness, or the Ditzian-Totik (DT) ones, or the recent es-
timates involving the weighted DT-moduli of smoothness. Specifically, if

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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wi(f,1/n) denotes the ordinary modulus of smoothness (of order k), then
the uniform estimates took the form

(1) Ba(f) = inf, [f =pullep-r < ki 7an(/O,1/n), 0= k4,

where f € C"[-1,1] =: C", the space of r times continuously differentiable
functions on [—1,1] (when r = 0 we suppress the superscript r, that is, we
write C' := C[—1,1] instead of C°[—1,1]), E,(f) is the degree of approxi-
mation of f by polynomials of degree < n, the class of which we denote by
P, and c(k,r) is a constant which may depend on k and r but is indepen-
dent of f and n. Similar estimates hold for the other moduli of smoothness
mentioned above.

In the sequel, we denote by ¢ constants, which may depend only on the
parameters indicated in the parentheses.

While we are dealing with the notation of function spaces, we denote

as usual by Lo := Loo[—1, 1] the space of functions essentially bounded
in [~1,1], equipped with the norm || - || := || - [[f[-1,1) := esssupf and,
in particular, if f € C, then ||f|| = [[fllc[=1,1- For r € N we let W" be

the subspace of all functions f € C, possessing an absolutely continuous
(r — 1)-st derivative in (—1,1) and such that f() € L.

Since the early papers by Lorentz, Zeller, DeVore, and Newman, on
shape preserving approximation most papers (many of them by some or all
the authors of this paper), were dedicated to the question of the validity of
analogs of these estimates for comonotone and coconvex approximations.
Namely, for each triple (k,r, s), where k and r are as above and s is the num-
ber of changes of monotonicity or convexity, respectively, of the function
f, it is now known whether or not (1) is valid where the approximation is
restricted to polynomials which are comonotone or coconvex, respectively,
with f (see, e.g., [15] and [17], respectively). Estimates for the analogue
of (1) for the weighted DT-moduli of smoothness are also known (see e.g.
[15, 12, 13]). Finally, in [15] are given the complete tables of validity for
comonotone pointwise estimates (see [3] for details).

Recently, Dzyubenko and collaborators have dealt with coconvex Nikol-
skii-type (pointwise) estimates (see references) and have covered most but
not all cases. The purpose of this paper is to complete the table of the
validity or invalidity of the estimates in the case of coconvex polynomial
approximation. This will enable us to compare this table with a corre-
sponding one for coconvex Jackson-type (uniform) estimates.
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2 Pointwise and uniform coconvex approxima-
tion: tables of validity

Let f € C|a,b], where a < b. For k € N, denote by

(2) wk(fv t, [a7 b])

k

Ak

= sup sup (—1)k=J < >f(a: —kh/2+ jh)|,
hel0,t] a<z—kh/2<z+kh/2<b | 5, J

the ordinary k-th modulus of smoothness of f, in [a,b]. For the sake of

uniformity in notation we also denote wo(f,t,[a,b]) = [/flljap. When
f € C we suppress mentioning the interval, namely, we write wg(f,t) :=
wk(f? t, [_17 1])
For n € N, let
1 V1-—22
pn(T) =yt x € [-1,1].

If f € C", then by the classical Nikolskii-type direct pointwise estimates a
sequence {P,}°°, = of polynomials P, € P,, exists, such that

B)  f(@) = Pal@)| < elh,m)ph (2w (F7) pule), @€ [-1,1].

This direct theorem was proved by Timan for & = 1, by Dzyadyk and,
independently, by Freud, for £ = 2, and by Brudnyi for k > 3 (for details,
see [1], p. 381). Note that since p,(z) < 2, (3) implies (1).

Everywhere below we assume that f ¢ Py, and for such an f, we find
it convenient to rewrite (3) in the form

f—=Pa

Epnr(f):= inf ||[—1 "
k() Phwi(fT), pn)

P.cPn

‘gc(k:,r), n>k+r.

It follows immediately by (3) that if f € W7, then a sequence {P,}72, of
polynomials P, € P,,, exists, such that

[ (@) = Pu()] < c(r)ph (@)1 fT),  ze[-1,1].

In this paper we compare the validity or invalidity of the uniform and
pointwise estimates for coconvex approximation, for a given triplet (k,r, s),
where k > 0 is the order of the modulus of smoothness of ("), r > 0, and s
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is the number of changes of convexity. More precisely, denote by Y, s € N,
the set of all collections Yy := {y;}7_, of points y;, such that

<y, <--- <y < 1.

For Y, € Y, denote by AP (Y;) the collection of functions f € C, that
change convexity at the points y;, and are convex in [y1,1]. That is f €
A®P(Y;) if and only if f is convex in [y1, 1], concave in [y2,1], convex in
[ys,y2], and so on. Note that if f is twice differentiable in [—1,1], then
f € AP(Y;) if and only if

fa)l(z) 20, @€ [-1,1],

where
S

II(z) := H(x — Yi).
i=1
To unify the notation we set Yy := 0, Yo = {0}, and denote by A®)(Y})
the set of convex functions f € C.
For f € A®(Y}) let

EP(f,Y;) = If = Pl

PneanA@)(Ys

denote the degree of best uniform coconvex polynomial approximation, and
denote for f € C" N AP(Y,) (f € W™ N AR(Y,), if k = 0),

f—P,
Ppwi(f7), pn)

9

ESI)W(f,Y's) = inf

P,ePrNAR)(Yy)

so that we always have
EP(f,Ys) <2~ w(f0, 1/n)EC) (£, ).

Thus, with this notation the purpose of the paper is for a given triplet
(k,r,s), to establish whether or not the inequality

(4) EP) (f.Y)<e,  n=N,

is valid for a function f € C"NA®(Y,) (f € W nAG(Y,), if k = 0), and
f §é Protr-

With Ng := NU {0}, let (k,r,s) € Ng x Ng x Ny and k + r # 0. We say
that
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a) (4) is not valid with both ¢ and N independent on Yj, if for each A > 0
there is a positive integer N, such that for every n > N there are, a
collection Yy € Y, and a function f € C" N AP(Y;) (f € W n AQ(Yy), if
k = 0), satisfying

(5) EP) (f,Ys) > A

b) (4) is not valid with ¢ = ¢(k,r,s) and N independent of f, if for each
A > 0 there are, a positive integer N and a collection Ys € Y, such that
for every n > N, a function f € CTNAR(Y,) (f € W NAR(Y,), if k = 0)
exists, satisfying (5);

¢) (4) is not valid for any Y, with both ¢ and N independent of f, if for
each A > 0 and Y, € Y, there is a positive integer IV, such that for every
n > N, a function f € C" N AP(Y;) (f € W n AG(Y,), if k = 0) exists,
satisfying (5);

d) (4) cannot be had even if we allow both constants ¢ and N to depend
on all parameters k, r, Y, and f, if for each Y; € Y, there is a function
f e C"nA®(Y,), such that

lim sup Efi} ([, Ys) = oo.
n—00 m
It turns out we have to distinguish between five different cases for a triplet
(k,r,s). Namely,

Definition 1. Let (k,r,s) € Ng x Ng x Ng and k +r # 0. We write

1. (k,r,s) € “+7 if (4) holds with ¢ = ¢(k,r,s) and N =k +r;

2. (k,r,s) € “@” if (4) holds with ¢ = c(k,r,Ys) and N = k+r, as well as,
with ¢ = ¢(k,r,s) and N = (k,r,Ys), but (4) is not valid with both ¢ and N
independent on Yy,

3. (k,r,s) € “©” if (4) holds with ¢ = c¢(k,r,Ys) and N = k+r, as
well as, with ¢ = c(k,r,s) and N = (k,r,Ys, f), but (4) is not valid with
c¢=c(k,r,s) and N independent of f;

4. (k,r,s) € “©” if (4) holds with ¢ = c(k,r,s) and N = (k,r,Ys, ) but
(4) is not valid for any Y, with both ¢ and N independent of f;

5. (k,r,8) € “=": (4) cannot be had even if we allow both constants ¢ and
N to depend on all parameters k, r, Ys and f.

We summarize the results in the following theorem.

Theorem 1.
1. (kyrys) € “+7,if s =0 and either k <3 andr <3 —k, or k>0 and
r>2;ors=1and k<2 andr <2-—k;
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,TS)E D", ifs>2and k<2 andr <2—k;
r,8) € “@", if s > 2 and either k=3 andr =0, ork =2 andr =1,
<k<3andr=2,0ork>0andr > 3;
,7,8) € “O7,if s=1 and eitherk =3 andr =0, ork =2 andr =1,
§k:§3andr—2 or k>0 andr > 3.
r,8) € “ =", otherwise.

W N

- (K
(
r1<
(
rl
(

We find it easier and more convenient for the reader to comprehend
Theorem 1 by describing the results in the following truth tables for the
pairs (k,r), for “pointwise estimates, s = 07, “pointwise estimates, s = 1”
and “pointwise estimates, s > 2”. We also take the opportunity to compare
these tables with tables for “uniform” coconvex approximation (see [17], p
110 and 114), namely, when the estimates

(6) DY) <enTw(f7),1/n), n> N,
are valid.

We do this before proceeding to give references to the already known
results and to prove the new ones.

ror : r oo :
3 + + + + + + 3 + + + + + + +
2 + + + + + + 2 + + + + + + +
1 + + + - 1 + + + © —
0 + + + - - 0 + + + © -
01 2 3 4 5 &k 0 1 2 3 4 5 6 k
Pointwise, s =0 Uniform, s =0
L S S L S S S S
4 6 6 6 6 ©6 © 4 + + + + + +
3 6 6 6 0 6 © 3 + + + + + +
2 + ©6 6 6 — — 2 + + + & - -
1 + + 6 - - - 1+ + & - - -
0 + + © - 0 + + & - -
0 1 2 3 4 5 k 01 2 3 4 5 &k

Pointwise, s = 1 Uniform, s =1
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rooon -
4 © 0 © © O © 4 & © © & & @
3 0 0 0 © © O 3 & & & & & &
2 & 0 0 0 — — 2 & @ & & — -
1 & & 0o — — — 1 ¢ &8 - — —
0 & o 0 - = .- 0 & & & - -
0 1 2 3 4 5 &k 0 1 2 3 4 5 &k
Pointwise, s > 2 Uniform, s > 2

Note that the “Uniform” tables do not contain the case ” @ ”.

Credits. Theorem 1.1 (that is, the “+ 7 case) was proved for s = 0, first
by Leviatan [14] for k¥ < 2 and r < 2 — k, and later by Kopotun [10] for
k <3 and r <3 — k, and by Mania and Shevchuk (see [1], Theorem 7.6.5)
fork=0and r > 2. Fors =1, k <2and r <2 —k, it was proved by
Dzyubenko, Gilewicz and Shevchuk [4].

The positive result in Theorem 1.2 (that is, the “@®” cases) was proved
in [4], and the negative result in [16].

The first variant of the positive result in Theorem 1.3 (that is, the “@”
cases) was proved in [7, 8] and the second one for r > 2 follows from Remark
1.3 in [6] (“... the arguments of this paper can be easily extended to the
case s > 1, so that the exact analogs of Theorems 1.1 through 2.2 hold also
for s > 1.”). We prove here the second variant for r < 2, that is, for s > 1
and either k = 3 and r = 0, or £ = 2 and r = 1. The negative result was
proved in [5].

The positive result in Theorem 1.4 (that is, the “&” cases) for r > 2
was proved in [6]. We are going to prove it here for r < 2, that is, for s = 1
and either k = 3 and r = 0, or £ = 2 and r = 1. The negative result was
proved in [5].

Finally, Theorem 1.5 (that is, the “ —” case) was proved by Wu and
Zhou [18, 20], for s = 0 and either k > 5 and r =0, or k > 4 and r = 1;
and for s > 1 and either K > 4 and r =0, or £k > 3 and r = 1. It was
proved by Gilewicz and Yushchenko [9] for s > 1 and k > 4 and r = 2, and
by Yushchenko [19] for s = 0 and either £k = 4 and » = 0, or kK = 3 and
r=1.

3 Thecase (k=3,r=0,s>1)

Our aim is to prove,
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Theorem 2. For each Y, € Y, and every function f € AP(Y,) there are
a number N = N(Ys, f) and a sequence {P,}5°  of polynomials P,, € Py,
such that

[f(z) = Pu(z)] < cws(f, pn()), x€[-1,1],

where ¢ 1s an absolute constant.

Theorem 2 readily follows from Theorems 3 and 4 below, but in order
to formulate them we need some notations.

Let xj, := cos(jm/n), j = 0,...,n, be the Chebyshev partition of
[—1,1]. For n € N and Yy = {y;}7_; € Y, denote by

Oin = (Tjr1n, Tj—2m), i ¥i € [Tjn,Tj—1,0),

where x, 11, := -1 and x_1, := 1. Let

O = O(TL, Y:q) = O Oi,n-
i=1

Set Ijpn == [jn,Tj—1n), = 1,...,n, and let |I; | = xj_1,n — Tjn, be its
length. It is well known that

(7) [ jz1.n] < 3lLjnl,

and

(3) pu(@) < il < 5pale), @€ Lim.

In particular
(9) |0in| < c1pn(z), @ € Oip,

where |O; | denotes the length of O; ,, and ¢; < 65 is an absolute constant.

Denote by X, the collection of all continuous piecewise polynomials
of degree < k, on the Chebyshev partition {xj,n}}lzo, and by 3, ,(Y5), the
subset of Y, ,, consisting of those continuous piecewise polynomials S € X ,,
such that for every i = 1,...,s, S|o,, is a polynomial.

The following Theorem allows us to reduce the proofs of the direct
estimates for (co)convex polynomial approximation to those for (co)convex
piecewise polynomial approximation, proofs which are much easier.

Theorem 3[2]. Letk € N and s € Ny. For every Yy € Y, an f € AP(Y}),
ann > N(k,Ys), and a piecewise polynomial S € X, ,,(Ys) NAP(Yy), there
is a polynomial P, € A®)(Yy) of degree < ¢*(k, s)n, such that

@)= P <t (14 L7255 st welorm
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Thus, our main result is,

Theorem 4. If f € AP(Y,), then there exists an N = N(f,Y5), such that
for each n > N, a piecewise polynomial S € X3 ,,(Y5) NAR(Y,) exists, such
that

[f(z) = S(2)| < cws(f, pu(z)), = €[-1,1],

where ¢ is an absolute constant.

4  Proof of Theorem 4

We begin with three lemmas.
Everywhere below ¢; are absolute constants.

Lemma 1. For each convex (concave) function f € Cla,b] there ezists a
number d = d([a,b], f) > 0, such that for each h,

h| < FE = inf ||f =1
1] < Ba(fjagy = ink I = Ul

there is convex (concave) function g € Cla,b], g(x) = g(x,h, f,[a,b]),
satisfying

g(x) = f(x)+h, z€la,at+d;  g(z)=f(zx), zelb-db],

If = gllay = Rl

Proof. We prove Lemma 1 for a convex function f. Let [ be a linear function
of best approximation of the function f, that is || f —I[/[q.4 = E2(f) [0, = E-
Set f* := f — 1, and note that f*(a) = f*(b) = E. If h = 0, then there is
nothing to prove. Hence, we may assume that 0 < |h| < E # 0. Denote by
x1 and x5 the (exactly two) roots of the equation f*(z) =0, z1 < x5, and
let x3 and x4 be the (exactly two) roots of the equation f*(z) = |h| — E,
x9 < x4. Finally, let 23 be a root of the equation f*(x) = —E. Clearly we
have

a<x <xo<a3 < T4 <T5<b.
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Then Lemma 1 is valid with d = min{z; — a,b — x5}, and the evidently
convex function,

f*(x) + h, if x € [a,xs),
gx)=Uz)+< h—F if x € |xs3, 4],
f*(x) if x € [x4,0],
if h > 0, and
f*(x) + h, if z € [a, ),
glx)=1l(z)+ —FE if x € [xe,x3],
f*(x) if x € [xs,0],
if h <O0. O
Denote by
[tl to: f] — f(tQ) B f(tl)

to — 1
the first divided difference of the function f at the points t; and ts.

Lemma 2. Given the interval [a,b], let y € (a,b) be such that (b—y)/3 <
y—a<30b-y). If a function f € C|a,b] is concave on [a,y] and convex
on [y,b], then there is a linear function l(x) = l(x, f,|a,b],y), such that

(10) U'<la,y; f] and I <[y,b; f],
we may choose l(a) = f(a) orl(b) = f(b), and

(11) Hf_lH[a.b] §C2w3(fab_a7 [a,b]),

where the modulus of smoothness for the interval [a,b] was defined in (2).

Proof. Since f is concave on [a,y] and convex on [y,b], then (see [11])
Ey(fay < e3B3(f)ap = cainfpepy [|f — plljap), whence Ea(f)p <
cqws(f,b — a,la,b]). Therefore, it readily follows that the choice of either
li(z) = f(a) + (z — a)[a,y; f], or la(x) = f(b) + (z — b)[y, b; f], according
to which of the two divided differences is smaller, clearly fulfils (10), while
(11) follows immediately by Whitney’s Theorem and the fact that [; j =1
or j = 2, interpolates f at two points, the distance between which is pro-
portional to b—a. In order to guarantee that l(a) = f(a), if the choice is [y,
then we take | = [;. Otherwise, if h := la(a) — f(a), then by (11) we may
take | = lo — h, which satisfies (10) and (11), and we obtain l(a) = f(a).
Guaranteeing, instead, that [(b) = f(b) is done in a similar way. O
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Lemma 3. For f € AP(Y}), there exists an N = N(f,Ys), such that for
each n > N, a function f, € AP(Y,) exists, such that fnlo,,. is linear for
alli=1,...,s, and

£ (@) = fu(2)] < csws (f, pn(2)), @ €[-1,1].

Proof. Set
. 1 1
y, = min{ys + 5 (1= |al), 5 (41 +v2)},
and
_ 1 1
y; = max{y; — §<1 = |wil), §(yz‘ + Yit1)},
where yg := 1 and ys4+1 := —1. Now write

J = [y;,yz] and Jz+ = [ylayj]

(2

We divide 1 < 7 < s into two sets. We write 7 € A, if there are two linear
functions /;— and l;+, such that,

f|J; = li_ and f|J1+ = li—i-'

Otherwise i ¢ A.
Let Ny be so big that for n > Ny,

Oin CJ; UJ =y ,yf], 1<i<s,

and note that in particular O; ,NO;41, =0, 1 <i < s. Denote by y;rn and
Y, , the right and left ends of O; ,, respectively. Let n > Ny and i € A. We
denote by L7 | the polygonal line consisting of three segments, such that

,n’
L;fn(—l) = L;fn(yi) = L;fn(1) =0 and L;fn(y;fn) =1,

and similarly, we denote by L, the polygonal line consisting of three linear

pieces, such that,

Lin(=1) = Li,,(yi) = Li,(1) =0 and L, (y;,) = 1,

in

and define

o (li+ (Yi) = li=(Y; ) L;,,,  otherwise.
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Clearly,
(12) Lin € AD(Yy),

and either (f + Lin)lo;, = li—, or (f + Lin)lo,, = li+, so that f + Li, is
linear on O;,,. Hence, with

Ly:=>  Lin,

€A

we conclude that (f+ Ly)|o,,, is linear for each i € A. Also, clearly, L,|o, ,
is linear for each i ¢ A.
If M :=max;eca|lj, —1Ii_|, then by (9),

Ui = L1y = wi) < My, —vi) < M[Oin| < ciMpu(yf,),
and
Ui = Ui — vi) < ctMpn(y;,,)-
Hence, it follows that
[Lin(z)| < ciMpn(z), =z €[-1,1],
which in turn implies,
(13) |Ln(x)| < seciMpp(z), =€ [-1,1].
On the other hand, for each ¢ € A there exists t? > 0, such that
wi(fot [y wi ) = 1y — Ll t<t).
Therefore, if A # (), then we have

ws(f,t) > Mt, t<t’:=mint).
i€A
Combining with (13) this in turn yields, for all n > N° := max{ Ny, [1/t°]},
(14) |Ln(2)] < sciws(f, pn(@)), @€ [-1,1],

Next, for i ¢ A, denote J; = J,
Ji = J;r.
Now we need an auxiliary function g,, which coincides with f on a

major part of the interval [—1,1]. In fact, it differs from f only on the
Oin’s and on the J;’s, where i ¢ A.

if f|,+ is linear. Otherwise, we put
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We fix i ¢ A and assume that J; := J;r and that ¢ is odd, that is, f is
convex on J;. The other cases are similar. By Lemma 2, there is a linear
function [; ,,, such that

(15) o < Wimovis £l U < Wis yihs £,
(16) FWin) = lin(yi,):

and

(17) 1f = linllg, < cows(f,|Oinl),

in particular,

hin = lzn(y;rn) - f(y;rn) < cows (£, |Oinl)-

Since i ¢ A, it follows that Ea(f)s, > 0, and we may apply Lemma 1 with
d; == d(J;, f) and g(z, hin, f,Ji), guaranteed by that lemma.
We take N; > N© so big that for all n > N; we have

y;fn — Y < dz‘ and ng:),(f, ‘Oz7n|) < EQ(f)J“
and we define
f(ax), if xe€J;\Oin;
gi,n(x) = li,m it ze Oi,n;
g(xah”i,nvfa Jz)7 it =z S Jz\Oz,n
Then by (17),
|f($) - gl,n(x” < 02w3(f7 |Oz,n’), HAS ‘]i_ U J;.

Hence, the inequality

max pp(r) <2 min  py(x),
z€JUJ z€JUJ;

combined with (7) through (9), yields
(18) [f(2) = gin(2)] < caws(f, pn(x)), =€ J7 Ui

Also, g;n, is continuous on J;” U J;, it is concave on J;  and convex on J;,
and g;,(x) = f(x) near both ends of J; U J;.
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Thus, for each n > N := max;¢ 4 N;, the function

in (), if v€0;,UJ; with ¢ A;
nta) = { 4o ’ ?

f(z), otherwise
satisfies
(19) g € AP(Y),
(20) [f(@) = gn(2)] < cows(f, pn(2)), € [-1,1],
and
(21) gn 1s a linear function on each  O; with ¢ A.

Combining (19) through (21) with (12) and (14), we conclude that

fn = gn + Lnp,

is the required function. This completes the proof of Lemma 3.

Denote by

[t1,ta,t3; f] := [t17t2;{] —][ftz,tg,;f]’
1—13

the second divided difference of the function f at the points t1, t2, t3.

Proof of Theorem 4. Let N and f,, be defined by Lemma 3. For each n > N

and 7 =2,...,n—1let

Pjn = fn(xj,n) + (-75 - xj,n)[wj,mxj—l,m fn]
+(sgnll(z;n)) (@ — Tjn) (¥ — Tj—1,n)

i[5, Tj— 1.0, Tj—2.n5 falls [[Tjns Tj1ms Tjr1ms full}s

be the quadratic polynomial that interpolates f, at the points x;,, ;-1
and either x;_o, or ;41 ,. It is readily seen (see e.g.,[10]), that the required

piecewise polynomial S may be taken in the form

S|1j7n = Pjn;, ] = 2, ceey— 1, S‘Il,n =DP2n and S‘]n‘n = Pn—1n-

This concludes the proof.
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operators on BZ(R"), which is some generalization of the BP(R").
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1 Introduction

A. Beurling [2] introduced the Beurling algebras and their dual spaces
BP(R™). Since then, these spaces has been studied by many mathemati-
cians (see, for example, [1], [3], [4], [5], [6], [7], [10], [11], [12], [13] and [14]).
H. Feichtinger [4] showed that the BP space BP(R") is a special case of
the non-homogeneous Herz spaces K" (R"™), introduced by C. Herz [10],
precisely speaking BP(R") = K, n/p °(R™) (see [7]). However, in order to
observe the boundedness of several operators on BP(R™), we can’t use the
general theory about the Herz spaces K, (R™) with o # —n/p: For ex-
ample, let 1 <p <o0,0<r <ooand —n/p<a<n(l-—1/p), and let T

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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be a sublinear operator satisfying that for any integrable function f with a
compact support,

Tf(z)| < C/ W)l dy, x ¢ supp f,

rn |7 —y|"

where ¢ > 0 is independent of f and z. If T is bounded on LP(R™), then T
is bounded on K},""(R") (see [14]).

Y. Chen and K. Lau [3] and J. Garcia-Cuerva [6] introduced the CMO
spaces CMOP(R™), which are the dual spaces of the Beurling-type Hardy
spaces, and showed that the Calderén-Zygmund operators are bounded
from BP(R™) to CMOP(R™), where 1 < p < oo (see also [1]). Further-
more, J. Garcia-Cuerva and M.J. L. Herrero [7] generalized these spaces
and introduced the BY space Bl (R™), which is another special case of the
non-homogeneous Herz spaces K" (R"™), and CMOY(R™) for a close study
about the Hardy spaces (see also [13]). And we [13] proved that the stan-
dard singular integral operators are bounded from Bj(R™) to CMO4(R™),
where 1 < p < oo and n/(n+ 1) < ¢ < 1. Moreover, we introduced
a new function space "weak CMO”, i.e. WC’MO;(R”), and proved the
boundedness from BJ(R™) to WCMOJ(R™), where n/(n+1) < ¢ < 1.

In this paper, we will investigate the strong and weak estimates for the
fractional integral operator fs, ie.

Tf(2) = L) - /| / |(ny)s dy

y1>1 Y

f(y) f(y)
— [ Y g d
/Rn @ — g /.ym ="
on B (R™).

Note that for the homogeneous spaces, we have the corresponding re-
sults to those obtained in this paper. But, since their proofs are similar to
those of the results in this paper, we omit the details.

2 Definitions and results

In the following, we denote for a measurable set £ C R", the characteristic
function of £ by xr and the Lebesgue measure of E by |E|, and the open
ball in R"™, having center 0 and radius R > 0, by Bgr. Also the letter C is
a positive constant which is independent of essential parameters and not
necessarily the same one.
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First, we define a fractional integral operator I and its modified frac-
tional integral operator Is.

Definition 2.1 For 0 < s < n, the fractional integral operator I is defined
by
f)
I = —
sf(x) /Rn P

Definition 2.2 For a fractional integral operator I, we define the modified
(shifted) fractional integral operator I as follows:

If(a) = Lf(x) - /| 1) 4,

yl>1 [y s

1 1
- - ns dy,
/]Rn <\:r: —yrs T [y MveR .|y21}(y)> f(y)dy

where 0 < s < n.

Note that the modified operator I, of a fractional integral operator I
is well-defined for every f € |J;<,<., LP(R"), where 0 < s < 1.
Next, we recall a weak LP space W LP(R"™) and a Lipschitz space Lip.(R™).

Definition 2.3 For 1 < p < o0,
WILP = {f: IfIWLP| = sup A |{z € R™ : | f(z)| > A}YP < oo}.
A>0

In order to define a Lipschitz space Lip.(R™), we introduce the local
Lipschitz norm and the Lipschitz norm.

Definition 2.4 For a ball BC R" and 0 <e < 1,
. 1
18 (B)) = stp e | 1760) — fold:

where fo = ﬁ fQ f(y)dy and the supremum is taken over all balls Q C B.
Similarly, when B = R", we define

1| Lipe|| = || f | Lipe(R")]|.
Definition 2.5 For 0 <e < 1,
Lipe(R™) = {f : [|f[Lipe|| < oo}
In particular, when ¢ = 0, we denote

BMO(R™) = Lipg(R").
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Then, the following strong and weak estimates for a fractional integral
operator I; on LP(R™) are well-known (see [9], [8], [15] and [16]).

Proposition 2.6 If0 <s<mn, 1 <p; <n/s and 1/ps = 1/p1 — s/n, then
the fractional integral operator I is bounded from LP*(R™) to LP2(R™), that
is for f € LP*(R™),

[ L fILP2 ] < ClLFILP].

Proposition 2.7 If 0 < s < n and 1/p = 1 — s/n, then the fractional
integral operator I is bounded from L'(R™) to W LP(R™), that is for f €
LYR"),

[ L fIWLP|| < O fILY]).
Proposition 2.8 If0 < s <1, n/s < p < oo and ¢ = s — n/p, then the
fractional integral operator I is bounded from LP(R™) to Lip.(R"), that is
for f € L*(R™), N

[ Zs f| Lipe|| < C|| fILP]].

Second, we define a BY space Bf(R™) and a CMO space CMOY(R™),
which were introduced by J. Garcia-Cuerva and M.J. L. Herrero [7].

Definition 2.9 For 1 <p<ocoand 0 < ¢ <1,

B {f € Lloc ) : ||f‘BgH < 00}7
where
1 1/p
11331 = sup | Bal' ( s <:c>|pd:c) .
Bl /s,

In particular, When q =1, we denote
BP(R™) = BY(R™).
Definition 2.10 For 1 <p<ocandn/(n+1) <q <1,
CMOL(R™) ={fell (R ):Hf\CMOIq’H<oo},
where

1
|Br| JBj,

1/p
I1Car05) = sup ing |l 7 (15 [ g - epa)

In particular, when ¢ = 1, we denote

CMOP(R") = CMO?(R™).
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Remark 2.11 About the definition of CM O} of the case 0 < ¢ < n/(n +
1), see [7]. In this paper, we consider the case n/(n + 1) < ¢ < 1 for
simplicity.

Note that for 1 <p < ooand 0 < g <1,
L*(R™) C BI(R™) Cc CMO(R™).
Next, we introduce the weak CMO space WC MO (R™).
Definition 2.12 For 1 <p<ooand 0 < g <1,
WCMOR(R™) ={feLl (R"): |fIWCMOY| < oo},
where

| FIWCMOP|| = sup | Bg|' /P~ "9infsup A| {x € B : |f(z) — ¢| > A} [VP.
R>1 € A>0

Furthermore, we define a "new” function space CMOg7
Definition 2.13 Forn/(n+1) <¢g<land 0<e<1,
CMOG(R") = {f : [fICMOZ]| < oo},

where
| fICMOg, ”—SUP|BR|1 Y4 f| Lipe(Bg)|-

Then, our results for a fractional integral operator I are the following
strong and weak estimates for Iy on BL(R™).

Theorem 2.14 If0 < s < 1, 1 <p; <n/s,n/(n+1—-3) < q <1,
1/p2 =1/p1—s/n, 1/qa = 1/q1+s/n and I is a fractional integral operator,
then the modified fractional integral operator I, is bounded from BEH(R™)
to CMOR2(R"), that is for f € By (R™),

7. ICMOR| < ClIf|BY |l
Remark 2.15 For a fractional integral operator I, in general, j; is not
bounded from B, (R™) to CM O}, (R™) (see Counterexample 4.1 in Section
4).
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Theorem 2.16 If0 < s < 1, n/(n+1—-35) <q <1, 1/p=1-s/n,

1/q2 = 1/q1+s/n and I is a fractional integral operator, then the modified
fractional integral operator I is bounded from Bl}l (R™) to WC MO, (R™),
that is for f € B(}l (R™),

IZofIWCMO, || < C|1 1By, ||

Theorem 2.17 If0 < s < 1, n/s < p<oo,n/(n+1—-35) < q <1,
/g2 = 1/p+1/q1, € = s —n/p and I is a fractional integral operator,
then the modified fractional integral operator Ig is bounded from B (R™)
to CMOZ° (R™), that is for f € BY (R™),

q2,€

1 /ICMOg || < C|1 f1B2, .

q2,¢

Remark 2.18 In Theorems 2.14, 2.16 and 2.17, n/(n+1) < g2 < 1.

In particular, when ¢ = 1, for a fractional integral operator I, we get
the following strong and weak estimates for Iy on BP(R").

Corollary 2.19 If0 < s < 1,1 <p; <n/s, 1/ps =1/p1 —s/n, 1/q =
1+s/n and I, is a fractional integral operator, then the modified fractional
integral operator I, is bounded from BP'(R™) to CMOP*(R"), that is for
fe B (R"), _

L FICMOE|| < C| f[B™].

Corollary 2.20 If0 < s < 1, 1/p=1—-s/n, 1/g =1+ s/n and I is
a fractional integral operator, then the modified fractional integral operator
I is bounded from B(R™) to WCMOL(R", that is for f € BL(R"),

I /IWCMOy| < C| 1B

Corollary 2.21 If0<s<1l,n/s<p<oo,1/g=1/p+1,e=s—n/p
and I is a fractional integral operator, then the modified fractional integral
operator I is bounded from BP(R"™) to CMOg<(R"), that is for f € BP(R"),

I fICMO| < C||f|1B.

3 Proofs of theorems

Throughout this section, let Br be a fixed ball for some R > 1, and de-
compose

[ = IXByr + FXR0\By, = J1 + f2, say.

The following lemma is important for our proofs.
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Lemma 3.1 Let 0 < s < 1,1 <p<ocandn/(n+1—35)<qg<1. If
f € BY(R™), then for any R > 1,

fy e
[y < ol i),
ly|>2R |y
Proof. By Holder’s inequality, we can get
f ()] S / f ()]
Ty = dy
/y|22R [y[rti=s Z Byji1\Bys p 1YIMT17°

=1

> 1
> /| s

1
ZW\BWHRI”‘]\WB?H
=1

< CRY==1| £ |BY],

IN

IN
Q

because n/(n+ 1 —s) < q. O

The proof of Theorem 2.14 is similar to that of Theorem 2.16. In
the following proof of Theorem 2.16, use Proposition 2.6 to estimate I.
Therefore we omit the proof.

Now, we begin to prove Theorems 2.16 and 2.17.

Proof. [Proof of Theorem 2.16] Let 0 < s < 1, n/(n+1—3s) < ¢1 <1,
1/p=1=s/n,1/g2=1/q1 + s/n.
Now, we have for x € Bg,

~ 1 1
L@ = [ (o — i) S0y

- /Rn <|x _Z|n_s - ‘y|i_sx|y|>1(y)> Siy)dy

1 1
" /Rn (!x —y|ns N |y|n—s Xy|21(y)> f2(y)dy
:IS(fXBgR)(«T)—/ f(y) d

1<lyl<2r |y["*

1 1
- dy.
" /IyZ2R (’iﬂ —y| |y!”3> fly)dy

CR - _/ f(ny,)s dy7
1<|y|<2R |y

Hence, putting
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it follows that

up(2))" Hx € B : |I.f(z) — Cr| > 2)\}‘

< 2p{sup)\p Hz € Br: |Is(fxBy)(x)| > A}

A>0
1 1
/ ( — = n_s> f(y)dy
ly|>2R |z -y |yl

First, to estimate I, we apply Proposition 2.7. Then,

+ sup AP
A>0

=2P(I+1I), say.

{xGBR:

=i

I < C|lfxBaal L7 < C|BRI” || By, |IP.

Next, we estimate [I. Using the assumption n/(n +1 —s) < qi, it
follows from Lemma 3.1 that for x € Bg,
conf LWL,
ly

1 1
=~ omes ) fWdy 4
|/y|223 <|x -yl fyl S) 1>or [y["T1s
< CR- Rn/fI1—n—1+st’B H CR" (I/q1— 1/p)||f|B1 ||

Therefore,
11 < CRPYa=UP)| £ B |IP - |Br| < C|Bg|"* | f1By,IIP.

Thus,
. 1/p
B Ve sup s ({o € B L f(2) - Cal > A} < CIfIB I
A>0

This proves the theorem.

Proof. [Proof of Theorem 2.17] Let 0 < s < 1,n/s <p < oo, n/(n+1—s) <
¢ <1,1/ga=1/p+1/q1 and e = s — n/p.
Now, we have

| Br|' 1/ IIfstLipe(BR)H

B/|—¢/n
= |BR|171/Q2 Slélp |_’B/ / |I f I f)B/‘dCC

< |Brl' Ve LT A Lip(Br) | + Hfsfz\LiPe(BR)H}
=TI+1I, say.
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First, to estimate I, we apply Proposition 2.8. Then,
I < CIBR[* V| fxp,a| LIl < C|I f1BE ||

Next, we estimate II. Since for x1,x9 € Bp,

L folr) — Lofolea)] < Clas — / Wl
ly|>2R Y|
we obtain
" B!|—¢/n
It Bl =sup O [ Efa(e) = (Tl
< Csup|B’\_E/”+1/n/ 7‘“31)[ dy
B! i>2r [y|" s

Therefore, it follows from Lemma 3.1 that
IT < C|Bg|' /% - [Bg|~/"t1/m. Rr/a=n=1ts| £ BD || = C| f|BE |-
Thus, by the estimates of I and I1, we get the theorem. O

4 Counterexample

Counterexample 4.1 Let 0 <s<1,1/(2-s)<q1 <1,1/p=1-s5 and

1/q2 = 1/q1 + s. Then, the modified fractional integral operator I, is not
bounded from B} (R) to CMOL,(RY).

Proof. Let
1 1
379 for - <x <1,
fl@)=q (1 —2)[log (1 —=)| 2
0 otherwise.

Then, f € B} (R').
Now, for 1 < x<3/2 putting x =14+ h (i.e. 0 <h < 1/2), then
1

~ 1 1
I f(x)] > W/l_hf(y)dy = @) gl

Thus, letting B = (=R, R) be a fixed open interval for some R > 3/2 and
0 < s < 1/2, we obtain

1-s

(/B|if(x)|pdx>1/p: (/13/211 Fa)/0- s)dgg) .

ie. I,f ¢ CMOP,(RY). O
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Approximation by weighted means of
Walsh-Kaczmarz-Fourier series

Kaéroly Nagy

Abstract. In this article we investigate the rate of the approxima-
tion by weighted means of one and two-dimensional Walsh-Kaczmarz-
Fourier series of a function in LP and, in particular, in Lip(a,p)
(1 <p < oo, >0). Incase p = oo, by L? we mean Cy, the
collection of uniformly W-continuous functions. As special case, we
obtain the earlier result by Skvortsov [20].

The approximation properties of weighted means of the Walsh-
Fourier series was discussed earlier by Méricz and Rhoades [11].

Mathematical Subject Classification (2010). Primary 42C10;
Secondary 42B10

Keywords and phrases. Walsh group, Walsh-Kaczmarz system,
Walsh-Kaczmarz-Fourier series, weighted means, Lipschitz class, rate
of convergence, approximation.

1 Introduction

Let {px : & > 0} be a sequence of nonnegative numbers. The weighted
means and kernels for the Walsh-(Kaczmarz)-Fourier series are defined by

1 n 1 n
" k=0 " k=0

where P, := > _opr (n >0, ¥ = w or k). In particular case ¥ are the
Fejér means (set pr, = 1 for all k).

This paper is in final form and no version of it will be submitted for publication
elsewhere.



388 KAROLY NAGY

We always assume that pg > 0 and

lim P, = oo, (1.1)
n—oo
which is the condition for regularity [12]. The weighted mean method was
studied by a lot of authors [9, 11, 12, 13].

In the paper [11] the rate of the approximation by weighted means of
Walsh-Fourier series of a function in L? (in particular, in Lip(c«, p), where
a>0and 1 < p < oco) was studied. In case p = 0o, by LP we mean Cyy, the
collection of the uniform W-continuous functions. As special cases Moricz
and Rhoades obtained the earlier results by Yano [23] for 0 < a < 1, and
by Jastrebova [8] for av = 1.

In this article we investigate the rate of the approximation by weighted
means of Walsh-Kaczmarz-Fourier series of a function in L? (1 < p < c0).
As a special case, we have the result of Skvortsov given in [20].

In 1948 Sneider [21] introduced the Walsh-Kaczmarz system and showed
that the inequality

K
lim sup M >C>0
n—oo logn
holds a.e. In 1974 Schipp [18] and Young [24] proved that the Walsh-
Kaczmarz system is a convergence system. Skvortsov in 1981 [20] showed
that the Fejér means with respect to the Walsh-Kaczmarz system converge
uniformly to f for any continuous functions f.

In 1998 G4t [2] proved, for any integrable function, that the Fejér means
with respect to the Walsh-Kaczmarz system converge almost everywhere
to the function. In 2004, Gat’s result was generalized by Simon [19].

Now, we give a brief introduction to the Walsh-Fourier analysis [1, 17].

Let denote by Z, the discrete cyclic group of order 2, the group oper-
ation is the modulo 2 addition and every subset is open. The normalized
Haar measure on Zs is given in the way that the measure of a singleton is

1/2. Let G := % Z5, G is called the Walsh group. The elements of G are
k=0

sequences = = (xg, 1, ..., Tk, ...) with coordinates z3 € {0,1} (k € N).

The group operation on G is the coordinate-wise addition (denoted by
+), the normalized Haar measure is the product measure (denoted by )
and the topology is the pruduct topology. Dyadic intervalls are defined by

I[)(l’) = G, In(x) = {y €G: Y= (370, -‘-7xn—17ymyn+1‘”)}

for x € G,n € P. They form a base for the neighborhoods of G.
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Let 0 = (0 : 4 € N) € G denote the null element of G and I, :=
I,(0) for n € N. Let L? denote the usual Lebesgue spaces on G (with the
corresponding norm |.||,). For the sake of brevity in notation, we agree
to write L instead of Cyy, where Cyy is the collection of the uniformly
W-continuous functions over G and set || f|~ := sup{|f(z)| : € G}.

For € G we define |z| by [z] := 3772, 2;27771. Next, we define the
modulus of continuity in L?,1 < p < oo, of a function f € LP by

wol8.1) = sup 1.+ 8) = F()llps 6> 0.

It|<8
The Lipschitz classes in LP for each a > 0 are defined by
Lip(a,p) == {f € LP : wp(6, f) = O(6“) as § — 0}.
The Rademacher functions are defined as
ri(z) := (=1)" (r € G,k € N).

Let the Walsh-Paley functions be the product functions of the Rademacher
functions. Namely, each natural number n can be uniquely expressed as

o0

n=> n2, n;€{0,1} (i € N),
=0

where only a finite number of n;’s different from zero. Let the order of
n > 0 be denoted by |n| := max{j € N : n; # 0}. Walsh-Paley functions
are wg = 1 and for n > 1

wn(@) i= [T n(@)™ =y (@) (- 1) ER% o,
k=0

The Walsh-Kaczmarz functions are defined by kg = 1 and for n > 1

In|—1
|n|

in() = 71y (2) [ (paimac (@) = riag (@) (~1) 0 e,
k=0

The set of Walsh-Kaczmarz functions and the set of Walsh-Paley functions
is the same in dyadic blocks. Namely,

{kn : 2F <n < 2P} = {w, : 28 <n < 28T}

for all £ € P and kg = wy.
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A relation (given by V. A. Skvortsov, see [20]) between the Walsh-
Kaczmarz functions and the Walsh-Paley functions can be given by the
transformation 74 : G — G defined by

TA(T) = (TA-1,TA-2, o+, T1, 0, TA, TA41, )
for A € P. By the definition of 74, we have
K (T) = Ty (X)W, _oni (T)n) (7))  (n € N,z € G).

The Dirichlet kernels are defined by

n—1

DY =Y,

k=0

where ¢, = wy, or k, (n € P), Dg’ := 0. The 2"th Dirichlet kernels have a
closed form (see e.g. [17])

2", x €Iy,

) (1.2)
0,  otherwise (n € N).

The nth Fejér mean and Fejér kernel of the Fourier series of a function
f is defined by

1< 1<
on(fix) =~ 8P (fw), Ki(@)= > Di(x) (x€G)
=0 k=0
where v, := w,, or k, and Kg} = 0.

2 The rate of the approximation of the one-di-
mensional weighted means

Now, we introduce the notation
n—2Inl

1
R = - Z Paini 1 Di
Pa i=1

and decompose the nth weighted kernel of the Walsh-Kaczmarz-Fourier
series.
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Lemma 2.1 Let |n| = A > 1, then
PoLy(x) = (Po— Pya_q1)Daa(z) +ra(x) PRy (Ta(2))

A-1
+ Z(P2l+1—1 — Py_1)Dy ()

1=0
A-1 2l—2
+ ri(z) Z(leﬂ‘ — pory 1) i K (mi(z))
1=0 j=1
A-1

+ ri(a)pgr 1 (2" — DKy (n(x)).
0

~

Proof. During the proof of Lemma 2.1 we use the following equation:

Dia () = Daa(w) +ra(z)Df (ra(x)), j=0,1,...2% =1. (2.1

Let |n| = A, then we write

P, Lf(x Z D (x Z prDf(x) = T +1I1.
k=24

By the help of (2.1), we decompose I1.

n—24

Ir = Zp2A+lD;A+l($)
1=0

n—24

= (Pu— Pya_1)Dya(@) +ra(@) D poay DY (ra(z)).
=1

We use (2.1) and Abel’s transformation for the discussion of I.

A-12i+11 A-12l—1

o= > > weDi@) =23 puy;Dsi(w
=0 k=2 1=0 j=0
= (Porr1_y — Pyi_1) Dy ()
A— )

2
+ ri(z) Z(P21+j — Paigjy1)I K (1))
j=1

+ o1 (20 = DK (n(2)
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This completes the proof of Lemma 2.1. O

By the help of this lemma we state our main theorem in the following
form:

Theorem 2.2 Let f € LP, 1 <p < oo, and let |n|=A > 1.
If {pr} is nondecreasing sequence of nonnegative numbers, in sign py T,
such that the condition

NPn
pr=00) (2.2)

holds, then

A-1
1605) = Fllo < 5 D w227, f) + 027, ).
" i=0

If {pr} is nonincreasing, in sign py |, then

A-1
1) = Fllo < 5 Y pu2eop(27, ) + Owp(27, ).
™ 1=0

This Theorem states that the behavior of the weighted means of Walsh-
Kaczmarz-Fourier series is so good as the behavior of the weighted means
of Walsh-Paley-Fourier series [11] in this special view.

To prove our theorem we need the following lemmas given by Yano [22],
Simon [19] and Méricz and Rhoades [11].

Lemma 2.3 (Yano) Letn > 1, then
1K < 2.
Lemma 2.4 (Simon) There exists a constant C such that
IRl < ¢, n=1.

Lemma 2.5 (Moricz, Rhoades) Let {p;} be a sequence of nonnegative
numbers either nondecreasing which satisfies the condition (2.2) or merely

nonincreasing, and let RY be defined by RY := Pin Z?;lgln‘ Danl D} Then
there exists a constant C such that

IRVIL<C, n>1.
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Proof of Theorem 1: We present the proof for 1 < p < oo, for p =
(with notation L> = Cyy) the proof goes in a similar way.

Let n € N be fixed and set |[n| = A. By Lemma 2.1 and Minkowski
inequality we may write that

Pol[tn(f) = fllp < (Pn = Paa_y) /G(f(- +2) = () Daa(x)dp(z)

L P / (F(+2) — F())rale)RY (ra(z))du(x)
G p
A—1
S (Buiy — By / (F(.+2) — £(.)) Dy (2)dp(z)
1=0 G P
A—12—2
n Pare; — Pyl H [ 6+ = FOR@ES (@)dno)
1=0 j=1 G p
-1
S @) / (. +2) — FO)r(@)EY_ (n(z))du(z)
1=0 G P
= An,l + An,Q + An,3 + An,4 + An,5~
Now, we discuss A, 1. By (1.2) we find that
/G (F(.+2) — F()Dya(2)du(x)| < (2.3)

1/p
<[ Do) ( / If(y+w)—f(y)lpdu(y)) du(e) < w2, ).

Iy

Thus, we immediately have
Ap1 < (P — Ppa_y)wp(274, f)

and

hS
=

A3 <Y (Pysioy — Pu_q)wp(27, ).
1

Il
o

In the case pg 1, we have

(Pyrri_q — Por_y) < 2'pyia_y,
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and

’

A2
Ans < Z 2'parrwp(27, f) + (Paa_y — Poama_y)wp (2747, f)
1=0

A-1
< ¢ Z 29 pyiwp(277, f) + c(Pyay — Ppaci_1)wp(274, f). (2.4)
j=1

While, in the case p; |, we have

b

(P2l+1_1 - P21_1> S 2lp2l and An,3 S 2lp21CUp<2l, f)
l

Il
=)

Now, we discuss Ay 4, Ap 5.
In the paper [14] the following is proved (see Lemma 2.3, too)

B = | (40 = fOm@) Ky (r(o)dna)
P
< | K omlhiwp27 ) < el K hesp (27, F)
< awp(27h £). (2.5)
for |j] <.
Thus,
A-12l-2
Apg < ¢ Z Z Pty —P2l+j+1|jB§'
1=0 j=1
A-121-2
< c Z Z oy — p2l+j+1’jwp(2_l7 f)
1=0 j=1
In the case pg 1
2l—2 2l-2
Z Patj — oty jald = (28 = 2)porra_; — Z Pary; < 2'pyry
j=1

j=1

and

)

A-1
Ay < ¢ Z 2 pors1wp (27 )
1=0

A-2
= ¢ Z 2lp21+1wp(2_l, )+ 2A_1P2Awp(2_A+la f)- (2.6)
1=0
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The condition (2.2) completes this case.
In the case p; |

202 202 2l—2
. ! !
Z Potyj — Doty jyald = Z Paigj — (20 = 2)pgrti_y < Z Paitj < 2Py
j=1 j=1 j=1
and
A-1
Apa <Y 2puwy (270, f)
1=0
Moreover,
A-1 A—1
Aps <c Zp21+1_121Bél_1 <c Zp21+1_121wp(2_l, f)-
1=0 1=0

The method of (2.6) completes the case when py 1.
In the case pi |, we immediately get that

A-1

Ans <Y pu2w,(27) f).
=0

At last, we investigate A, 2. To do this we discuss the integral

\I/G(f(-+x)—f(-))?’A(w)Rﬁ(TA(x))du(x)||p-

Recall the definition of the function RY. The definition really say that the
function RY is A|n72|n\ i-measurable. Thus, R} o7y is A g-measurable (with

|n| = A). The method of the investigation of Bj- for | = A (see (2.5) and
[14]) implies that

< awp(274, )| Rn 0 Talh

/G(f(- +x) = f())ra@) Ry (Ta(z))dp(z)

p
< a2 N Rallr

From Lemma 2.5, we get that
Apo < anwp(Q_A,f).

Summarising our results on A, ; (i =1, ...,5) we complete the proof of this
theorem. g
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We note that if {py} is nondecreasing (p; 1), the condition (2.2) is
satiesfied if
pr = k° or (logk)? for some 8 > 0.

Examples for nonincreasing {px} (px |):

bi.) pp < k7P for some 0 < B < 1, (P, < n' P for 0 < B < 1, and
P, <logn for g =1).

bii.) pr < (logk)™? for some 0 < B (P, =< n(logn)~?).

For more details see [11].

The following theorem is a generalization of the theorem of Skvortsov
in [20] (set pi := 1 for all k), and its analogue was proved for Walsh-Paley
system by Moéricz and Rhoades in [11].

Theorem 2.6 Let f € Lip(c,p) for some a >0 and 1 < p < oc.
Let {py : k > 0} be a sequence of nonnegative numbers such that in case
pr T the condition (2.2) is satisfied, then

O(n™%), if0<a<l,
Htfz(f)*pr: O(n‘l l()gn)7 ZfOé: 1’
O(n_1)7 'LfO[ > 1.
If pi |, then
g
Htfb(f) - f”p =0 F Z 2(1_05)Jp2j + 2—a|n‘
O

The proof goes analogous as Méricz and Rhoades did in [11]. So, it is left
to the reader.

Let {pr : & > 0} be a sequence of nonnegative numbers such that in
case pi J the condition bi) or bii.) is satisfied, then in these cases we could
get so good results as Méricz and Rhoades did for the Walsh system (for
more details see [11], page 3).

3 On the two-dimensional weighted means

On G? we consider the two-dimensional system as {t,1(z!) x 1,2 (2?) :

n = (n',n?) € N?} (where 1y = w or k). The two-dimenional Fourier

coefficients, the rectangular partial sums of the Fourier series and Dirichlet
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kernels are defined in the usual way. Define the n-th Marcinkiewicz mean
./\/l% and kernel ICff by

MY(f, xt, 2 ZS}fkfx %) (z = (2!, 2%) € G?),

KY(xt,z?) = ZDw 3 (z=(z',2?) € G?).

The a.e. convergence of Marcmklevvlcz means was discussed by Weisz and
Goginava for Walsh system [25, 7], by G&t for Vilenkin system [3], by the
author for Walsh-Kaczmarz system [16].

For x = (z1,2?) € G? we define |z| by |z|> := |2!|?> + |22|%. Thus, for
f € LP(G?) (1 < p < c0) the modulus of continuity wy(d, f) is well defined
for § > 0. We define the mixed modulus of continuity as follows:

Wi 901,02, f) :=

sup{[[f(-+at, +a?) = f(tat, )= f(Aa)+F () p « fat] < 01 2?] < 62

where 91,69 > 0.

Recently, Gat and Goginava [4] discussed the uniform and L-convergen-
ce of the Norlund logarithmic means of cubical partial sums of double
Walsh-Fourier series. Moreover, Goginava discussed the approximation
properties of Cesaro (C, «)-means of cubical partial sums of Walsh-Fourier
series [6].

Motivated by the work of Gat and Goginava, we investigate the ap-
proximation properties of the weighted means of cubical partial sums of
double Walsh-Kaczmarz-Fourier series. These weighted means and kernels
are defined by

1 n
() = S pSY ),
" k=1

1 n
LRt a%) = o > gDy (") Dy ()
" k=1

for » = w or k. The means t% could be called weighted means of Marcinkie-
wicz type. As special case (set g := 1 for all k) we obtain the Marcinkiewicz
means and kernels.

To prove our Theorem on two-dimensional weighted means we need the
following decomposition lemma:s:
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Lemma 3.1 Let |n| = A > 1, then
Pnﬁg(xl,ﬁ) =

(P = Pya_)Daa(2Y) Dy (52) + Do (2)r4(a?) Py RE (a(22))
+  Doa(x®)ra(z')PaRY (ta(zh)) + ra(2V)ra(2®) PuRY (ta(zh), Ta(2?))

A-1
+ Z(P2l+171 — Pyi_y) Dyt (2!) Doy (%)
=0
A-1 2l—2
+ Z Dyi (2" )ry(2?) Z(PQlﬂ —P21+j+1)jK}U(Tl($2))
1=0 j=1
A-1 P
+ Z Dy (532)"7(%1) Z(P21+j —p2l+j+1)jK]w(Tl(xl)>
1=0 j=1
A-1
Y Daar(a)ppis (2~ DY, (n(a?)
1=0
A-1
+ Y Dule?na a2~ DG (n(ah)
1=0
A-1 2l—2
+ Y @) Y oty — oty iKY (), ()
1=0 j=1
A-1

+ r(@h)n(e®)pya 4 (2" = DK (n(z'), n(2?)),

T
o

with the notation R, of previous section and

n—2lnl

Ry(a!,2?) = — Z Pomi DY (21) D} (2%).

Proof.

P.L Z prDf (x Z D ( 2?) =T+ 1II.
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We use (2.1) and Abel’s transformation to study I.

A-12i+11 A-12t—1

399

S S D)D) = .S by Dy (2 D ()

=0 k=2 1=0 j=0
1 2l—1

Z Dy (fUl)Dzl (902) Z Doty
j=0

2l—1

Z Dy (951)7"1(9?2) Z P2l+jD;‘U(Tl(='E2))
j=0

2l—1

Y Du(a®yr(a') Y pay; Dy (mah))
j=0

2l—1
ri(ari(2®) Y pyy ;DY (n(a) DY (n(?))
=0

Z(P2l+1—1 — Pyi_1) Dy (fUI)Dﬂ(xQ)

2l—2

DQZ(ifl)Tl(l‘z) Z(pzl+j —p21+j+1)jK;p(Tl(fU2))
1=0 j=1

+pger (20— DK (n(a?))

A-1 2l_2

D21($2)7’l($1) Z(p2l+j _p21+j+1)jK;‘U(Tl(x1))
=0 j=1

+por 1 (2 = DK ()

A-1 2l—2

(@) r(2®) Y (poryj — Pary ) iKY (), mi(a?))
0 j=1
-1

T T

() r(@®)parn 1 (28 = DK (n(a"), n(2?)).

N
Il
=)
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By the help of (2.1), we discuss I1.

n—24
I = Z P2A+1D§A+l($1)DgA+l(x2)
=0
= (Py— Pya_1)Dya (wl)D2A (532)
n—24
+ Doa(z')ra(@®) D poay D (Ta(a?))
=0
n—24
+ Doa(@®)ra(e') D poay D (Talah))
=0
n—24

+ ra(@ra@®) Y paay DY (rala")) D (ta(a?))
=0

= (Pu— Pya_1)Dya(a")Dya(a?) + Dya(a')ra(a®) PaRy (14(2?))
+ Dya(@?)ra(ah) PaRy (a(ah)) + ra(ah)ra(@®) PRy (1a(ah), a(a?)).

This completes the proof of this Lemma. O

By the help of this decomposition Lemma we state our main Theorem
in the following form:

Theorem 3.2 Let f € LP, 1 <p < o0, and let |n|=A > 1.
If {pr} is nondecreasing sequence of nonnegative numbers, in sign py T,
such that the condition (2.2) holds, then

1tn(F) = fllp = - szﬂwp?l ) +0wp(2, ).

If {pr} is nonincreasing, in sign py |, then

A—
1tn(F) = fllp = - Zpy? wp(274 f) + O(wp(274, 1))
=0

This theorem states that the behavior of the weighted means of double
Walsh-Kaczmarz-Fourier series is so good as the behavior of the weighted
means of one-dimensional Walsh-Kaczmarz-Fourier series in this special
view.

To prove our theorem we need the following lemma given by Glukhov
[5].
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Lemma 3.3 (Glukhov) There exists a constant C' such that
K <C (1> 1),

Proof of Theorem 3: 'We make the proof for 1 < p < oo, for p = oo (with
notation L = Cyy) the proof goes analogously.

Let n € P be fixed and set |n| := A.

First, we prove that if the sequence {px} is either nondecreasing such
that the condition (2.2) holds or nonincreasing, then there exists a C' such
that

IRE <O (n>1). (3.1)
The definition of R)Y and Abel’s transformation give that
241 A
1 pn(n —27)
Ry = B Z (P24 11 — Poayi)IK) + % 2A-
The Lemma 3.3 of Glukhov yields that
n—24-1 A
cpn(n —24)
IRy Il < P [Paaty — Paa |l + HT
If py |, then
n—24-1 A n
c cpn(n —24) c
i D peasi = Paasinll + nf S5 p; < C.
n =1 n n i—9A11
J

While, in case py T the condition (2.2) gives that

n—24-1

c cpp(n —24)
2 ; |Paa — Poaypa|l + HT <
—1
< S (opuin—28) _ )< P 5
(2pn(n ) — Z pj) < = 0(1).
- P, P,
j=24+1

By the help of Lemma 3.1, the Minkowski inequality and with the notation
z = (21, 2%) € G? we write that

Polltn(f) = flip <

< (Po— Py 1) ] U+ ) = D Dy i)
A-1 g
3 By, — Pyy) \ G+ )= SO)Daa D ) (o)
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Py [ 72 = FO)Do s R (raa®) ()

p

+ P, /G? (f(.+2) = f())Daya(zH)ra(z R (ta(z1))dp(z)

p

| 009 = FOaa AR ra(s), e

A—12—2 !
+ )0 D oty — Pagralix
1=0 j=1
| [+ 2) = FOIDa (e i) K () dua)
G2 p
A-121—2
+ IPai 1 — Paigjalix
1=0 j=1
<[+ = FO)D @)K (" ta)

A-1
+Z p21+1_1(21 -1)
=0

g(- +a) = f() Dy (e )ri(2®) Ky (n(2?))dp(z)

A-1
+> o (20— 1) ng‘( + ) — f() Dy (2)ri(2") K31y (m(a'))du(x)
1=0 p
A-12'-2
+ Z Ipai4j — Parg i
1=0 j=1
X / (f(+2) = FO)r@h)r@)KY (n(a'), n(2?))du(z)
G2 D
A-1
+ Zp21+1_1(2l —1)x
1=0
X / (f(+2) = FO))r)r@)Ky_ (n(zh), n(=?))dp(x)
G2 D
11
= ZATM
i=1

First, we discuss A, 1, A, 2. By (1.2) we obtain that
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<

p

L2 = SO Do) Do)t

1/p
< [ Dyr(e")Dya(?) ( / \f(y+x)—f(y)lpdu(y)> dy(a)
2 G?
< a2 ). (3.2)
This immediately yields
Api < e(Py— Pya_y)wp(274, f)
and

A-1
<c Z(P2z+1_1 - P21_1)wp(2_l, f).
=0

For sequence p; 1
P2l+171 — P2lil S 2lp2l+171 (33)

and for sequence py |
P21+1_1 — P2l_1 S 21p21. (34)

The following was proved in the paper [15]:

k.
o - |

/Gz(f(' +a) = f()) Doy (@) (x") K (i (ah) ) dpa()
< oK omilhwp(27F, f) < ewp (278, ), (3.5)

where |j| < k (we used Lemma 2.3, too). This yields

A_12l_
Angs Ang <Y Z Poisj — PoijliBj

=0 ]
A-1 2l—2
—1 .
< ¢ wp(27%, ) Z |p21+j —p21+j+1|3-
1=0 j=0

If {pr} is nondecreasing (px 1), then we have

ol
Z IPor 1 — Paigjali < 2oy (3.6)
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If {px} is nonincreasing (py J), then we have

22 22

- !
Y " pats; = Paryjrld <> parsy < 2por. (3.7)
=0 j=1

By the inequality (3.5) we get again

A-1 A-1
An,87An,9 < szH—l_l )B2l 1 <c Zp21+1 12 wp(2 ! f)
=0 =0

The inequality (2.6) completes these cases on A, 6 — Ay, 9 for nondecreasing

sequence {pg}.
The method of the discussion (3.5), the measurability property of R o
74 (with [n| = A) and Lemma 2.5 imply that

Ap g, Ana < cPol|RY o malliwp(274, f) < cPawy(274, f).
In the paper [15] it was showed that

Ff = \ 2 = Ol e () e )
P
< eIk o (7 x ) lawf 5 (27F, 275, F) < cwp (277, f) (3.8)
for |j| < k (we used Lemma 3.3, too). By this inequality
A-1 A-1
Ap1 < ZP21+171(21 - 1)F21171 <c ZP21+1712le(27Z7 f)
=0 =0
and
A-12!— 2l—2
Anio < Z Z !p21+] P2l+g+1|JF < Czwp 27, )Z |P21+j—P2l+j+1|j-
=0 j=0 j=0

The inequalities (3.6) and (3.7) complete the discussion of this case (see
the inequality (2.6) for nondecreasing sequence {py}, too).

At last, we have to discuss A, 5. The method of the discussion (3.8),
the measurability property of R o (14 X 74) (|n| = A) and the inequality
(3.1) gives that

Aps < cPh||Ry o (T4 X TA)lem(Q_A 274 f) < ePowp(274, f).
These facts complete the proof of Theorem 1. ]

At last, we note that the analogue of Theorem 2 and of corollaries
of Theorem 2 could be stated for Walsh-Kaczmarz weighted means of
Marcinkiewicz type, too.
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New kernels of Sard type and
applications

Francesco Costabile and Anna Napoli

Abstract. New useful kernels of Sard type are derived by apply-
ing a linear functional to the two-point Taylor polynomial expansion,
for some real functions possessing a sufficient number of derivatives.
These kernels are used to calculate error representations for some cu-
bature and linear approximation formulae. In all considered examples
kernels are of one sign, thus accurate error estimates are obtained.

Mathematical Subject Classification (2010). 41A80, 41A35

Keywords and phrases. kernel, error approximation.

1 Introduction

Peano’s theorem is a well-known result that concerns the representation of
a linear functional in terms of a differential operator. Sard ([9]) generalized
the theorem to the multivariate case by applying a bounded linear func-
tional to an appropriate Taylor expansion. By using Sard’s kernel theorem
it is possible to express and calculate sharp bounds for approximation er-
rors. The errors are expressed in terms of the partial derivatives of the
underlying function. Particularly, Sard kernels are used ([2], [7], [11]) to
bound cubature errors for certain cubature rules.

In [4] the authors applied a linear functional to the expansion in Bernoulli
polynomials of a real function and obtained kernels which are different from
Sard’s for a wide class of linear functionals.

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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In this paper we consider the expansion in bivariate two-point Taylor
polynomials for real functions possessing a sufficient number of derivatives
and we obtain new kernels of Sard type. We restrict our attention to
functions of only two variables; the extension to dimensions greater then 2
is straightforward.

We use these kernels in order to derive error representations for some
cubature and approximation formulae. In all considered examples kernels
are of one sign, thus accurate error estimates are obtained.

The paper is organized as follows: in section 2 we quote some remarks
on the two-point Taylor formula in one and two dimensions. In section 3
we introduce the new kernels by applying a particular functional to the
expansion of some real functions. In the last section we present some ap-
plications.

2 Remarks on the two-point Taylor formula

In this section we shall give some known results about the two-point Tay-
lor formula for univariate functions, which is sometimes referred to as the
piecewise Hermite interpolation.

For n a positive integer, let P?"~!([a,b]) be the set of all real polyno-
mials of degree at most 2n — 1, defined on [a, b].

Theorem 2.1 Given f € C**([a,b]), the following relation holds ([8])

f(x) :fn($)+Rn(fax) (21)
where
n—1
fal@) = 3 [Cag@)fD (@) + Duy@ O], fu€ P(ab), (22)
=0
o (b—a) "k =1\ (2 — @)kt
Cn,]( ) - ]‘ kZ:O ( k ) (b_ a)n+k ) (23)
Dpj(x) = (=1)Cpj(a+b—x)
and
(2n)
R.(f;z)=(x —a)" (b—2a)" F ) & € (a,b) . (2.4)

(2n)!
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Remark 2.2 f, is the unique polynomial which satisfies the interpolation
conditions

fila) =), PO =FO0),  §=0,...n-1

;From (2.4) an upper bound for the remainder R, (f;x) and its deriva-
tives can be obtained, in terms of || f?™ ||, = max, 173 ()] ([12]):

Theorem 2.3 Let f € C*"([a,b]). Then

_ h— n—k
R (fi0) < DO k=020 L

This bound is best possible for k = 0 only.

In [3] the authors determined sharp bounds for derivatives of interpo-
lation errors for general piecewise Hermite interpolation in intervals and in
rectangular polygons.

For the remainder (2.4) we can also have an integral representation.
First we give some preliminary definitions.

For any positive integer n let C3, ([a, b]) be the space of linear functionals
of C?"([a, b]) which are finite linear combinations of functionals of the form

n—1 .p A n—1 A
LhH=% / ail@) fO (@)dz + 3 bifD ()
i=0 7@ i=0

where a;(z) are piecewise continuous functions on [a,b], b; € IR and
z; € [a, b] are fixed points, such that L(p) = 0 for all p € P?"~1 ([a,b]).

Now we observe that for each z € (a,b) the error

L(f) = f(x) = fu(2),

is a functional in C3, ([a,b]). Thus from Peano’s Lemma ([5]) we have

Proposition 2.4 . For all f in C?"([a,b)])

b
L(f) = Ru(fi2) = / O () K (x, 5)ds (2.5)

with
Kn('a 8) =
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By simple calculations we can derive an explicit expression for the kernels
Ky (x,s)

z—s)2 i(x ~
Kn(z,s) = () Z (275)11’;.(_)1)! (b—s)?=i—1, (2.6)

The generalization to the two dimensional case is straightforward.

2.1 The two dimensional case

Let T be the rectangle [a, b] x [c, d]. For n, m positive integers, let P(?n—1.2m=1)(T
be the set of all real polynomials in the variables z and y of degree at most
2n —1in x and 2m — 1 in y, defined on T'.

We define C(»~1m=1)(T") as the space of functions f : T — IR with
continuous partial derivatives

8i+j

(09) (1, ) =
P y) = grigg

f(x,y), (z,y) €T

for all (,7) suchthat 0 <i<n—1land 0<j<m—1.

Let

_ (d—y)™ " fmt k= 1\ (y — o)k
¢ . (") o

and

D j(y) = (1) Cmj(c+d —y).

Observe that C', ;(y) and D,y ;(y) are polynomials of degree 2m—1 in y
with ¢ <y < d, while C), j(x) and D, j(x) defined in (2.3) are polynomials
of degree 2n — 1 in z with a < x < b.

Then the following theorem holds.
Theorem 2.5 Let f € 0(2”’2m)(T), n,m > 1. Then, for each (x,y) € T,

f(@,9) = fom(z,y) + Rom (f; (2, 9)) (2.7)
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where
fn,m(xv y) =
n—1m-—1
= |G (@) Con (1)) (@, €) + Cor (@) Do (9) 9 (0, ) +
7=0 k=0
+ D1 (2)Con k(1) 9P (b, €) + D (@) Do o (9) SO0 (b, )
(2.8)
and
Rum (f; (z,y)) =
m—1 .p
=3 [ [Cons) £ (5.0) + Do) £ 5,)| Ko s)ds+
k=0 "¢
n—1 .4
+3° [ [Cas@ 92 a,t) + Do )92 0.0)] By e
j=0"¢
b pd
+ / F@2m) (5 VK (8 Ko (y, 1) dsdt
. (2.9)
K, (x,s) is the Peano kernel defined in (2.6) and
S 74 _ (y —t)%rm_l = Em,‘(y) 2m—j—1

Proof. In order to obtain (2.8) and (2.9), we apply (2.2)-(2.3) to the function
x + f(z,y) in the variable z

n—1

b
@) = Y [Cosl@) 199 a,9) + Doy ()90 9)] [ ), ).

—0

<

(2.10)
Then we apply (2.2)-(2.3) to f09(a,y), £ (b,y) and to f™ (s,y) in the
variable y and replace in (2.10). O

Remark 2.6 The approzimation formula (2.7) has degree of exactness
(2n —1,2m — 1), i.e.

R (p; (2,9)) =0 for eachp € PEn=12m=1)(T),
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Remark 2.7 f, ,, satisfies the interpolation conditions

S0z, y) = @y  i=0,...,n—1,j=0,...,m—1, (211)
where (T,Y) is one of the vertices of T.

The interpolate fy, m is determined by the 4nm linear conditions (2.11)

and it is known ([1]) that this interpolate is unique.

Proposition 2.8 The remainder (2.9) can be expressed in the compact
form

b d
Rom (f:(2,y) = / O (5, y) Ky (2, 5)ds + / FO2M) (1) Ho (y, )t~

b d
- / / FOR2) (5 1)K (2, 5) o (y, ) dsdt.

(2.12)
Proof. From (2.2) it follows that
m—1
Conge ) F2 ) (5,0) + Do () F 0 (5,0) | =
= O ' | (2.13)
= £ (5,y) = Ron (£ (s, 1)
n—1
C, G2m) (q. ) + Dy, @2m)(p )| =
)3 [Cog @) £927) (a,8) + Doy @) 92 (b, 1) -

= fO) @) = By (FO(0)2)

Thus form (2.12) of the remainder is obtained by replacing in (2.9) the
(2.13)-(2.14) and by observing that

d
R (100 5,0) = [ 10" s, 0)Honly )t
and

b
R, (f(O,Zm)(,’t);x> :/ f(2"’2m)(s,t)Kn(:c,s)ds. 0
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3 New Sard type kernels

Let us define by C3,, ,,,(T') the space of functionals on C2m:2m)(T') which
are finite linear combinations of functionals of the form

2n 2m

rn= % / / aij (2, 9) 49 (z, y)dady+
=0 5=0
2n 2m  .p -
S5 [ @O (o) dot
i=0 j=0" 1%
2n 2m d o 2n 2m o
+ZZ/ () 9D (g y) dy + Y > digFD (i, y5)
i=0 j=0"°¢ i=0 j=0

(3.1)

where a;;(z,y),bi(x),cj(y) are piecewise continuous functions respec-
tively on T, [a,b], [c,d], z; € [a,b],y; € [c,d]. (x;,y;) € T are fixed points,
such that L(p) = 0 for all p € P™™)(T). Hence a Sard’s extension of
Peano’s kernel theorem is applicable.

Theorem 3.1 (Sard’s type kernel Theorem). If L € C3,, ,,,(T), then,
for all f € Cn2m)(T)

L(f) = L(Bam(f;(2,9)) =

= le{/ FE™P (s, c) Sk(s)ds+/bf(2"”“)(s,d)K£c(s)ds}+
k=
+Z{/ FU2m) (0, 1)K dt+/ FO2m (b, ) K ()dt}+

+/ / FE2m) (5 1) Ky (5, t)dsdt

(3.2)
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where

KELS) = Lay s 0)8l:)] = Lo [ G Sy
nk - Iy mk = Ly m,k(y) (2n—1)!
KB = Ly Do) (5,5)] = Ly [ Do) g
nk - xy mk = Ly m,k(y) 2n—1)!

(y t)Qm 1

chm(t) = Ly [Crj(x)Hm(y,t)] = Lay [C”J(x)(zmn] (3.3)

—t 2m—1
Kﬁn(t) = ny [Dn,j($)Hm(y7t)] = ny |:Dn,j (x)%]

Kpm(s,t) = Lay [Kn(z, 8)Hm(y, t)] .

The notation Ly, [-] means that the functional L is applied to its argu-
ment considered as a function of (x,y).

Proof. The result follows by applying the functional L to both sides of
expansion (2.7) with remainder (2.9). Note that we are working under the
hypothesis which allow an interchange of the functional with the integral.
O

In analogy with the well known Sard’s kernel theorem ([6], [9]) we call
the functions (3.3) two-point Taylor kernels of the functional L.

Remark 3.2 In order to obtain an error bound in terms of the sup-norm
we put

M ;= sup |f09)(z,y)|
(z,y)ET

and we have

-1

m b
LU <Y Mans [ (KG9 + KRG ds
k=0 a
n—1

M m/ (KS.(0)] + KD, (1)) de
=0

+M2n,2m/ / | K (s, t)|dsdt.

Remark 3.3 If all kernels of the remainder L(f) are of one sign, by the
general mean-value theorem, there exist points (pu, ¢) , (Vg, d), (a,&;), (b,n;),
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(s1,t1) € T such that

m—1

b b
L) =Z{f(2””“) () [ G s+ 10 ) [ K,?k<s>ds}+
k—O a

+ { FU2m ( agj/ dt+f]2m)bn]/ }+

j=
+f 2”2"‘ (s1,t1) / / Ky (s, t)dsdt

where pu, vk, s1 lie between a and b and &;,n;,t1 lie between c and d.

4 Application

Now we calculate the error representation for some cubature and approx-
imation formulae. In each of the examined cases the remainder is a func-
tional of the form (3.1) and we can apply Theorem 5.

Example 4.1 (Cubature). Let’s consider the functional

:/01 /01 f(x,y)dxdy—f<;,;> (4.1)

for f € C®([0,1] x [0,1]) .
Since the formula has degree of exactness (1,1), its error representation
(3.2) takes the following form

1
B() = [ /206 0KG ) + 1206 KR dst

0
/ [f<02(o OES ) + 021, 0Kl ()} dt+ (4.2)
+/1 /1 22 (s,1) K11 (s, t)dsdt.
0 0

¢From (3.3), after some calculations, we have

s 0<s<

N[ —

KG(s) = KBs) - {

N S

(1—3s)? otherwise
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t2

B

st(st —s—1t)
s(I—=t)(t—st—1)
t(1—s)(s—st—1)
(1—s)(1—t)(st—1)

e i N L

0<t<

DO

(1—1t)2 otherwise

0<s,t<i
0<s<g3<t<l1

. (4.3)
0§t§§7§§5§1
1
QSS-)tSI

We can easily see that K11(s,t) < 0, while the other kernels are > 0.
As they have constant sign, there exist points (£1,0), (§2,1), (0,11), (1,72),
(s1,t1) such that the error representation is

B() = 5 [F2060,0) + FCO 1) + FOD(0,m) + O (1,m)] dt
_é%ﬂmqﬁjﬁ

Figure (1) shows the graphic representation of the kernel (4.3).

Figure 1: Kernel Ky;.

In [6] an integral representation of the remainder (4.1) has been com-
puted by means of Sard kernels. But in that case the Ki1(s,t) Sard kernel

st—s—1t

(1—s)(1—1)

0<s,t<

N[

Kll(s,t) = {

otherwise
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is not of one sign, and the error is

1 1
E(f>=2—14 FE0(g,0) + f<072>(o,m)]+ /0 /0 FOED (5 1) K1 (s, t)dsdt.

In [4] the error is given only in terms of partial derivatives of order one,
but also in this case kernels change sign.

Example 4.2 (Cubature of degree (3,3)). We calculate the error rep-
resentation of the functional

1 rl
B0 = [ [ s@ndsar- {51 (15)+ 55 (0.5) + 37 (5m) + 37 (5r0)
where
1 1 1 1
“1:2< 2“>’ “2:2<1‘ 2)

and f € C4Y ([0,1] x [0,1]) .
Since the formula has degree of exactness (3,3), its error representation
(8.2) is

1
B = [ [F060KG 0 + £ )Ef(s)] s
[ [F40608E ) + 76,1 K)ot

1 -
[ [fO90 K50 + s oRBO] a4
0 L

1
+/ FIDO,0KG () + FOD KB di+

O L
1,1
+ / FED (s, 8) Koo (s, t)dsdt
0o Jo

with 1
3 1
—35°(3s —2) 0<s<3
144 -2
KS$y(s) = KR(s) = { 1
m(s —1)3(3s — 1) otherwise
201 _ 94)2
: (1115228) 0<s<3
K0 =KR0 =1 (2
otherwise.

1152



418 FRANCESCO COSTABILE - ANNA NAPOLI

We can easily see that K$(s) = KZ(s) <0, K§(s) = KH(s) > 0. If
we compute the other kernels we have that all of them are non-negative

K&t = Kpt) >0  Kft) =KR(t) >0,  Kuxn(s,t) >0.

Not all classical Sard kernels are of one sign. For example

=

Kll(ﬂ)zl(l—u)f‘_{112(1_“>2+§(§—U)2 0<u<l
6

L1 —u)? F<u<l.

—

Example 4.3 (Lagrange interpolation). We calculate the error repre-
sentation of the functional

L(f) = f(z,y) =D @) W) f (i y))

i=0 j=0

where [7'(z) and IT*(y) are the fundamental Lagrange polynomials, 0 <
z,y < 1.

For n =m =1 we have the representation (4.2) with

Kfp(s) = (1=y) [(x = 8)+ —a(1 =) . Kfj(s) =y [z — )+ —a(l - )],

Kgt)=Q1-a)[(y—t)+ —y(1=0)], Kf(t)

Y O e
All these kernels are non-positive, while

Ki(s,t) = [(z = 8)4 —2(l=s)] [(y =)+ —y(1 = 1)]

18 mon-negative.

Also in this case not all Sard kernels are of constant sign. For example
the Sard kernel Kio(s) is

(5) x—s—ay(l—s) 0<s<zxz
Kio(s) =
zy(s —1) r<s<l.

Example 4.4 (Bernstein approximation)

. Let’s consider the func-
tional
i
L(f 2L
() zzp wns)f (52

where

Por(t) = (:) (1 — 1)
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Since the formula has degree of exactness (1,1), its error representation
takes the form (4.2), where

Kfj(s) = Lay [Cro(y)(z — s)4+] = (1-y) [$—3+—me <—S)

| IS |

+

Similarly we can obtain explicit expressions for K1 (s), K§ (t) and K (t).

Ku<s,t>=<x—s>+<y—t>+—i2:;pn,i<x> (£-5) oo (Z-1). -

+ =0

They are all non-positive.
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On Q-like properties in Complete and
Advertibly Complete Algebras

Lourdes Palacios

Abstract.

In the frame of commutative, unital, m-convex algebras, W.
Zelazko gave some equivalent properties with Q-algebras, assuming
completeness. Previously, S. Warner had related similar properties
with the Q-algebras that were advertibly complete. In this survey pa-
per, we examine the properties concerning complete Q-algebras and
advertibly complete algebras.
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1 Introduction

A Q-algebra is a topological algebra such that the group of its invert-
ible elements is an open set. ()-algebras mantain many of the fundamental
properties of Banach algebras and in several cases these properties charac-
terize what Kaplanski [5] called in 1947 the @Q-property. This was done in
the frame of topological rings. (-algebras are not complete, but in some
cases they behave as if they were.

Every Banach algebra is a QQ-algebra but this is not the case, in general,
for normed algebras. Generally speaking, not every normed algebra is a

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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Q-algebra. We can consider, for example, the algebra A of all polynomi-
als with complex coeficients on the complex unit disc, with the pointwise
algebraic operations and the sup norm ||-|| . Then (4, ||-||,,) is a normed
algebra which is not a @)-algebra.

Q-algebras are involved, for example, in differential geometry [8] and
[10].

Advertibly complete algebras were introduced in [12] by S. Warner in
1956. He considered this notion in the context of the theory of locally
m-~convex algebras. He realized that "locally m-convex algebras possessing
advertibly completeness, posses also most of the fundamental properties of
Banach algebras”. A Hausdorff locally m-convex algebra which is either
complete or a (Q-algebra, is advertibly complete. There do exist, however,
locally m-convex algebras which are advertibly complete but are neither
complete, nor Q-algebras.

Recently, there has been attention given to locally m-convex @Q-algebras,
particularly to Fréchet algebras. In this respect, W. Zelazko [13], [14], also
got some remarkable relations between them, ideals and @ -algebras.

In this survey article, we will start from a well known theorem given
by Zelazko [13] (1976) and another one by Warner [12] (1956) and examine
some properties concerning complete QQ-algebras and advertibly complete
algebras.

2 Preliminaries

A topological algebra over a field F' (where F = R or F' = C) is a
topological linear space with an associative jointly continuous multiplica-
tion that makes A an algebra over F.

A semitopological algebra over a field F' (where F=R or F=C) is a
topological linear space with an associative separately continuous multipli-
cation that makes A an algebra over F'.

These two concepts coincide when A is an m-convex algebra (see below.)

A locally convex algebra is a topological algebra A which is a lo-
cally convex space. In this case its topology can be given by a family
{IIll, : @ € A} of seminorms satisfying that for each o € A there exists
such that

(1) lzylle < llzllg llyll
for all x, y € A.

A locally convex algebra is said to be multiplicatively convex (shortly



ON Q-LIKE PROPERTIES IN COMPLETE AND ADVERTIBLY COMPLETE ALGEBRAS 423

m-convex) if every seminorm is submultiplicative i.e. (1) can be replaced

by

(2) leylle < llzllq [lylla
for each v € A and all z, y € A.

If (A, {||, : « € A}) is an m-convex algebra, then for each o € A
we denote by A, the completion of the normed algebra A/ ker ||-||,, and by

o the canonical homomorphism from A to A, given by the composition
A — A/ker|-||, = Aa.

An F-algebra is a topological algebra which is complete and metrizable.

If A is a topological algebra with unit e, the set of all the invertible
elements in A is denoted by G (A4). If G(A) is an open set, then A is a
(Q-algebra.

Let A be a topological algebra with unit e. A net (ay)xep is right
(resp. left) advertibly convergent with respect to a € A if aay — e
(resp. aya — €). In this case, the net is a right (resp. left) topological
inverse of a.

An element of A is topologically invertible if it has right and left
topological inverses. The set of all topologically invertible elements in A is
denoted by G:(A). It is clear that G(A) C G¢(A) always holds.

If a right (resp. left) topological inverse of a € A converges, then its
limit is the right (resp. left) inverse of a. Thus, an element is invertible in
A if it has convergent right and left topological inverses in A.

A net (ay)aen is advertibly convergent (shortly advertible) if it is
right and left advertibly convergent with respect to some a € A. The topo-
logical algebra A is advertibly complete if every advertible and Cauchy
net in A converges in A.

For x € A, theset o(x) ={Ae€C:2—Xe ¢ G(A)} is the spectrum
of x in A.

The spectral radius is defined as p (z) = sup {|A| : A € o (z)} if o (x) #
() and p (z) = 0 otherwise.

We denote by M (A) the space of all non-zero continuous multiplicative
linear functionals on A, endowed with the weak*-topology.

For any x € A, T stands for its Gelfand transform: z (f) = f (z) for
all f e M(A). Recall that 7 (M(A)) C o (z) for all x € A.

For general definitions and results about Topological Algebras, the
reader is referred to [16], [3], [6], [9] and [7].
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3 Related Properties

Many theorems on Banach algebras have generalizations to locally convex
algebras which are not necessarilly complete, but have some weaker com-
pleteness condition. In this survey we will state a Theorem by W. Zelazko,
1976 [13], and see what happens when we weaken or drop some of the
hypothesis, mainly completeness.

W. Zelazko gives a characterization of commutative, complete, unital,
m -convex algebras in which all maximal ideals are of codimension one.

Theorem 3.1 (Zelazko) Let A be a complete, complex, unital, m-convez
algebra. Then the following conditions are equivalent:

1. Every mazimal ideal of A is of codimension 1.

2. For each element x € A the spectrum o(x) is bounded.
3. For each element x € A the spectrum o(x) is compact.
4

. A is a complete m-convexr Q-algebra under a topology stronger than
the original one.

&

A is a complete m-convex Q-algebra under some topology.

6. The space M#(A) of all non-zero multiplicative-linear functionals on
A is compact in the weak star topology.

Corollary 3.2 The algebra A possesses a dense mazimal ideal of infinite
codimension if and only if it possesses an element with unbounded spectrum.

For barreled algebras we have a stronger version of the theorem, also
due to Zelazko in the same paper.

Theorem 3.3 Let A be a commutative, complex, complete, m-convez al-
gebra with unit e, which is a barreled space. Then the following conditions
are equivalent:

Every maximal ideal of A is of codimension one.

Every maximal ideal of A is closed.

The spectrum o(z) of each element x € A is bounded.

The spectrum o(x) of each element x € A is compact.

A is a Q-algebra.

The space M(A) is compact.

S T o v =~
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The notion for an algebra to be advertibly complete weakens the situa-
tion in Zelazko’s Theorem and yields similar results. This theorem appeared
in 1956 in a paper by Warner [12].

Theorem 3.4 (Warner) Let A be a commutative, locally m-convex alge-
bra with unit e. Then the following conditions are equivalent:

1. For any x € A, if f(x) # 1 for all f € M(A), then x is invertible,
and M (A) is equicontinuous.

2. Ais a Q-algebra.
3. A is advertibly complete and M (A) is equicontinuous.

4. Fvery mazimal ideal of A is closed and M (A) is equicontinuous.

We present an example of a complex, commutative, metrizable m-
convex algebra with unit e, in which all maximal ideals are closed but
it is not a Q-algebra. This example is due to Choukri [4].

Example 3.5 Let A be the algebra of all complex rational functions r(z) =

ggjg, where p(z) and q(z) are complex polynomials and q(n) # 0 for each

natural number n.

We consider the family of submultiplicative seminorms {py }nen defined

by:
pn(r(2)) = |r(n)|, r(2) € A and n € N.

A is an m-convex, metrizable algebra where all its ideals are principal;
in fact, its maximal ideals are precisely (z—n)A withn € N. These mazimal
ideals are kernels of seminorms, so they are closed.

But o(z) = N, which is not a bounded set; therefore A is not a Q-algebra.

If the algebra is not necessarily m-convex, the most general situation
concerning maximal ideals is the following:

Theorem 3.6 (Mallios) Let A be a commutative semi-topological Q-algebra
with unit. Then each maximal ideal of A is closed.

It can be easily proved that

Theorem 3.7 Let A be a commutative topological algebra with unit. If
each mazimal ideal of A is closed, then Gi(A) = G(A).
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We note earlier in this survey that Z(M(A)) C o(z) for any algebra A
and x € A. For some algebras, e.g. commutative, complex, Banach alge-
bras, we have that (M (A)) = o(x). Arizmendi and Valov [2] considered
the following general condition:

(m2) p(x) = sup{|A\| | A € Z(M(A))} for every = € A.

So we have the next:

Theorem 3.8 Let A be a commutative algebra with unit and suppose that
A satisfies one of the following conditions:

1. o(z) = F(M(A))

2. p(z) = sup (|f(z)]) (ma)
feM(A)
If o(x) is bounded for each x € A, then A is a Q-algebra for some
topology .

There has been much attention given to Imc-Q-algebras, particularly to
F-algebras; in this respect we have the following;:

Theorem 3.9 Let A be a commutative unital F-algebra (complete metriz-
able). If each mazimal ideal is closed, then A is a Q-algebra (and the
inversion x — x 1 is continuous).

Theorem 3.10 Let A be a commutative unital F-algebra. If the inversion
x> 271 is not continuous, then G(A) C Gi(A).

Theorem 3.11 (Zelazko) If A is a commutative F-algebra with a discon-
tinuous inversion, then A has a proper dense principal ideal.

Ideal Theory is one of the main chapters of the Theory of Topological
Algebras; it is natural to ask: under which conditions all maximal ideals
(left, right or two-sided) are closed? W. Zelazko deals with this question
for maximal left (or right) ideals in unital F-algebras (generally speaking,
such an algebra may have dense ideals).

Theorem 3.12 (Zelazko) Let A be a unital F-algebra. Then the follow-
ing conditions are equivalent:

1. All maximal left ideals in A are closed.

2. The set Gi(A) of all its left invertible elements is open.
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3. The set G(A) of all its invertible elements is open, that is, A is a
Q-algebra.

4. The set G.(A) of all its right invertible elements is open.

5. All mazimal right ideals in A are closed.
In particular, as a corollary of the last theorem we have:

Corollary 3.13 Let A be commutative unital F-algebra; then A is a Q-
algebra if and only if each mazimal ideal of A is closed.

The continuity of the inversion plays an important role: we present an
example of an algebra that is a Q-algebra with a closed maximal ideal of
infinite codimension:

Example 3.14 Let us consider the algebra C(z) of all complex rational

functions 28, where p(z) and q(z) are complex polynomials and q(z) # 0.

C(z) is a division ring, in fact, it is a field. We endow it with the
mazimal locally convex topology 7', ; i.e, the topology given by means of
all seminorms.

Then (C(z),7l,.) is a complete locally convex Q -algebra. This is a
semitopological algebra where the inversion x — x~ ' is not continuous.
However, in this algebra, {0}, the zero ideal, is a closed mazimal ideal of

infinite codimension.

By definition, Q-algebras are not complete, but they are advertibly
complete and the two concepts are equivalent on normed algebras. One of
the classical properties of m-convex algebras is the following:

Theorem 3.15 Let A be an m-convex algebra with unit e; then the follow-
ing conditions are equivalent:
a) A is advertibly complete.

b) a € A is invertible if and only if my(a) is invertible in A, for each
a € A.

Theorem 3.16 Let A be a commutative, m-conver algebra with unit e.
Then the following conditions are equivalent:

a) A is advertibly complete
b) x is an invertible element in A iff f(x) # 0 for each f € M(A).
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Sumarizing the previous discussion, we have the following:

Properties. 1. If A is complete, then it is advertibly complete
2. Every Q-algebra is advertibly complete
3. If all its maximal ideals are closed, then A is advertibly complete

Nevertheless, these classes of algebras are far to cover the class of ad-
vertibly complete algebras. In fact, we have the following:

Theorem 3.17 (Arizmendi et al) Let A be a topological algebra with
unit e. Then properties a) to d) below satisfy a) = b) = ¢) = d).

a) A is a Q-algebra.

b) Every mazimal bilateral ideal of A is closed.

c) Gi(A) =G(A).

d) A is advertibly complete.

Moreover, in [12] it is proved the following:

Theorem 3.18 Let A be a normed, unital, algebra. Then properties a) to
d) are equivalent.

Remark 3.19 Concerning Theorem 3.17, we have:

1. b) # a) in general; Example 5 given above shows that there exists
topological algebras that are not Q-algebras in which each mazximal
tdeal is closed.

2. ¢) # b) in general. If A is a complete, m-convex algebra with unit e,
condition ¢) always holds. On the other hand, let £ be the algebra of
all entire complex functions endowed with the compact-open topology.
E satisfies ¢) but it has a dense mazimal ideal of infinite codimension
(see Corollary 3.2).

3. d) # a) in general, as it is shown in the next:

Example 3.20 Let E be the algebra of all continuous function from C into
C wanishing at infinity, equipped with the compact-open topology. E is an
m-convex algebra that is advertibly complete but it is neither a complete,
nor a QQ-algebra.

But we have the following:
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Theorem 3.21 Let A be a commutative, m-conver algebra with unit e.
Then the following conditions are equivalent:

a) A is advertibly complete.

b) Gi(A) = G(A).

c) o(x) =2(M(A)) for each x € A.
Moreover, each one of these equivalent conditions implies condition
(mg) defined above.

Remark If we drop the hypothesis of commutativity in the above theorem,
conditions a) and b) remain equivalent; moreover, each one of the
conditions a) to ¢), although not necessarily equivalent, still implies
condition (my).
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On the maximal value of Dirichlet kernels
with respect to representative product
systems

Rodolfo Toledo

Abstract. Dirichlet kernels play a prominent role in the study of
Fourier series. For Walsh and Vilenkin systems the maximal value of
the n-th Dirichlet kernel is exactly n. This situation is very different
if we generalize these systems on the complete product of arbitrary
groups, not necessarily commutative groups.
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Keywords and phrases. Vilenkin systems, Walsh-Paley system,
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Representative product systems are systems given by the finite products
of normalized coordinate functions considering the complete product of
arbitrary groups, not necessarily commutative groups. These systems are
ordered as the order introduced by Paley for the Walsh system.

In Section 1 we introduce basic concepts in the study of representative
product systems and Fourier analysis. We also give some examples of these
systems showing the properties of them. Representative product systems
were discussed in [1], [2], [6] and [7]. Section 2 contains the results for the
maximal value of the n-th Dirichlet kernel, denoted by D,,. We prove that

n S -DTL S MA+17

if Mg <n < Mjgyi. Then we study the condition by which D,, = n holds,
like in the commutative cases, and also we find the first number n such that
D, = M 441 holds.

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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Throughout this work denote by N, P, C the set of nonnegative, pos-
itive integers and complex numbers, respectively. In order to simplicity
we always use the multiplication to denote the group operation and use
the symbol e to denote the identity of the groups. We use the notation of
Hewitt and Ross [3].

1 Representative product systems

Let m := (myg, k € N) be a sequence of positive integers such that my > 2
and G, a finite group with order my, (k € N). Suppose that each group has
discrete topology and normalized Haar measure pg. Let G be the compact
group formed by the complete direct product of G with the product of the
topologies, operations and measures (u). Thus each x € G are sequences
x := (zo,21,...), where xp € G, (k € N). We call this sequence the
expansion of x. The compact totally disconnected group G is called a
bounded group if the sequence m is bounded.

If My := 1 and Myy1 := mpMy, k € N, then every n € N can be
uniquely expressed as n =Y - npMg, 0 < ng < my, ng € N. This allows
us to say that the sequence (ng,n1,...) is the expansion of n with respect
to m. We often use the following notations: let |n| := max{k € N : ny # 0}
and

k—1 %)
Nk = anMk, nk) .= anMk.
§=0 j=k

Denote by X} the dual object of the finite group Gy (k € N). Thus
each o € Y} is a set of continuous irreducible unitary representations of
G, which are equivalent to some fixed representation U(?). Let d, be the
dimension of its representation space and let {(1, 2, ..., (q, } be a fixed but
arbitrary orthonormal basis in the representation space. The functions

u(x) = (UGG (g e{l,... do}, z € Gy)
are called the coordinate functions for U(®) and the basis {¢i, Ca, .- ., (g, }-
In this manner for each o € X} we obtain d2 number of coordinate func-
tions, in total mj number of functions for the whole dual object of G. The
L2-norm of these functions is 1/v/dy.

Let {¢f : 0 < s < my} be a system of all normalized coordinate func-
tions of the group Gi. Now, we do not decide the order of the system ¢,
only suppose that 902 is always the character 1. Thus for every 0 < s < my
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there exists a o € Xy, i,j € {1,...,d,} such that

Ph@) = VidulT (@) (z e Gy).

Let v be the product system of 7, namely
Un(a) = [ ept(an)  (z€@),
k=0

where n is of the form n = ) 7 np M, and « = (x9,21,...). Thus we say

that 1) is the representative product system of . The Weyl-Peter’s theorem

(see [3]) gives that the system 1) is orthonormal and complete on L?(G).
The functions 1, (n € N) are not necessary uniformly bounded, so

define
U, = " oo ke N).
k ﬁanxrk nll1llnll (k€ N)

U}, is the multiplication of the greatest product of L>®-norm and L'-norm
of the functions ¢; appeared in all group G;,; for 0 < j < k. Namely

k—1
U, = [[ maxlofhlefle  (k€N).
i=0 ¢

It seems that the boundedness of the sequence ¥ plays an important role
in the norm convergence of Fourier series.

For an integrable complex function f defined in G we define the Fourier
coefficients and partial sums by

n—1
fom [ fonde (REN), S.f= 3 fub (neP)
Gm k=0

According to the theorem of Banach-Steinhauss, S,f — f asn — oo
in L? norm for all f € LP(G) if and only if there exists a C), > 0 such that

1Snfllp < Cpllfllp, — (f € LP(G)).

Thus, we say that the operator S, is of type (p,p). Since system 1) forms
an orthonormal base in the Hilbert space L?(G), it is obvious that S, is of

type (2,2).
The Dirichlet kernels are defined as follows:

n—1
Dy(z,y) =Y ti(@)dply)  (neP).
k=0
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It is easy to see that

0= [ 1) Dulan)duts). (1.1)

This shows the importance of the Dirichlet kernels in the study of the
convergence of Fourier series. The following lemmas were proved in [2].

Lemma 1.1 Ifn € N and z,y € G, then

o] ne—1
y) =Y _ D (x,y) (Z SOZ(:Ek)SOZ(yk)) U1 ()P 0000 (1),
k=0 s=0

where (ng,ny, ...) is the expansion of n and x = (xg, x1,...), ¥ = (Yo, Y1, -.-)-
Lemma 1.2 (Paley lemma) Ifn € N and z,y € G, then

M,  forx € L,(y),
0 for x & I(y)
The Paley lemma is used to prove that the Sy, f partial sequence of

Fourier sums converge to f in LP-norm and a.e., if f € LP(G),p > 1.
Indeed, the

DMn(xa y) = {

1
operator is the conditional expectation operator with respect to the o-
algebra generated by the sets I,,(z), z € G. Thus, according to the mar-
tingale convergence theorem, for each f € LP(G), p > 1, Sy, f converge to
f in LP-norm, and a.e.

The representative product systems are the generalization of the well-
known Walsh-Paley and Vilenkin systems. Indeed, we obtain the Walsh-
Paley system if mj = 2 and Gy := 23, the cyclic group of order 2 for all
k € N. The characters of Z5 are the Rademacher functions:

o (x) = (—-1)* (s €{0,1}, z € Z9).

Moreover, we obtain the Vilenkin systems if the sequence m is an arbitrary
sequence of integers greater than 1 and G}, := Z,,, , the cyclic group of order
my, for all k € N. The characters of Z,,, are the generalized Rademacher
functions:

or(x) = exp(2misz/my,) (s €{0,...my — 1}, © € Z,, i* = —1).
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Now, we consider the complete product of S3 where S3 is the symmetric
group on 3 elements. Thus my = 6 for all £ € N. S3 has two characters
and a 2-dimensional representation. The values of the system ¢ obtained
from the 2-dimensional representation depend on the chosen basis. Table
1 contains the values of a possible system .

e (12) (13) (23) (123) (132) || Il | [l*[leo
o1 1 1 1 1 1 1 1
5 S R [ - | 1 1 1 1
55| 0 0 Y6 6 _v6 6 V6 /6

2 2 2 2 3 2

Table 1: The system ¢ for S3

Notice that the functions ¢; can take the value 0, and the product
system of ¢ is not uniformly bounded. This facts encumber the study

of this systems. On the other hand, maxo<s<s [|¢®|1]|¢°]lc = %, thus
\Ifk:(%)k%ooifk%oo.

Let my = 8 for all kK € N and Qs be the the quaternion group of order
8, i.e.
Qs :={[a,b] : a* =€, b? = a?, bab~! = a%}.

Let G, = Q5 for all K € N. Qs has four characters and a 2-dimensional
representation (8 = 12 + 12 + 12 4 12 4 22). Table 2 contains the values of
a possible system (.

Notice that |p*| can only take the values 0 or the square root of the
corresponding dimension because the representation is monomial. Hence,
U, =1 for k € N, but the group G is not abelian.

Finally, we write the values of a possible system ¢ for the alternating
group Uy. These values appear in Table 3, where o = exp(27m1/3). We use
this system in the results of Section 2.
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e a a? a® b ab @’ @’ || el | 9%l
W1 1 1 1 1 1 1 1 1 1
ol 1 1 1 1 -1 -1 -1 -1 1 1
|1 -1 1 -1 1 -1 1 -1 1 1
1 -1 1 -1 -1 1 -1 1 1 1
A lVZ VI V2 V2 0 0 0 0 2 V2
V2 VI V2 V2 0 0 0 0 2 V2
e |0 0 0 0 V2 V2 V2 V|| 2 V2
o 0 0 0 0 V2 vz V2 V| £ V2

Table 2: The system ¢ for Qo

2 The maximal value of Dirichlet kernels

Define by
Dy := sup |Dyp(z,y)] (neP)
z,yeG
the maximal value of the Dirichlet kernel D,. Using the inequality of
Cauchy-Bunyakovszkij we have

n—1 2 n—1 n—1
Zwk(x)@k(y) < Z |yon(z)? Z Y (y)?
k=0 k=0 k=0
n—1 n—1
< max > {Z ()7, Z |¢k(y)|2} (z,y € G).
k=0 k=0
Moreover,
n—1
Dy 2 sup |Du (2, )] = 21612;0 Yk (y) [
Consequently,
n—1
Dy =sup Dy(z,z) =sup »_|y(z)?  (neP) (2.1)

zeG zeG k=0
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e (12)(34) (13)(24) (14)(23) (123) (142) (134) (234) (124) (132) (234) (143)

W01 1 1 1 1 1 1 1 1 1 1 1
o1 1 1 1 o o «a «a a? a? a? o?
2|1 1 1 1 a? a? a? o? o o @ @
lV3 VB V3 V3 0 0 0 0 0
Flo 0 VB B g - - =
Flo 0 VB B o4 8 8 S s

ASY
00
[en]
[en]
[en]
[ew]
|
Q‘ w‘
Nlw
|
=

e R
!
NI @) e ﬁ\

! [
o T T h
|

Vi

2

0 ( , ,

Y0 0 0 0 \/g_,_\/g
5,;,\/5
2 2 2

Table 3: The system ¢ for Uy

v

from which we have that D,, is monotone increasing sequence.

For the commutative case D,, = n for all n € P, but the general case is
a bit more different.

Theorem 2.1 Ifn € P and A := max{k € N : n; # 0}, then

n<D,< MA+1-

Proof. Let G, k € N, be an arbitrary finite group appeared in the product
to obtain G. The unitary property of the representations implies (see [6])

J
S lei(x)? <mie (5 <mg, zp € G). (2.2)
s=0
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Moreover, let n € N, x, y € G. Thus, we have

Do) = Doy (2.1) ( ) sozm)saz(ym)

s=0
+ @ (@A) P4 (ya) Dn ) (2, 9).-
By Paley lemma and (2.1) we obtain

na—1

Dy(z,2) = Ma (Z Isoix(l’A)l2> + |k (@a)|* Dy (). (2.3)
s=0

Observe, n = Z?:o ng My and nqy = 22;01 npMy. By induction on A we
prove D, (z,x) < M4 for all x € G. Indeed, by (2.2)

no—1

Dn<1>($,x) = Z ’908(370”2 <mg= M
s=0

and supposing Dy, , (z,2) < My, by (2.2) and (2.3) we have

na—1

Dy (@,2) = D (z,3) < My ( > Isoix(xA)l2> + 1l (@a)|2Ma
s=0

na
= Ma (Z WZ(UCA)P) < Mama = Maa,
s=0

from which the inequality D, < M), 4, follows.
On the other hand, by the orthonormality of the system 1) we have

n—1 n—1
[ S tlau=3 [ e du=n
G =0 k=07 G

and by the u(G) = 1 property

n—1 n—1
/ Z || dp < sup Z lv? = Dy, (2.4)

G k=0 r€G 120
from which we obtain the property D, > n. This completes the proof of
the lemma. g

Figure 1 illustrates the statements of Theorem 2.1 with respect to the
system ¢ on S3 appeared in Table 1.
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Figure 1: D,, (n < 6*) on the complete product of Ss

Notice that D,, = n for some values of n. Let n € P with expansion
(ng,n1,...). Denote the indexes A and B by

A:=max{k € N:n;#0}, and B:=min{k € N:n;#0,k <A}

Thus B = A if the expansion of n has only one nonzero coordinate. By
Lemma 1.1 it is not hard to see that D,, = n when n satisfies the following
two properties

ng—1

(i) Y leh(ep))* =np for all zp € Gp,
s=0

n;—1
(i) B = A or all of ¢;" are characters such that Z % ()2 = ny for all
s=0
B<i<Aanduzx; G,
Indeed, if the above properties are true we have

mfl

A A
Dp(z,2) =Y M; (Z \@f(ﬂfz)’2> [Gnin (@)]F =Y Mini = n
i=B s=0 i=B

for all x € G. However, property (ii) is too strong. To show this fact we
consider the complete product of finite groups where Gy is the dyadic group
and (G is the alternating group Uy with the system appeared in Table 3 but
in different order, i.e. {©% 0% ©® o1, % 03 0t 8 V7 2 V0 YL The
rest of finite groups in the product will be arbitrary. Thus D5 = 5, but
property (ii) is not true because 5 = (1,2,0,0,...) and gp% = ° is not a
character.
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In order to obtain necessary and sufficient conditions we generalize the

(

property (ii). Denote by dis) the dimension of the representation corre-

sponded to the normalized coordinate function ;. We say that the posi-
(ni)

i

tive integer n satisfies the property (ii*) if B = A or there exist r; < d
nonnegative integers such that

(dgni) — Dngy = riM; (2.5)
and
ni—l 0 if ") =1
n; — 2 Ty 2 == r n; . Zni 2.6
; et ) = (i@l = 1) i d") >1 (26)

for all B < ¢ < A and z; € G;. It is clear, if ¢ are characters for all
k <1 < A, then property (ii) follows from property (ii*).

Lemma 2.2 Let n € P. D, = n if and only if n satisfies properties (i)
and (ii*).

Proof. By (2.4) D,, = n is possible if and only if

n—1

S ()2 = n

k=0
for all z € G. Thus by (2.3) the sum

na—1

Dy(z,2) = Ma (Z |¢Z($A)!2> + 04 (@4) 2 Dy (2, @)
s=0

does not depend on the value of x4 and z. Since there is an x4 € G 4 such
that ¢’y* (z.4) # 0, the value of Dy, (z,) does not depend on the value of
x, that is

Dn(A) (z,2) = nA) (2.7)

for all z € G. Since n = Man + n(4) we also obtain

na—1
My < > |<Pf4(l‘A)|2> + [ (xa)Priay = Mana + na (2.8)
s=0
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for all x4 € G4. If B = A (in this case n4) = 0) or ¢/}* is a character,
then (2.8) is reduced to

na—1

> lgh(@a)l =na (2.9)
s=0

for all x4 € G4. Otherwise, denoting by e = (e1, ea,...) the identity of G

we have
na—1

> lea(ea)l® <na and [eltea)?=di*. (210
Indeed, the values of |¢% (e4)|? are integers, so if > A7 Yes(ea)]? > na+1
then D, (e,e) > Ms(ng + 1) > n, but Dy(e,e) =n. On the other hand, if
|t (ea)* # d(n“) then [ (e4)|> = 0. Thus we substitute z4 by e4 in
(2.8) to obtain Z"A g% (ea)|? > na which is not possible.

Denote
na—1

rai=na— Y [ph(ea)l’.
s=0

Thus r4 is a nonnegative integer. After a simple computation in (2.8) for
rA = ey, we have

(d:A) — 1)n(A) = TAMA (2.11)
from which we have that r4 = 0 if and only if dfan) =1, and also for r4 > 0

we have that ryq < dg“) —1 and dg“‘) > 2. In the last case we calculate

the value of n(4) in (2.11) and we replace it in (2.8) to obtain

na—1

TiA_l (it (@a)? = 1) =na— ) [¢h(@a)l’ (2.12)

dx’LA) —0

for all x4 € Gy4.
Summarizing the above results we obtain that D,, = n is possible if and
only if B = A and (2.9) is true or B < A, (2.7) is true and

(@™ — D)ngay = raMa

and

nal 0 it dp4) =1
s 2 A
na — sz_; |‘PA($A)‘ = (|<,0 ( )‘ . 1) if dE:LA) >1

d}f” 1



442 RODOLFO TOLEDO

for all x4 € G4. By (2.7) we use a similar method to the applied in the
proof of Theorem 2.1, so repeating the above method for k from A down
to B we prove Lemma 2.2. ]

Under some conditions of the group G the properties (i) and (ii) will be

enough. Indeed, by 2.11 we obtain that dgLA =% 2, because if B < A then
0 < ngq)y <TaMy. For this reason we can state the following theorem.

Theorem 2.3 Let G the complete product of finite groups where the di-
mensions of the representations appeared in the finite groups do not exceed
the value 2. Then D, = n if and only if n satisfies properties (i) and (ii).

In some cases the values of the systems ¢ only permit (2.8) if the prop-
erties (ii) is valid. Suppose that the square of the modulus of systems ¢
can only take integer values, for instance when the finite groups are all
monomials (see Table 2). In this case we obtain a similar statement.

Theorem 2.4 Let G the complete product of finite groups where the square
of the modulus of all of systems ¢ can only take integer values. Then
D,, = n if and only if n satisfies properties (i) and (ii).

Proof. If the square of the modulus of systems ¢ can only take integer
values, then we obtain

na—1

> leh(@a)l® < na
s=0

for all z4 € G4 in a similar way to prove (2.10) in the proof of Lemma 2.2.
Thus the orthonormality of the systems ¢ only allow the equality (2.9) for
all z4 € G4 and by (2.8) we obtain

A (xa) Prgay = ngay.

for all z4 € Ga. Then B = A, so n(4y = 0 or B < A and |¢}*(x4)
na

| =
for all x4 € G4, so ¢}* is a character. This prove that the property (i )
necessary and this complete the proof of the theorem. O

In another cases the order of the systems ¢ is determinant. Suppose we
order the systems ¢ such that the positive values of the identity are at the
beginning of the systems. Thus it is easy to see that D, = Dy (e,e), so we
have our statement from the fact that the values of |¢% (e4)|? are integers.
Furthermore, if the characters are at the beginning of all of the systems ¢,
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like the examples in Table 1, 2 and 3, the equation (2.9) is only possible if
and only if all of the functions ;" are characters for all i« € N. Thus we
obtain the following statement.

Theorem 2.5 Suppose we order all of the systems ¢ such that the positive
values of the identity are at the beginning of the systems. Then D, = n if
and only if n satisfies properties (i) and (i).

Furthermore, suppose also that the characters are at the beginning of all of
the systems p. Then D,, = n if and only if all of the functions ;" are
characters for all i € N.

On the other hand, it is interesting to study the upper estimation in the
inequality of Theorem 2.1, so we found all of positive integers n for which
D,, = M a4+1 holds. In this regard suppose there is a finite group Gy such
that

mg—1

0" (x) = 0, for some xj, € Gy. (2.13)

It is meaning that the value 0 appears at least one time at the last row of
the table containing the values of the system . In fact property (2.13)
only depend on the last member of the system ¢7, 0 < s < my, but G}, can
not be a commutative group (characters can not take the value 0). Several
finite groups Gy can have property (2.13), so denote by N the smallest
index of them, that is G is the first group having property (2.13).

Notice that we can not always found the index N. For instance we can
not obtain it in the commutative cases when we only have characters or the
order all systems ¢ does not allow property (2.13) for any group Gy, k € N.
Although for all £ € N we can find the first number r € {1,2,... ,m; — 1}
such that there exists an x; € G}, for which

D leh(@)P =my, and  @f(zx) #£0
s=0

and denote this number by k*.
We only obtain an equality in the upper estimation of Theorem 2.1 in
case of the existence of the index N.

Theorem 2.6 Let A € N and Mg < n < May1. If the index N exists
then D, = Ma11 if and only if

A
Z E*M <n < Ma
k=N

If the index N does not exist then D, < May1.
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Proof. Let A € N and My <n < Mj4y. Then by (2.3) D,, = M4, if and
only if there exists an x € G such that

na—1
My (Z Iwi(m)Q) + |l (@) Dy (2, 2) = Maps = maMa.
s=0

Let £ = A and write the above equation in the following form.
ng—1
|or" (1) | Dy, (0, 2) = (mk -> !wi(wk)\2> M. (2.14)
s=0

The both sides in (2.14) only can be 0 if 7% @3 (24) |2 = m, 50 5 (2x) =
0 for all s > ny. Otherwise from the

np—1

it (@) <mie— > lop(ar)? and Dy (2,3) < My,
s=0

inequalities we obtain that (2.14) is only possible if there exists an = € G
such that

Nk
Yo lei(@)P =my and Dy, (z,2) = My (2.15)
s=0

Thus by the definition of £* if ny > k* then (2.14) holds, if ny < k*
then (2.14) does not hold and if ny = k* then (2.14) holds if and only if
Dn (z,x) = M. In the last case we have to repeat the above idea for
k = A — 1 obtaining the same conclusion for n;_; and so on.

If A < N or the index N does not exist then k* = my—1forall0 < k < A,
so we can not find an index k such that ny > k* and then (2.14) holds.
Thus D,, < May;.

If N < A we have to stop the process for k = N, because Dy, (x,z) = M,
does not hold for £k < N. Thus ny = k* for all N < k < A. If we choose
ny = N* + 1 we obtain that

A
1+ Y k"M
k=N
is the smaller number for which (2.14) holds. This completes the proof of
the theorem. O

The study of the quotients % is important in order to estimate the
Dirichlet kernels. This quotients are 1 in the commutative cases, but they
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can be unbounded if the dimensions of the representations appeared in
the finite groups are also unbounded. To show this property we order the
normalized coordinate functions ¢ of the finite groups such that let gpg =1
and the representation corresponding to gpk has the greatest dimension of
all representations of the group Gy and denoting this dimension by dj we
also suppose that cp,lc(ek) = +/dj. Thus, it is easy to calculate that

D, 1+d
D20 e o,
n 2

D
from which we have that under this order the quotients — are not bounded

n

for all n € P if the dimensions dj are not bounded. Figure 2 illustrates
that the order of the systems ¢ play an important role. The new order here
is {0, 01, 0 2, 3}, of Table 1. Compare it with Figure 1.

1200 4

1000

800

600 7

400+

2004

0 200 400 600 800 1000 1200
n

Figure 2: D,, (n < 6%) on the complete product of S3 using another order
of the system ¢.

The following lemma states that the boundedness of the quotients
is given by the boundedness of this quotients on the finite groups.

Dy
n

Lemma 2.7 Let G the complete product of finite groups Gy. The quotients
D
= are bounded for all n € P if and only if the quotients

n

-1
> a0 lep ()
T

(2.16)

are bounded for all k € N, 0 <r < my and xi € Gy,.
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Proof. Let n = rMj. By (2.3) we have

-1
& = o M (ZZ:OWZ(%)\?) - ZZ;(l)WZ(xk)P
n 2€Gy, er z€Gy,

Thus if the quotients Dn are bounded then the quotients (2.16) are bounded
forallk e N,0<r §nmk and z € Gy,.

To prove the inverse statement let n = Eﬁzo n M. By Lemma 1.1 and
(2.3) there exist an = € G such that

na—1 na—1—1
Dy, = My ( > 802($A)\2> Helt @A) PMasy | D i (@a))?
s=0 s=0
nA,gfl
+e (@A) Pl (@a)PMaa | D [@ha(@a2) | +-..
s=0

Let ¢ a positive number for which (2.16) is less than ¢ for all £ € N,
0 <r<my and x € G. Thus

_ nA 2 na—1—1 s 2
Du_ Du _ Zgﬁ01|g0‘2(xA)|2+’90A (z4)] (Zszo [P (a-1)| )
n ~ naMy nA nAmAa—1

_ _9—1
| [ P @an) P (Z25% e a(@a)l?)

NAMA-11TM A2

+ ...

A nA s
From (2.16) we obtain that ley" (@a)l® < 2¢. Indeed, Z.Lole@a)l <c

A @) A () ) rat
follows —4—4= < c. Thus —4 < natl. < 9¢ On the other hand
A+l na na
ne—1 s 2 Y 2
> sio |eg(ar)l <1 and |o3" (1) < 1
my mi 2

Thus
D, 1 1
— <c+2¢c+2c=+2¢c—+--- < bHc
n 2 4
: ) D, :
from which we have that the quotients — are bounded for all n € P. This
n
completes the proof of the lemma. O
Finally, notice that if the group G is bounded or the dimensions of
the representations appeared in the finite groups are uniformly bounded
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then the conditions of Lemma 2.7 hold. Otherwise we can try to order the
systems ¢ putting the representations with big dimensions at the end of
the systems (.
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Locally convex quasi C*-algebras: basic
aspects and commutative case

Camillo Trapani

Abstract. A locally convex quasi C*-algebra is obtained as the com-
pletion of a C*-algebra o] - ||o] with respect to a locally convex
topology 7 on %y, coarser than the norm topology but coupled in
suitable way with the initial norm topology. In this paper, after a
short review of the main features of this structure, some new results
on the possibility of representing a commutative locally convex quasi
C*-algebra as a locally convex quasi C*-algebra of functions is pre-
sented.

Mathematical Subject Classification (2010). 47L60; 46K10

Keywords and phrases. quasi C*-algebras; representations.

1 Introduction and Preliminaries

The completion of a C*-algebra 24y|[|| - ||o] under a locally convex topology
7 coarser than the topology induced by the C*-norm, is not in general,
an algebra, if the multiplication is only separately continuous with respect
to 7. This fact leads to the notions of locally convexr quasi *-algebra or
locally convex quasi C*-algebra, if some additional conditions, pairing 7
more strictly with the initial norm, are satisfied. This structure, as shown
in [3, 4], behaves quite reasonably, in the sense that several results that
hold for C*-algebras have natural extensions to them. In particular, it
has been shown that if 2]|| - ||o] possesses sufficiently many 7-continuous

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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positive invariant sesquilinear forms (or equivalently, sufficiently many *-
representations) then it can be continuously embedded in a locally convex
quasi C*-algebra of operators. One would expect that, under similar con-
ditions, a commutative locally convex quasi C*-algebra could be embedded
in a locally convex quasi C*-algebra of functions. This problem was also
considered in [3, 4] but the result we got is not complete: the Gel’fand
transform of 2y, in fact, cannot be extended to the whole quasi *-algebra
but only to its quasi-positive cone. In this paper, after a short overview on
locally convex quasi C*-algebras, we examine once more the commutative
case and we make some steps further toward a representation into a locally
convex quasi C*-algebra of functions, obtaining some new partial result.

Let o[|| - ||o] be a C*-algebra, with unit 7. We shall use the symbol
Il - |lo of the C*-norm to denote the corresponding topology. Suppose that
7 is a topology on 2y such that 2y[7] is a locally convex x-algebra. Then,
the topologies 7, || - [[o on 2y are compatible whenever each Cauchy net in
both topologies that converges with respect to one of them, also converges
with respect to the other one. The symbol 20y[7] denotes the completion of
Ao[T].

A partial x-algebra is a vector space 2 equipped with a vector space
involution * : A — 2 : z +— 2™ and a partial multiplication defined on a set
I' A x A in such a way that:

(i) (z,y) € I implies (y*,z*) € I;

(i) (z,y1), (z,y2) € I" and A, € C imply (@, Ay1 + py2) € I';

(iii) for every (z,y) € T', a product zy € 2 is defined, such that zy
depends linearly on y and satisfies the equality (zy)* = y*a*.

Whenever (z,y) € I', we say that z is a left multiplier of y and y a right
multiplier of x and we write = € L(y), respectively y € R(x).

Quasi x-algebras are important examples of partial x-algebras.

If 2 is a vector space and 2 is a subspace of 2 such that is also a
x-algebra, then 2l is said to be a quasi *-algebra over 2y whenever the
following properties hold:

(i) The multiplication of 2y is extended on 2 as follows: The assign-
ments

A x Ay — 2A: (a,x) — ax (left multiplication of = by a) and

Ao x A = 2A: (x,a) — za (right multiplication of x by a)
are always defined and are bilinear;

(il)" z1(x2a) = (z122)a, (ax1)re = a(xi122) and x1(axy) = (r1a)ze, for
all 1,29 € Ay and a € A;
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(iii)" the involution * of Ay is extended on 2A, denoted also by *, such
that (ax)* = z*a* and (za)* = a*z*, for all z € YAy and a € .

For further details see [1].

If Ap[7] is a locally convex *-algebra, with separately continuous mul-
tiplication, its completion 2fp[7] is a quasi *x-algebra over 2y under the
following operations: Given x € 2y and a € Ap[7]

e ax :=limz,x (right multiplication)
(03

e za:=limzz, (left multiplication)
(03

with {4 }aea & net in Ay such that a = 7-lim z,,.
«

e The involution of élvo[T], like in (iii)’, is the continuous extension of
the involution given on 2.

A x-invariant subspace 2 of 51\6[7'] containing 2o is called a quasi *-
subalgebra of EZTO[T] if az, xza belong to A, for any = € Ay, a € A. Then,
one easily shows that 2 is a quasi x-algebra over 2y. Moreover, [7] is a
locally convex space that contains 2lg as a dense subspace and for every fixed
x € 2o, the maps L, : A[r] — A[7|, with L,(a) = za, and R, : A[r] — A[7],
with R, (a) = ax, are continuous on 2. In this case, 2 is called locally convex
quasi *-algebra over Ag. In particular, if the topology 7 of 2l comes from
a norm || - ||, we say that the quasi *-algebra (2, %2p) is a normed quasi *-
algebra if the involution is isometric w. r. to ||-|| i.e., if ||a*|| = ||a||, Va € 2.
We say that (2,2y) is a Banach quasi x-algebra over g (see [7, 8]) if, in
addition, 2[|| - ||] is a Banach space.

Concerning x-representations of partial x-algebras and quasi *-algebras,
start with a dense subspace D of a Hilbert space H and denote by LT(D, H)
the set of all linear operators X from D to H such that D(X*) D D. Then
LT(D,H) is a partial x-algebra with respect to the usual sum, scalar multi-
plication and involution X = X*[5 and the (weak) partial multiplication
XoY = X™Y, defined whenever X is a left multiplier of Y (X € L(Y)),
that is, iff YD ¢ D(X™) and X'D ¢ D(Y*). A (partial) *-subalgebra
of the partial *-algebra LT(D,H) is said to be a partial O*-algebra on D.
A x-representation of a partial x-algebra 2l is a s-homomorphism 7 of 2
into a partial O*-algebra L£T(D,H), in the sense of ([1], Definition 2.1.6),
satisfying 7(1) = I, whenever 1 € 2.

In this case, the spaces D and H will be denoted by D(7) and H,
respectively.
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2 Locally convex quasi C*-algebras: A short sur-
vey

In this section we introduce the notion of locally convex quasi C*-algebra
and give a short overview of its structure properties, that have been studied
at length in [3, 4, 5]. It is worth pointing out that this object is important
not only from the mathematical point of view, but also for applications:
completions of locally convex *-algebras under a topology weaker than the
norm topology are very frequently introduced in the so called algebraic
approach to quantum theories [1, Ch.11], [2, 6] .

Let 20y be a C*-algebra with norm || - ||o. Let 7 be a locally convex
topology on 2y defined by a directed family of seminorms {py}rca. We
assume that the following hold:

(T1) Ao[7] is a locally convex *-algebra with separately continuous multi-
plication;

(T2) 7 = |- [lo;
(T3) For each X\ € A, there exists A’ € A such that

palzy) < llzllopy (y),V z,y € Ao with zy = ya;

(T4) The set U(Rp)+ = {z € (Ao)+ : [|z|lo < 1} is T-complete.

Definition 2.1. A quasi x-subalgebra 2l of the locally convex quasi *-
algebra o [7] over 2y, where 2[|| - ||o] is a unital C*-algebra and 7 a locally
convex topology on 2 satisfying the conditions (T1)-(T4), is said to be a
locally convex quasi C*-algebra over .

Example 2.2. Let D be a dense subspace of a Hilbert space H Let Mj
be a unital C*-algebra of operators over H such that MyD C D. Then,
My | D is an O*-algebra on D. To make notations lighter we identify an
operator X of Mg with its restriction X [ D to D.

Let us endow M with the strong*-topology 75+ defined by the semi-
norms

pM(X) = sup {| X¢| + |IXTE)}, X € Mo.
EeM

where M is a finite subset of D;VT
Then the completion M := Mg ° of My, w. r. to the strong*-topology

Tex, 18 a locally convex quasi C*—algeb@von operators over My. The 7g«-
completeness of LT(D,H) implies that Mo~ C LT(D, H).
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Locally convex quasi C*-algebras enjoy a series of interesting structure
properties that make clear their strong closedness with C*-algebras. In
order to give the reader a more intense flavor of this structure, we mention
the following ones concerning (quasi) positivity.

Definition 2.3. An element a of QAlB[T] is called quasi-positive (resp. com-
mutatively quasi-positive) if there is a net (resp. commuting net) (zq)aea
of the positive cone ()4 of the C*-algebra o] - |lo], which converges to
a with respect to the topology 7.

Proposition 2.4. Let 2][||-||o] be a unital C*-algebra and T a locally convex
topology on Ag. Suppose that T fulfils the conditions (T1)-(T4). Then, the
locally convex quasi C*-algebra %[T] over g satisfies the properties:

(1) For every a € QTO[T]CQJ” the element 1+a is invertible and its inverse
(1 +a)~! belongs to U(Ao) .

(2) For a given a € QTO[T]Cq+ and any € > 0, let

a: = a(1 +ea)™t.

Then, {ac}e>0 is a commuting net in (Up)+ such that a — a. € %[T]chr
and a = 7-lim a..
e—0

(3) Ao[T)egr N (~Ao[rleqs) = {0}. N
(4) If a € Ay[T]cq+ and b € (Ao)4 such that b —a € Yg[T]q4, then
ac (2[0)+.

As shown in [4, Section 6], the continuous functional calculus, familiar
for C*-algebras, extends to the wedge of quasi-positive elements of a locally
convex quasi C*-algebra.

Let now ¢ be a sesquilinear form on 2 x 2. Then, ¢ is called
e positive, if p(a,a) > 0, for each a € 2,
e invariant, if p(ax,y) = ¢(x,a*y), for all a € A and z,y € Ap;

e T-continuous, if |¢(a,b)| < p(a)p(b) for some T-continuous seminorm
pon 2 and all a,b € 2.

Further, if ¢ is a 7-continuous positive invariant sesquilinear form on
Ay x Ag, then, ¢ extends by continuity to a 7-continuous positive invariant
sesquilinear form ¢ on A x A. Moreover, let (74, Ay, H,) be the GNS-
construction for ¢ (see, for instance, [1, Section 9.1]). Then, 7, is extended
on U, as follows:

To(a)Ap(2) == lim 7y (2a)Ap(z), Ve Ay, (2.1)

«
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where {z,} is a net in A[7] with a = 7-limz,. By the very definitions
[e%

and the 7-continuity of ¢, it follows that m, is a (7, 7g)-continuous *-
representation of 2. Now, put

S(2p) := {7-continuous positive invariant sesquilinear forms ¢ on AyxAp}.
We shall say that the set S(Rlo) is sufficient, whenever
a € A with ¢(a,a) =0,V ¢ € S(2p), implies a = 0.

Example 2.5. In the locally convex quasi C*-algebra M over M, con-
structed in Example 2.2, the family of forms {¢¢; € € D}, where ¢¢(X,Y) =
(XEYE), X, Y € My, is a sufficient family of 7¢--continuous, positive, in-
variant sesquilinear forms.

The next theorem states that every locally convex quasi C*-algebra,
with sufficiently many continuous, positive, invariant sesquilinear forms,
can be realized as a locally convex quasi C*-algebra of operators as de-
scribed in Example 2.2.

Theorem 2.6. Let 2[7] be a locally convex quasi C*-algebra over a unital
C*-algebra Ay. The following statements are equivalent:
(1) There exists a faithful (T, Ts+)-continuous x-representation © of .

(2) The set S(2lp) is sufficient.

3 Commutative case: a representation theorem

As it is well known, every commutative C*-algebra with unit is isometri-
cally *-isomorphic to the C*-algebra C'(X) of continuous functions on a
compact Hausdorff space X via the so-called Gel'fand transform. In [3]
we tried to extend this classical result to the case of commutative locally
convex quasi C*-algebras. The result we got is the following.

Theorem 3.1. Let U[7] be a locally convexr commutative quasi C*-algebra
over a unital C*-algebra Ay. Then the wedge A[T]q4 of all quasi positive
elements of A is isomorphic to a wedge of C*-valued positive continuous
functions on a compact space X, which take the value oo on at most a
nowhere dense subset of X.

Here C* stands for the one-point compactification of C.
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The starting point of the proof of Theorem 3.1 consists in extending
the Gel'fand transform of 2y, as much as it is possible, to other elements
of 2. More precisely, let

Mo, A[T]g+) ={ax +y:a € AT|gr, z,y € Ao},

and denote by M(2lp) the Gel’fand space of 2y, i.e. the set of all nonzero
multiplicative linear functionals on 2ly, endowed with the weak*-topology
o(M (o), o). Now, let a € A[7]¢+ and z,y € Ap. Suppose z is hermitian.
Then, by continuous functional calculus, x is uniquely decomposed in the
following way:

T=2y —T-, Ty, T-E (210)4-7 LTI = 0

2| = (2% 2)"? =2y + 2 € (o)1

These two facts, together with Proposition 2.4, imply that

(ax +y)(1 +alz))~t € Ao, ¥V a€Ar]yy and z,y € Ap.

Hence, the elements ¢((1 + a|z|)™!) and ¢((az + y)(I + alz|)~1) are
complex numbers for each ¢ € M(2lp), so that we can consider the corre-
spondence

¢ M(Ao, A[7]44+) — C* =CU {0}, with

ellaz+y)(i+alz) ™) o
ar -ty oz ty) =4 eCrapyy HelZ4ae])™)#0
00 if p((1 +alz)~1) =0.

Then, as shown in [4], for every ¢ € M(2y), ¢’ is well defined and has
the following properties:

(1) ¢ D ¢ (ie., ¢ is an extension of @);

(2) ¢'(ax +y) = ¢'(a)p(z) + ¢(y) and ¢'(ax) = ¢'(a)p(x), whenever
a € AT]g+ and z,y € Ay such that ¢'(a)p(z) # oo - 0;

(3) ¢'(a+b) = ¢'(a) +¢'(b), for all a,b € A[r]4;

(4) ' (Aa) = A\¢'(a), for all A € C and a € A[7]4, where 0 - co = 0.

Now, for any a € [r]s+ and z,y € Ap, we fix the notation:
ar +y(p) = ¢'(ax+y), ¢ M)

Then, m is a C*-valued continuous function on the compact Hausdorff
space M (2p), which takes the value co on at most a nowhere dense subset
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of M(2ly). The definitions and facts summarized here are the building
blocks of the proof of Theorem 3.1: we refer the reader to [4] for more
details.

As is clear, Theorem 3.1 provides an extension to positive elements
of 7] the Gel’fand transform of 2. This extension has, however, some
drawbacks: first, it cannot be extended to the whole algebra; second, it is
not continuous, in general.

In this section we will give a new representation result which shows
that every commutative locally convex quasi C*-algebra can be realized
as a locally convex quasi *-algebra of functions. But before going forth,
we want to make the reader aware of the fact that while given a compact
Hausdorff space, the *-algebra C'(X) of continuous functions on X is always
a C*-algebra (and by the Gel’fand - Naimark theorem, it is the prototype
of any commutative C*-algebra with identity), it is, in general false that
by completing C'(X) with respect to locally convex topology weaker than
the supremum norm || - ||o, we get a locally convex quasi C*-algebra. The
main reason is the failure of condition (T4) (for instance, in the case where
X =[0,1], it is very easy to exhibit examples of sequences in the set {f €
C(X)+ : ||fllso < 1} which converge with the L'-norm to a discontinuous
function). On the other hand, if we consider the C*-algebra L>°(]0,1]) and
complete it with respect to the LP-norm (p > 1) then we get a Banach quasi
C*-algebra. This is due to the fact that L>°([0, 1]) is not only a C*-algebra
but also a W*-algebra.

Lemma 3.2. Let ]| |lo] be a W*-algebra and X its predual. Assume that
a second norm || - || is defined on Ao, such that

Aofl| - o] = o[l - 1F = X,

where Aol - || is the Banach space dual of Aol|| - ||] and — denotes a
continuous embedding with dense range. Then, the unit ball U(2p) of Ap is
Il - ||-complete.

Proof. In order to keep the notation lighter, we will consider the embed-
dings as inclusions. Denote by < -, - > the bilinear form defining the duality
between X and 2y and let {z,,} be a sequence in U(2y) which is Cauchy
w. 1. to || -||. Then, the sequence {L,} of bounded linear functionals on X
defined by

Ln(y) =<yY,xnp >, YEC 2o
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is also Cauchy in 2] - |]J* and so L, — L, where L is a || - |-bounded
functional on 2ly. On the other hand,

L()| = lim |Ly(y)] = lim | <.z, > | < Tim [yl [zalo = ol
Hence, there exists = € 2y such that
Lly) =<y,x >, ye€X.
The density of 2y in X implies, finally, the statement. ]

From the previous discussion and from Lemma 3.2 we have

Proposition 3.3. Let Ao[|| - ||o] be a W*-algebra. Assume that a second
norm || - || is defined on Ay such that
(i) ||lz|]| < Cllz|lo, for every x € Ay and some constant C' > 0;
(i) the involution x — x* is || - ||-continuous;
(i11) if {xp} || - ||-converges to x and x,, > 0, for every n € N, then x > 0;
(iv) o[l - llo] = Ao[l| - [IF — X.
Then Q/E)[H -||] is a Banach quasi C*-algebra.
Recalling that the algebra C'(X) of continuous functions on a compact

Hausdorff X is a W*-algebra if, and only if, X is extremely disconnected,
we get

Corollary 3.4. Let X be an extremely disconnected compact Hausdorff
space and p a Borel measure on X. Then LP(X,u) is a Banach quasi
C*-algebra over C(X).

Let X be a compact Hausdorff space and M = {pq; @ € Z} be a family
of Borel measures on X. We will assume that the family M is directed by
the order relation < defined as follows:

o == [ FOdna®) < [ FOdns(e), v € COX

Let us denote by |||« the norm in LP(X, i1). We endow C'(X') with the
locally convex topology taq defined by the family of norms {|| - ||p.a; @ € Z}
and denote by Lﬁ’(X, M) the completion of C'(X)[tr]. Then, we have

@) [1f*lp.a = [l fllpar VS € C(X)
(i) [f9lpa < 1fllpallglloe,  Vfg € C(X).
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Therefore Lé’ (X, M) is a commutative locally convex quasi *-algebra over
C(X) (but not necessarily a locally convex quasi C*-algebra, as we have
seen). It is clear that Lé’ (X, M) can be identified with a subspace of
LP(X, pia), for every a € Z. Furthermore, it is obvious that Lf(X, M)
contains also noncontinuous functions.

A second interesting space can be constructed if the measures of M are
uniformly bounded; i.e. pq(X) < C, for every a € Z and for some C' > 0.
In this case, if p > 1, we can define

1fllpz = suap | fllp,a;
a€el

which is a norm on C(X). Then the completion of C(X)[|| - ||,z] is a
Banach quasi *-algebra and, if X is extremely disconnected, a Banach
quasi *-algebra over C'(X). We denote this space by LL(X, M).

Theorem 3.5. Let 2 be a commutative locally convexr quasi C*-algebra
over Uy, with unit 1. Then there exists a directed family M of Borel
measures on the compact space X = M(y) of all nonzero multiplicative
linear functionals on Ay and a map ® : a € A — ®(a) :==a € L%(X,M)
with the properties

(i) ® extends the Gel’fand transform of elements of 2y and ®(A) 2 C(X);
(ii) ® is linear, one-to-one and continuous;
(iii) ®(ax) = ®(a)®(z), VaeA, x € Ay;
(iv) ®(a*) = ®(a)* Va e
Thus 2L can be identified with a subspace of L?(X, M)

Proof. Define first ® on 20y as the usual Gel’fand transform
:xeA— e l(X)

where X is the space of characters of 2.

As is known, the Gel’fand transform is an isometric *-isomorphism of
2y onto C'(X).

Let ¢ € S(2p). Define the linear functional w on C'(X) by

w(®) = ¢(x, 1).

It is easy to check that w is bounded on C(X); then by the Riesz represen-
tation theorem, there exists a unique positive Borel measure j, on X such
that

we(Z) = ¢(z, 1) = /Xa?(t)ducp(t), Vo e 2Ap.
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Let M = {u, : ¢ € S(Ap)}. This family is directed since S(Rdp) is
directed by <, with ¢ < ¢ < ¢(z,z) < ¢(x,z), for every = € .
Let L%(X , M) be a locally convex quasi *-algebra constructed as above.

Now, if a € 2 there exists a net {z;};ca C Ay converging to a w. r. to tay.
We have then

2

125 — 251113, = o(xj — zj, 25 — x5) < play —z)* =0

for some continuous seminorm p.
Let a be the ty-limit in Li(X,M) of {Z;} and define

®(a) = a.

Evidently, ||all2,, = ¢(a,a). This implies that if a = 0, then ¢(a,a) = 0,
for every ¢ € S(2p) and thus a = 0 for S(2p) is *-sufficient. Thus, ® is
injective. The proofs of (ii), (iii) and (iv) are straightforward. O

In very similar way, one can prove

Theorem 3.6. Let 2 be a commutative Banach quasi C*-algebra over the
WH*-algebra Ay, with unit 1. Then there exists a uniformly bounded directed
family M of Borel measures on the extremely disconnected compact space
X = M) of all multiplicative linear functionals on 20y and a linear
map @ : A — LL(X, M), which is injective, continuous and preserves the
involution and the algebraic operations. The restriction of ® to Ry coincides
with the usual Gel’fand transform.

Of course these results are very far from the beautiful characterizazion
of Gel’fand - Naimark, but we couldn’t reasonably expect much more: the
essential uniqueness of the structure of a C*-algebra is lost in our situa-
tion: several nonequivalent locally convex topologies can be given on 2y to
construct, in principle, very different locally convex quasi C*-algebras.
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