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Preface

Following a well-established tradition initiated on 1989, during the week of
September 24-30, 2009, the Sixth International Conference on Functional Analysis
and Approximation Theory was held at Acquafredda di Maratea (Potenza). Earlier
meetings were held in 1989, 1992, 1996, 2000 and 2004 at the same place.

The Conference was organized by the Center for Studies on Functional
Analysis and Approximation Theory of the University of Basilicata (Potenza),
directed by Prof. Giuseppe Mastroianni, with the collaboration of the Research
Group “Real Analysis and Methods of Functional Analysis for Differential Problems
and Approximation Problems” of the University of Bari, directed by Prof. Francesco
Altomare.

Besides Francesco Altomare and Giuseppe Mastroianni, the organizing com-
mittee consisted also of Antonio Attalienti, Michele Campiti, Mirella Cappelletti
Montano, Lorenzo D’Ambrosio, Maria Carmela De Bonis, Sabrina Diomede, Vita
Leonessa, Donatella Occorsio and Maria Grazia Russo.

The meeting was devoted to some significant aspects of contemporary mathe-
matical research on Functional Analysis, Operator Theory and Approximation
Theory including the applications of these fields in other areas such as partial differ-
ential equations, integral equations and numerical analysis.

A special session was dedicated to Professor Giuseppe Mastroianni on the
occasion of his 70th birthday, as a fair token of appreciation for his contribution to
mathematics and to the organization of all the Maratea conferences (1989 – 2009).

The Conference was attended by over 130 mathematicians coming from more
than 30 countries. The scientific program consisted of 14 plenary lectures and about
120 communications. Several thematic sessions were arranged.

Among the main topics treated therein we mention:
- Banach spaces, approximation in normed spaces.
- Fixed points theorems and best approximation.
- Banach lattices,
- Banach algebras, topological algebras and operator algebras.
- Function spaces.
- Linear and nonlinear operators on Banach spaces, positive operators, spectral

theory.
- Semigroups of operators, Feller semigroups and evolution equations.
- Ordinary and partial differential equations.
- Real functions and inequalities, complex approximation.
- Approximation by positive operators, approximation by nonlinear expres-

sions, rate of convergence.
- Polynomial approximation, rational approximation.
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- Interpolation and quadrature formulas.
- Orthogonal polynomials, special functions.
- Integral equations.
- Integral operators, integral transforms and Fourier analysis.
- Integral inequalities.
- Numerical analysis.
In this volume we collect some invited lectures together with a selection of the

papers corresponding to the research talks, which have been carefully refereed. Our
thanks go to the referees for their collaboration as well as for their accurate work.

We gratefully acknowledge the financial support of the Institutions listed
below:

� the University of Basilicata,
� the University of Bari,
� the Faculty of Sciences of the University of Basilicata,
� the Department of Mathematics and Computer Science of the University of
Basilicata (Potenza),

� the Department of Mathematics of the University of Bari,
� the Department of Economic Sciences and Mathematical Methods of the
University of Bari,

� the Department of Mathematics of the University of Salento,
� the National Group for Mathematical Analysis, Probability and their
Applications (IndAM - G.N.A.M.P.A.),

� The Research Group “Partial Differential Equations and Mathematical
Finance”, University of Bari,

� the Basilicata Tourism Board.
We are particularly indebted to Sabina Milella and Graziana Musceo as well

as to several other Ph.D and Post-Doc students who assisted and helped us in organ-
izing the Conference secretariat services. To all of them we express our special
thanks.

We are also grateful to Biancamaria Della Vecchia for her friendly collabora-
tion.

Finally we would like to thank Professor P. Vetro for accepting to publish the
Proceedings of the Conference in a supplement of “Rendiconti del Circolo
Matematico di Palermo”.

May 2010
Francesco Altomare

On behalf of the Organizing Committee
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Linear spectral transformations,

Hessenberg matrices, and orthogonal

polynomials

Kenier Castillo, Luis Garza and Francisco Marcellán

Abstract. In this manuscript we analyze some linear spectral trans-
formations of a positive definite Hermitian linear functional. In par-
ticular we focus our attention in the behavior of the Verblunsky pa-
rameters of the perturbed linear functional when we add the linear
functional defined by the Lebesgue measure on the unit circle. Some
illustrative examples are pointed out.

Mathematical Subject Classification (2010). 42C05

Keywords and phrases. Quasi-definite linear functionals, Toeplitz
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1 Introduction

Orthogonal polynomials with respect to nontrivial probability measures
supported on the real line have attracted the interest of researchers long
time ago. Their relations with continued fractions and rational approxi-
mation, their role in the spectral theory of linear differential operators and
Sturm-Liouville problems, as well as their applications in the theory of in-
tegrable systems (Toda lattices and Lax pairs, among others) constitute an
illustrative sample of their impact in many domains of Mathematics and
Physics.

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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4 Linear ST, Hessenberg matrices, and OP

Surprisingly, the theory of orthogonal polynomials with respect to non-
trivial probability measures supported on the unit circle had not been so
popular until the mid 80’s. The monographs by G. Szegő (see [22] and
[13]) and Ya. L. Geronimus (see [10] and [9]) were the main (and the few)
major contributions to the subject despite the fact that people working in
linear prediction theory and digital signal processing used as a basic back-
ground orthogonal polynomials on the unit circle (see [7] and references
therein). The very recent monograph by B. Simon ([20]) constitutes an up-
dated overview of the most remarkable directions of research in the theory,
both from a theoretical approach (extensions of the Szegő theory from an
analytic point of view), as well as from their applications in the spectral
analysis of unitary operators and the (GGT and CMV) matrix represen-
tations of the multiplication operator, quadrature formulas, and integrable
systems (Schur flows and Ablowitz-Ladik equations), among others.

In the last years, some attention has been paid to the connections be-
tween some canonical perturbations of measures supported on the unit
circle, the corresponding sequences of orthogonal polynomials, the GGT
matrix representations, and Carathéodory functions (see [6], [8], [11], [12],
[15], [17], [18], [19] among others) in the framework of the theory of the
so called rational spectral transformations. It is the natural counterpart of
the theory developed in [21] and [24] for measures supported on the real line.

The aim of our review is twofold. First, we present the state of the art
in the theory of linear spectral transformations (Christoffel, Uvarov, and
Geronimus as particular examples) and the connection with the LU and
QR factorization of Jacobi and Hessenberg matrices, respectively. Second,
we study an interesting example of a linear spectral transformation on the
unit circle far away of the above canonical cases. The key idea is the anal-
ysis of the perturbation of a measure supported on the unit circle by a new
measure such that the corresponding Carathéodory functions differ in a
polynomial. In particular, when we add a constant, i.e. the corresponding
Toeplitz matrix is the result of the addition of a constant diagonal matrix
to the initial Toeplitz matrix, we study some new analytic properties of
the corresponding sequences of orthogonal polynomials in a different way
to the work done in [3] and [4].

The structure of the paper is as follows. In Section 2 we present a
basic background about orthogonal polynomials with respect to measures
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supported on the real line. We emphasize the role of the Jacobi matri-
ces associated with such polynomials. The connection between canonical
spectral linear transforms of the measures and LU and UL factorizations
of the corresponding Jacobi matrices is stated. In Section 3 we deal with
some analog problems for polynomials orthogonal with respect to measures
supported on the unit circle. In this case, the connection between canon-
ical linear spectral transforms of the measures and QR factorizations of
the corresponding Hessenberg matrices is given. In Section 4 we focus our
attention in a perturbation of the Toeplitz matrices associated with such
measures. In particular, we analyze the perturbation of a Toeplitz matrix
by the addition of a scalar matrix. The expression of the resulting or-
thogonal polynomials in terms of the original sequence is deduced. Finally,
Section 5 is devoted to the study of such a kind of perturbation when the
initial Toeplitz matrix is associated with the Bernstein-Szegő measure and
the Tchebychev measure, respectively.

2 Orthogonal polynomials on the real line and Ja-
cobi matrices

Given a nontrivial probability measure µ supported on some infinite subset
E of the real line, a (unique) sequence of polynomials {pn}n>0 can be
defined as ∫

E
pm(x)pn(x)dµ(x) = δm,n, n,m > 0, (2.1)

where δm,n is the Kronecker delta. {pn}n>0 is said to be the sequence of
orthonormal polynomials with respect to µ and

pn(x) = γnx
n + ζnx

n−1 + lower degree terms, (2.2)

with γn > 0 for every n > 0. Starting from the initial conditions p0(x) = 1
and p−1(x) = 0, one can obtain this family of polynomials by means of the
so-called three term recurrence relation [5]

xpn(x) = an+1pn+1(x) + bnpn(x) + anpn−1(x), n > 0, (2.3)

with the assumptions P0(x) = 1 and P−1(x) = 0, where the recurrence
coefficients are

an =

∫

E
xpn−1(x)pn(x)dµ(x) =

γn−1

γn
> 0, n > 1,

LINEAR SPECTRAL TRANSFORMATIONS, HESSENBERG MATRICES, AND ORTHOGONAL POLYNOMIALS 5
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and

bn =

∫

E
xp2n(x)dµ(x) =

ζn
γn

− ζn+1

γn+1
, n > 0.

(2.3) has a matrix representation of the form

xp(x) = Ĵp(x),

where p(x) = [p0(x), p1(x), . . .]
t and Ĵ is the symmetric tridiagonal matrix

Ĵ =




b0 a1 0 0 · · ·
a1 b1 a2 0 · · ·

0 a2 b2 a3
. . .

0 0 a3 b3
. . .

...
...

. . .
. . .

. . .




that is known in the literature as Jacobi matrix [5]. It represents the mul-
tiplication operator with respect to the basis of orthonormal polynomials
defined as above.

On the other hand, the monic orthogonal polynomials with respect to
µ are given by Pn(x) = pn(x)/γn, n > 0. In such a case, (2.3) becomes

Pn+1(x) = (x− bn)Pn(x)− dnPn−1(x), n > 0, (2.4)

with dn = a2n, and its corresponding matrix representation is

J =




b0 1 0 0 · · ·
d1 b1 1 0 · · ·

0 d2 b2 1
. . .

0 0 d3 b3
. . .

...
...

. . .
. . .

. . .




,

that is known as monic Jacobi matrix.

2.1 Spectral transformations

Spectral transformations of nontrivial probability measures supported on
the real line have been extensively studied during the last years and within
a wide variety of frameworks including bispectral problems, integrable sys-
tems, matrix theory, group theory, and Stieltjes functions (see [1], [14], [16],
[21] among others). We are interested here in the effect of such transfor-
mations on the corresponding Jacobi matrices (see [2], [23], among others).

We consider three canonical transformations as follows
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(i) Christoffel transformation

dµ̃ = (x− β)dµ, β /∈ supp(µ).

(ii) Uvarov transformation

dµ̃ = dµ+Mrδ(x− β), Mr ∈ R.

(iii) Geronimus transformation

dµ̃ =
dµ

x− β
+Mrδ(x− β), β /∈ supp(µ),Mr ∈ R.

We will denote the previous transformations by RC(β), RU (β,Mr), and
RG(β,Mr), respectively. They are related as follows

RC(β) ◦ RG(β,Mr) = I (Identity transformation),

RG(β,Mr) ◦ RC(β) = RU (β,Mr).

If we denote by S(x) the Stieltjes function associated with µ, i.e. S(x) =
µ0

x +
∑∞

k=1
µk

xk+1 , where µk =
∫
E xkdµ(x) are the moments of µ, then these

transformations can be expressed in terms of the corresponding Stieltjes
functions as

S̃(x) =
A(x)S(x) +B(x)

D(x)
, (2.5)

where S̃(x) is the Stieltjes function associated with µ̃, and A(x), B(x), D(x)
are polynomials in the variable x, which are explicitly given (see [24]) for
each of the above transformations. Furthermore, [24] shows that the linear
spectral transformations (2.5) constitute a non-commutative group whose
generators are transformations (i) and (iii).

On the other hand, it has been shown that the Jacobi matrices asso-
ciated with the perturbed measures µ̃ for the above transformations can
be obtained from the original Jacobi matrix via LU and UL factorizations
using the Darboux transformation, defined as follows.

Consider the monic Jacobi matrix associated with some nontrivial prob-
ability measure µ. Notice that, if all of its principal leading submatrices
are nonsingular, then J has a unique LU factorization where L and U are
bidiagonal matrices

L =




1 0 0 0 · · ·
l1 1 0 0 · · ·

0 l2 1 0
. . .

0 0 l3 1
. . .

...
...

. . .
. . .

. . .




, U =




u1 1 0 0 · · ·
0 u2 1 0 · · ·

0 0 u3 1
. . .

0 0 0 u4
. . .

...
...

. . .
. . .

. . .




. (2.6)

LINEAR SPECTRAL TRANSFORMATIONS, HESSENBERG MATRICES, AND ORTHOGONAL POLYNOMIALS 7
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Next, we construct, by reversing the order of the factors from the above
factorization, a new matrix JD := UL that is said to be the Darboux
transformation of J without parameter . Notice that JD is again a tridiag-
onal matrix with ones as entries on the upper diagonal and, according to
Favard’s theorem, it is a monic Jacobi matrix associated with some non-
trivial measure µ̃.

In a similar way, we consider the UL factorization of the matrix J, where
U and L are of the form given in (2.6), J = UL. Now let Jd := LU, and
thus we obtain again a monic Jacobi matrix. In this situation, Jd is said
to be the Darboux transformation of J. Contrary to the LU factorization,
the UL factorization is not unique and depends on a free parameter.

Remark 2.1 A necessary and sufficient condition for the existence of the
LU factorization of J is Pn(0) 6= 0, n > 1. Furthermore, assuming the LU
factorization exists, the elements of L and U are given by

l1 =
d1
b0

, ln =
dn

bn−1 − ln−1
, n > 2, (2.7)

u1 = b0, un = bn−1 − ln−1, n > 2. (2.8)

Next, we describe transformations (i)−(iii) in terms of the correspond-
ing monic Jacobi matrices.

Proposition 2.2 [2] Let µ be a nontrivial probability measure and denote
by {Pn}n>0 and J its corresponding sequence of monic orthogonal polynomi-
als and monic Jacobi matrix, respectively. Let β ∈ R such that Pn(β) 6= 0,
n > 1. Then, if we apply the transformation

J− βI = LU, J1 := UL+ βI,

then J1 is the monic Jacobi matrix associated with dµ̃ = (x−β)dµ, i.e. the
Christoffel transformation.

Notice that if β does not belong to the convex hull of supp(µ) then Pn(β) 6=
0 for every n ≥ 1. It is not difficult to show that we can iterate the previous
result and extend it to describe the monic Jacobi matrix associated with
m consecutive Christoffel transformations. Indeed,

Proposition 2.3 [2] Let µ, {Pn}n>0, and J be as in the previous Propo-
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sition. Consider the following transformations of J

C1 := J− β1I = L1U1, C̃1 := U1L1 + β1I,

C2 := C̃1 − β2I = L2U2, C̃2 := U2L2 + β2I,
...

Cm := C̃m−1 − βmI = LmUm, C̃m := UmLm + βmI,

with β1, β2, . . . , βm ∈ R. If we denote by {Pn,i} the sequence of monic
orthogonal polynomials associated with C̃i, 1 6 i 6 m − 1, and assuming
that Pn(β) 6= 0, Pn,i(βi+1) 6= 0, n > 1, 1 6 i 6 m − 1, then C̃m is the
monic Jacobi matrix associated with the measure

dµ̃ = (x− β1)(x− β2) . . . (x− βm)dµ.

Notice that in the previous results for the Christoffel transformation,
only the Darboux transformation without parameter was used. On the
other hand, for transformations (ii) and (iii) there are analogous results
that use both the Darboux transformation and the Darboux transformation
without parameter, as follows.

Proposition 2.4 [2] Let J be the monic Jacobi matrix associated with the
nontrivial probability measure µ. Consider the following transformations of
J

J− βI = L1U1, J1 := U1L1,

J1 = U2L2, J2 := L2U2 + βI.

Then J2 is the monic Jacobi matrix associated with the measure

dµ̃ = dµ+Mrδ(x− β),

i.e. the Uvarov transformation of µ, where

Mr =
µ0(b0 − β − s)

s
,

with µ0 =
∫
E dµ(x) and s is the free parameter associated with the UL

factorization of J1.

Proposition 2.5 [2] Let J1 be the monic Jacobi matrix associated with the
measure µ̂. Suppose there exists a measure µ such that dµ̂ = (x− β)dµ. If
we apply the following transformation to J1

J1 − βI = U1L1, J2 := L1U1 + βI,

LINEAR SPECTRAL TRANSFORMATIONS, HESSENBERG MATRICES, AND ORTHOGONAL POLYNOMIALS 9
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then J2 is the monic Jacobi matrix associated with the measure

dµ̃ =
dµ̂

x− β
+Mrδ(x− β),

i.e. the Geronimus transformation of µ̂, where Mr =
∫
E dµ̂

s and s is the free
parameter associated with the UL factorization of J1.

3 Orthogonal polynomials on the unit circle and
Hessenberg matrices

3.1 Background

Let L be a linear functional in the linear space of Laurent polynomials
satisfying cn = 〈L, zn〉 = 〈L, z−n〉 = c̄−n, n ∈ Z, i.e. L is Hermitian. The
complex numbers {cn}n∈Z are said to be the moments associated with L
and the matrix

T =




c0 c1 · · · cn · · ·
c−1 c0 · · · cn−1 · · ·
...

...
. . .

...
c−n c−n+1 · · · c0 · · ·
...

...
...

. . .




(3.1)

is known in the literature as a Toeplitz matrix [13]. P will denote the linear
space of polynomials with complex coefficients. If Tn, the (n+1)× (n+1)
principal leading submatrix of T, is non-singular for every n > 0, then
L is said to be quasi-definite and the existence of a sequence of monic
polynomials, orthogonal with respect to L, is guaranteed. On the other
hand, if detTn > 0, for every n > 0, then L is said to be positive definite
and it has the following integral representation

〈L, p(z)〉 =
∫

T
p(z)dσ(z), p ∈ P, (3.2)

where σ is a nontrivial positive Borel measure supported on the unit circle
T = {z : |z| = 1}.

The concepts presented in the previous Section concerning measures
supported on the real line have a counterpart for measures supported on
the unit circle. If σ is a nontrivial probability measure supported on T, then

10 KENIER CASTILLO - LUIS GARZA - FRANCISCO MARCELLÁN
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there exists a (unique) family of polynomials {ϕn}n>0, with deg ϕn = n and
positive leading coefficient, such that

∫

T
ϕn(z)ϕm(z)dσ(z) = δm,n. (3.3)

{ϕn}n>0 is said to be the sequence of orthonormal polynomials with respect
to σ. Denoting by κn the leading coefficient of ϕn(z), Φn(z) = ϕn(z)/κn
is the corresponding sequence of monic orthogonal polynomials. These
polynomials satisfy the following forward and backward recurrence relations
(see [10], [13], [20], [22])

Φn+1(z) = zΦn(z) + Φn+1(0)Φ
∗
n(z), (3.4)

Φn+1(z) =
(
1− |Φn+1(0)|2

)
zΦn(z) + Φn+1(0)Φ

∗
n+1(z), (3.5)

where Φ∗
n(z) = znΦ̄n(z

−1) is the so-called reversed polynomial and the
complex numbers {Φn(0)}n>1 are known as Verblunsky or reflection pa-
rameters. It is important to notice that in the positive definite case we get
|Φn(0)| < 1, n > 1.

The multiplication operator with respect to {ϕn}n>0 is represented in
a matrix form by

zϕ(z) = Hϕϕ(z), (3.6)

where ϕ(z) = [ϕ0(z), ϕ1(z), . . . , ϕn(z), . . .]
t and Hϕ is a lower Hessenberg

matrix whose entries are

hn,j =





κn
κn+1

if j = n+ 1,

− κj

κn
Φn+1(0)Φj(0) if j 6 n,

0 if j > n+ 1.

(3.7)

Proposition 3.1 Hϕ satisfies

(i) HϕH
∗
ϕ = I,

(ii) H∗
ϕHϕ = I− λ∞(0)ϕ(0)ϕ(0)∗,

where I is the semi-infinite identity matrix and λ∞(0) =
∏∞

n=0(1−|Φn+1(0)|2).

Remark 3.2 Proposition 3.1 states that the infinite matrix Hϕ is unitary
if and only if

∑∞
n=0 |Φn(0)|2 = +∞. In terms of the measure σ this fact

is equivalent to log σ′ /∈ L1
(
dθ
2π

)
. In other words, σ does not belong to the

Szegő class (see [20]).

LINEAR SPECTRAL TRANSFORMATIONS, HESSENBERG MATRICES, AND ORTHOGONAL POLYNOMIALS 11
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Remark 3.3 From (3.6), is not difficult to show that HΦ, the Hessenberg
matrix associated with {Φn}n>0, has as entries

hn,j =





1 if j = n+ 1,

−kn
kj
Φn+1(0)Φj(0) if j 6 n,

0 if j > n+ 1,

(3.8)

where

kn =
1

κ2n
.

3.2 Spectral transformations

Transformations (i) − (iii) defined in the previous Section for measures
supported on the real line have also a counterpart for measures supported
on the unit circle. They are defined as follows

(i) Christoffel transformation

dσC = |z − α|2dσ, α ∈ C, |z| = 1.

(ii) Uvarov transformation with one mass

dσU = dσ +Mcδ(z − α), |α| = 1,Mc ∈ R+.

(iii) Uvarov transformation with two masses

dσU = dσ+Mcδ(z−α) + M̄cδ(z− ᾱ−1), |α| ∈ R+ � {0, 1},Mc ∈ C.

(iv) Geronimus transformation

dσG =
1

|z − α|2
dσ +Mcδ(z − α) + M̄cδ(z − ᾱ−1), |α| > 1,Mc ∈ C.

We will denote these transformations by FC(α), FU (α,Mc), and FG(α,Mc),
respectively. As in the case of the real line, these transformations are related
by

FC(α) ◦ FG(α,Mc) = I (Identity transformation),

FG(α,Mc) ◦ FC(α) = FU (α,Mc).

Furthermore, introducing the Carathéodory function associated with σ

F (z) = c0 + 2
∞∑

k=1

c−kz
k,

12 KENIER CASTILLO - LUIS GARZA - FRANCISCO MARCELLÁN
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these transformations can be expressed in terms of the Carathéodory func-
tions as

F̃ (z) =
A(z)F (z) +B(z)

D(z)
, (3.9)

where F̃ (z) is the Carathéodory function associated with the perturbed
measure and A(z), B(z), D(z) are polynomials that are explicitly given
(see [18]) for the above transformations.

Next, we focus our attention in the study of these transformations from
the point of view of the corresponding Hessenberg matrices. We state a
relation between the Hessenberg matrices associated with the original and
perturbed measures by means of a QR factorization. Next, we describe
some results in this direction.

We begin with the Christoffel transformation. Let denote by {ψn}n>0

the sequence of orthonormal polynomials with respect to σC . The relation
between both families of polynomials is (see [11])

(z − α)ψn(z) =

√
Kn(α, α)

Kn+1(α, α)
ϕn+1(z)−

n∑

j=0

ϕn+1(α)ϕj(α)√
Kn+1(α, α)Kn(α, α)

ϕj(z),

(3.10)

where Kn(z, y) =

n∑

k=0

ϕk(z)ϕk(y). In the sequel,

K(i,j)
n (z, y) =

n∑

k=0

ϕ
(i)
k (z)ϕ

(j)
k (y),

i.e., the i − th (resp. j − th) partial derivative of Kn(z, y) with respect to
the variable z (resp. y) is taken.

On the other hand, If

ϕ(z) = [ϕ0(z), . . . , ϕn(z), . . .]
t and ψ(z) = [ψ0(z), . . . , ψn(z), . . .]

t,

then the matrix representation of (3.10) is

(z − α)ψ(z) = MCϕ(z), (3.11)

where MC is a lower Hessenberg matrix with entries

mi,j =





− ϕi+1(α)ϕj(α)√
Ki+1(α,α)Ki(α,α)

, if j 6 i,
√

Ki(α,α)
Ki+1(α,α)

, if j = i+ 1,

0, if j > i+ 1.

(3.12)

LINEAR SPECTRAL TRANSFORMATIONS, HESSENBERG MATRICES, AND ORTHOGONAL POLYNOMIALS 13
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Notice that (MC)n, the n×n principal leading submatrix of MC , is a quasi-
unitary matrix, i.e. its first n− 1 rows constitute an orthonormal set, and
the last row is orthogonal with respect to this set, but is not normalized.

Furthermore, if we denote by Lϕψ the lower triangular matrix such that
ϕ(z) = Lϕψψ(z), then Lϕψ can be computed from Hϕ and MC as follows

Proposition 3.4 [6],[19]

Lϕψ = (Hϕ − αI)M∗
C . (3.13)

Now it is possible to determine the relation between Hψ, the Hessenberg
matrix associated with σC , and Hϕ.

Proposition 3.5 [6],[19]

Hϕ − αI = LϕψMC , (3.14)

Hψ − αI = MCLϕψ. (3.15)

Notice that an ”almost” QR factorization appears, since MC is not
a unitary matrix (but it is very close). The iteration of the canonical
Christoffel transformation has been analyzed in [11], [15], and [17].

The results for the Christoffel transformation can be used to obtain
a similar result for the Uvarov transformation. If we assume that there
exists a sequence of polynomials {υn}n>0 orthonormal with respect to σU
as defined in (ii), then the relation between the Hessenberg matrices Hϕ

and Hυ associated with σ and σU , respectively, is (see [6], [18])

Proposition 3.6

Hϕ − αI = LϕψMC , (3.16)

Hυ − αI = LUMU , (3.17)

where LU = LυϕLϕψ, MU = MCL
−1
υϕ, and L are the matrices of change of

bases for the orthonormal polynomial families denoted by their subindices.

The iteration of the canonical Uvarov transformation, with |α| = 1, has
been studied in [10] and [17].

Finally, let us consider the Geronimus transformation defined in (iii).
Necessary and sufficient conditions for the existence of a sequence of monic
polynomials orthogonal with respect to σG were studied in [8], as well
as the relation between the corresponding families of monic orthogonal
polynomials and their associated Hessenberg matrices. If we denote by
{Gn}n>0 the sequence of monic polynomials orthogonal with respect to
σG and by MG the corresponding Hessenberg matrix, from the relation
between {Gn}n>0 and {Φn}n>0, then we get

14 KENIER CASTILLO - LUIS GARZA - FRANCISCO MARCELLÁN
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Proposition 3.7 [8] Let LG be the lower triangular matrix with 1 on the
diagonal elements such that G(z) = LGΦ(z) and denote by HG the Hessen-
berg matrix associated with {Gn}n>0. Then,

HΦ − αI = MGLG (3.18)

and

HG − αI = LGMG. (3.19)

4 A diagonal perturbation of a Toeplitz matrix

Let L be a linear functional in the linear space Λ of Laurent polynomials.
Define a linear functional L̃ such that its associated bilinear functional
satisfies

〈p(z), q(z)〉L̃ := 〈p(z), q(z)〉L +m

∫

T
p(z)q(z)

dz

2πiz
, (4.1)

with m ∈ R and p, q ∈ P. Assume that L is a positive definite linear
functional and let σ be its corresponding measure as defined in (3.2). Then,
this transformation, that will be denoted by FD(m), can be expressed in
terms of the corresponding measure σ as

dσ̃ = dσ +m
dz

2πiz
, z = eiθ, (4.2)

i.e. the addition of a Lebesgue measure to σ. We will assume m ∈ R+ in
order for σ̃ to be a positive Borel measure supported in T. On the other
hand, the moments {c̃k}k∈Z associated with L̃ are given by

c̃0 = c0 +m, c̃k = ck, k = ±1, 2, . . . . (4.3)

As a consequence, the Carathéodory function of the linear functional L̃ is

F̃ (z) = F (z) +m. (4.4)

Notice that T̃, the Toeplitz matrix associated with L̃, is

T̃ = T+mI, (4.5)

i.e. a constant is added to the main diagonal of T. Now we proceed to
obtain the sequence of monic orthogonal polynomials with respect to L̃.

LINEAR SPECTRAL TRANSFORMATIONS, HESSENBERG MATRICES, AND ORTHOGONAL POLYNOMIALS 15



16 Linear ST, Hessenberg matrices, and OP

Proposition 4.1 Let L be a positive definite linear functional and denote
by {Φn}n>0 its associated sequence of monic orthogonal polynomials. Then,
{Ψn}n>0, the sequence of monic polynomials orthogonal with respect to L̃
defined by (4.1), is given by

Ψn(z) = Φn(z)−Kt
n−1(z, 0)(m

−1D−2
n +Pn−1P

t
n−1)

−1Φn(0), (4.6)

with Kn−1(z, 0) = [Kn−1(z, 0),K
(0,1)
n−1 (z, 0), . . . ,K

(0,n−1)
n−1 (z, 0)]t, Dn =

diag{ 1
0! , . . . ,

1
(n−1)!}, Φn(0) = [Φn(0),Φ

′
n(0), . . . ,Φ

(n−1)
n (0)]t, and

Pn−1 =




ϕ0(0) ϕ1(0) · · · ϕn−1(0)

0 ϕ
′
1(0) · · · ϕ

′
n−1(0)

... 0
. . .

...

0 · · · 0 ϕ
(n−1)
n−1 (0)


 .

Proof. Set

Ψn(z) = Φn(z) +

n−1∑

k=0

λn,kΦk(z), (4.7)

where, for 0 6 k 6 n− 1,

λn,k =
〈Ψn(z),Φk(z)〉L

kk
=

〈Ψn(z),Φk(z)〉L̃ −m
∫
TΨn(y)Φk(y)

dy
2πiy

kk
,

= −m

kk

∫

T
Ψn(y)Φk(y)

dy

2πiy
.

Thus,

Ψn(z) = Φn(z)−m

∫

T
Ψn(y)Kn−1(z, y)

dy

2πiy
, (4.8)

= Φn(z)−m

n−1∑

j=0

Ψ
(j)
n (0)

j!

K
(0,j)
n−1 (z, 0)

j!
. (4.9)

In particular, for 0 6 i 6 n− 1, we get

Ψ(i)
n (0) = Φ(i)

n (0)−m
n−1∑

j=0

Ψ
(j)
n (0)

j!

K
(i,j)
n−1(0, 0)

j!
. (4.10)
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So, we have the following linear system of n equations and n unknowns

Ψn(0) = Φn(0)−m

n−1∑

j=0

Ψn(0)

j!

K
(0,j)
n−1 (0, 0)

j!
,

Ψ
′
n(0) = Φ

′
n(0)−m

n−1∑

j=0

Ψ
(j)
n (0)

j!

K
(1,j)
n−1 (0, 0)

j!
,

Ψ
′′
n(0) = Φ

′′
n(0)−m

n−1∑

j=0

Ψ
(j)
n (0)

j!

K
(2,j)
n−1 (0, 0)

j!
,

...

Ψ(n−1)
n (0) = Φ(n−1)

n (0)−m

n−1∑

j=0

Ψ
(j)
n (0)

j!

K
(n−1,j)
n−1 (0, 0)

j!
,

which reads as

(In +mRn−1D
2
n)Ψn(0) = Φn(0), (4.11)

where

Ψn(0) = [Ψn(0), . . . ,Ψ
(n−1)
n (0)]t, Φn(0) = [Φn(0), . . . ,Φ

(n−1)
n (0)]t,

Rn−1 =




K
(0,0)
n−1 (0, 0) K

(0,1)
n−1 (0, 0) · · · K

(0,n−1)
n−1 (0, 0)

K
(1,0)
n−1 (0, 0) K

(1,1)
n−1 (0, 0) · · · K

(1,n−1)
n−1 (0, 0)

...
...

. . .
...

K
(n−1,0)
n−1 (0, 0) K

(n−1,1)
n−1 (0, 0) · · · K

(n−1,n−1)
n−1 (0, 0)




,

(4.12)
and Dn = diag{ 1

0! ,
1
1! , . . . ,

1
(n−1)!}. As a consequence, (4.11) becomes

Ψn(0) = m−1(m−1In +Rn−1D
2
n)

−1Φn(0). (4.13)

Thus, if Kn−1(z, 0) = [Kn−1(z, 0),K
(0,1)
n−1 (z, 0), . . . ,K

(0,n−1)
n−1 (z, 0)]t, then

(4.9) can be written

Ψn(z) = Φn(z)−mKt
n−1(z, 0)D

2
nΨn(0),

= Φn(z)−Kt
n−1(z, 0)(m

−1D−2
n +Rn−1)

−1Φn(0),

which is (4.6), since Rn−1 = Pn−1P
t
n−1. 2

LINEAR SPECTRAL TRANSFORMATIONS, HESSENBERG MATRICES, AND ORTHOGONAL POLYNOMIALS 17
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In particular, for the corresponding Verblunsky parameters we get

Ψn(0) = Φn(0)−Kt
n−1(0, 0)(m

−1D−2
n +Pn−1P

t
n−1)

−1Φn(0).

On the other hand, considering the derivatives of order j with respect
to the variable z in the Christoffel-Darboux formula, (see [10], [20], and
[22])

Kn−1(z, y) =
Φ∗
n(y)Φ

∗
n(z)− Φn(y)Φn(z)

kn(1− ȳz)
,

we get

K
(j,0)
n−1 (z, y) =

Φ∗
n(y)

kn

(
Φ∗
n(z)

1− ȳz

)(j)

− Φn(y)

kn

(
Φn(z)

1− ȳz

)(j)

.

Thus

K
(j,0)
n−1 (0, y) =

Φ∗
n(y)

kn

(
Φ∗
n(z)

1− ȳz

)(j)

(0)− Φn(y)

kn

(
Φn(z)

1− ȳz

)(j)

(0).

Now, taking into account the Leibniz rule

(
Φn(z)

1− ȳz

)(j)

=

j∑

k=0

(
j

k

)
Φ(j−k)
n (z)

k!ȳk

(1− ȳz)k+1
,

the evaluation at z = 0 yields

j!

j∑

k=0

Φ
(j−k)
n (0)

(j − k)!
ȳk = j!

j∑

k=0

Φ
(j−k)
n (0)

(j − k)!
yk

= j!T ∗
j (Φn(y); 0),

where Tj(p(y); 0) denotes the j−th Taylor polynomial of p(y) around y = 0.
In an analog way

j!

j∑

k=0

Φ∗(j−k)

n (0)

(j − k)!
ȳk = j!T ∗

j (Φ
∗
n(y); 0).

Therefore, we have proved

Proposition 4.2

K
(0,j)
n−1 (z, 0) = j!

[
Φ∗
n(z)

kn
T ∗
j (Φ

∗
n(z); 0)−

Φn(z)

kn
T ∗
j (Φn(z); 0)

]
.
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From the previous Proposition, if we denote

T(Φn(z); 0) = [T ∗
0 (Φn(z); 0), T

∗
1 (Φn(z); 0), . . . , T

∗
n−1(Φn(z); 0)]

t,

then (4.6) becomes

Ψn(z) = Φn(z)−
Φn(z)

kn
Tt(Φn(z); 0)D

−1
n (m−1D−2

n +Pn−1P
t
n−1)

−1Φn(0)

− Φ∗
n(z)

kn
Tt(Φ∗

n(z); 0)D
−1
n (m−1D−2

n +Pn−1P
t
n−1)

−1Φn(0)

= an(z)Φn(z) + bn(z)Φ
∗
n(z), (4.14)

with

an(z) = 1− 1

kn
Tt(Φn(z); 0)D

−1
n (m−1D−2

n +Pn−1P
t
n−1)

−1Φn(0),

bn(z) = − 1

kn
Tt(Φ∗

n(z); 0)D
−1
n (m−1D−2

n +Pn−1P
t
n−1)

−1Φn(0).

5 Examples

5.1 A Bernstein-Szegő case

Let us consider the measure σ such that

dσ =
1− |β|2

|z − β|2
dθ

2π
, |β| < 1, z = eiθ, (5.1)

and apply to it the transformation considered in the previous Section, i.e.
let us define a new measure σ̃

dσ̃ =
1− |β|2

|z − β|2
dθ

2π
+m

dθ

2π
, m ∈ R+. (5.2)

Our goal is to find the sequence of monic polynomials orthogonal with
respect to (5.2), that will be denoted by {Ψn}n>0. (5.1) is known in the
literature as Bernstein-Szegő measure, and its corresponding sequence of
monic orthogonal polynomials is (see [20])

Φn(z) = zn−1(z − β), n > 1.

Furthermore, we have Φ∗
n(z) = 1− β̄z, n > 1. Notice that, for n = 1, from

(4.14) we get

Ψ1(z) = a1(z)Φ1(z) + b1(z)Φ
∗
1(z),

= [1− β2(1− |β|2)(m+ (1− |β|2)−1](z − β)

− [β(1− |β|2)(m+ (1− |β|2)−1](1− β̄z). (5.3)

LINEAR SPECTRAL TRANSFORMATIONS, HESSENBERG MATRICES, AND ORTHOGONAL POLYNOMIALS 19
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For n > 2, Tj(Φn(0); 0) = 0, 0 6 j 6 n− 2 , and

Tn−1(Φn(z); 0) = Φn(0) + Φ
′
n(0)z +Φ

′′
n(0)

z2

2!
+ . . .+Φ(n−1)

n (0)
zn−1

(n− 1)!
,

= −βzn−1.

Thus, T(Φn(z); 0) = [0, 0, . . . ,−β̄]t. On the other hand, T0(Φ
∗
n(0); 0) = 1,

and Tj(Φ
∗
n(z); 0) = 1− βz, 1 6 j 6 n− 1.

Therefore, T(Φ∗
n(z); 0) = [1, z− β, z(z− β), . . . , zn−2(z− β)]t. Further-

more, in this case

Pn−1 =
1√

1− |β|2
D−1

n Bn,

where

Bn =




1 β 0 · · · 0

0 1 β
. . .

...
...

. . .
. . .

. . . 0
...

. . . 1 β
0 · · · · · · 0 1




. (5.4)

On the other hand, denoting by

Nn = D−1
n (m−1D−2

n +Pn−1P
t
n−1)

−1, (5.5)

= [m−1In +
1

1− |β|2
BnB

t
n]

−1Dn, (5.6)

and taking into account that Φn(0) = [0, 0, · · · ,−(n− 1)!β]t, we get

an(z) = 1− |β|2

1− |β|2
(n− 1)!nn−1,n−1,

bn(z) = − β

1− |β|2
(n− 1)!

[
n0,n−1 + (z − β)

n−2∑

i=0

ni+1,n−1z
i

]
, (5.7)

where ni,j , 0 6 i, j 6 n − 1 are the entries of Nn. From this, all ele-
ments on (4.14) are known and we can compute Ψn(z). The corresponding
Verblunsky parameters, for n > 2, are

Ψn(0) = bn(0),

=
β

1− |β|2
(n− 1)!(βn1,n−1 − n0,n−1).

The first 20 Verblunsky coefficients for different values of m and β are
shown in Figure 1.
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Figure 1: Verblunsky coefficients for Example 5.1

5.2 Tchebychev case

Let us consider the measure

dσ = |z − 1|2 dθ
2π

, z = eiθ, (5.8)

and its corresponding sequence of monic orthogonal polynomials, given by
(see [20])

Φn(z) =
1

n+ 1

n∑

k=0

(k + 1)zk, n > 0. (5.9)

We introduce the perturbation defined in the previous Section and obtain

dσ̃ = dσ +m
dθ

2π
. (5.10)

We now proceed to get an explicit expression for the sequence of monic
polynomials orthogonal with respect to σ̃. Notice that

Tj(Φn(z); 0) =
1

n+ 1

j∑

k=0

(k + 1)zk, 0 6 j 6 n− 1,

and, as a consequence,

T ∗
j (Φn(z); 0) =

1

n+ 1

j∑

k=0

(k + 1)zj−k, 0 6 j 6 n− 1.
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On the other hand, since

Φ∗
n(z) =

1

n+ 1

n∑

k=0

(k + 1)zn−k, n > 0,

we get

Tj(Φ
∗
n(z); 0) =

1

n+ 1

j∑

k=0

(n+ 1− k)zk, 1 6 j 6 n− 1,

and, thus,

T ∗
j (Φ

∗
n(z); 0) =

1

n+ 1

j∑

k=0

(n+ 1− k)zj−k, 1 6 j 6 n− 1.

Therefore, T(Φn(0); 0) =
1

n+1 [1, 2, . . . , n]
t andT(Φ∗

n(0); 0) =
1

n+1 [n+1, n, n−
1, . . . , 2]t. Furthermore, since

ϕn(z) =

√
2

(n+ 1)(n+ 2)

n∑

k=0

(k + 1)zk, n > 0, (5.11)

are the orthonormal polynomials with respect to σ, we obtain

Pn−1 = D−1
n AnΛn (5.12)

where

An =




1 1 · · · 1

0 1
. . .

...
...

. . . 1 1
0 · · · 0 1




, Λn =




1 0 · · · 0

0 p1
. . .

...
...

. . .
. . . 0

0 · · · 0 pn−1




,

and pj =
√

2
(j+1)(j+2) .

Finally, we have Φn(0) = 1
n+1 [1, 2!, · · · , n!]

t and we can obtain Ψn(z)
explicitly from (4.14). Figure 2 shows the behavior of the corresponding
Verblunsky coefficients for different values of m.

Remark 5.1 Notice that (5.8) is a Christoffel transformation of the Lebesgue
measure with α = 1 (see Section 2). This example can be generalized as
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Figure 2: Verblunsky coefficients for Example 5.2

follows. Let σ be an absolutely continuous measure whose Radon-Nikodyn
derivative with respect to the Lebesgue measure is σ

′
= |z − α|2, z = eiθ,

i.e. a positive trigonometric polynomial of degree 1. Applying the transfor-
mation in Section 3, with m ∈ R+, and assuming α ∈ C, we obtain

m+ |z − α|2 = m+ 1− αz−1 − ᾱz + |α|2, z = eiθ, (5.13)

i.e. another positive trigonometric polynomial that can be represented by
|δz − γ|2, where δ ∈ R, γ ∈ C. Indeed, as

|δz − γ|2 = δ2 − δγz−1 − δγ̄z + |γ|2, z = eiθ,

the comparison of the coefficients with (5.13) yields 1+ |α|2+m = δ2+ |γ|2
and α = δγ. Thus,

1 + |α|2 +m =
|α|2

δ2
+ δ2,

so we can get δ and γ in terms of m and α. In other words, in this case we
can express the addition to a Tchebychev measure of a Lebesgue measure
(multiplied by a constant m) as a Christoffel transformation of the Lebesgue
measure.
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1 Introduction

Since the Bernstein polynomials are not defined for f ∈ Lp([0, 1]), 1 ≤ p <
∞, the Kantorovich polynomials Kn, given by

Kn(f ;x) =

n∑

k=0

pn,k(x)(n+ 1)

∫

Ik

f(u) du, (1.1)

Ik :=

[
k

n+ 1
,
k + 1

n+ 1

]
, pn,k(x) =

(
n

k

)
xk(1− x)n−k, x ∈ [0, 1],

were introduced and studied deeply (see, e.g., [2, p. 115 ff.]). The case of
weighted approximation by Kn operator with the Jacobi weight

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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28 Generalized Kantorovich operator

w(x) = wα,β(x) = xα(1− x)β , α, β > −1,

was also investigated (see [2, p. 159]). Some equivalence results were given
under the restrictions

−1

p
< α, β < 1− 1

p
(1.2)

on the weight parameters. Here the left side inequalities for the weight pa-
rameters are necessary. In order to eliminate the right hand side inequal-
ities, we construct a weighted generalization of the classical Kantorovich
operator and give convergence, direct and converse approximation results
involving the weighted modulus of smoothness of second order, as well as
a Voronovskaya-type asymptotic relation.

2 Main results

In the following C denotes a positive constant which can take different
values even in subsequent formulae. We point out that throughout this
paper the weight is always the Jacobi weight quoted in the Introduction.

In all the theorems and lemmas in this paper, we always assume the
conditions

−1

p
< α, β and 1 ≤ p ≤ ∞.

Let

Lp
w :=

{
{f |wf ∈ Lp(0, 1)} if 1 ≤ p < ∞,

{f | f ∈ C(0, 1), limx(1−x)→0(wf)(x) = 0} if p = ∞.

The norm in Lp
w is defined as

‖wf‖p =





(∫ 1
0 |(wf)(x)|p dx

)1/p
if 1 ≤ p < ∞,

sup0≤x≤1 |(wf)(x)| if p = ∞.

We also put ‖wf‖Lp(I) as the weighted Lp norm on an interval I. For

smoother functions we introduce the Sobolev type space W 2,p
w defined as

W 2,p
w := {f ∈ Lp

w| f ′ ∈ AC(0, 1), ‖wϕ2(x)f ′′‖p < ∞},

where
ϕ(x) =

√
x(1− x),
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and AC(I) is the set of all absolutely continuous functions on I. For f ∈ Lp
w

we consider the weighted modulus of smoothness defined by

ω2
ϕ(f ; t)w,p = sup

0<h≤t
‖w∆2

hϕ‖Lp([Ch2,1−Ch2])

+ ‖w←−∆2
hf‖Lp([1−Ch2,1]) + ‖w

−→
∆2

hf‖Lp([0,Ch2]),
(2.1)

where

−→
∆2

hf(x) = f(x)− 2f(x+ h) + f(x+ 2h),
←−
∆2

hf(x) = f(x)− 2f(x− h) + f(x− 2h)

and

∆2
hϕf(x) = f

(
x+ h

ϕ(x)

2

)
− 2f(x) + f

(
x− h

ϕ(x)

2

)

(cf. [2, p. 218]).

Now for every f ∈ L1
w introduce the operator

B∗
n(f ;x) =

n∑

k=0

∫
Ik
(wf)(t) dt∫
Ik
w(t) dt

pn,k(x), x ∈ [0, 1]. (2.2)

Obviously, if α = β = 0, then B∗
n reduces to the classical Kantorovich

operator (1.1).

Note that the definition (2.2) allows a wider class of functions than the
original Kantorovich operator (cf. [2, p. 158]). From (2.2) it follows that
B∗

n is a positive linear operator preserving constants.

By the mean value theorem

an,k(f) :=

∫
Ik
(wf)(t) dt∫
Ik
w(t) dt

=
w(ξk)

∫
Ik
f(t) dt

w(ηk)/(n+ 1)
∼ (n+ 1)

∫

Ik

f(t) dt,

ξk, ηk ∈ Ik, 1 ≤ k ≤ n− 1,

(2.3)

hence, in some sense, B∗
n is not far from the operator Kn.

For f ∈ Lp
w define

E0(f)w,p := inf
c∈R
‖w(f − c)‖p

to be the best approximation of f in weighted Lp
w spaces by constants.

We have the following approximation results.
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30 Generalized Kantorovich operator

Theorem 2.1 If f ∈ Lp
w then

‖w[f −B∗
n(f)]‖p ≤ C

[
ω2
ϕ

(
f ;

1√
n

)

w,p

+
E0(f)w,p

n

]
. (2.4)

Hence we deduce the weighted convergence of B∗
n(f) to f .

Compare this with [2, p. 159] for the analogous result for the classical
Kantorovich operator. In our result we do not need the strong upper re-
striction in (1.2), and we have (2.4) which is not known for the classical
weighted Kantorovich operator.

Theorem 2.2 If f ∈ Lp
w then

‖w[f −B∗
n(f)]‖p = O(n−γ/2) ⇔ ω2

ϕ(f ;h)w,p = O(hγ), 0 < γ < 2.

This equivalence provides a converse result for B?
n.

We also prove an asymptotic relation of Voronovskaya-type.

Theorem 2.3 For f ′′ ∈ C[0, 1] we have

lim
n→∞

n[B∗
n(f ;x)−f(x)] =





α+1
α+2f

′(0) if x = 0,
1−2x
2 f ′(x) + x(1−x)

2 f ′′(x) if 0 < x < 1,

−β+1
β+2f

′(1), if x = 1.

(2.5)

Note that if α = β = 0, then this is the limit relation

lim
n→∞

n[Kn(f ;x)− f(x)] =
1− 2x

2
f ′(x) +

x(1− x)

2
f ′′(x), 0 ≤ x ≤ 1

for the classical Kantorovich operator. (We could not find an explicit refer-
ence for the latter relation, but it follows from the arguments used in [2, p.
176].) If α, β 6= 0, then the limit functions on the right hand side in (2.5)
present a discontinuity at the endpoints, which is affected by the weight
parameters.

To prove our main approximation results we need some preliminary lem-
mas interesting in themselves, since they prove the weighted boundedness
and weighted Markov–Bernstein type inequalities for B∗

n.

Lemma 2.4 For f ∈ Lp
w, 1 ≤ p ≤ ∞,

‖wB∗
n(f)‖p ≤ C‖wf‖p.
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(Cf. [2, p. 159, (10.1.4)].)

Lemma 2.5 For f ∈ Lp
w, 1 ≤ p ≤ ∞,

‖wϕ2B∗′′
n (f)‖p ≤ Cn‖wf‖p. (2.6)

(Cf. [2, p. 159, (10.1.5)].)

Lemma 2.6 For f ∈ W 2,p
w , 1 ≤ p ≤ ∞,

‖wϕ2B∗′′
n (f)‖p ≤ C

(
‖wϕ2f ′′‖p + ‖wf ′‖p

)
. (2.7)

Remark. Comparing this lemma with [2, p. 159, (10.1.4)], we can see
that we have ‖wf ′‖p instead of ‖wf‖p on the right hand side of (2.7). Our
statement is more appropriate, since the right hand side of (2.7) becomes
zero when f=const. In any case, we can get (10.4.1) of [2] by using the
inequality

‖wf ′‖p ≤ C(‖wϕ2f ′′‖p + ‖wf‖p), 1 ≤ p ≤ ∞ (2.8)

(cf. [2, Lemma 10.5.1]).

3 Proofs

3.1 Proof of Lemma 2.4

By symmetry, it is sufficient to estimate the sum figuring in (2.2) for 0 ≤
k ≤ n/2 (and this remark applies to all subsequent proofs). For brevity,
such sums will always be denoted by

∑′. We obtain

dk :=

∫

Ik

w(t) dt ∼ (k + 1)α

nα+1
, 0 ≤ k ≤ n/2, (3.1)

and thus by (2.3)

|an,k(f)| ≤ C
nα+1/p

(k + 1)α
‖wf‖Lp(Ik), 0 ≤ k ≤ n/2. (3.2)

Let first 1 ≤ p < ∞. By Hölder inequality and
∑n

k=0 pn,k(x) = 1 we get

∥∥∥w
∑′

an,k(f)pn,k

∥∥∥
p

p
≤
∥∥∥∥w

(∑′
|an,k(f)|ppn,k

)1/p
∥∥∥∥
p

p

≤Cnαp+1
∑′ ‖wf‖Lp(Ik)

(k + 1)αp

∫ 1

0
w(x)ppn,k(x) dx.
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Here, calculating the Euler integral,

∫ 1

0
w(x)ppn,k(x) dx =

(
n

k

)
Γ(k + αp+ 1)Γ(n− k + βp+ 1)

Γ(n+ (α+ β)p+ 2)

≤(k + 1)αp(n− k)βp

n(α+β)p+1
≤ (k + 1)αp

nαp+1
, 0 ≤ k ≤ n/2.

Hence

∥∥∥w
∑′

an,k(f)pn,k

∥∥∥
p

p
≤ C

∑′
‖wf‖Lp(Ik) ≤ C‖wf‖pp, 1 ≤ p < ∞.

Now let p = ∞. Then α, β ≥ 0, and from (3.2) one gets

w(x)
∑′

an,kpn,k(x)

≤C‖wf‖∞
∑′

(
n

k + 1

)α(n
k

)
xk+α(1− x)n−k+β .

Thus

w(x)
∑′

an,kpn,k(x)

≤C‖wf‖∞





∑

k+1≤nx

+
∑

k+1>nx





nα
(
n
k

)
xk+α(1− x)n−k+β

(k + 1)α

:=C‖wf‖∞{W1 +W2}.

(3.3)

Obviously

W2 ≤ C
∑

k+1>nx

(
n

k

)
xk(1− x)n−k ≤ C.

If k + 1 ≤ nx, then with a = [α] + 1,

(
nx

k + 1

)α

≤
(

nx

k + 1

)a

≤ xa(n+ a)(n+ a− 1) · · · (n+ 1)

(k + a)(k + a− 1) · · · (k + 1)

(k + a)(k + a− 1) · · · (k + 1)

(k + 1)a

≤ Cxa
(n+ a)(n+ a− 1) · · · (n+ 1)

(k + a)(k + a− 1) · · · (k + 1)
.
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Hence

W1 ≤
∑

k+1≤nx

(n+ a)(n+ a− 1) · · · (n+ 1)

(k + a)(k + a− 1) · · · (k + 1)

(
n

k

)
xk+a(1− x)n−k

≤ C
n∑

k=0

(
n+ a

k + a

)
xk+a(1− x)(n+a)−(k+a)

= C
n∑

k=0

pn+a,k+a(x) ≤ C.

(3.4)

By (3.3)–(3.4), we get the statement for p = ∞. �

3.2 Proof of Lemma 2.5

First we prove (2.6) when 1 ≤ p < ∞. Since (see [1, formula (32), p. 32])

B∗′′
n (g;x) =− n

ϕ2(x)
Bn(g;x) +

(
n

ϕ(x)2

)2 n∑

k=0

pn,k(x)g

(
k

n

)(
k

n
− x

)2

− n(1− 2x)

x2(1− x)2

n∑

k=0

pn,k(x)g

(
k

n

)(
k

n
− x

)
,

with Bn being the classical Bernstein operator for g ∈ C([0, 1]), analogously
we obtain

w(x)ϕ2(x)|B∗′′
n (f ;x)| ≤ C [nw(x)|B∗

n(f ;x)|

+
n∑

k=0

|an,k(f)|
w(x)

ϕ2(x)
pn,k(x)(k − nx)2

+
n∑

k=0

|an,k(f)|
w(x)

ϕ2(x)
pn,k(x)|k − nx|

]
.

(3.5)

Hence, using

n∑

k=0

pn,k(x)|k − nx|γ ≤ Cnγ/2ϕγ(x), γ = 0, 1, 2, (3.6)
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(cf. [3], (6) on p. 6) with γ = 1 and γ = 2 as well as (3.2) we get

‖wϕ2B∗′′
n (f)‖pp ≤C


np‖wB∗′′

n (f)‖pp +

∥∥∥∥∥
w(x)

ϕ2(x)

n∑

k=0

an,k(f)pn,k(x)(k − nx)2

∥∥∥∥∥

p

p

+

∥∥∥∥∥
w(x)

ϕ2(x)

n∑

k=0

an,k(f)pn,k(x)|k − nx|

∥∥∥∥∥

p

p

≤C


np‖wf‖pp +

∥∥∥∥∥∥
w(x)

ϕ2(x)

(
n∑

k=0

|an,k(f)|ppn,k(x)(k − nx)2

)1/p

(
n∑

k=0

pn,k(x)(k − nx)2

)1−1/p
∥∥∥∥∥∥

p

p

+

∥∥∥∥∥∥
w(x)

ϕ2(x)

(
n∑

k=0

|an,k(f)|ppn,k(x)|k − nx|

)1/p

(
n∑

k=0

pn,k(x)|k − nx|

)1−1/p
∥∥∥∥∥∥

p

p


 ,

whence

‖wϕ2B∗′′
n (f)‖pp

≤C


np‖wf‖pp + np−1

∥∥∥∥∥∥
w(x)

ϕ2/p(x)

(
n∑

k=0

|an,k(f)|ppn,k(x)(k − nx)2

)1/p
∥∥∥∥∥∥

p

p

+ n
p−1
2

∥∥∥∥∥∥
w(x)

ϕ1+1/p(x)

(
n∑

k=0

|an,k(f)|ppn,k(x)|k − nx|

)1/p
∥∥∥∥∥∥

p

p




≤C

[
np‖wf‖pp + n(α+1)p

∑′ ‖wf‖Lp(Ik)

(k + 1)αp

∫ 1

0

w(x)p

ϕ2(x)
pn,k(x)(k − nx)2 dx

+nαp+ p+1
2

∑′ ‖wf‖Lp(Ik)

(k + 1)αp

∫ 1

0

w(x)p

ϕp+1(x)
pn,k(x)|k − nx| dx

]
.
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Here, an easy calculation yields

∫ 1

0

w(x)p

ϕ2(x)
pn,k(x)(k − nx)2 dx

(
n

k

)[
k2

Γ(k + αp)Γ(n− k + βp)

Γ(n+ αp+ βp)

− 2kn
Γ(k + αp+ 1)Γ(n− k + βp)

Γ(n+ αp+ βp+ 1)
+n2Γ(k + αp+ 2)Γ(n− k + βp)

Γ(n+ αp+ βp+ 2)

]

≤C

(
k + 1

n

)αp

, 0 ≤ k ≤ n/2.

Similarly, by Hölder inequality

∫ 1

0

w(x)p

ϕp+1(x)
pn,k(x)(k − nx)2 dx ≤C

{∫ 1

0

w(x)p

ϕ2(x)
pn,k(x)(k − nx)2 dx

∫ 1

0

w(x)p

ϕ2p(x)
pn,k(x)(k − nx)2 dx

}1/2

≤C

{(
k + 1

n

)αp(k + 1

n

)(α−1)p+1
}1/2

≤C

(
k + 1

n

)αp− p−1
2

.

Thus

‖wϕ2B∗′′
n (f)‖pp ≤Cnp

[
‖wf‖pp + np

∑′
‖wf‖Lp(Ik) + np

∑′ ‖wf‖Lp(Ik)

(k + 1)
p−1
2

]

≤Cnp‖wf‖pp,

which proves the statement for 1 ≤ p < ∞.
Now let p = ∞. By Lemma 2.4

nw(x)|B∗
n(f ;x)| ≤ Cn‖wf‖∞.

Again, it is sufficient to estimate the sums in (3.5) from 0 to n/2. Using
(3.2), the corresponding part of the first sum in (3.5) is

≤ C‖wf‖∞nα w(x)

ϕ2(x)

∑′
pn,k(x)

(k − nx)2

(k + 1)α
.

Since for k + 1 ≤ nx we have

nx− k = (n+ a)x− (k + a) + a(1− x), where a = [α] + 1,
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it follows that

(nx− k)2 ≤ 2[(n+ a)x− (k + a)]2 + 2a2(1− x)2, k + 1 ≤ nx.

Thus by the same argument as in (3.4) we obtain

1

ϕ2(x)

∑′
(

nx

k + 1

)α

pn,k(x)(k − nx)2 ≤ C
1

ϕ2(x)

[
(nx)α+2(1− x)n

+
∑

k+1≤nx

(
n+ a

k + a

)
pn+a,k+a(x)(nx− k)2

+(1− x)2
n∑

k=1

pn,k(x) +
∑

nx≤k+1≤n+1

pn,k(x)(k − nx)2




≤C

[
n+

1− (1− x)n

x
+ n

]
≤ Cn,

where we have made use of (3.6) with γ = 0 and γ = 2.
Similarly, the corresponding part of the second sum in (3.5) is

≤ C‖wf‖∞nα w(x)

ϕ2(x)

∑′
pn,k(x)

|k − nx|
(k + 1)α

.

Since |k − nx| ≤ |k + a− (n+ a)x|+ a(1− x),

1

ϕ2(x)

∑′
(

nx

k + 1

)α

pn,k(x)|k − nx| ≤ C
1

ϕ2(x)

[
(nx)α+1(1− x)n

+
∑

k+1≤nx

(
n+ a

k + a

)
pn+a,k+a(x)|nx− k|

+ (1− x)
n∑

k=1

pn,k(x) +
∑

k+1>nx

pn,k(x)|k − nx|

]

≤C

[
n+

1

ϕ2(x)

n∑

k=0

pn,k(x)|k − nx|

]
.

Now if ϕ2(x) ≥ 1/n, then using

1

ϕ2(x)

n∑

k=0

pn,k(x)|k − nx| ≤
√
n

ϕ(x)
≤ n

(this is a consequence of (3.6)) we are done. If 0 ≤ x ≤ C/n, then
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1

ϕ2(x)

n∑

k=0

pn,k(x)|k − nx| ≤ n
n∑

k=0

pn,k(x)(k + C) = n(nx+ C) ≤ 2Cn

because of the reproducing property of the Bernstein polynomials. Similar
consideration settles the case 1 − C/n ≤ x ≤ 1.

Collecting these estimates, we get (2.6) for p = ∞. �

3.3 Proof of Lemma 2.6

First assume p = ∞. From the analogue of [2, p. 125, formula (9.4.4)]

w(x)B∗′′
n (f ;x) = n(n− 1)w(x)ϕ2(x)

n−2∑

k=0

−→
∆2an,k(f)pn−2,k(x), (3.7)

where
−→
∆2an,k(f) = an,k+2(f)− 2an,k+1(f) + an,k(f).

Again, it will be sufficient to estimate here the sum from 0 to [n/2].
Using first order Taylor expansion at k+3

n+1 we get by (2.3)

an,k(f) =
1

dk

[∫

Ik

[
f

(
k + 3

n+ 1

)
−

(
t− k + 3

n+ 1

)
f ′

(
k + 3

n+ 1

)

−
∫ k+3

n+1

t
(u− t)f ′′(u) du

]
w(t) dt

]
.

(3.8)

Here, for 1 ≤ k ≤ n/2,

1

dk

∣∣∣∣∣

∫

Ik

w(t)

∫ k+3
n+1

t
(u− t)f ′′(u) du dt

∣∣∣∣∣

≤C

dk
‖wϕ2f ′′‖∞

∫

Ik

w(t)

∫ k+3
n+1

t

u− t

ϕ2(u)w(u)
du dt

≤C

n
‖wϕ2f ′′‖∞

∫ k+3
n+1

k
n+1

du

uα+1

≤C‖wϕ2f ′′‖∞
nα−1

(k + 1)α+1
,

(3.9)
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and for k = 0

1

d0

∣∣∣∣∣

∫

I0

w(t)

∫ 3
n+1

t
(u− t)f ′′(u) du dt

∣∣∣∣∣

≤Cnα‖wϕ2f ′′‖∞
∫

I0

tα
∫ 3

n+1

t

u− t

w(u)ϕ2(u)
du dt

≤Cnα−1‖wϕ2f ′′‖∞
∫

I0

tα
∫ 3

n+1

t

du

uα+1
dt

≤Cnα−1‖wϕ2f ′′‖∞,

i.e. (3.9) holds for all 0 ≤ k ≤ n/2. Hence

an,k(f) =f

(
k + 3

n+ 1

)
− f ′

(
k + 3

n+ 1

)
1

dk

∫

Ik

(
t− k + 3

n+ 1

)
w(t) dt

+O

(
nα−1‖wϕ2f ′′‖∞

(k + 1)α+1

)
, 0 ≤ k ≤ n/2.

Analogously

an,k+1(f) =f

(
k + 3

n+ 1

)
− f ′

(
k + 3

n+ 1

)
1

dk+1

∫

Ik+1

(
t− k + 3

n+ 1

)
w(t) dt

+O

(
nα−1‖wϕ2f ′′‖∞

(k + 1)α+1

)
, 0 ≤ k ≤ n/2

and

an,k+2(f) =f

(
k + 3

n+ 1

)
− f ′

(
k + 3

n+ 1

)
1

dk+2

∫

Ik+2

(
t− k + 3

n+ 1

)
w(t) dt

+O

(
nα−1‖wϕ2f ′′‖∞

(k + 1)α+1

)
, 0 ≤ k ≤ n/2.

Thus for 0 ≤ k ≤ n/2

−→
∆2an,k(f) =f ′

(
k + 3

n+ 1

)
∆+O

(
nα−1‖wϕ2f ′′‖∞

(k + 1)α+1

)
, (3.10)
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where

∆ :=
1

dk

∫

Ik

(
t− k + 3

n

)
w(t) dt

− 2

dk+1

∫

Ik+1

(
t− k + 3

n+ 1

)
w(t) dt

+
1

dk+2

∫

Ik+2

(
t− k + 3

n+ 1

)
w(t) dt

=
1

dk+1

{∫

Ik

−2

∫

Ik+1

+

∫

Ik+2

}(
t− k + 3

n+ 1

)
w(t) dt

+Dk

∫

Ik

(
t− k + 3

n+ 1

)
w(t) dt

−Dk+1

∫

Ik+2

(
t− k + 3

n+ 1

)
w(t) dt,

(3.11)

and Dk := 1/dk − 1/dk+1. Here by (3.1),

|Dk| ≤C
n2α+2

(k + 1)2α

∣∣∣∣∣

[∫

Ik+1

w(t) dt−
∫

Ik

w(t)dt

]∣∣∣∣∣

≤C
n2α+2

(k + 1)2α

∫

Ik

∣∣∣∣w(t)− w

(
t+

1

n+ 1

)∣∣∣∣ dt

≤C
n2α+2

(k + 1)2α

∫

Ik

tα−1

n+ 1
dt ≤ C

(
n

k + 1

)α+1

, 0 ≤ k ≤ n/2.

(3.12)

Moreover
∫

Jk

(
t− k + 3

n+ 1

)
w(t) dt ≤ C

n2

(k + 1)α

nα
, 0 ≤ k ≤ n/2, (3.13)

where Jk := Ik ∪ Ik+1 ∪ Ik+2. Thus (3.11) yields

∆ =
1

dk+1

{∫

Ik

−2

∫

Ik+1

+

∫

Ik+2

}(
t− k + 3

n+ 1

)
w(t) dt

+O

(
1

n(k + 1)

)
, 0 ≤ k ≤ n/2.

(3.14)

Denoting

W (t) =

(
t− k + 3

n+ 1

)
w(t),
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40 Generalized Kantorovich operator

we have by (3.1)

∆ =
1

dk+1

∫

Ik+1

{(
u− k + 4

n+ 1

)
w

(
u− 1

n+ 1

)
− 2

(
u− k + 3

n+ 1

)
w(u)

−
(
u− k + 2

n+ 1

)
w

(
u+

1

n+ 1

)}
du+O

(
1

n(k + 1)

)

=
1

dk+1

∫

Ik+1

[
W

(
u− 1

n+ 1

)
− 2W (u) +W

(
u+

1

n+ 1

)]
du

+O

(
1

n(k + 1)

)

≤C
nα+1

(k + 1)α
1

n3
|W ′′(ξ)|+O

(
1

n(k + 1)

)

≤C
nα−2

(k + 1)α
(k + 1)α−2

nα−1
+O

(
1

n(k + 1)

)

=O

(
1

n(k + 1)

)
,

k

n+ 1
< ξ <

k + 3

n+ 1
, 0 ≤ k ≤ n/2.

Thus (3.10) yields for 0 ≤ k ≤ n/2

−→
∆2an,k(f) =f ′

(
k + 3

n+ 1

)
O

(
1

n(k + 1)

)
+O

(
nα−1‖wϕ2f ′′‖∞

(k + 1)α+1

)

=(‖wf ′‖∞ + ‖wϕ2f ′′‖∞)O

(
nα−1

(k + 1)α+1

)
.

Substituting into (3.7) we get for the first part of the sum

(‖wf ′‖∞+‖wϕ2f ′′‖∞)n(n− 1)w(x)ϕ2(x)
∑′

pn−2,k(x)
nα−1

(k + 1)α+1

≤ C(‖wf ′‖∞ + ‖wϕ2f ′′‖∞)w(x)ϕ2(x)
∑′

pn−2,k(x)

(
n

k + 1

)α+1

.

Here

w(x)ϕ2(x)
∑′

pn−2,k(x)

(
n

k + 1

)α+1

≤ C





∑

k+1≤nx

+
∑

k+1>nx





(
n

k + 1

)α+1(n− 2

k

)
xk+α+1(1− x)n−k+β+1.
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Denoting a = [α] + 1 we get

∑

k+1≤nx

(
n

k + 1

)α+1(n− 2

k

)
xk+α+1(1− x)n−k+β+1

≤ C

n−2∑

k=0

(
n+ a− 1

k + a+ 1

)
xk+a+1(1− x)n−k−2 ≤ C,

while

∑

k+1>nx

(
n

k + 1

)α+1(n− 2

k

)
xk+α+1(1− x)n−k+β+1

≤
n−2∑

k=0

(
n− 2

k

)
xk(1− x)n−k−2 ≤ 1.

This proves the assertion for p = ∞.

Now let 1 ≤ p < ∞. First note that in (3.8) the absolute value of the
last term is

≤ 1

dk

∫

Ik

∫ k+3
n+1

t

u− t

uα+1
w(u)ϕ2(u)|f ′′(u)| duw(t) dt

≤C
nα+1

(k + 1)α

∫

Ik

1

tα

k+3
n+1 − t

k+3
n+1

tα dt

∫

Jk

w(u)ϕ2(u)|f ′′(u)| du

≤C
nα

(k + 1)α+1
‖wϕ2f ′′‖L1(Jk)

≤C
nα−1+1/p

(k + 1)α+1
‖wϕ2f ′′‖Lp(Jk).

Hence

an,k(f) =f

(
k + 3

n+ 1

)
− 1

dk

∫

Ik

(
t− k + 3

n+ 1

)
f ′(t)w(t) dt

+O

(
nα−1+1/p

(k + 1)α+1
‖wϕ2f ′′‖Lp(Jk)

)
, 0 ≤ k ≤ n/2.
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Working as in case of p = ∞ we have

−→
∆2an,k(f) =

1

dk

∫

Ik

(
t− k + 3

n+ 1

)
f ′(t)w(t) dt

− 2

dk+1

∫

Ik+1

(
t− k + 3

n+ 1

)
f ′(t)w(t) dt

+
1

dk+2

∫

Ik+2

(
t− k + 3

n+ 1

)
f ′(t)w(t) dt

+O

(
nα−1+1/p

(k + 1)α+1
‖wϕ2f ′′‖Lp(Jk)

)
, 0 ≤ k ≤ n/2.

(3.15)

Now, similarly to (3.11),

∆̃ :=
1

dk

∫

Ik

(
t− k + 3

n

)
f ′(t)w(t) dt

− 2

dk+1

∫

Ik+1

(
t− k + 3

n+ 1

)
f ′(t)w(t) dt

+
1

dk+2

∫

Ik+2

(
t− k + 3

n+ 1

)
f ′(t)w(t) dt

=
1

dk+1

{∫

Ik

−2

∫

Ik+1

+

∫

Ik+2

}(
t− k + 3

n+ 1

)
f ′(t)w(t) dt

+Dk

∫

Ik

(
t− k + 3

n+ 1

)
f ′(t)w(t) dt

−Dk+1

∫

Ik+2

(
t− k + 3

n+ 1

)
f ′(t)w(t) dt.

(3.16)

Here, using (3.12), the last two terms can be estimated (similarly to (3.13))
by

C

(
n

k + 1

)α+1 ∫

Jk

(
t− k + 3

n+ 1

)
f ′(t)w(t) dt ≤ C

nα−1+1/p

(k + 1)α+1
‖wf ′‖Lp(Jk).
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Thus (3.16) yields for 0 ≤ k ≤ n/2

∆̃ =
1

dk+1

{∫

Ik

−2

∫

Ik+1

+

∫

Ik+2

}
f ′(t)W (t) dt+O

(
nα

(k + 1)α+1

)
‖wf ′‖L1(Jk)

=
1

dk+1

∫

Ik+1

[
f ′
(
t− 1

n+ 1

)
W

(
t− 1

n+ 1

)
− 2f ′(t)W (t)

]

+f ′
(
t+

1

n+ 1

)
W

(
t+

1

n+ 1

)]
dt+O

(
nα−1+1/p

(k + 1)α+1

)
‖wf ′‖Lp(Jk).

Now
∣∣∣∣∣

∫

Ik+1

[
f ′
(
t− 1

n+ 1

)
W

(
t− 1

n+ 1

)
− 2f ′(t)W (t)

+f ′
(
t+

1

n+ 1

)
W

(
t+

1

n+ 1

)]
dt

∣∣∣∣

≤
∫

Ik+1

∣∣∣∣f ′
(
t− 1

n+ 1

)∣∣∣∣
∣∣∣∣W

(
t− 1

n+ 1

)
− 2W (t) +W

(
t+

1

n+ 1

)∣∣∣∣ dt

+ 2

∣∣∣∣∣

∫

Ik+1

W (t)

[
f ′
(
t− 1

n+ 1

)
− f ′(t)

]
dt

∣∣∣∣∣

+

∣∣∣∣∣

∫

Ik+1

W

(
t+

1

n+ 1

)(
t− 1

n+ 1

)[
f ′
(
t+

1

n+ 1

)
− f ′

(
t− 1

n+ 1

)]
dt

∣∣∣∣∣

≤ C

n2

∫

Ik+1

∣∣∣∣f ′
(
t− 1

n+ 1

)
W ′′(ξ)

∣∣∣∣ dt+
C

n

∫

Ik+1

w

(
t+

1

n+ 1

)∫ t+ 1
n+1

t− 1
n+1

f ′′(u) du dt

≤ C

n2

1

n

(
n

k + 1

)2

‖wf ′‖L1(Jk) +
C

n

n

k + 1
‖wϕ2f ′′‖L1(Jk)

=
C

n2−1/p(k + 1)
(‖wf ′‖Lp(Jk) + ‖wϕ2f ′′‖Lp(Jk)), 0 ≤ k ≤ n/2.

Thus

∆̃ = O

(
nα−1+1/p

(k + 1)α+1

)
(‖wf ′‖Lp(Jk) + ‖wϕ2f ′′‖Lp(Jk)), 0 ≤ k ≤ n/2,

which yields from (3.15) for 0 ≤ k ≤ n/2,

−→
∆2an,k(f) = O

(
nα−1+1/p

(k + 1)α+1

)
(
‖wf ′‖Lp(Jk) + ‖wϕ2f ′′‖Lp(Jk)

)
.
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Finally, by Hölder inequality and
∑′ pn−2,k(x) ≤ 1 we get

∫ 1

0
[n(n− 1) w(x)ϕ2(x)

∑′
|−→∆2an,k(f)|pn−2,k(x)

]p
dx

≤Cn(α+1)p+1

×
∑′

∫ 1

0

1

(k + 1)(α+1)p

(
n− 2

k

)
xk+(α+1)p(1− x)n−k−2+(β+1)p dx

× (‖wf ′‖Lp(Jk) + ‖wϕ2f ′′‖Lp(Jk))
p

=C
∑′ n(α+1)p+1Γ(n− 1)Γ(k + (α+ 1)p+ 1)Γ(n− k − 1 + (β + 1)p)

(k + 1)(α+1)pΓ(n+ (α+ β + 2)p)Γ(k + 1)Γ(n− k − 1)

× (‖wf ′‖Lp(Jk) + ‖wϕ2f ′′‖Lp(Jk))
p

≤C
∑′ k(α+1)p(n− k)(β+1)p

k(α+1)pn(β+1)p
(‖wf ′‖Lp(Jk) + ‖wϕ2f ′′‖Lp(Jk))

p

≤C(‖wf ′‖p + ‖wϕ2f ′′‖p)p.

The other part of the sum can be estimated similarly, and this proves
the lemma for 1 ≤ p < ∞. �

3.4 Proof of Theorem 2.1

It is sufficient to prove

‖w[B∗
n(f)− f ]‖p ≤

Cp,w

n
[‖wϕ2f ′′‖p + ‖wf ′‖p] (3.17)

for wϕ2f ′′ ∈ Lp([0, 1]). Namely, (2.8) and (3.17) imply

‖w[B∗
n(f)− f ]‖p ≤

Cp,w

n
[‖wϕ2f ′′‖p + ‖wf‖p].

Here, using the equivalence of the K-functional

K2,ϕ(f, t
2)w,p = inf

g′∈AC[0,1]
{‖w(f − g)‖p + t2‖wϕ2g]|p} (3.18)

and modulus of smoothness (2.1) (cf. [2, Theorem 6.1.1,]), hence Theorem
2.1 follows by usual arguments.

Following [2, Section 10.5, p. 168] by (2.5) applied to the function f(x) =
x, we get

‖w[B∗
n(f)− f ]‖p ≤

‖wf ′‖p
n

+ ‖wB∗
n(R)‖p,
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where

R(f ; t, x) :=

∫ t

x
(t− v)f ′′(v) dv.

Case 1: p = 1. With the notation g(v) := w(v)ϕ2(v)f ′′(v) we get for
t ∈ Ik, 0 ≤ k ≤ n/2

|R(f ; t, x)| ≤

∣∣∣∣∣

∫ k?

n+1

x
g(v) dv

∣∣∣∣∣ |t− x|
∣∣∣∣

1

w(x)ϕ2(x)
+

1

tα+1

∣∣∣∣ ,

where k? is either k or k+ 1, depending on which value makes the interval
of integration larger. Hence for 0 ≤ k ≤ n/2

w(x)

dk

∣∣∣∣
∫

Ik

w(t)R(f ; t, x) dt

∣∣∣∣

≤ C

∣∣∣∣∣

∫ k?

n+1

x
g(v) dv

∣∣∣∣∣

∣∣∣∣
k?

n+ 1
− x

∣∣∣∣ϕ−2(x)

[
1 +

(
nx

k + 1

)α+1
]
.

(3.19)

Thus with the notation En := [1/n, 1− 1/n] we have

‖wB?
n(R)‖1 ≤

∫ 1

0
w(x)

n∑

k=0

pn,k(x)

dk

∣∣∣∣
∫

Ik

w(t)R(f ; t, x) dt

∣∣∣∣ dx

≤C

∫ 1

0

∑′
pn,k(x)

∣∣∣∣
k?

n+ 1
− x

∣∣∣∣ϕ−2(x)

∣∣∣∣∣

∫ k?

n+1

x
g(v) dv

∣∣∣∣∣

×

[
1 +

(
nx

k + 1

)α+1
]
dx+ S

=

∫

En

∑′
pn,k(x)

∣∣∣∣
k?

n+ 1
− x

∣∣∣∣ϕ−2(x)

∣∣∣∣∣

∫ k?

n+1

x
g(v) dv

∣∣∣∣∣

×

[
1 +

(
nx

k + 1

)α+1
]
dx+ C

‖g‖1
n

∫ 1/n

0

n∑

k=1

pn,k(x)

x
dx

+ nα+1

∫ 1/n

0
xα

∫ 1/n

0
tα

∣∣∣∣
∫ x

t
(t− v)f ′′(v) dv

∣∣∣∣ dt dx

+ C‖g‖1
∫ 1

1−1/n

∑

k=0

npn,k(x) dx+ S

=

5∑

i=1

Ii + S,

(3.20)
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where S denotes the integral of the other part of the sum which can be
similarly estimated.

For the first integral, we further split the first sum into two parts:

I1 =
∑

0≤k≤nx

+
∑

nx≤k≤n/2

=: A1 +A2. (3.21)

Similarly to the proof of Lemma 1 we obtain, with b := [α] + 2,

A1 ≤C

∫

En

n∑

k=0

pn,k(x)

∣∣∣∣
k?

n+ 1
− x

∣∣∣∣ϕ−2(x)

∣∣∣∣∣

∫ k?

n+1

x
g(v) dv

∣∣∣∣∣

(
nx

k + 1

)b

dx

≤C

n∑

k=0

∫

En

pn+b,k+b(x)

(∣∣∣∣
(k + b)?

n+ b+ 1
− x

∣∣∣∣+
1

n+ b

)
ϕ−2(x)

×



∣∣∣∣∣∣

∫ (k+b)?

n+b+1

x
g(v) dv

∣∣∣∣∣∣
+

∣∣∣∣∣∣

∫ (k+b)?

n+b+1

k?

n+1

g(v) dv

∣∣∣∣∣∣


 dx.

Here we split again:

∫

En

=

∫

En\
{
x:

∣∣∣x− (k+b)?

n+b+1

∣∣∣≤ (k+b)?

n+b+1

}+

∫
{
x:

∣∣∣x− (k+b)?

n+b+1

∣∣∣≤ (k+b)?

n+b+1

} =: B1 +B2

and get

B1 ≤C

n∑

k=0

∫

En\
{
x:

∣∣∣x− (k+b)?

n+b+1

∣∣∣≤ (k+b)?

n+b+1

} pn+b,k+b(x)

(∣∣∣∣
(k + b)?

n+ b+ 1
− x

∣∣∣∣+
1

n+ b

)

× ϕ−2(x)

∣∣∣∣∣∣

∫ (k+b)?

n+b+1

x
g(v) dv

∣∣∣∣∣∣
dx

≤C

n∑

k=0

∫

En

pn+b,k+b(x)

(∣∣∣∣
(k + b)?

n+ b+ 1
− x

∣∣∣∣+
1

n+ b

)
ϕ−2(x)

×

∣∣∣∣∣∣

∫ (k+b)?

n+b+1

x
g(v) dv

∣∣∣∣∣∣
dx.

The last integral is of the same form as (10.5.6) in [2] (n and k replaced by
n+ b and k + b, resp.), and can be estimated by C

n ‖g‖1.
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As for B2, we get

B2 ≤C
n∑

k=0

∫
{
x:

∣∣∣x− (k+b)?

n+b+1

∣∣∣≤ (k+b)?

n+b+1

} pn+b,k+b(x)

(∣∣∣∣
(k + b)?

n+ b+ 1
− x

∣∣∣∣+
1

n+ b

)

× ϕ−2(x)

∣∣∣∣∣∣

∫ (k+b)?

n+b+1

k?

n+1

g(v) dv

∣∣∣∣∣∣
dx

≤C

n∑

k=0

∫ 1

0
pn+b,k+b(x)

(∣∣∣∣
(k + b)?

n+ b+ 1
− x

∣∣∣∣+
1

n+ b

)

× ϕ−2(x)

∣∣∣∣∣∣

∫ (k+b)?

n+b+1

k?

n+1

g(v) dv

∣∣∣∣∣∣
dx

≤C

n∑

k=0

(x)

(∣∣∣∣
(k + b)?

n+ b+ 1
− x

∣∣∣∣+
1

n+ b

)
ϕ−2(x)

∣∣∣∣∣∣

∫ (k+b)?

n+b+1

k?

n+1

g(v) dv

∣∣∣∣∣∣
dx

≤C

n

n∑

k=0

(∣∣∣∣
(k + b)?

n+ b+ 1
− x

∣∣∣∣+
1

n+ b

)
ϕ−2(x)

∣∣∣∣∣∣

∫ (k+b)?

n+b+1

k?

n+1

g(v) dv

∣∣∣∣∣∣

≤C

n
‖g‖1,

where we have used the estimate

∫ 1

0
pn,k(x)

(∣∣∣∣x− k

n

∣∣∣∣+
1

n

)
dx ≤ C

n
,

which can be easily verified by Hölder’s inequality.
The estimate of A2 in (3.21) is simpler:

A2 ≤ C

∫

En

n∑

k=0

pn,k(x)

∣∣∣∣
k?

n+ 1
− x

∣∣∣∣ϕ−2(x)

∣∣∣∣∣

∫ k?

n+1

x
g(v) dv

∣∣∣∣∣ dx ≤ C

n
‖g‖1,

again with reference to (10.5.6) of [2].
Now we estimate the second integral, I2 in (3.20). Since for 1 ≤ k ≤ n,

∫ 1/n

0

pn,k(x)

x
dx ≤

(
n

k

)∫ 1/n

0
xk−1 dx ≤ C

(
n

k

)
1

nk
≤ C

k!

it follows that

I2 ≤
C

n

n∑

k=1

1

(k − 1)!

∣∣∣∣
∫ 1

0
g(v) dv

∣∣∣∣ dx ≤ C

n
‖g‖1.
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Next we estimate I3, by integration by parts:

I3 ≤Cnα+1

∫ 1/n

0
xα

∫ 1/n

0
tα

[
|t− x||f ′(x)|+

∣∣∣∣
∫ t

x
f ′(v) dv

∣∣∣∣
]
dt dx

≤Cnα+1

[
1

n

∫ 1/n

0
xα|f ′(x)| dx

∫ 1/n

0
tα dt

+

∫ 1/n

0

∫ 1/n

0
(xα + tα)

∣∣∣∣
∫ t

x
vα|f ′(v)| dv

∣∣∣∣ dt dx
]

≤C

n
‖wf ′‖1.

Evidently, I4 ≤ C
n ‖g‖1. Collecting our estimates, we get the statement

for p = 1.

Case 2: 1 < p ≤ ∞. With M(g, x) denoting the maximal function of g,
(3.19) implies

‖wB?
n(R(f ; t, ·))‖p ≤ C

∥∥∥∥∥
∑′

∣∣∣∣∣

∫ k?

n+1

x
g(v) dv

∣∣∣∣∣

∣∣∣∣
k?

n+ 1
− x

∣∣∣∣ϕ−2(x)

×

[
1 +

(
nx

k + 1

)α+1
]
pn,k(x)

∥∥∥∥∥
p

+ S

≤C

∥∥∥∥∥M(g)
∑′

(
k?

n+ 1
− x

)2

ϕ−2(x)

[
1 +

(
nx

k + 1

)α+1
]
pn,k(x)

∥∥∥∥∥
p

+ S

≤

∥∥∥∥∥
∑′

[(
k

n+ 1
− x

)2

+
1

n2

]
ϕ−2(x)

[
1 +

(
nx

k + 1

)α+1
]
pn,k(x)

∥∥∥∥∥
∞

× ‖M(g)‖p + S,

where S is the other part of the sum which can be estimated similarly to∑′. Using the maximal function inequality we get

‖wB?
n(R(f ; ·))‖p ≤ CAn‖g‖p + S,

where

An :=

∥∥∥∥∥
∑′

[(
k

n+ 1
− x

)2

+
1

n2

]
ϕ−2(x)

[
1 +

(
nx

k + 1

)α+1
]
pn,k(x)

∥∥∥∥∥
∞

:=A1n +A2n.
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Here using (3.6) with γ = 2, we get A1n ≤ C/n. As for A2n, it can be
settled by using the technics before: denoting b := [α] + 2 we have

A2n =

∥∥∥∥∥
∑′

[(
k

n+ 1
− x

)2

+
1

n2

]
ϕ−2(x)

(
nx

k + 1

)α+1

pn,k(x)

∥∥∥∥∥
∞

≤C

∥∥∥∥∥
n∑

k=0

[(
k + b

n+ b+ 1
− x

)2

+
1

n2

]
ϕ−2(x)

(
nx

k + 1

)b

pn,k(x)

∥∥∥∥∥
∞

≤C

∥∥∥∥∥
n∑

k=0

[(
k + b

n+ b+ 1
− x

)2

+
1

n2

]
ϕ−2(x)pn+b,k+b(x)

∥∥∥∥∥
∞

≤C/n.

This proves the statement for 1 < p ≤ ∞, and completes the proof of
Theorem 2.1. �

3.5 Proof of Theorem 2.2

We use the argument of proof of Theorem 9.3.2 in [2]. By the definition
(3.18) of the K-functional, as well as Lemmas 2.5 and 2.6, we get

K2,ϕ(f, 1/n)w,p ≤‖w(f −B∗
n(f))‖p + n−1‖wϕ2B∗”

n (f)‖p
≤‖w(f −B∗

n(f))‖p + n−1[‖wϕ2B∗”
n (f − g)‖p + ‖wϕ2B∗”

n (g)‖p]

≤‖w(f −B∗
n(f))‖p + C

k

n
[‖w(f − g)‖p + k−1‖w(g)‖p]

≤‖w(f −B∗
n(f))‖p + C

k

n
K2,ϕ(f, 1/k)w,p

provided g is the function minimizing the last K-functional. Now applying
the Berens–Lorentz lemma (cf. Lemma 9.3.4 in [2]), we obtain the “⇒”
part of Theorem 2.2. The “⇐” part follows from Theorem 1. �

3.6 Proof of Theorem 2.3

Letting

fn(x) =

∫ x+1/n
x (wf)(t) dt
∫ x+1/n
x w(t)dt

, 0 < x < 1,
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it is easy to see that for sufficiently large n,

fn(x) =

∫ x+1/n
x w(t)[f(x) + (t− x)f ′(x) + (t− x)2f ′′(ξn)/2] dt∫ x+1/n

x w(t) dt

=f(x) + f ′(x)

∫ x+1/n
x w(t)(t− x) dt
∫ x+1/n
x w(t) dt

+
‖f ′′‖∞
2n2

=f(x) + f ′(x)w(ξn)

∫ x+1/n
x (t− x) dt

w(ηn)/n
+O

(
1

n2

)

=f(x) + f ′(x)
w(ξn)

w(ηn)

1

2n
+O

(
1

n2

)
, x < ξn, ηn < x+

1

n
.

Hence, if 0 < x < 1 is fixed, then

∣∣∣∣fn(x)− f(x)− f ′(x)

2n

∣∣∣∣ ≤
∣∣∣∣1−

w(ξn)

w(ηn)

∣∣∣∣
|f ′(x)|

n
+O

(
1

n2

)
= o

(
1

n

)
,

that is

fn(x) = f(x) +
f ′(x)

2n
+ o

(
1

n

)
. (3.22)

Differentiating the identity

fn(x)

∫ x+1/n

x
w(t) dt =

∫ x+1/n

x
(wf)(t) dt,

it follows that

fn(x)

[
w

(
x+

1

n

)
− w(x)

]
+ f ′

n(x)

∫ x+1/n

x
w(t) dt

=(wf)

(
x+

1

n

)
− (wf)(x).

(3.23)

Dividing (3.23) by 1/n and letting n tend to infinity we get

f(x)w′(x) + w(x) lim
n→∞

f ′
n(x) = (wf)′(x), 0 < x < 1.

and consequently

lim
n→∞

f ′
n(x) = f ′(x), 0 < x < 1.
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By differentiating (3.23),

f ′′
n(x)

∫ x+1/n

x
w(t) dt+ 2f ′

n(x)

[
w

(
x+

1

n

)
− w(x)

]

+ fn(x)

[
w′

(
x+

1

n

)
− w′(x)

]

=(wf)′
(
x+

1

n

)
− (wf)′(x)

(3.24)

and again dividing by 1/n and letting n tend to ∞ we get

lim
n→∞

f ′′
n(x)w(x) + 2f ′(x)w′(x) + f(x)w′′(x) = (wf)′′(x).

Hence
lim
n→∞

f ′′
n(x) = f ′′(x), 0 < x < 1,

Now following [3, p. 22], with η(δ) → 0, when δ → 0,

fn

(
k

n

)
=fn(x) +

(
k

n
− x

)
f ′
n(x) +

1

2

(
k

n
− x

)2 [
f ′′
n(x) + η

(∣∣∣∣x− k

n

∣∣∣∣
)]

=fn(x) +

(
k

n− 1
− x

)
f ′
n(x) +

1

2

(
k

n− 1
− x

)2 [
f ′′
n(x)

+ η

(∣∣∣∣x− k

n

∣∣∣∣
)]

− k

n(n− 1)
f ′
n(x)

+

[
x

n

k

n− 1
− 2n− 1

2n2

k2

(n− 1)2

]
f ′′
n(x) +O

(
1

n

)
η

(∣∣∣∣x− k

n

∣∣∣∣
)
,

where we have used the fact that

n∑

k=0

η

(∣∣∣∣
k

n
− x

∣∣∣∣
)
pn,k(x) = o(1).

Hence by the preservation property of linear functions for Bernstein poly-
nomials

B∗
n−1(f ;x) =Bn(fn;x) = fn(x) + x

1− x

2(n− 1)
f ′′
n(x)−

x

n
f ′
n(x)

+

[
x2

n
− 2n− 1

2n2

(
x2 +O

(
1

n

))]
f ′′(x) + o

(
1

n

)

=fn(x)−
x

n
f ′
n(x) +

x(1− x)

2(n− 1)
f ′′
n(x) + o

(
1

n

)
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from which by (3.22)

lim
n→∞

n[B∗
n−1(f ;x)− f(x)] =

1− 2x

2
f ′(x) +

x(1− x)

2
f ′′(x), 0 < x < 1.

Finally, let x = 0. Applying again Taylor expansion we get for 0 < ξn <
1/n

n[B∗
n−1(f ; 0)− f(0)] =n

[∫ 1/n
0 (wf)(t) dt
∫ 1/n
0 w(t) dt

− f(0)

]

=n

∫ 1/n
0 [f(t)− f(0)]w(t) dt

∫ 1/n
0 w(t) dt

=n

∫ 1/n
0 [tf ′(0) + 1

2 t
2f ′′(ξn)] dt∫ 1/n

0 w(t) dt

=nf ′(0)

∫ 1/n
0 tw(t) dt
∫ 1/n
0 w(t) dt

+O

(
‖f ′′‖∞

n

)

=nf ′(0)

(
1− an
1− bn

)β
∫ 1/n
0 tα+1 dt
∫ 1/n
0 tα dt

+O

(
‖f ′′‖∞

n

)

=
α+ 1

α+ 2
f ′(0)

(
1− an
1− bn

)β

+O

(
‖f ′′‖∞

n

)
,

where 0 < an, bn < 1/n, and thus here the right hand side tends to
α+1
α+2f

′(0) as n → ∞. �
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equations with logarithmic kernels
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Abstract. The convergence of a collocation and a collocation-qua-
drature method for the numerical solution of integral equations of the
form

− 1

π

∫ 1

−1

[(y − x)κ ln |y − x| − h(x, y)]
u(y) dy√
1− y2

= f(x) , −1 < x < 1 ,

where κ = 0, 1, 2 , is considered. The main ideas are presented in cases
κ = 0 and κ = 1 and can be easily translated to case κ = 2 .

Mathematical Subject Classification (2010). 65R20, 45B05,
45E99

Keywords and phrases. first kind integral equation, collocation
method, quadrature method

1 Introduction

In [4] the mechanical response of a 2D plate, supported along a line given by
a function δ(x) defined on the segment [−1, 1] and subject to a transverse
concentrated force, is examined by reducing the problem to an integral
equation. In particular when the (unknown) distributed contact reaction is
assumed to be described by an integrable distributed shear force g(y), the

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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56 Integral equations with logarithmic kernels

following governing integral equation has been derived

∫ 1

−1
g (y) (x− y)2 ln |x− y| dy = h (x)− 8πDδ (x) + a2 + b2x (1.1)

where h (x) is a known function depending on the kind of plate loading,
D is the (known) plate flexural rigidity and a2, b2 are unknown constants,
having a precise physical meaning, to be determined together with the
function g(y).

In that paper, an alternative situation is examined in which the plate
is again supported along a line defined on a segment of length 2, but the
distributed contact reaction is assumed to be described by a distributed (in-
tegrable) twisting moment m. In this case the governing integral equation
takes the form

∫ 1

−1
m (y) (x− y) [1 + 2 ln |x− y|] dy = h (x)− 8πDδ (x) + a1 (1.2)

where a1 is an unknown constant, to be determined together with m(y).

As shown in [3], for arbitrarily given values of the constants a2, b2, a1
equations (1.1), (1.2) do not have integrable solutions g(y),m(y), respec-
tively. These equations have unique integrable solutions if and only if their
right hand side constants take uniquely defined values, that ought to be
determined together with the corresponding solutions.

To examine the existence and uniqueness of solutions of these equations,
in [3] integral operators of the form

(Aκu) (x) = − 1

π

∫ 1

−1
(y − x)κ ln |y − x| u(y) dy√

1− y2
, −1 < x < 1 ,

are considered in weighted Sobolev spaces L2,s
σ for κ = 0, 1, 2 . Here, for

s ≥ 0 , L2,s
σ denotes the Hilbert space of all f : (−1, 1) −→ C satisfying

‖f‖σ,s :=

√√√√
∞∑

n=0

(n+ 1)2s |〈f, pσn〉σ|
2 < ∞

equipped with the inner product

〈f, g〉σ,s =
∞∑

n=0

(n+ 1)2s 〈f, pσn〉σ 〈g, pσn〉σ ,
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where σ(x) = (1−x2)−
1
2 , 〈f, g〉σ =

∫ 1

−1
f(x)g(x)σ(x) dx , and pσn(x) denotes

the n th normalized Chebyshev polynomial of first kind,

pσ0 (x) =
1√
π
, pσn(cos s) =

√
2

π
cos(ns) .

Note that L2,0
σ = L2

σ . For s < 0 , L2,s
σ is defined as the dual space

(
L2,−s
σ

)∗
.

In addition to these spaces we use the sequence spaces

`2s =

{
ξ = (ξn)

∞
n=0 :

∞∑

n=0

|ξn|2(n+ 1)2s < ∞

}
, s ∈ R ,

equipped with the inner product 〈ξ, η〉s =

∞∑

n=0

(n + 1)2sξnηn and the norm

‖ξ‖s =
√

〈ξ, ξ〉s . Clearly, for s ≥ 0 , the operator J : L2,s
σ −→ `2s ,

f 7→ (〈f, pσn〉σ)
∞
n=0 is an isometrical isomorphism. Moreover, the dual space(

L2,s
σ

)∗
is isometric isomorphic to `2−s via the map J :

(
L2,s
σ

)∗
−→ `2−s ,

v 7→ (v(pσn))
∞
n=0 (cf. [3, Section 5]). This allows us to consider the operators

Aκ in all spaces L2,s
σ , s ∈ R by identifying with the operator J −1AκJ ,

where Aκξ is defined for any complex number sequence ξ = (ξn)
∞
n=0 by the

condition Aκξ = JAκJ −1ξ for all ξ ∈ `2 (see also Prop. 1.1).

Let us summarize some results from [3] which are important for our
investigations here.

Proposition 1.1 The operators Aκ : L2,s
σ −→ L2,s+κ+1

σ are linear and
bounded operators. Moreover:

(a) The operator A0 : L2,s
σ −→ L2,s+1

σ is invertible and A0ξ = (αnξn)
∞
n=0

with α0 = ln 2 as well as αn = 1
n , n > 0 ,

(b) For κ = 1, 2 , the image of the operator Aκ : L2,s
σ −→ L2,s+κ+1

σ is not
closed. Furthermore,

A1ξ = (βnξn+1 − βn−1ξn−1)
∞
n=0

with ξ−1 := 0, β−1 := 0, β0 =
ln 2− 1√

2
, βn =

1

2n(n+ 1)
, and

A2ξ = (ηn)
∞
n=0
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with η0 = −γ0ξ0 + γ1ξ2, η1 = −γξ1 + γ2ξ3,

ηn = γn−1ξn−2 − 2γnξn + γn+1ξn+2, n > 1 ,

and

γ = ln 2− 5

4
, γ0 = 1− ln 2 , γ1 =

2 ln 2− 3

4
√
2

,

γn =
1

2(n− 1)n(n+ 1)
, n > 1 .

(c) Let κ = 1 or κ = 2 . If f ∈ L2,s
σ for some s > τ + 1 + 2κ and τ ≥ −1 ,

then the equation

Aκu = f +

κ−1∑

j=0

ζjp
σ
j (1.3)

has a unique solution (u, ζ) ∈ L2,τ
σ ×Cκ . Moreover, for f ≡ 0 , equation

(1.3) has only the trivial solution in L
2,− 3

2
σ × Cκ .

Remark 1.2 For η ∈ `2s , s > τ + 3 , τ ≥ −1 , the solution of A1ξ =
η + (ζ0, 0, . . .) is given by

ζ0 = −4β0

∞∑

m=1

mη2m − η0 , ξ0 = − 1

β0

∞∑

m=0

(2m+ 1)η2m+1 ,

and

ξ2j+1 = −4(2j+1)

∞∑

m=j+1

mη2m , ξ2(j+1) = −4(j+1)

∞∑

m=j+1

(2m+1)η2m+1 ,

j = 0, 1, . . . (cf. [3, eq.s in (5.6) and what follows]).

Denote A = A0 , A = A0 , and let us first consider the simple equation
Au = f for f ∈ L2,s+1

σ , which is equivalent to the equation Aξ = η
with η = J f ∈ `2s+1 and ξ = J u ∈ `2s . Define Pn : `2s −→ `2s , ξ 7→
(ξ0, . . . , ξn−1, 0, 0, . . .) and look for an approximate solution ξn ∈ imPn by
solving Ãnξ

n = ηn ∈ imPn with Ãn = PnA|imPn = A|imPn . Of course,
ξn = A−1ηn , which implies

‖ξ∗ − ξn‖`2t ≤
∥∥A−1

∥∥
`2t+1→`2t

‖η − ηn‖`2t+1
,
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where
∥∥A−1

∥∥
`2t+1→`2t

= (ln 2)−1 for all t ∈ R . Consequently, we can ap-

proximate the solution u∗ ∈ L2,s
σ of Au = f ∈ L2,s+1

σ by u∗n =
n−1∑

k=0

ξnk p
σ
k , if

fn =

n−1∑

k=0

ηnkp
σ
k is an appropriate approximation of f . For example, fn(x)

can be chosen as the interpolation polynomial (Lσ
nf)(x) of f(x) w.r.t. the

Chebyshev nodes xσnk = cos 2k−1
2n π , k = 1, . . . , n , of the first kind. If

f ∈ L2,s
σ for some s > 1

2 , then (see, for example [1, Theorem 3.4])

lim
n→∞

‖Lσ
nf − f‖σ,s = 0 (1.4)

and
‖Lσ

nf − f‖σ,t ≤ constnt−s ‖f‖σ,s for 0 ≤ t ≤ s . (1.5)

It follows

‖u∗ − u∗n‖σ,t ≤ constnt−s ‖f‖σ,s+1 , −1 ≤ t ≤ s ,

if s > −1
2 and f ∈ L2,s+1

σ . The numbers ηnk = 〈Lσ
nf, p

σ
k〉σ can be computed

efficiently by

ηnk =
π

n

n∑

j=1

f(xσnj)p
σ
k(x

σ
nj)

(1.6)

=





√
π

n

n∑

j=1

f(xσnj) : k = 0 ,

√
2π

n

n∑

j=1

cos
k(2j − 1)π

2n
f(xσnj) : k = 1, . . . , n− 1 ,

using the respective fast discrete cosine transform

C2
n =

[
cos

k(2j − 1)π

2n

]n−1, n

k=0,j=1

.

Since the case κ = 0 is a classical one that has been studied by several
authors, in the next sections we examine the numerical solution of integral
equations of the form

− 1

π

∫ 1

−1
[(y − x)κ ln |y − x| − h(x, y)]

u(y) dy√
1− y2

= f(x) + aκ + (κ− 1)bκx ,
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where −1 < x < 1 , κ = 1, 2 and aκ, bκ are unknown constants to be
determined together with u(y), by means of a collocation and a collocation-
quadrature method. In particular we derive convergence estimates. The
main ideas are explicitly presented in case κ = 1, since this is then easily
translated to case κ = 2 .

2 Collocation for the dominant equation

Set B = A1 and B = A1 . Due to Prop. 1.1,(c) we are interested in the
numerical approximation of the solution (u, ζ0) ∈ L2

σ × C of the equation

Bu = f + ζ0p
σ
0 , (2.1)

which is equivalent to the equation

Bξ = η + (ζ0, 0, 0, . . .) , η = J f, ξ = J u . (2.2)

We look for un ∈ imPn−1 , where Pn : L2
σ −→ L2

σ denotes the orthoprojec-
tion

Pnf =
n−1∑

k=0

〈f, pσk〉σ p
σ
k ,

by solving the collocation equations

(Bun) (xσnj) = f(xσnj) +
ζn0√
π
, j = 1, . . . , n . (2.3)

The system (2.3) can be written equivalently as

Bun = Lσ
nf + ζn0 p

σ
0 , (2.4)

taking into account Bun ∈ imPn for all un ∈ imPn−1 (cf. Prop. 1.1,(b)),
or as

Bξn = (ηn0 + ζn0 , η
n
1 , . . . , η

n
n−1, 0, 0, . . .) , ξn = J un ∈ imPn−1 , (2.5)

with ηnk defined in (1.6). Due to Remark 1.2 and the fact, that ηnj = 0 for

j ≥ n , for the solution of (2.5) we have that ζn0 = −4β0

[n−1
2 ]∑

m=1

mηn2m − ηn0 ,

ξn2j+1 = −4(2j + 1)

[n−1
2 ]∑

m=j+1

mηn2m , j = 0, . . . ,

[
n− 1

2

]
− 1 , (2.6)
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and that ξn2(j+1) is equal to





− 1

β0

[n2 ]−1∑

m=0

(2m+ 1)ηn2m+1 : j = −1 ,

−4(j + 1)

[n2 ]−1∑

m=j+1

(2m+ 1)ηn2m+1 , : j = 0, . . . ,
[
n
2

]
− 2 .

(2.7)

Consequently, provided that the assumptions of Remark 1.2 are satisfied,
lim
n→∞

ζn0 = ζ0 , where, taking into account (1.5),

|ζn0 − ζ0| ≤ const



[n−1

2 ]∑

m=0

2(m+ 1) |ηn2m − η2m|+
∞∑

m=[n−1
2 ]+1

2m |η2m|




≤ const
(
n

1
2 ‖Lσ

nf − Pnf‖σ,1 + n
3
2
−s ‖f‖σ,s

)

≤ constn
3
2
−s ‖f‖σ,s .

Moreover, for j = 0, . . . ,

[
n− 1

2

]
− 1 ,

1

2j + 1

∣∣ξn2j+1 − ξ2j+1

∣∣ = 2

[n−1
2 ]∑

m=j+1

2m |ηn2m − η2m|+ 2

∞∑

m=[n−1
2 ]+1

2m |η2m|

≤ const
(
n

1
2 ‖Lσ

nf − Pnf‖σ,1 + n
3
2
−s ‖f‖σ,s

)

≤ constn
3
2
−s ‖f‖σ,s

and, analogously,

1

2(j + 1)

∣∣ξn2j − ξ2j
∣∣ ≤ constn

3
2
−s ‖f‖σ,s , j = 0, . . . ,

[n
2

]
− 1

such that

‖un − Pnu‖σ,t =

√√√√
n−1∑

k=0

(k + 1)2t|ξnk − ξk|2 ≤ constn3+t−s ‖f‖σ,s , 0 ≤ t .
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Taking into account ‖u− Pnu‖σ,t ≤ constnt−τ ‖u‖σ,τ , t ≤ τ , we get

‖un − u‖σ,t ≤ const
(
n3+t−s ‖f‖σ,s + nt−τ ‖u‖σ,τ

)
, 0 ≤ t ≤ τ .

Now, one can use s > τ +3 and ‖u‖σ,τ ≤ const ‖f‖σ,s (cf. Lemma 3.2,(a)).
Hence, the following proposition has been proved.

Proposition 2.1 Assume that f ∈ L2,s
σ for some s > τ + 3 , τ ≥ 0 . Then

the unique solution (un, ζ
n
0 ) of equation (2.4) converges in L2

σ × C to the
unique solution (u, ζ0) ∈ L2

σ × C of equation (2.1), where, for 0 ≤ t ≤ τ ,

|ζn0 − ζ0| ≤ constn
3
2
−s ‖f‖σ,s and ‖un − u‖σ,t ≤ constnt−τ ‖f‖σ,s ,

where the constants do not depend on f and t .

3 Collocation for the complete equation

Assume s0 > 3 and that the continuous function h : [−1, 1]2 −→ C satisfies

(A) h(·, y) ∈ L2,s0
σ uniformly w.r.t. y ∈ [−1, 1] .

Define H : L2
σ −→ L2

σ by

(Hu)(x) :=
1

π

∫ 1

−1
h(x, y)

u(y) dy√
1− y2

, −1 < x < 1 .

Then ([1, Lemma 4.2]) H ∈ L(L2
σ,L

2,s0
σ ) . At first we look for an approxi-

mate solution (un, ζ
n
0 ) ∈ imPn−1 × C of the equation

(B +H)u = f + ζ0p
σ
0 (3.1)

by solving the collocation equations

− 1

π

∫ 1

−1

[
(y − xσnj) ln |y − xσnj | − h(xσnj , y)

]un(y) dy√
1− y2

= f(xσnj) +
ζn0√
π
,

j = 1, . . . , n . We write this system of equations in the form

(B̂ + Ĥn)(un, ζ0) = Lσ
nf , (un, ζ

n
0 ) ∈ imPn−1 × C , (3.2)

where B̂(u, ζ0) = Bu− ζ0p
σ
0 , Ĥ(u, ζ0) = Hu , and Ĥn(u, ζ0) = Lσ

nĤ(u, ζ0) .

Equip L̂2,s
σ = L2,s

σ × C with the norm ‖(u, ζ0)‖σ,s =
√

‖u‖2σ,s + |ζ0|2 . In
what follows we will assume that
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(B) Equation (3.1) with f ≡ 0 has only the trivial solution in L̂2
σ .

Lemma 3.1 Let 2 < t + 3 < s . Then the operator B̂0 : L2,s
σ −→ L̂2,t

σ

defined by Ĵ −1B̂0J , where Ĵ (u, ζ0) = (J u, ζ0) and (ξ, ζ0) = B̂0η is given
by Remark 1.2, is linear and bounded and satiesfies

B̂ B̂0f = f ∀ f ∈ L2,s
σ

and

B̂0B̂(u, ζ0) = (u, ζ0) ∀ (u, ζ0) ∈ L̂2,−1
σ : Bu ∈ L2,s

σ .

Proof. With B̂(ξ, ζ0) := Bξ − (ζ0, 0, . . .) , B = A1 , from Remark 1.2 we
have B̂ B̂0η = η for all η ∈ `2s . Moreover, for η ∈ `2s ,

∥∥∥B̂0η
∥∥∥
2

`2t
≤ const

∞∑

n=0

(n+ 1)2t+2

∣∣∣∣∣
∞∑

m=n

(m+ 1)ηm

∣∣∣∣∣

2

≤ const

∞∑

n=0

(n+ 1)2t+2(n+ 1)1+2(1−s) ‖η‖2`2s ≤ const ‖η‖2`2s ,

since 2t+ 5− 2s < −1 . If ξ ∈ `2−1 such that Bξ ∈ `2s , then B̂B̂0B̂(ξ, ζ0) =

B̂(ξ, ζ0) and consequently, due to Prop. 1.1,(c), B̂0B̂(ξ, ζ0) = (ξ, ζ0) . 2

Lemma 3.2 Assume that 3 ≤ t+ 3 < s < s0 and that conditions (A) and
(B) are fulfilled.

(a) There exists a constant cts > 0 such that

∥∥∥(B̂ + Ĥ)(u, ζ0)
∥∥∥
σ,s

≥ cts ‖(u, ζ0)‖σ,t ∀ (u, ζ0) ∈ L̂2
σ : Bu ∈ L2,s

σ .

(b) For all sufficiently large n ,

∥∥∥(B̂ + Ĥn)(u, ζ0)
∥∥∥
σ,s

≥ cts
2

‖(u, ζ0)‖σ,t ∀ (u, ζ0) ∈ L̂2
σ : Bu ∈ L2,s

σ .

In particular, equation (3.2) is uniquely solvable for such n .

Proof. (a) By Lemma 3.1 we have that u ∈ L2
σ and Bu ∈ L2,s

σ imply
u ∈ L2,t

σ . Thus, if we assume that such a constant cts > 0 does not exist,
then there are (un, ζ

n
0 ) ∈ L̂2,t

σ with ‖(un, ζn0 )‖σ,t = 1 , Bun ∈ L2,s
σ , and
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lim
n→∞

∥∥∥(B̂ + Ĥ)(un, ζ
n
0 )
∥∥∥
σ,s

= 0 . Since H : L2,t
σ −→ L2,s

σ is a compact opera-

tor, we can assume that Ĥ(un, ζ
n
0 ) converges to some f ∈ L2,s

σ w.r.t. ‖.‖σ,s .

Consequently, lim
n→∞

∥∥∥B̂(un, ζn0 ) + f
∥∥∥
σ,s

= 0 . Using Lemma 3.1 we conclude

that lim
n→∞

∥∥∥(un, ζn0 ) + B̂0f
∥∥∥
σ,t

= 0 . Together with

∥∥∥(B̂ + Ĥ)B̂0f
∥∥∥
σ,s

=
∥∥∥f + ĤB̂0f

∥∥∥
σ,s

≤
∥∥∥f + B̂(un, ζn0 )

∥∥∥
σ,s

+
∥∥∥ĤB̂0f − B̂(un, ζn0 )

∥∥∥
σ,s

≤
∥∥∥f + B̂(un, ζn0 )

∥∥∥
σ,s

+
∥∥∥ĤB̂0f + Ĥ(un, ζ

n
0 )
∥∥∥
σ,s

+
∥∥∥(B̂ + Ĥ)(un, ζ

n
0 )
∥∥∥
σ,s

≤
∥∥∥f + B̂(un, ζn0 )

∥∥∥
σ,s

+ const
∥∥∥B̂0f + (un, ζ

n
0 )
∥∥∥
σ,t

+
∥∥∥(B̂ + Ĥ)(un, ζ

n
0 )
∥∥∥
σ,s

we get
∥∥∥B̂0f

∥∥∥
σ,t

= 1 and (B̂ + Ĥ)B̂0f = Θ in contradiction to condition

(B).
(b) Due to assumption (A) we have Ĥ ∈ L(L̂2

σ,L
2,s0
σ ) and consequently,

taking into account (1.5),

∥∥∥(Ĥ − Ĥn)(u, ζ0)
∥∥∥
σ,r

≤ constnr−s0
∥∥∥Ĥ(u, ζ0)

∥∥∥
σ,s

(3.3)

≤ constnr−s0 ‖(u, ζ0)‖σ , 0 ≤ r ≤ s0 ,

which implies together with (b)

cts ‖(u, ζ0)‖σ,t ≤
∥∥∥(B̂ + Ĥn)(u, ζ0)

∥∥∥
σ,s

+
∥∥∥(Ĥ − Ĥn)(u, ζ0)

∥∥∥
σ,s

≤
∥∥∥(B̂ + Ĥn)(u, ζ0)

∥∥∥
σ,s

+
cts
2

‖(u, ζ0)‖σ,t

for (u, ζ0) ∈ L̂2
σ with Bu ∈ L2,s

σ and for all sufficiently large n . 2

Proposition 3.3 Let 3 ≤ 3 + τ < s < s0 , 0 ≤ t ≤ τ , f ∈ L2,s
σ , and

assume that conditions (A) and (B) are fulfilled. Then, for all sufficiently
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large n , equation (3.2) has a unique solution (un, ζ
n
0 ) . Moreover, there is

a constant c 6= c(f, t) such that

|ζn0 − ζ∗0 | ≤ c n−τ ‖f‖σ,s and ‖un − u∗‖σ,t ≤ c nt−τ ‖f‖σ,s

where (u∗, ζ∗0 ) ∈ L̂2,τ
σ is the unique solution of (3.1).

Proof. Choose some ε ∈ (0, s− τ −3) and let (un, ζ
n
0 ) ∈ L̂2,τ

σ be the solution
of (3.2), which exists uniquely for all sufficiently large n (cf. Lemma 3.2,(b))
and which belongs automatically to imPn−1×C since Lσ

nf−Ĥnu ∈ imPn .
With the help of Lemma 3.2,(b) we get, for all sufficiently large n and m,

ct,3+t+ε

2
‖(un, ζn0 )− (um, ζm0 )‖σ,t

(3.4)

≤ ‖Lσ
nf − Lσ

mf‖σ,3+t+ε +
∥∥∥(Ĥm − Ĥn)(um, ζm0 )

∥∥∥
σ,3+t+ε

.

Since the norms ‖(um, ζm0 )‖σ are bounded (cf. Lemma 3.2,(b)), the estimate

(3.4) together with (3.3) implies that (un, ζ
n
0 ) converges in the norm of L̂2,τ

σ

to some (u∗, ζ∗0 ) ∈ L̂2,τ
σ . Set f∗ = (B̂ + Ĥ)(u∗, ζ∗0 ) . The estimation

‖f∗ − f‖σ,2

≤
∥∥∥f∗ − (B̂ + Ĥ)(un, ζ

n
0 )
∥∥∥
σ,2

+
∥∥∥(Ĥ − Ĥn)(un, ζ

n
0 )
∥∥∥
σ,2

+ ‖Lσ
nf − f‖σ,2

shows that f∗ = f . Relations (3.4), (1.5), and (3.3) lead to

‖(un, ζn0 )− (u∗, ζ∗0 )‖σ

≤ 2

c0,3+ε

(
‖Lσ

nf − f‖σ,3+ε +
∥∥∥Ĥ − Ĥn

∥∥∥
L̂2
σ→L2,3+ε

σ

‖(u∗, ζ∗0 )‖σ
)

≤ constn3+ε−s ‖f‖σ,s .

Since Bu∗ ∈ L2,s
σ we can apply Lemma 3.2,(a) and obtain

‖un − u∗‖σ,t ≤ ‖un − Pn−1u
∗‖σ,t + ‖Pn−1u

∗ − u∗‖σ,t

≤ nt ‖un − Pn−1u
∗‖σ + nt−τ ‖u∗‖σ,τ

≤ nt ‖un − u∗‖σ +
nt−τ

cτ,s
‖f‖σ,s

≤ const
(
n3+t+ε−s + nt−τ

)
‖f‖σ,s ,
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which completes the proof. 2

In what follows we improve the convergence rate of ζn0 given by Prop.
3.3.

Lemma 3.4 Let the conditions (A) and (B) be fulfilled and let 3 < r < s0 .
Then

dimker
L2,−r
σ

(B +H)∗ = 1 ,

where (B + H)∗ : L2,−r
σ −→ L2,2−r

σ denotes the 〈·, ·〉-adjoint operator to
B +H : L2,r−2

σ −→ L2,r
σ .

Proof. We show that pσ0 6∈ (B +H)(L2,r−2
σ )

L2,r
σ

. Given that there are ele-
ments un ∈ L2,r−2

σ with lim
n→∞

‖(B +H)un − pσ0‖σ,r = 0 . Since, in view of

Lemma 3.2,(a), the sequence (un)
∞
n=1 is bounded in L2

σ , we can assume,

due to the compactness of H : L2
σ −→ L2,r

σ , that lim
n→∞

‖Hun − f‖σ,r = 0 for

some f ∈ L2,r
σ . Hence, lim

n→∞
‖Bun − pσ0 + f‖σ,r = 0 , which implies together

with Lemma 3.1 lim
n→∞

∥∥∥(un, 1) + B̂0f
∥∥∥
σ
= 0 . Consequently, B̂0f 6= (Θ, 0)

and (cf. the proof of Lemma 3.2,(a))
∥∥∥(B̂ + Ĥ)B̂0f

∥∥∥
σ,r

≤
∥∥∥f + B̂(un, 1)

∥∥∥
σ,r

+ const
∥∥∥B̂0f + (un, 1)

∥∥∥
σ
+

∥∥∥(B̂ + Ĥ)(un, 1)
∥∥∥
σ,r

−→ 0 ,

such that (B̂ + Ĥ)B̂0f = Θ in contradiction to condition (B). So we can
conclude that the kernel of (B +H)∗ : L2,−r

σ −→ L2,2−r
σ is non trivial. Let

v1, v2 ∈ ker
L2,−r
σ

(B +H)∗ \ {Θ} and let (u∗n, µ
∗
n) ∈ L̂2

σ , n = 0, 1, 2, . . . , be
the solutions of (B+H)un = pσn+µnp

σ
0 , which exist uniquely in accordance

with Prop. 3.3. It follows µ∗
nvj(p

σ
0 ) = −vj(p

σ
n) , n = 0, 1, 2, . . . , j = 1, 2 .

This implies vj(p
σ
0 ) 6= 0 , j = 1, 2 , and v1(p

σ
n) = α v2(p

σ
n) , n = 0, 1, 2, . . . ,

where α =
v1(pσ0 )
v2(pσ0 )

. Consequently, since the set of polynomials is dense in

L2,r
σ , v1 = α v2 , i.e. dimker

L2,−r
σ

(B +H)∗ = 1 . tu

Corollary 3.5 Let the conditions of Prop. 3.3 and Lemma 3.4 be fulfilled
and assume that

ker
L2,−r
σ

(B +H)∗ ⊂ L2,−r0
σ (3.5)

for some r0 ∈ [0, 3] . Then

|ζn0 − ζ∗0 | ≤ constnr0−s ‖f‖σ,s , (3.6)

which improves the estimate in Prop. 3.3.
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Proof. Let v ∈ L2,−r0
σ with ‖v‖σ,−r0

= 1 span the kernel of (B+H)∗ in L2,−r
σ .

Then (cf. the proof of Lemma 3.4) v(pσ0 ) 6= 0 and, since (B+H)u∗ = f+ζ∗0p
σ
0

and (B +Hn)un = Lσ
nf + ζn0 p

σ
0 ,

v(f + ζ∗0p
σ
0 ) = v(Lσ

nf + (H−Hn)un + ζn0 p
σ
0 ) = 0 .

This implies

ζn0 − ζ∗0 =
v(f − Lσ

nf + (Hn −H)un)

v(pσ0 )

and, taking into account (3.3) together with Lemma 3.2,(b),

|ζn0 − ζ∗0 | ≤
‖f − Lσ

nf‖σ,r0 + ‖(Hn −H)un‖σ,r0
|v(pσ0 )|

≤ const
(
nr0−s ‖f‖σ,s + nr0−s0 ‖un‖σ

)
≤ constnr0−s ‖f‖σ,s ,

which completes the proof. tu
In the following proposition we formulate conditions which ensure that

condition (3.5) is fulfilled. For this we use the notations ϕ(y) =
√

1− y2

as well as hj(x, y) = [ϕ(y)]j
∂jh(x, y)

∂jy
, −1 < y < 1 , and in what follows we

assume that hj : [−1, 1]2 −→ C is continuous for j = 1, . . . , j0 and for some
j0 ∈ N . Recall the following lemma.

Lemma 3.6 ([1],pp. 196,197) For an integer r ≥ 0 , u ∈ L2,r
σ if and

only if ϕjDju ∈ L2
σ for all j = 0, 1, . . . , r , where D denotes the operator of

generalized differentiation.

Proposition 3.7 Assume (A), (B), and hj(·, y) ∈ L2,r1
σ uniformly w.r.t.

y ∈ [−1, 1] for j = 1, . . . , j0 and for some r1 ∈ (3, s0) and j0 ≥ 3 . Then
condition (3.5) is fulfilled for r0 > 3− j0 , i.e., the estimate (3.6) holds for
r0 = 0 if j0 > 3 and r0 = ε > 0 arbitrarily small if j0 = 3 .

Proof. Since H ∈ L(L2
σ,L

2,s0
σ ) we have H∗ ∈ L(L2,−r

σ ,L2
σ) for all r ∈ [0, s0] ,

where, for v ∈ L2,−r
σ , i.e. (v(pσn))

∞
n=0 ∈ `2−r , and u ∈ L2

σ ,

(H∗v)(u) = v(Hu) =
∞∑

k=0

〈Hu, pσk〉σ v(p
σ
k) .

Consequently, for each v ∈ L2,−r
σ there exists an element uv ∈ L2

σ such that

〈u, uv〉σ = (H∗v)(u) = lim
n→∞

〈
u,

n∑

k=0

v(pσk)H
∗pσk

〉

σ

,
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where

(H∗pσk)(y) =
1

π

∫ 1

−1
h(x, y)pσk(x)

dx√
1− x2

=
1

π
〈pσk , h(·, y)〉σ .

Since, due to condition (A),

∞∑

k=0

|〈h(·, y), pσk〉σ|
2 (k + 1)2r ≤ M2

r < ∞ , the

series

∞∑

k=0

v(pσk)(H
∗pσk)(y) converges uniformly w.r.t. y ∈ [−1, 1] , where

∞∑

k=0

|v(pσk)(H∗pσk)(y)| ≤
Mr ‖v‖σ,−r

π
.

Hence, uv =
∞∑

k=0

v(pσk)H∗pσk in the ‖.‖∞ sense, and uv : [−1, 1] −→ C

is continuous, since the functions y 7→ 〈pσk , h(·, y)〉σ , k = 0, 1, 2, . . . , are
continuous for y ∈ [−1, 1] . Moreover, due to our assumptions we have

ϕjDjuv =

∞∑

k=0

v(pσk)ϕ
jDjH∗pσk for v ∈ L2,−r1

σ , j = 1, . . . , j0 ,

in the ‖.‖∞ sense, since

∞∑

k=0

∣∣v(pσk)
(
ϕjDjH∗pσk

)
(y)

∣∣ ≤
‖hj(·, y)‖σ,r1 ‖v‖σ,−r1

π
.

Hence, by Lemma 3.6 uv ∈ L2,j0
σ . Now, let v ∈ L2,−r1

σ , ‖v‖σ,r1 = 1 span
ker

L
2,−r1
σ

(B +H)∗ (cf. Lemma 3.4). Since B∗ = −B we have Bv = H∗v =

uv ∈ L2,j0
σ and, in view of Lemma 3.1, (v, 0) = B̂0H∗v ∈ L̂2,t

σ for t < j0 − 3 ,
which completes the proof. tu

4 A quadrature method

For (u, ζ0) ∈ L2
σ we define Ĥ0

n(u, ζ0) = H0
nu by (H0

nu)(x) = (Lσ
ngn)(x) with

gn(x) =
1

π

∫ 1

−1

[
Lσ
n−1h(x, .)

]
(y)

u(y) dy√
1− y2

, −1 < x < 1 .
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We look for an approximate solution (un, ζ
n
0 ) ∈ imPn−1 × C of equation

(3.1) by solving
(B̂ + Ĥ0

n)(un, ζ
n
0 ) = Lσ

nf . (4.1)

Taking into account the algebraic accuracy of the Gauss-Chebyshev quadra-
ture we can write equation (4.1) as the system

− 1

π

∫ 1

−1
(y − xσnj) ln |y − xσnj |

un(y) dy√
1− y2

+
1

n− 1

n−1∑

k=1

h(xσnj , x
σ
n−1,k)χ

n
k

= f(xσnj) +
ζn0√
π
, j = 1, . . . , n , χn

k = un(x
σ
n−1,k) .

Assume that

(C) h(x, .) ∈ L2,s0
σ uniformly w.r.t. x ∈ [−1, 1] .

Proposition 4.1 Let, together with (C), all the conditions of Prop. 3.3
be satisfied. Then, for all sufficiently large n , equation (4.1) has a unique
solution (un, ζ

n
0 ) and all assertions of Prop. 3.3 remain true. Of course,

also Cor. 3.5 is in force.

Proof. From conditions (A) and (C) we get

lim
n→∞

∥∥∥(Ĥ − Ĥ0
n)(u, ζ0)

∥∥∥
L̂2,t
σ →L2,s

σ

≤ constnt−s ‖(u, ζ0)‖σ

(cf. [2, Lemma 3.4]). Hence, Lemma 3.2,(b) remains true if Ĥn is replaced
by Ĥ0

n (cf. the proof of Lemma 3.2,(b)), and the proof of Prop. 4.1 goes on
the same lines as the proof of Prop. 3.3. tu

Remark 4.2 Using Prop. 1.1,(b),(c) in case κ = 2 as well as formulae
analogous to Remark 1.2 for the solution of A2ξ = (ζ0, ζ1, 0, . . .) (see [3,
Section 5, Equ. (5.17) and Cor. 5.14]), one can formulate and prove propo-
sitions like Prop. 2.1, Prop. 3.3, and Prop. 4.1 for the equation

− 1

π

∫ 1

−1
[(y − x)2 ln |y − x| − h(x, y)]

u(y) dy√
1− y2

= f(x) + ζ0p
σ
0 (x) + ζ1p

σ
1 (x) .

Remark 4.3 Since χn
i =

n−2∑

k=0

pσk(x
σ
n−1,i)ξ

n
k , a matrix version of equation

(4.1) is given by

(B+DnC
2
nHnC

3
n−1Dn−1)ξ

n = ηn + (ζn0 , 0, . . . , 0) ,
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where

Hn =
[
h(xσnj , x

σ
n−1,k)

] n , n−1

j=1,k=1
, C2

n =

[
cos

j(2k − 1)π

2n

]n−1, n

j=0,k=1

,

C3
n−1 =

(
C2

n−1

)T
, Dn = 1

n diag
[
1

√
2 · · ·

√
2
]
, and the vector

ηn =
[
ηnk

] n

k=1
is defined by (1.6).

5 Numerical examples

As an example let us consider the equation

− 1

π

∫ 1

−1
[(y − x) ln |y − x| − cos(xy + 2y)]

u(y) dy√
1− y2

= f(x) +
ζ0√
π

(5.1)

for different right hand sides f(x) and apply the collocation quadrature
method (4.1) for its numerical solution.

n ξn0 ξn1 ξn2 ξn3 ξn4
4 -5.40112961 -0.48449341 -5.21815407 0.00000000 0.00000000
8 -8.43254040 -1.11412102 -6.97308165 0.14453160 -1.30716032
16 -8.47596429 -1.12423470 -7.02314233 0.14623119 -1.38230256
32 -8.47857251 -1.12485039 -7.02604962 0.14632202 -1.38671366
64 -8.47873350 -1.12488837 -7.02622831 0.14632760 -1.38698578
128 -8.47874353 -1.12489074 -7.02623943 0.14632795 -1.38700273
256 -8.47874416 -1.12489088 -7.02624013 0.14632797 -1.38700379
512 -8.47874420 -1.12489089 -7.02624017 0.14632797 -1.38700386

Equation (5.1), Fourier coefficients, f(x) = x3|x|

n ζn0 un(−0.9) un(0) un(0.5) un(0.95)

4 1.56360580 -5.28070867 1.11622350 -1.15880369 -6.76610747
8 1.35009089 -7.46665743 -0.53942159 -1.71255964 -10.42210437
16 1.36028283 -7.33128912 -0.62465602 -1.80938307 -10.46165518
32 1.36084850 -7.34419883 -0.64187474 -1.79710269 -10.43954148
64 1.36088304 -7.34654510 -0.64594776 -1.79917382 -10.43672800
128 1.36088519 -7.34633790 -0.64695190 -1.79892639 -10.43710217
256 1.36088532 -7.34636881 -0.64720206 -1.79895946 -10.43711238
512 1.36088533 -7.34637260 -0.64726455 -1.79895542 -10.43711063

Equation (5.1), ζn0 and function values, f(x) = x3|x|
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n ξn0 ξn1 ξn2 ξn3 ξn4
4 0.00000000 -2.35696767 0.00000000 0.00000000 0.00000000
8 0.00000000 -4.27093405 0.00000000 -5.51829717 0.00000000
16 0.00000000 -4.25553787 0.00000000 -5.47167380 0.00000000
32 0.00000000 -4.25538652 0.00000000 -5.47121507 0.00000000
64 0.00000000 -4.25538436 0.00000000 -5.47120852 0.00000000
128 0.00000000 -4.25538432 0.00000000 -5.47120842 0.00000000
256 0.00000000 -4.25538432 0.00000000 -5.47120842 0.00000000
512 0.00000000 -4.25538432 0.00000000 -5.47120842 0.00000000

Equation (5.1), Fourier coefficients, f(x) = x4|x|

n ζn0 un(−0.9) un(0) un(0.5) un(0.95)

4 -0.09237946 1.69252930 0.00000000 -0.94029406 -1.78655871
8 0.32487689 3.46909238 0.00000000 2.26497025 -5.77407940
16 0.32155438 3.57407640 0.00000000 2.34797959 -5.77976528
32 0.32152179 3.57224821 0.00000000 2.34560345 -5.78331281
64 0.32152133 3.57217606 0.00000000 2.34571196 -5.78339496
128 0.32152132 3.57217755 0.00000000 2.34570873 -5.78339207
256 0.32152132 3.57217748 0.00000000 2.34570884 -5.78339205
512 0.32152132 3.57217748 0.00000000 2.34570883 -5.78339205

Equation (5.1), ζn0 and function values, f(x) = x4|x|

We observe that the convergence (of the Fourier coefficients and of the
function values) becomes better if the right hand side becomes smoother.
In case of

f(x) =
1

π

[
2 sin(x+ 2)

x+ 2
− 1

2
(1− x)2

(
ln(1− x)− 1

2

)
(5.2)

+
1

2
(1 + x)2

(
ln(1 + x)− 1

2

)]

the function u∗(x) =
√
1− x2 is the exact solution, where ζ∗0 = 0 .

n ξn0 ξn1 ξn2 ξn3 ξn4
4 1.44851367 0.07966143 -0.37489673 0.00000000 0.00000000
8 1.13963910 0.00265930 -0.51943238 -0.00038250 -0.08772781
16 1.12978800 0.00033218 -0.53036099 -0.00004873 -0.10401085
32 1.12855539 0.00004156 -0.53172768 -0.00000610 -0.10608699
64 1.12840120 0.00000520 -0.53189862 -0.00000076 -0.10634738
128 1.12838192 0.00000065 -0.53191999 -0.00000010 -0.10637995
256 1.12837951 0.00000008 -0.53192266 -0.00000001 -0.10638403
512 1.12837921 0.00000001 -0.53192299 -0.00000000 -0.10638454

Equation (5.1), Fourier coefficients, f(x) from (5.2)
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n ζn0 un(−0.9) un(0) un(0.5) un(0.95)

4 0.03101251 0.57457469 1.11636063 0.99857879 0.63682384
8 -0.00242665 0.41433610 1.00283824 0.87114862 0.29552061
16 -0.00030175 0.43740970 1.00028530 0.86633439 0.30846637
32 -0.00003770 0.43596566 1.00003272 0.86609941 0.31170267
64 -0.00000471 0.43587373 1.00000399 0.86603259 0.31226353
128 -0.00000059 0.43588962 1.00000050 0.86602645 0.31224771
256 -0.00000007 0.43588980 1.00000006 0.86602553 0.31224956
512 -0.00000001 0.43588988 1.00000001 0.86602542 0.31224986

u∗(x) 0.43588989 1.00000000 0.86602540 0.31224990

Equation (5.1), ζn0 and function values, f(x) from (5.2)

As a second example we deal with the equation

− 1

π

∫ 1

−1

[
(y − x)2 ln |y − x| − cos(xy + 2y)

] u(y) dy√
1− y2

(5.3)

= f(x) +
ζ0√
π
+

√
2ζ1x√
π

again using the collocation quadrature method analogous to (4.1). The
numerical results in case f(x) = x3|x| and f(x) = x4|x| are presented in
the following four tables. Moreover, the last two tables are concerned with
the case

f(x) =
1

π

[
2 sin(x+ 2)

x+ 2
− 1

3
(1− x)3

(
ln(1− x)− 1

3

)
(5.4)

−1

3
(1 + x)3

(
ln(1 + x)− 1

3

)]

in which u∗(x) =
√
1− x2 is the exact solution, where ζ∗0 = ζ∗1 = 0 .

n ξn0 ξn1 ξn2 ξn3 ξn4
4 0.00000000 3.89516842 0.00000000 0.00000000 0.00000000
8 0.00000000 6.06352352 0.00000000 2.99539862 0.00000000
16 0.00000000 6.30796573 0.00000000 3.61165572 0.00000000
32 0.00000000 6.36442444 0.00000000 3.77432865 0.00000000
64 0.00000000 6.37841811 0.00000000 3.81589808 0.00000000
128 0.00000000 6.38191213 0.00000000 3.82635452 0.00000000
256 0.00000000 6.38278541 0.00000000 3.82897278 0.00000000
512 0.00000001 6.38300375 -0.00000002 3.82962770 -0.00000004

Equation (5.3), Fourier coefficients, f(x) = x3|x|
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n ζn0 ζn1 un(−0.9) un(0.5) un(0.95)

4 -0.00000000 3.53746377 -2.79710527 1.55394737 2.95250001
8 -0.00000000 2.77500388 -5.82901534 -0.72916989 6.00687279
16 -0.00000000 2.96250258 -5.74292291 -0.58450110 7.41386459
32 0.00000000 3.00749821 -5.47426811 -0.54753047 6.51404218
64 -0.00000000 3.01875475 -5.46727406 -0.54075715 6.54254851
128 0.00000000 3.02157177 -5.47955038 -0.53760774 6.52001095
256 0.00000000 3.02227625 -5.47504222 -0.53698198 6.52890323
512 0.00000001 3.02245241 -5.47562556 -0.53680014 6.52615747

Equation (5.3), ζn0 and function values, f(x) = x3|x|

n ξn0 ξn1 ξn2 ξn3 ξn4
4 -0.58280657 0.72882972 -2.14508166 0.00000000 0.00000000
8 -1.40188257 0.85249743 0.32708937 0.06894267 0.01413619
16 -1.40191993 0.85249555 0.32721284 0.06896456 0.01432215
32 -1.40191993 0.85249555 0.32721284 0.06896456 0.01432215
64 -1.40191993 0.85249555 0.32721284 0.06896456 0.01432215
128 -1.40191993 0.85249555 0.32721284 0.06896456 0.01432215
256 -1.40191993 0.85249556 0.32721284 0.06896457 0.01432214
512 -1.40191994 0.85249559 0.32721287 0.06896467 0.01432221

Equation (5.3), Fourier coefficients, f(x) = ex

n ζn0 ζn1 un(0) un(0.5) un(0.95)

4 -2.14508166 -0.32474949 -0.32881339 -0.03805240 0.22363249
8 -2.39164719 -0.47532359 -1.04062806 -0.64119672 0.10053606
16 -2.39172319 -0.47532077 -1.04072747 -0.64121781 0.10059761
32 -2.39172319 -0.47532077 -1.04072747 -0.64121781 0.10059761
64 -2.39172319 -0.47532077 -1.04072747 -0.64121781 0.10059761
128 -2.39172319 -0.47532077 -1.04072747 -0.64121781 0.10059761
256 -2.39172319 -0.47532076 -1.04072747 -0.64121781 0.10059755
512 -2.39172321 -0.47532074 -1.04072749 -0.64121787 0.10059716

Equation (5.3), ζn0 and function values, f(x) = ex

n ξn0 ξn1 ξn2 ξn3 ξn4
4 0.40998695 0.04201924 -0.38240806 0.00000000 0.00000000
8 1.11994191 -0.00200748 -0.50425705 0.00042534 -0.06204493
16 1.12757437 -0.00020515 -0.52906441 0.00004660 -0.10115735
32 1.12828511 -0.00002445 -0.53158241 0.00000562 -0.10574444
64 1.12836761 -0.00000302 -0.53188097 0.00000070 -0.10630502
128 1.12837773 -0.00000038 -0.53191780 0.00000009 -0.10637467
256 1.12837899 -0.00000005 -0.53192239 0.00000001 -0.10638337
512 1.12837914 -0.00000001 -0.53192294 -0.00000001 -0.10638442

Equation (5.3), Fourier coefficients, f(x) from (5.4)
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n ζn0 ζn1 un(0) un(0.5) un(0.95)

4 -0.38240806 0.18170011 0.23131037 0.24807362 0.26316054
8 -0.01709214 -0.00070921 0.98469378 0.85663685 0.29199603
16 -0.00173656 -0.00006887 0.99875332 0.86470886 0.29949307
32 -0.00020612 -0.00000812 0.99986381 0.86586928 0.31155025
64 -0.00002543 -0.00000100 0.99998359 0.86600576 0.31216344
128 -0.00000317 -0.00000012 0.99999797 0.86602295 0.31223920
256 -0.00000040 -0.00000002 0.99999975 0.86602510 0.31224851
512 -0.00000006 -0.00000000 0.99999996 0.86602537 0.31224977

u∗(x) 1.00000000 0.86602540 0.31224990

Equation (5.3), ζn0 and function values, f(x) from (5.4)
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Abstract. Recently the inequality CNJ (X) ≤ J(X) was proved
in Takahashi and Kato [15], where CNJ (X) and J(X) are the von
Neumann-Jordan and James constants of a Banach space X respec-
tively. We shall present its another proof, which is much simpler,
and also a sharper estimate than this inequality. To do this we shall
estimate CNJ (X) by both of the modified von Neumann-Jordan con-
stant C ′

NJ (X) and the constant ρX(1), where ρX(τ) is the modulus of
smoothness of X. By this we shall have a unifying sight on a sequence
of previous results as well.
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1 Introduction

Recently many geometric constants for a Banach space X have been inves-
tigated, which enable us to make precise descriptions on various geometric
properties of X. Among them the von Neumann-Jordan constant CNJ(X)

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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([5]) and the James constant J(X) ([7, 8]) are most widely treated. Con-
cerning the relation between these two constants Kato, Maligranda and
Takahashi [10] showed in 2001 the following couple of inequalities:

J(X)2

2
≤ CNJ(X) ≤ J(X)2

1 + (J(X)− 1)2
, (1.1)

where the first inequality attains equality for many uniformly non-square
spaces, while the second is strict for all uniformly non-square spaces. Since
then several authors improved the right side inequality. First Nikolova,
Persson and Zachariades [13, 2004] showed

CNJ(X) ≤ J(X)2

4
+ 1 +

J(X)

4

{√
J(X)2 − 4J(X) + 8− 2

}
(1.2)

(see also Maligranda et al. [12, 2008]). In 2008 Alonso, Mart́ın and Pap-
ini [2] proved the stronger inequality

CNJ(X) ≤ 2
{
1 + J(X)−

√
2J(X))

}
, (1.3)

which in particular answered affirmatively ”Maligranda’s conjecture”:

CNJ(X) ≤ J(X)2

4
+ 1 (1.4)

(cf. Yang [18]). In 2009 Wang and Pang [17] improved (1.3) to obtain that

CNJ(X) ≤ J(X) +
√

J(X)− 1

[√
1 +

(
1−

√
J(X)− 1

)2
− 1

]
. (1.5)

Recently Takahashi and Kato [15] proved that the following quite simple
inequality

CNJ(X) ≤ J(X) (1.6)

holds true for all Banach spaces X, which answered affirmatively the ques-
tion posed in Alonso et al. [2, Question 1]. The inequality (1.6) was also
proved simultaneously by Yang and Li [19] and by Wang [16]. In the above
Alonso et al. [2] used the modified von Neumann-Jordan constant C ′

NJ(X),
in particular they showed the weaker estimate than (1.6),

C ′
NJ(X) ≤ J(X); (1.7)

Wang-Pang [17] and Takahashi-Kato [15] used the constants A2(X) =
ρX(1) + 1 and ρX(1) respectively, where ρX(τ) is the modulus of smooth-
ness.

76 MIKIO KATO - YASUJI TAKAHASHI



M. Kato and Y. Takahashi 77

The aim of this paper is to present another proof of the inequality (1.6)
by using C ′

NJ(X) on the line of Alonso et al. [2], which is much simpler
than that of [15], and also the following sharper inequality than (1.6):

CNJ(X) ≤

(√
2(J(X)− 1) +

√
(J(X)− 1)2 + 1

J(X)

)2

≤ J(X). (1.8)

Section 2 is devoted to preliminary definitions and results. In Section
3 we shall first show the following inequality which estimates CNJ(X) by
both of C ′

NJ(X) and ρX(1):

CNJ(X) ≤ C ′
NJ(X)− ρX(1) +

√(
C ′
NJ(X)− ρX(1)− 1

)2
+ ρX(1)2 (1.9)

(Theorem 3.4). As is expected, this inequality yields both of the previous
estimates of CNJ(X) by C ′

NJ(X) and by ρX(1):

CNJ(X) ≤ 1 +

(√
2C ′

NJ(X)− 1

)2

(1.10)

(Alonso et al. [2, Theorem 1]) and

CNJ(X) ≤ 1 + ρX(1)
[√

(1− ρX(1))2 + 1− (1− ρX(1))
]

(1.11)

(Takahashi and Kato [15, Theorem 2]). In Theorem 3.10 the following
estimate for C ′

NJ(X) by J(X) will be shown:

C ′
NJ(X) ≤ 1 + 4

{
1− 1

J(X)

}2

, (1.12)

from which it follows that

C ′
NJ(X) ≤ 1

2

(
1 +

√
J(X)− 1

)2
(1.13)

(see also Yang and Li [19]). Combining the inequalities (1.10) and (1.13),
we shall obtain the inequality (1.6) in Theorem 3.12. The inequality (1.7)
by Alonso et al. [2] is also a direct consequence of (1.13). In Theorem 3.14
the inequality (1.8) will be shown.

In Section 4 owing to Theorem 3.4 we shall have a unifying sight on the
above-mentioned progress concerning the relation between CNJ(X) and
J(X), which will be helpful to understand it since it is not obvious at
all to see that each result improves its former one. In the final Section 5
we shall answer the question of Alonso et al. [2, cf. Corollary 2] negatively
which states whether the following estimate is sharp: CNJ(X)−C ′

NJ(X) ≤
3− 2

√
2.
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2 Preliminaries

Throughout the paper let X be a real Banach space with dimX ≥ 2. The
closed unit ball and unit sphere are denoted by BX and SX respectively.
The von Neumann-Jordan constant of X is defined by

CNJ(X) = sup

{
‖x+ y‖2 + ‖x− y‖2

2(‖x‖2 + ‖y‖2)
: x, y are not both 0

}
(2.1)

([5]), where the supremum can be taken over all x ∈ SX and y ∈ BX

([10]). The first systematic work on this constant was done in Kato and
Takahashi [11]. The constant defined by taking supremum over all x, y ∈
SX in (2.1) is denoted by C ′

NJ(X), that is,

C ′
NJ(X) = sup

{
‖x+ y‖2 + ‖x− y‖2

4
: x, y ∈ SX

}
, (2.2)

which was discussed intensively in Takahashi [14] and Alonso et al. [2]. It
is clear that C ′

NJ(X) ≤ CNJ(X) and they do not coincide in general (see
Remark 3.5 below). A Banach space X is called uniformly non-square ([9])
if there exists δ > 0 such that

min(‖x+ y‖, ‖x− y‖) ≤ 2(1− δ) if ‖x‖ = ‖y‖ = 1.

The James constant of X ([7, 8]) is defined by

J(X) = sup
{
min(‖x+ y‖, ‖x− y‖) : x, y ∈ SX

}
. (2.3)

It is well known (Casini [4]) that J(X) = sup{ε ∈ (0, 2) : δX(ε) ≤ 1− ε/2},
where δX(ε) is the modulus of convexity of X:

δX(ε) = inf

{
1−

∥∥∥∥
x+ y

2

∥∥∥∥ : x, y ∈ SX , ‖x− y‖ = ε

}
(0 ≤ ε ≤ 2);

SX may be replaced by BX . In particular if J(X) < 2, we have

δX(J(X)) = 1− J(X)

2
. (2.4)

The modulus of smoothness of X is defined by

ρX(τ) = sup

{
‖x+ τy‖+ ‖x− τy‖

2
− 1 : x, y ∈ SX

}
(τ > 0).
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We shall collect some known facts about these constants (cf. [10, 2], etc.).
(a) 1 ≤ C ′

NJ(X) ≤ CNJ(X) ≤ 2 and
√
2 ≤ J(X) ≤ 2.

CNJ(X) = 1 (resp. C ′
NJ(X) = 1) if and only if X is a Hilbert space.

J(X) =
√
2 if X is a Hilbert space; the converse is not true.

(b)
√
2 − 1 ≤ ρX(1) ≤ 1 ([3, Proposition 2.3]). ρX(1) =

√
2 − 1 if X

is a Hilbert space (cf. [3, esp., p.126]); the converse is not true ([3, esp.,
p.135]).

(c) The following are equivalent.
(i) X is uniformly non-square.
(ii) CNJ(X) < 2.
(iii) C ′

NJ(X) < 2.
(iv) J(X) < 2.
(v) δX(ε) > 0 with some 0 < ε < 2.
(vi) ρX(1) < 1.

3 Sharp estimates concerning CNJ(X) and J(X)

We start with recalling the following lemma.

Lemma 3.1 ([15, Lemma 3]). (i) Let 0 ≤ a ≤ 2 and 0 ≤ b ≤ 2. Then

a2 + b2

4
≤

(
a+ b

2
− 1

)2

+ 1. (3.1)

(ii) Let a be a real number and let b > 0. Then

at2 + bt

1 + t2
≤ a+

√
a2 + b2

2
for all t ≥ 0. (3.2)

For convenience of the reader we mention the proof. For (i) we have

(
a+ b

2
− 1

)2

+ 1− a2 + b2

4
=

(2− a)(2− b)

2
≥ 0.

For (ii) let f(t) = (at2 + bt)/(1 + t2). Then f(t) attains its maximum at
t0 := (a+

√
a2 + b2)/b. Noting that bt20 − 2at0 − b = 0, we have

f(t0) =
t0(2at0 + 2b)

2(1 + t20)
=

t0(bt
2
0 + b)

2(1 + t20)
=

b

2
t0 =

a+
√
a2 + b2

2
,

which implies (3.2).
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Proposition 3.2 Let X be a Banach space. Then

(1 + ρX(1))2

2
≤ C ′

NJ(X) ≤ 1 + ρX(1)2. (3.3)

Proof. The first inequality, which is found in [17], is immediate to see. For
the second let x, y ∈ SX . Then by Lemma 3.1 (i)

‖x+ y‖2 + ‖x− y‖2

4
≤ 1 +

(
‖x+ y‖+ ‖x− y‖

2
− 1

)2

≤ 1 + ρX(1)2,

from which we have the conclusion. �

Remark 3.3 (i) The second inequality in (3.3) is sharper than C ′
NJ(X) ≤

1+ρX(1)(= A2(X)) which was shown in Wang and Pang [17, esp., p. 308].

(ii) Each inequality in (3.3) is sharp. In fact if X is not uniformly
non-square, equality holds in the both inequalities in (3.3) as C ′

NJ(X) = 2
and ρX(1) = 1. The first inequality attains equality with Lp-spaces, 1 ≤
p ≤ ∞ since ρLp(1) = max{21/p, 21−1/p} − 1 ([3, Proposition 5.1]) and

C ′
NJ(X) = max{22/p−1, 21−2/p} ([2, Example 5]). Another example for the

first inequality is the Day-James `2-`∞ space: Let X = R2 equipped with
the norm

‖x‖ =

{
‖x‖2 if x1x2 ≥ 0,

‖x‖∞ if x1x2 ≤ 0

for x = (x1, x2) ∈ R2. Then ρX(1) = 1/
√
2 ([14, Example 3]; see also [1,

Example 25]). In [2] it is shown that C ′
NJ(X) = (3+2

√
2)/4. Therefore the

first inequality attains equality with the space `2-`∞. The second inequality
of (3.3) attains equality with the `∞-`1 space: Let X = R2 equipped with
the norm

‖x‖ =

{
‖x‖∞ if x1x2 ≥ 0,

‖x‖1 if x1x2 ≤ 0

for x = (x1, x2) ∈ R2. Then ρX(1) = 1/2 ([3, Example 3.2], [10, Example
4]) and C ′

NJ(X) = 5/4 ([14, Example 4], [2, Example 1]). Hence equality
holds in the second inequality.

Theorem 3.4 Let X be a Banach space. Then

CNJ(X) ≤ C ′
NJ(X)− ρX(1) +

√
(C ′

NJ(X)− ρX(1)− 1)2 + ρX(1)2. (1.9)
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Proof. First we note that the von Neumann-Jordan constant CNJ(X) is
reformulated as

CNJ(X) = sup

{
‖x+ ty‖2 + ‖x− ty‖2

2(1 + t2)
: x, y ∈ SX , 0 ≤ t ≤ 1

}
. (3.4)

Let x, y ∈ SX and let 0 ≤ t ≤ 1. Since

‖x+ y‖2 + ‖x− y‖2 ≤ 4C ′
NJ(X)

and
‖x+ y‖+ ‖x− y‖ ≤ 2(1 + ρX(1)),

we have

‖x+ ty‖2 + ‖x− ty‖2

≤ (t‖x+ y‖+ (1− t))2 + (t‖x− y‖+ (1− t))2

= (‖x+ y‖2 + ‖x− y‖2)t2 + 2(‖x+ y‖+ ‖x− y‖)t(1− t) + 2(1− t)2

≤ 4C ′
NJ(X)t2 + 4(1 + ρX(1))t(1− t) + 2(1− t)2

= 2
[
(2C ′

NJ(X)− 2ρX(1)− 2)t2 + 2ρX(1)t+ (1 + t2)
]
.

Therefore by Lemma 3.1 (ii)

‖x+ ty‖2 + ‖x− ty‖2

2(1 + t2)

≤
2
[
(C ′

NJ(X)− ρX(1)− 1)t2 + ρX(1)t
]

1 + t2
+ 1

≤ (C ′
NJ(X)− ρX(1)− 1) +

√(
C ′
NJ(X)− ρX(1)− 1

)2
+ ρX(1)2 + 1

= C ′
NJ(X)− ρX(1) +

√(
C ′
NJ(X)− ρX(1)− 1

)2
+ ρX(1)2,

by which we obtain the inequality (1.9). �

Remark 3.5 (i) If X is not uniformly non-square, we have equality in
(1.9) as CNJ(X) = C ′

NJ(X) = 2 and ρX(1) = 1.
(ii) The inequality (1.9) attains equality with both of the Day-James

`∞-`1 and `2-`∞ spaces, which are uniformly non-square. In fact let X be
the `∞-`1 space. Then ρX(1) = 1/2 and C ′

NJ(X) = 5/4 as mentioned in
Remark 3.3. On the other hand it is known that CNJ(X) = (3+

√
5)/4 ([20,

Example 3.2], [14, Example 4]). Thus we have equality in (1.9). We note
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that the above value of CNJ(X) obtained in [20] and [14] is immediately
derived from Theorem 3.4. Indeed since ρX(1) = 1/2 and C ′

NJ(X) = 5/4,
we have CNJ(X) ≤ (3 +

√
5)/4 by (1.9). Taking x = (1, 0) and y =

(0, (
√
5−1)/2) in the definition of CNJ(X), we have CNJ(X) ≥ (3+

√
5)/4.

Next let X be the `2-`∞ space. Then ρX(1) = 1/
√
2 and C ′

NJ(X) =
(3+2

√
2)/4 (Remark 3.3). On the other hand CNJ(X) = 3/2 ([20, Example

3.3]). Therefore we have equality in (1.9). We note again that the above
result CNJ(X) = 3/2 is immediately obtained by Theorem 3.4. Indeed since
ρX(1) = 1/

√
2 and C ′

NJ(X) = (3 + 2
√
2)/4, we have CNJ(X) ≤ 3/2 by

(1.9). Taking x = (−1, 1) and y = (1/2, 1/2) in the definition of CNJ(X),
we have CNJ(X) ≥ 3/2.

The following elementary facts will be useful in our later discussion.

Lemma 3.6 Let f(u, v) = u− v +
√

(u− v − 1)2 + v2. Then for all u2 ≥
u1 ≥ 1 and v2 ≥ v1 ≥ u1 − 1,

f(u1, v1) ≤ f(u2, v2),

where equality holds only when u1 = u2 and v1 = v2.

In fact, for each v 6= 0 the function f(u, v) is strictly increasing in
u ∈ (−∞,+∞), and for each u ≥ 1 the function f(u, v) is strictly increasing
in v ∈ [u− 1,+∞).

As is expected, Theorem 3.4 yields both of the next previous results
concerning the estimates of CNJ(X) by C ′

NJ(X) and by ρX(1).

Corollary 3.7 (Alonso et al. [2, Theorem 1]). Let X be a Banach space.
Then

CNJ(X) ≤ 1 +

[√
2C ′

NJ(X)− 1

]2
, (1.10)

where the inequality is strict if ρX(1) <
√

2C ′
NJ(X)− 1.

Proof. Let f(u, v) be as in Lemma 3.6. Take u1 = u2 = C ′
NJ(X) and v1 =

ρX(1), v2 =
√

2C ′
NJ(X)− 1. By Proposition 3.2 we have v2 ≥ v1 ≥ u1 − 1.

Then by Theorem 3.4 and Lemma 3.6 we have

CNJ(X) ≤ f(C ′
NJ(X), ρX(1))

≤ f(C ′
NJ(X),

√
2C ′

NJ(X)− 1) = 1 +

[√
2C ′

NJ(X)− 1

]2
,

82 MIKIO KATO - YASUJI TAKAHASHI



M. Kato and Y. Takahashi 83

where the second inequality is strict if ρX(1) <
√

2C ′
NJ(X) − 1. This

completes the proof. �

Corollary 3.8 (Takahashi and Kato [15, Theorem 2]). Let X be a Banach
space. Then

CNJ(X) ≤ 1 + ρX(1)
[√

(1− ρX(1))2 + 1− (1− ρX(1))
]
, (1.11)

where the inequality is strict if C ′
NJ(X) < 1 + ρX(1)2.

Proof. Let f(u, v) be as in Lemma 3.6. Then since C ′
NJ(X) ≤ 1 + ρX(1)2

by Proposition 3.2, we have

CNJ(X) ≤ f(C ′
NJ(X), ρX(1))

≤ f(1 + ρX(1)2, ρX(1))

= 1 + ρX(1)

[√
(1− ρX(1))2 + 1− (1− ρX(1))

]

by Theorem 3.4 and Lemma 3.6, where the second inequality is strict if
C ′
NJ(X) < 1 + ρX(1)2. This completes the proof. �

Remark 3.9 As stated in [2] and [15], the estimates given in Corollaries
3.7 and 3.8 are sharp. In fact, if X is not uniformly non-square, equality
holds in (1.10) and (1.11) as CNJ(X) = C ′

NJ(X) = 2 and ρX(1) = 1. The
inequality (1.10) attains equality with the `2-`∞ space X as CNJ(X) = 3/2
and C ′

NJ(X) = (3+2
√
2)/4. The inequality (1.11) attains equality with the

`∞-`1 space X as CNJ(X) = (3 +
√
5)/4 and ρX(1) = 1/2.

Theorem 3.10 Let X be a Banach space. Then

C ′
NJ(X) ≤ 1 + 4

{
1− 1

J(X)

}2

. (1.12)

Proof. We shall show that for all x, y ∈ SX

‖x+ y‖2 + ‖x− y‖2

4
≤ 1 + 4

{
1− 1

J(X)

}2

. (3.5)

Let x, y ∈ SX and assume ‖x+ y‖ ≤ ‖x− y‖ without loss of generality. Let
ε = ‖x− y‖. Then ‖x+ y‖ ≤ 2(1− δX(ε)). We write J and δ(ε) for J(X)
and δX(ε) respectively. If ε ≤ J , we have

‖x+ y‖2 + ‖x− y‖2

4
≤ J2

2
≤ 1 + 4

(
1− 1

J

)2

.
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Let J ≤ ε ≤ 2. Then, as the function δ(ε)/ε is non-decreasing ([6]), we
have δ(J)/J ≤ δ(ε)/ε, from which it follows that

‖x+ y‖2 + ‖x− y‖2 ≤ 4(1− δ(ε))2 + ε2

≤ 4

{
1− δ(J)

J
ε

}2

+ ε2

≤ 4

{
1− 2δ(J)

J

}2

+ 4

= 4 + 16

{
1− 1

J

}2

,

where the above equality follows from the fact (2.4), 2δ(J) = 2− J . Hence
we have (3.5). This completes the proof. �

The following corollary is useful, which was also independently shown
in [19].

Corollary 3.11 Let X be a Banach space. Then

C ′
NJ(X) ≤ 1

2

(
1 +

√
J(X)− 1

)2
, (1.13)

where equality holds only when X is not uniformly non-square.

Proof. By Theorem 3.10 we have

2C ′
NJ(X) ≤ 2 + 8

{
1− 1

J(X)

}2

. (3.6)

So we show that

2 + 8

{
1− 1

J(X)

}2

≤
(
1 +

√
J(X)− 1

)2
. (3.7)

Put u =
√

J(X)− 1. Then
√√

2− 1 ≤ u ≤ 1 and the inequality (3.7) is
reformulated as

2 + 8

(
u2

u2 + 1

)2

≤ (1 + u)2,

or
2(u2 + 1)2 + 8u4 ≤ (u+ 1)2(u2 + 1)2. (3.8)

Noting that 4u3 ≥ 4(
√
2− 1)

√√
2− 1 > 1, we have

(u+ 1)2(u2 + 1)2 − 2(u2 + 1)2 − 8u4 = (u− 1)2(u4 + 4u3 − 1) ≥ 0.
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Hence the inequality (3.8) holds and equality attains in (3.8) only when
u = 1, or J(X) = 2. This completes the proof. �

Theorem 3.12 (Takahashi and Kato [15, Theorem 3]; see also [16, 19]).
Let X be a Banach space. Then

CNJ(X) ≤ J(X), (1.6)

where equality holds only when X is not uniformly non-square.

Proof. By Corollaries 3.7 and 3.11 we have

CNJ(X) ≤ 1 +

[√
2C ′

NJ(X)− 1

]2
≤ J(X). (3.9)

Though the latter assertion is shown in [15], it can be also easily seen from
our discussion. Indeed if X is uniformly non-square, the second inequality
of (3.9) is strict by Corollary 3.11. �

We shall close this section with presenting a sharper inequality than
(1.6) which is a consequence of Theorem 3.4 and the following recent result
of the present authors [15].

Lemma 3.13 ([15, Theorem 1]). Let X be a Banach space. Then

ρX(1) ≤ 2

{
1− 1

J(X)

}
. (3.10)

Theorem 3.14 Let X be a Banach space. Then

CNJ(X) ≤

(√
2(J(X)− 1) +

√
(J(X)− 1)2 + 1

J(X)

)2

≤ J(X), (1.8)

where the second inequality is strict if and only if X is uniformly non-
square.

Proof. Let f(u, v) be as in Lemma 3.6. Then Theorem 3.4 says that
CNJ(X) ≤ f(C ′

NJ(X), ρX(1)). We write J for J(X). By Theorem 3.10
and Lemma 3.13

C ′
NJ(X) ≤ 1 + 4

(
1− 1

J

)2

and ρX(1) ≤ 2

(
1− 1

J

)
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respectively. Hence we have

CNJ(X) ≤ f(C ′
NJ(X), ρX(1))

≤ f(1 + 4(1− 1/J)2, 2(1− 1/J))

=
1

J2

[
3J2 − 6J + 4 + 2

√
2(J − 1)

√
(J − 1)2 + 1

]

=
1

J2

[√
2(J − 1) +

√
(J − 1)2 + 1

]2
,

which proves the first inequality. The second inequality of (1.8) attains
equality if J = 2. Assume that J < 2. Then

1 + 4

(
1− 1

J

)2

≤ 1

2
(1 +

√
J − 1)2

by (3.7) and

2

(
1− 1

J

)
<

√
J − 1.

Therefore by Lemma 3.6 we have

f(1 + 4(1− 1/J)2, 2(1− 1/J)) < f((1 +
√
J − 1)2/2,

√
J − 1) = J.

This completes the proof. �

4 Unifying sight on previous results

First we note the following.

Proposition 4.1 Let X be a Banach space. Then

C ′
NJ(X) ≤ 1

2

(
1 +

√
J(X)− 1

)2
≤ J(X) ≤ 1 +

J(X)2

4
(4.1)

and

ρX(1) ≤
√

J(X)− 1 ≤
√

2J(X)− 1 ≤ J(X)

2
. (4.2)

Indeed the first inequality of (4.1) is (1.13) of Corollary 3.11 and that of
(4.2) is the result of Wang and Pang [17, Theorem 1], which is also a direct
consequence of Lemma 3.13 ([15, Theorem 1]). The other inequalities are
easy to see.
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Remark 4.2 (i) C ′
NJ(X) = J(X) if and only if X is not uniformly non-

square. Indeed if X is uniformly non-square, the second inequality of (4.1)
is strict by Corollary 3.11.

(ii) ρX(1) =
√

J(X)− 1 if and only if X is not uniformly non-square
(Takahashi and Kato [15, Corollary 1]).

Owing to Theorem 3.4 we can see all the previous results (1.2), (1.3),
(1.5), (1.6) on CNJ(X) and J(X) in a unifying sight.

Corollary 4.3 (i) (Nikolova-Persson-Zachariades [13, Remark]; see also
[12])

CNJ(X) ≤ J(X)2

4
+ 1 +

J(X)

4

{√
J(X)2 − 4J(X) + 8− 2

}
. (1.2)

(ii) (Alonso et al. [2, Theorem 2])

CNJ(X) ≤ 2
{
1 + J(X)−

√
2J(X))

}
, (1.3)

(iii) (Wang and Pang [17, Theorem 4])

CNJ(X) ≤ J(X) +
√

J(X)− 1

[√
1 +

(
1−

√
J(X)− 1

)2
− 1

]
. (1.5)

(iv) (Takahashi and Kato [15, Theorem 3])

CNJ(X) ≤ J(X). (1.6)

Proof. Let f(u, v) be as in Lemma 3.6. Then by Theorem 3.4

CNJ(X) ≤ f(C ′
NJ(X), ρX(1)), (4.3)

from which, by noting Proposition 4.1 and Lemma 3.6, all the results stated
above will be derived as follows.

(i) Since C ′
NJ(X) ≤ 1 + J(X)2/4 and ρX(1) ≤ J(X)/2, we have

CNJ(X) ≤ f(C ′
NJ(X), ρX(1))

≤ f(1 + J(X)2/4, J(X)/2)

=
J(X)2

4
+ 1 +

J(X)

4

{√
J(X)2 − 4J(X) + 8− 2

}
.
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(ii) Since C ′
NJ(X) ≤ J(X) and ρX(1) ≤

√
2J(X)− 1,

CNJ(X) ≤ f(C ′
NJ(X), ρX(1))

≤ f(J(X),
√

2J(X)− 1),

= 2
{
1 + J(X)−

√
2J(X)

}
.

(iii) Since C ′
NJ(X) ≤ J(X) and ρX(1) ≤

√
J(X)− 1,

CNJ(X) ≤ f(C ′
NJ(X), ρX(1))

≤ f(J(X),
√
J(X)− 1)

= J(X) +
√
J(X)− 1

[√
1 +

(
1−

√
J(X)− 1

)2
− 1

]
.

(iv) Since C ′
NJ(X) ≤

(
1 +

√
J(X)− 1

)2
/2 and ρX(1) ≤

√
J(X)− 1,

CNJ(X) ≤ f(C ′
NJ(X), ρX(1))

≤ f(
(
1 +

√
J(X)− 1

)2
/2,

√
J(X)− 1)

= J(X).

This completes the proof. �

5 Some other consequences

Alonso et al. [2, Corollary 2] showed that

CNJ(X)− C ′
NJ(X) ≤ 3− 2

√
2 (5.1)

and they asked whether this estimate is sharp. We have the following.

Theorem 5.1 Let X be a Banach space. Then

CNJ(X)− C ′
NJ(X) ≤ 1

2
(1− ρX(1))2 , (5.2)

where equality holds if and only if CNJ(X) = 1 + ρX(1)2 and C ′
NJ(X) =

(1 + ρX(1))2/2.
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Proof. By Theorem 3.4 and Proposition 3.2 we have

CNJ(X)− C ′
NJ(X) ≤

√
(1 + ρX(1)− C ′

NJ(X))2 + ρX(1)2 − ρX(1)

≤
√

[1 + ρX(1)− (1 + ρX(1))2/2]2 + ρX(1)2 − ρX(1)

=
1

2
(1− ρX(1))2.

Next suppose that equality holds in (5.2). Then by the above observa-
tion we have C ′

NJ(X) = (1 + ρX(1))2/2 and CNJ(X) = C ′
NJ(X) + (1 −

ρX(1))2/2 = 1+ ρX(1)2. The converse is clearly true, which completes the
proof. �

Remark 5.2 The inequality (5.2) attains equality with the spaces which are
not uniformly non-square and also with the `2-`∞ space X as CNJ(X) =
3/2, C ′

N (X) = (3 + 2
√
2)/4 and ρX(1) = 1/

√
2 (see Remark 3.5).

Finally we shall present a negative answer to the above question by
Alonso et al. [2].

Corollary 5.3 For any Banach space X

CNJ(X)− C ′
NJ(X) < 3− 2

√
2. (5.3)

Proof. Since ρX(1) ≥
√
2− 1, by Theorem 5.1 we have

CNJ(X)− C ′
NJ(X) ≤ 1

2
(1− ρX(1))2 ≤ 3− 2

√
2. (5.4)

Suppose that CNJ(X) − C ′
NJ(X) = 3 − 2

√
2. Then by (5.4) we have

ρX(1) =
√
2 − 1 and equality holds in (5.2). By Theorem 5.1 we have

CNJ(X) = 1 + ρX(1)2 = 1 + (
√
2 − 1)2 and C ′

NJ(X) = (1 + ρX(1))2/2 =
1. From the latter identity X is a Hilbert space, which is impossible as
CNJ(X) > 1. This completes the proof. �
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Some remarks and new developments

concerning Hardy-type inequalities

Lars-Erik Persson and Natasha Samko

Abstract. In this paper we present some complementery informa-
tion to that given in the recent historical paper [19] and book [20]. A
simple convexity argument is used to prove Hardy’s inequality. This
unified approach also implies a number of other classical inequalities
(e.g. Hardy’s discrete inequality, Pólya-Knopp’s inequality, Carle-
man’s inequality, some weighted variants of Hardy’s inequality etc.).
Some new results e.g. from recent PhD theses concerning characteri-
zations of multidimensional forms of Hardy’s inequality are presented
and discussed in this light. Moreover, some new results concerning
Hardy type inequalities in Morrey spaces are presented and a number
of examples, remarks and ideas for further research are included.

Mathematical Subject Classification (2010). 26D15, 46E30,
47B38

Keywords and phrases. Inequalities, Hardy’s inequalities, Carle-
man’s inequality, Pólya-Knopp’s inequality, Hardy type inequalities,
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rey space.

1 Introduction

The famous Hardy inequality in continuous form reads

∫ ∞

0

(
1

x

∫ x

0
f(t)dt

)p

dx ≤
(

p

p− 1

)p ∫ ∞

0
fp(x)dx, (1.1)

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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where p > 1 and f is a non-negative p-integrable function. The dramatic
more than 10 years period until G.H. Hardy finally formulated and proved
(1.1) in his 1925 paper [11] (see also [10]) has recently been described in
detail in [19]. After that this inequality has been generalized and applied in
an almost unbelievable way, see e.g. the monographs [16], [20], [21], [31] and
the references given therein. And the interest seems to even have increased
during the very last years. In this article we complement the historical
article [19] and book [20] in various ways and hope that this complementary
information can both give some interesting new information and serve as a
source of inspiration for further research in this fascinating area.

In Section 2 we present a very simple proof of Hardy’s inequality, which
was first discovered by E.K. Godunova already 1965 in [8] but this paper
seems not to have influenced the development so much but after this result
was rediscovered and complemented in a paper by S.Kaijser et al [14] in
2002 it has been presented several results in this direction, see e.g. the re-
view article [28] and Theorems 3.17 and 3.20 in this paper. If Hardy himself
had discovered this simple proof (i.e. that (1.1) follows almost immediately
from Jensen’s inequality (from 1906) and a variable transformation) we are
sure that the prehistory described in [19] had been very different. This
fact could also have influenced in an essential way the continued develop-
ment of Hardy type inequalities as described e.g. in the books [16], [20],
[21] and [31]. Moreover, we show that this simple convexity argument also
directly gives many other classical inequalities like Hardy’s discrete inequal-
ity, Carleman’s inequality and Pólya-Knopp’s inequality and even the first
weighted form of (1.1), which obviously Hardy believed was a genuine gen-
eralization of (1.1) but our argument shows that in fact this weighted form
is equivalent to (1.1) (see Remark 2.11).

In Section 3 we discuss some recent results concerning characteriza-
tions of multidimensional weighted forms of (1.1) for different parameters
p and q . We start with the famous two-dimensional result of E. Sawyer
in [37]. After that we review and comment upon a number of fairly new
results e.g. those obtained in PhD theses by A. Wedestig [40], E. Ushakova
[39] and M. Johansson [13]. Hence this paper complement the book [20]
in an essential way. See also the book [16], where some complementary
information can be found.

In the book [20] a number of Hardy type inequalities for various function
spaces (other than weighted Lp-spaces) are presented and discussed. Note
that weighted estimates of the Hardy operators with respect to the norm of
the generalized Lebesgue spaces Lp(·) with variable exponent were obtained
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e.g. in [6], [17] and [24].

In Section 4 in this paper we give a new complement to this, namely we
present and discuss some recent results concerning Hardy type inequalities
in weighted Morrey spaces. Hardy inequalities with respect to the norm
of Morrey spaces are quite recent results even in both the one-dimensional
and non-weighted cases. Such inequalities in the one-dimensional case and
for a class of weights were given in the paper [35] from 2009 for p → p-
inequalities, and in [34] for p → q-inequalities. We survey these recent
results and also present some corresponding multi-dimensional results.

2 A convexity approach to classical Hardy type
inequalities

2.1 Remarks on four classical inequalities

A). Hardy’s inequality (continuous form:)

If f is non-negative and p− integrable over (0,∞), then

∫ ∞

0

(
1

x

∫ x

0
f(y)dy

)p

dx ≤
(

p

p− 1

)p ∫ ∞

0
fp(x)dx), p > 1. (2.1)

B). Hardy’s inequality (discrete form:)

If {an}∞1 is a sequence of non-negative numbers, then

∞∑

n=1

(
1

n

n∑

n=1

ai

)p

≤
(

p

p− 1

)p ∞∑

n=1

apn, p > 1. (2.2)

Remark 2.1 The dramatic more than 10 years period of research until
Hardy stated in [10] and proved in [11] his inequality (2.1) was recently
described in [19]. It is historically clear that Hardy’s original motivation
when he discovered his inequalities was to find a simple proof of Hilbert’s
double series inequality.

Remark 2.2 It is clear that (2.2) ⇒ (2.1). More exactly, by applying
(2.1) with step functions we obtain (2.2). This was pointed out to Hardy
in a private letter from F. Landau already in 1921 and here Landau even
included a proof of (2.2) so it should not be wrong to even call (2.2) the
Hardy-Landau inequality.
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C). Carleman’s inequality:

If {an}∞1 is a sequence of positive numbers, then

∞∑

n=1

n
√
a1 · · · an ≤ e

∞∑

n=1

an. (2.3)

Remark 2.3 This inequality was proved by T. Carleman in 1922 ([4]) in
connection to this important work on quasianalytical functions. Carleman’s
idea of proof was to find maximum of

∑n
i=1(a1 · · · ai)1/i under the constraint∑n

i=1 ai = 1, n ∈ Z+. However, (2.3) is in fact a limit inequality (as p → ∞)
of the inequalities (2.2) for p > 1 according to the following:

Replace ai with a
1/p
i in the Hardy discrete inequality and we obtain

that

∞∑

n=1

(
1

n

n∑

n=1

a
1/p
i

)p

≤
(

p

p− 1

)p ∞∑

n=1

an, p > 1.

Moreover, when p → ∞ we have that

(
1

n

n∑

i=1

a
1/p
i

)p

→

(
n∏

i=1

ai

)1/n

and

(
p

p− 1

)p

→ e.

In view of the fact that Carleman and Hardy had a direct cooperation
at that time (see e.g. [5]) it is maybe a surprise that Carleman did not
mention this fact in his paper.

D). Pólya-Knopp’s inequality:

If f is a positive and integrable function on (0,∞), then

∫ ∞

0
exp

(
1

x

∫ x

0
lnf(y)dy

)
dx ≤ e

∫ ∞

0
f(x)dx. (2.4)

Remark 2.4 Sometimes (2.4) is referred to as the Knopp inequality with
reference to his 1928 paper [15]. But it is clear that it was known before
and in his 1925 paper [11] Hardy informed that G. Pólya had pointed out
the fact that (2.4) is in fact a limit inequality (as p → ∞) of the inequality
(1.1) for p > 1 and the proof is literally the same as that above that (2.2)
implies (2.3). Accordingly, nowadays (2.4) is many times referred to as
Pólya-Knopp’s inequality and we have adopted this term.
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2.2 An equivalent form of Hardy’s inequality (1.1) and its
limit inequality (2.4)

In the sequel of this Section we assume that f is a non-negative and mea-
surable function over R+.

Before we perform the discussion in this Section we present two crucial
observations:

Observation 2.1: We note that
∫ ∞

0

(
1

x

∫ x

0
f(y)dy

)p

dx ≤
(

p

p− 1

)p ∫ ∞

0
fp(x)dx, p > 1 (2.5)

⇔∫ ∞

0

(
1

x

∫ x

0
g(y)dy

)p dx

x
≤ 1 ·

∫ ∞

0
gp(x)

dx

x
, (2.6)

where f(x) = g(x1−1/p)x−1/p.
In fact, consider (2.5) and we find that

RHS =

(
p

p− 1

)p ∫ ∞

0
fp(x)dx =

(
p

p− 1

)p ∫ ∞

0
gp(x1−1/p)

dx

x
=

=

(
p

p− 1

)p+1 ∫ ∞

0
gp(y)

dy

y
,

LHS =

∫ ∞

0

(
1

x

∫ x

0
g(t1−1/p)t−1/pdt

)p

dx =

=

(
p

p− 1

)p ∫ ∞

0

(
1

x

∫ x1−1/p

0
g(s)ds

)p

dx =

=

(
p

p− 1

)p+1 ∫ ∞

0

(
1

y

∫ y

0
g(s)ds

)p dy

y
.

Remark 2.5 We see that Hardy’s inequality (1.1) is equivalent to (2.6)
for p > 1 and, thus, that Hardy’s inequality can be proved in the following
simple way (see form (2.6)): By Jensen’s inequality and Fubini’s theorem
we have that

∫ ∞

0

(
1

x

∫ x

0
g(y)dy

)p dx

x
≤
∫ ∞

0

(
1

x

∫ x

0
gp(y)dy

)
dx

x
=

=

∫ ∞

0
gp(y)

∫ ∞

y

dx

x2
dy =

∫ ∞

0
gp(y)

dy

y
.
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In a similar and even simpler way we can verify the following:

Observation 2.2: It yields that

∫ ∞

0
exp

(
1

x

∫ x

0
lnf(y)dy

)
dx ≤ e

∫ ∞

0
f(x)dx (2.7)

⇔

∫ ∞

0
exp

(
1

x

∫ x

0
lng(y)dy

)
dx

x
≤ 1 ·

∫ ∞

0
g(x)

dx

x
, (2.8)

where f(x) = g(x)
x .

Remark 2.6 According to this Observation, Jensen’s inequality and Fu-
bini’s theorem we see that also the limit Pólya-Knopp’s inequality (2.4)
follows directly from Jensen’s inequality.

In the same way as above, we also have the following more general State-
ment (see also [14]):

Proposition 2.7 Let f be a non-negative and measurable function on I ⊂
R and let Φ : I → R+ be a convex function. Then

∫ ∞

0
Φ

(
1

x

∫ x

0
f(y)dy

)
dx

x
≤

∫ ∞

0
Φ
(
f(x)

)dx
x
. (2.9)

If Φ instead is positive and concave, then the reversed inequality holds.

Proof. By Jensen’s inequality and Fubini’s theorems we have that

∫ ∞

0
Φ

(
1

x

∫ x

0
f(y)dy

)
dx

x
≤

∫ ∞

0

∫ x

0
Φ(f(y))dy

dx

x2
=

=

∫ ∞

0
Φ(f(y))

∫ ∞

y

1

x2
dx dy =

∫ ∞

0
Φ(f(y))

dy

y
.

If Φ is concave the only inequality holds in the reversed direction.
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2.3 Some examples and further remarks

Example 2.8 Consider the convex function Φ(u) = up, p ≥ 1 or p < 0.
Then (2.9) reads

∫ ∞

0

(
1

x

∫ x

0
f(y)dy

)p dx

x
≤

∫ ∞

0
fp(x)

dx

x
, (2.10)

i.e. according to Observation 2.1, we obtain Hardy’s original inequality
(1.1) for p > 1. For 0 < p < 1 (2.10) holds in the reversed direction.

Example 2.9 Consider the convex function Φ(u) = eu and replace f(y)
with ln f(y). Then (2.9) reads

∫ ∞

0
exp

(
1

x

∫ x

0
lnf(y)dy

)
dx

x
≤

∫ ∞

0
f(x)

dx

x
,

i.e. according to Observation 2.2, we obtain also Pólya-Knopp’s inequality
directly without going via some limit argument.

In 1928 G.H. Hardy himself (see [12]) proved the first generalization of
his inequality (1.1) namely the following:

The inequality

∫ ∞

0

(
1

x

∫ x

0
f(y)dy

)p

xadx ≤
(

p

p− 1− a

)p ∫ ∞

0
fp(x)xadx (2.11)

holds for all measurable and non-negative functions f on (0,∞) whenever
a < p− 1, p > 1.

We remark that (2.11) in fact also is equivalent to (2.5) and, thus, to
(1.1) . More generally the following statement follows directly from (2.6):

Example 2.10 Let f be a measurable and non-negative function on (0,∞).
Then

a) the inequality (2.11) holds whenever a < p− 1 and p > 1 or p < 0.
b) the inequality

∫ ∞

0

(
1

x

∫ ∞

x
f(y)dy

)p

xadx ≤
(

p

a+ 1− p

)p ∫ ∞

0
fp(x)xadx (2.12)

holds whenever a > p− 1, p > 1 or p < 0.
c) For the case 0 < p < 1 the inequalities (2.11) and (2.12) hold in

the reversed direction.
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In fact, statement a) follows by just using the substitution f(t) =

= g(t
p−1−a

p )t
− 1+a

p , making some straightforward calculations as in Observa-
tion 2.1 to see that (2.11) is equivalent to (2.6) and, thus, to (2.5). More-
over, b) follows from a) by making some other obvious standard substitu-
tions.

The proof of c) is the same as that of a) and b) and the fact that now
the basic inequality (2.6) holds in the reversed direction (see Example 2.8).

Remark 2.11 The above means in particular that the first generalization
(2.11) by Hardy in fact is not more general than the original form (1.1)
because both are equivalent to (2.6).

By using the simple technique presented in this Subsection and the
refined Jensen type inequality for superquadratic or subquadratic functions
recently proved in the paper [1] the following refined Hardy type inequality
can be proved (see [27] , Theorem 3.1):

Theorem 2.12 Let the function f be a non-negative and measurable on
(0,∞) and let k > 1.

(i) If p ≥ 2, then

∫ ∞

0
x−k

(∫ x

0
f(t)dt

)p

dx + (2.13)

k − 1

p

∫ ∞

0

∫ ∞

t

∣∣∣∣∣
p

k − 1

(
t

x

)1− k−1
p

f(t)− 1

x

∫ x

0
f(t)dt

∣∣∣∣∣

p

x
p−k− k−1

p dx t
k−1
p

−1
dt

≤
(

p

k − 1

)p ∫ ∞

0
fp(x) xp−kdx.

(ii) If 1 < p ≤ 2, then the inequality (2.13) holds in the reversed direc-
tion.

Remark 2.13 Note that this result means that if p ≥ 2, then the classical
weighted Hardy inequality (2.11) for k = p−a > 1 can be refined by adding
a second term on the left-hand side. In fact, this factor is so big that
the inequality holds in the reversed direction for 1 < p ≤ 2 so that, in
particular, for p = 2 (2.13) reduces to an identity.

Hence, in this case the ”breaking point”, where the sign of the inequality
is changed, is p = 2, while in the classical (non-refined) Hardy’s inequality
the natural breaking point is p = 1.
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Remark 2.14 As expected a similar dual refined Hardy inequality holds
when

∫ x
0 f(t)dt is replaced by

∫∞
x f(t)dt and k < 1 (see [28], Theorem 3.2).

Remark 2.15 The simple technique presented above can be used to obtain
multidimensional generalizations of several results in this Section. We give
some examples of this fact in our Subsection 3.3 ( see Theorems 3.17 and
3.20).

Remark 2.16 The constants in all inequalities presented in this Subsec-
tion are sharp. In particular, this means that this simple convexity tech-
nique also gives the best possible result in all cases derived so far.

Summing up our investigations presented so far in this Section we
strongly believe that both the prehistory of Hardy’s inequalities and the
continued development of Hardy type inequalities could have been very dif-
ferent if Hardy himself had discovered this simple convexity technique of
proof.

2.4 Some modern forms of the four classical inequalities.

Here and in the sequel of this Section by a weight (weight sequence) we
mean a non-negative, measurable and locally integrable function over the
considered interval (a sequence v = {vi}∞1 , with vi ≥ 0, i = 1, 2, ...).

It is natural to raise the following questions connected to the inequalities
A) - D) in Subsection 2.1:

1. For which weights u and v does it hold that

(∫ b

0

(∫ x

0
f(t)dt

)q

u(x)dx

)1/q

≤ C

(∫ b

0
fp(x)v(x)dx

)1/p

, 0 < b ≤ ∞,

for some finite constant C ?

2. For which weights u and v does it hold that

(∫ b

0

[
exp

1

x

∫ x

0
lnf(t)dt

]q
u(x)dx

)1/q

≤ C

(∫ b

0
fp(x)v(x)dx

)1/p

, 0 < b ≤ ∞,

for some finite constant C ?

3. For which weight sequences u = {uk} and v = {vk}
does it hold that

( ∞∑

n=1

(
n∑

i=1

ai

)q

un

)1/q

≤ C

( ∞∑

n=1

apnvn

)1/p
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for some finite constant C ?

4. For which weight sequences u = {uk} and v = {vk}
does it hold that

( ∞∑

n=1

( n
√
a1 · · · an)q un

)1/q

≤ C

( ∞∑

n=1

apnvn

)1/p

for some finite constant C ?

During the last 80 years it has been a lot of activities to answer these
and more general questions concerning Hardy type inequalities and a lot
of interesting results have been presented and applied (see e.g. the books
[16], [18], [20], [21], [23], [31], [38] and the references given there).

Just as one example and for the sake of comparison later on with the
multi-dimensional case we mention the following well known result:

Theorem 2.17 Let 1 < p ≤ q < ∞ and u and v be weights on R+. Then
each of the following conditions is necessary and sufficient for the inequality




∞∫

0




x∫

0

f(t) dt




q

u(x)dx




1
q

≤ C




∞∫

0

fp(x)v(x) dx




1
p

(2.14)

to hold for all positive and measurable functions on R+:

a) The Muckenhoupt-Bradley condition,

AM := sup
x>0




∞∫

x

u(t) dt




1
q (

V (x)

) 1
p′

< ∞, V (x) :=

x∫

0

v(t)1−p′ dt,

(2.15)
with the estimation C ∈ [AM , λAM ] for the best constant C in (2.14), where

λ = min(p1/q(p′)1/p
′
, q1/q(q′)1/p

′
).

b) The condition

APS := sup
x>0

V (x)
− 1

p




x∫

0

u(t)V (t)q dt




1
q

< ∞, (2.16)

with C ∈ [APS , p
′APS ] for the best constant in (2.14).
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Remark 2.18 The dramatic history until (2.15) was derived was recently
described in the book [20]. The condition (2.16) was derived e.g. by L.E.
Persson and V. Stepanov in [32]. It is nowadays known that also these
two conditions are not unique and can in fact be replaced by infinite many
conditions or more exactly by four different scales of conditions (see [9]).

3 Multidimensional Hardy-type inequalities

In this Section by a weight we mean a non-negative, measurable and locally
integrable function on Rn

+, n ∈ Z.

3.1 Some two-dimensional results

We first recall that the following two-dimensional inequality, which was
proved by E.T. Sawyer, see [37], Theorem 1:

Theorem 3.1 Let 1 < p ≤ q < ∞ and u and v be weights on R2
+. Then

the inequality




∞∫

0

∞∫

0




x1∫

0

x2∫

0

f(t1, t2)dt1dt2




q

u(x1, x2) dx1dx2




1
q

≤

≤ C




∞∫

0

∞∫

0

fp(x1, x2)v(x1, x2) dx1dx2




1
p

(3.1)

holds for all non-negative and measurable functions on R2
+, if and only if

the following three conditions are satisfied:

sup
(y1,y2)∈R2

+




∞∫

y1

∞∫

y2

u(x1, x2)dx1dx2




1
q



y1∫

0

y2∫

0

v(x1, x2)
1−p′dx1dx2




1
p′

< ∞,

(3.2)

sup
(y1,y2)∈R2

+

(y1∫
0

y2∫
0

(
x1∫
0

x2∫
0

v(t1, t2)
1−p′dt1dt2

)q

u(x1, x2)dx1dx2

) 1
q

(y1∫
0

y2∫
0

v(x1, x2)1−p′dx1dx2

) 1
p

< ∞, (3.3)
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sup
(y1,y2)∈R2

+




∞∫
y1

∞∫
y2

(
∞∫
x1

∞∫
x2

u(t1, t2)dt1dt2

)p′

v(x1, x2)
1−p′dx1dx2




1
q

(
∞∫
y1

∞∫
y2

u(x1, x2)dx1dx2

) 1
q′

< ∞.

(3.4)

All three conditions (3.2)-(3.4) are independent and no one may be
removed.

Remark 3.2 Note that (3.2) corresponds to the Muckenhoupt-Bradley con-
dition (2.15), (3.3) corresponds to the condition (2.16) and (3.4) corre-
sponds to the dual condition of (2.16). According to Remark 2.18 all these
conditions are equivalent in the one-dimensional case but it is not so in the
two-dimensional case.

One of the recent progresses related to Theorem 3.1 was obtained in
A. Wedestig’s PhD thesis [40]. It was shown there that in the case where
the weight v(x1, x2) on the right-hand side of (3.1) has the form of the
product v1(x1)v2(x2), then only one condition appears (but this condition
is not unique and can in fact be given in infinite many forms). Namely, the
following statement holds:

Theorem 3.3 Let 1 < p ≤ q < ∞ and let u be a weight on R2
+ and v1 and

v2 be weights on R+. Then the inequality




∞∫

0

∞∫

0




x1∫

0

x2∫

0

f(t1, t2)dt1dt2




q

u(x1, x2) dx1dx2




1
q

≤

≤ C




∞∫

0

∞∫

0

fp(x1, x2)v1(x1)v2(x2) dx1dx2




1
p

(3.5)

holds for all non-negative and measurable functions f on R2
+, if and only if

AW (s1, s2) := sup
(t1,t2)∈R2

+

(V1(t1))
s1−1

p (V2(t2))
s2−1

p ×
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


∞∫

t1

∞∫

t2

u(x1, x2)(V1(x1))
q
p−s1

p (V2(x2))
q
p−s2

p dx1dx2




1
q

< ∞ (3.6)

holds for some s1, s2 ∈ (1, p) (and, hence, for all s1, s2 ∈ (1, p))), where

Vi(ti) :=
ti∫
0

vi(ξ)
1−p′dξ, i = 1, 2. Moreover for the best constant C in (3.1)

it yields that C ≈ AW (s1, s2).

A limit result of Theorem 3.3 is the following two-dimensional Pólya-
Knopp type inequality, which was also proved in [40]:

Theorem 3.4 Let 0 < p ≤ q < ∞ and u and v be weights on R2
+. Then

the inequality




∞∫

0

∞∫

0


exp


 1

x1x2

x1∫

0

x2∫

0

log f(t1, t2)dt1dt2





q

u(x1, x2)dx1dx2




1
q

≤ C




∞∫

0

∞∫

0

fp(x1, x2)v(x1, x2)dx1dx2




1
p

(3.7)

holds for all non-negative and measurable functions f on R2
+ if and only if

sup
y1>0,y2>0

y
s1−1

p

1 y
s2−1

p

2




∞∫

y1

∞∫

y2

x
− s1q

p

1 x
− s2q

p

2 w(x1, x2)dx1dx2




1
q

< ∞, (3.8)

holds for some s1 > 1, s2 > 1 (and thus for all s1 > 1, s2 > 1 ) and
where

w(x1, x2) := u(x1, x2)


exp


 1

x1x2

x1∫

0

x2∫

0

log
1

v(t1, t2)
dt1dt2






q
p

.

Remark 3.5 Observe that this limit inequality indeed holds for all weights
(and not only for product weights on the right hand side) and also for
0 < p ≤ 1. The reason for this comes from the useful technical details when
we perform the limit procedure, e.g. that we first do a substitution so we
only need to use the case when the weight in the right hand side in (3.5)
is equal to 1. Also here we have a good estimate of the best constant C in
(3.7), see [40].
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Corollary 3.6 Let 0 < p ≤ q < ∞ and α1, α2, β1, β2 ∈ R1. Then the
inequality




∞∫

0

∞∫

0


exp


 1

x1x2

x1∫

0

x2∫

0

log f(t1, t2)dt1dt2





q

xα1
1 xα2

2 )dx1dx2




1
q

≤

≤ C




∞∫

0

∞∫

0

fp(x1, x2)x
β1
1 , xβ2

2 dx1dx2




1
p

(3.9)

holds for all non-negative and measurable functions f on R2
+ if and only if

αi + 1

q
=

βi + 1

p
, i = 1, 2.

Moreover, the best constant C for (3.9) satisfies the inequality C ≤ e
β1+β2

p
+ 2

q .

Remark 3.7 Note that it can be proved that the constant C = e
β1+β2+2

p is
sharp in the case where p = q and α1 = β1, α2 = β2.

Remark 3.8 The corresponding statements as those in Theorems 3.3 and
3.4 hold also for any dimension n (see [40]) . However, in our next
Subsection we will present some results from the PhD thesis of E.Ushakova
[39] (see also [33]), where also the case with product weights on the left
hand side was considered. The proofs there are completely different from
those in [40] and the obtained characterizations are different.

3.2 Some multidimensional results

In the sequel we assume that f is a non-negative and measurable function.
Let x = (x1, ..., xn), t = (t1, ..., tn) ∈ Rn

+, n ∈ Z+ and 1 < p ≤ q < ∞.
We consider the n− dimensional Hardy type operator

(Hnf)(x) =

x1∫

0

· · ·
xn∫

0

f(t)dt

and study the inequality



∫

Rn
+

(Hnf)
q(x)u(x)dx




1
q

≤ C



∫

Rn
+

fp(x)v(x)dx




1
p

. (3.10)
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Sometimes we assume that one of the involved weight functions v and
u is of product type, i.e. that

u(x) = u1(x1)u2(x2) · · · un(xn), (LP )

or
v(x) = v1(x1)v2(x2) · · · vn(xn). (RP )

Moreover,

U(t) = U(t1, · · ·, tn) :=
∫ ∞

t1

· · ·
∫ ∞

tn

u(x)dx

and

V (t) = V (t1, · · ·, tn) :=
∫ t1

0
· · ·

∫ tn

0
(v(x))1−p′dx.

The next Statement gives a necessary condition for (3.10) to hold with
help of some n− dimensional versions of the constants AM and APS in
Theorem 2.17 (see [33] and also [39]).

Theorem 3.9 Let 1 < p ≤ q < ∞ and assume that (3.10) holds for all
non-negative and measurable functions f on Rn

+ with a finite constant C,
which is independent on f . Then

A
(n)
M := sup

ti>0
(U(t1, · · · , tn))1/q(V (t1, · · ·, tn))1/p′ < ∞,

and

A
(n)
PS := sup

ti>o
(V (t1, · · · , tn))−1/p

(∫ ∞

t1

· · ·
∫ ∞

tn

u(x)V q(x)dx

)1/q

< ∞.

Proof. This statement follows by substituting the function

ft(y) := Hi[0,t1](y1) · · ·Hi[0,tn](v(y))
1−p′

into the inequality (3.10) . Then we get that

C ≥

(∫
Rn
+

(∫ x1

0 · · ·
∫ xn

0 ft(y)dy
)q

u(x)dx
)1/q

(∫
Rn
+
fp
t (y)v(y)dy

)1/p
≥

(∫∞
t1

· · ·
∫∞
tn

u(x)dx
)1/q (∫ t1

0 · · ·
∫ tn
0 (v(y))1−p′dy

)

(∫ t1
0 · · ·

∫ tn
0 (v(y))1−p′dy

)1/p
= U1/p(t)V 1/p′(t).
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Thus the condition A
(n)
M < ∞ follows by just taking supremum over all

ti > 0, i = 1, 2, ..., n.

In a similar way the condition A
(n)
PS < ∞ follows by making the following

estimate:

C ≥
∫ t1
0 · · ·

∫ tn
0

(∫ x1

0 · · ·
∫ xn

0 ft(y)dy
)q

u(x)dx
(∫

Rn
+
fp
t (y)v(y)dy

)1/p
=

= V
− 1

p (t)

(∫ ∞

t1

· · ·
∫ ∞

tn

u(x)V q(x)dx

)1/q

.

�

Our next result is that in the case of product weights on the right hand
side we get a complete characterization of (3.10).

Theorem 3.10 Let 1 < p ≤ q < ∞ and the weight v be of product type
(RP ). Then (3.10) holds for all non-negative and measurable functions f
on Rn

+ with some finite constant C, which is independent on f, if and only

if A
(n)
M < ∞ or A

(n)
PS < ∞. Moreover, C ≈ A

(n)
M ≈ A

(n)
PS with constants of

equivalence only depending on the parameters p and q and the dimension
n.

Note that here it yields that V (t1, · · ·, tn) = V1(x1)V2(x2) · · · Vn(xn),
where Vi(ti) :=

∫ ti
0 (vi(xi))

1−p′dxi, i = 1, · · ·, n. For a proof we refer to [33]
(see also [39]).

In this paper also the case when u is of product type (LP ) was consid-

ered and the dual of the constants A
(n)
M and A

(n)
PS were introduced:

A
∗(n)
M := sup

ti>0

(
U1(t1) · · · Un(tn)

)1/q(
V (t1, · · · , tn)

)1/p′
< ∞,

and
A

∗(n)
PS := sup

ti>0

(
U1(t1) · · ·

· · ·Un(tn)
)−1/q′

(∫ ∞

t1

· · ·
∫ ∞

tn

v1−p′(x)
(
U1(x1) · · ·Un(xn)

)p′
dx

)1/p′

.

Theorem 3.11 Let 1 < p ≤ q < ∞ and the weight u be of product type
(LP ). Then (3.10) holds for all non-negative and measurable functions f
on Rn

+ with some finite constant C, which is independent of f , if and only
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if A
∗(n)
M < ∞ or A

∗(n)
PS < ∞. Moreover, C ≈ A

∗(n)
M ≈ A

∗(n)
PS with

constants of equivalence only depending on the parameters p and q and the
dimension n.

In the paper [33] also the case 1 < q < p < ∞ was considered and the
following multidimensional versions of the usual Mazya-Rosin and Persson-
Stepanov constants in one dimension (see e.g. [20]) were introduced:

B
(n)
MR :=

(∫

Rn
+

(
U(t)

)r/q(
V1(t1)

)r/q′ · · ·
(
Vn(tn)

)r/q′
dV1(t1) · · · dVn(tn)

)1/r

,

B
(n)
PS :=

(∫

Rn
+

(∫ t1

0
· · ·
∫ tn

0
u(x)(V1(x1) · · ·Vn(xn))

qdx

)r/q

×

×
(
V1(t1) · · ·Vn(tn)

)−r/q

dV1(t1) · · · dVn(tn)

)1/r

.

Here, as usual, 1/r = 1/q− 1/p. For technical reasons we also need the
following additional condition:

V1(∞) = · · · = Vn(∞) = ∞.

Theorem 3.12 Let 1 < q < p < ∞ and 1/r = 1/q − 1/p. Assume that
the weight v is of product type (RP ). Then (3.10) holds for all non-negative
and measurable functions f on Rn

+ with some finite constant C, which is

independent on f , if and only if B
(n)
MR < ∞, or B

(n)
PS < ∞. Moreover,

C ≈ B
(n)
MR ≈ B

(n)
PS with constants of equivalence depending only on p and q

and the dimension n.

Remark 3.13 Also the case when the left hand side is of product type was
considered in [33] and a theorem similar to Theorem 3.12 was proved by

using some dual forms of the constants B
(n)
MR and B

(n)
PS ( see [33], Theorems

3.3 and 3.4).

We finalize this Section by discussing some limit multidimensional (Pólya-
Knopp type) inequalities.

Consider the inequality

(∫

Rn
+

(
Gnf

)q
(x)u(x)dx

)1/q

≤ C

(∫

Rn
+

fp(x)v(x)dx

)1/p

, (3.11)
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where the n− dimensional geometric mean operator Gn is defined by

(Gnf
)
(x) = exp

(
1

x1 · · ·xn

∫ x1

0
· · ·
∫ xn

0
lnf(x1, . . . , xn) dx1 . . . dxn

)
.

We denote

A
(n)
G := sup

ti>0
(t1 · · · tn)−1/p

(∫ t1

0
· · ·
∫ tn

0
w(x)dx

)1/q

with

w(x) :=
((
Gnv

)
(x)
)−q/p

u(x). (3.12)

Theorem 3.14 Let 0 < p ≤ q < ∞. Then (3.11) holds for all non-negative

and measurable functions on Rn
+ if and only if A

(n)
G < ∞. Moreover, C ≈

A
(n)
G with constants of equivalence depending only on the parameters p and

q and the dimension n.

Remark 3.15 The proof in [33] shows that Theorem 3.14 may be regarded
as a natural limit case of Theorem 3.10 characterized by the condition

A
(n)
PS < ∞. For n = 2 we get another characterization than that

in Theorem 3.4. Note that also in this case the limit result holds in a wider
range of parameters and for general weights.

For the case 0 < q < p < ∞ the following less precise result yields (see
[33]):

Theorem 3.16 Let 0 < q < p < ∞. Then (3.11) holds for all non-

negative and measurable functions on Rn
+ if B

(n)
G < ∞, where

B
(n)
G :=

(∫

Rn
+

(∫ t1

0
· · ·
∫ tn

0
w(x)dx

)r/q

(t1 · · · tn)−r/qdt1 . . . dtn

)1/r

,

1/r = 1/q − 1/p and w is defined by (3.12). Moreover, this condition is
necessary and sufficient with the additional assumption that the weight w
in (3.11) is of product type.

Note that this theorem is a natural limit case of Theorem 3.12 charac-
terized with the condition A

(n)
PS < ∞.
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3.3 Multidimensional Hardy type inequalities via the con-
vexity approach.

First we pronounce that the convexity approach discussed in Section 2
can also be used to derive some corresponding multidimensional Hardy-
type inequalities. We present two such results and even give the results in
a setting so they generalize also the corresponding results for n = 1.

Theorem 3.17 Let 1 < p < ∞ and m = (m1, ...,mn) ∈ Rn be such that
mi 6= 1, i = 1, ..., n. Let Φ : [0,∞) → R be a convex almost everywhere
positive function such that Axp ≤ Φ(x) ≤ Bxp holds on [0,∞) for some
constants 0 < A ≤ B < ∞.
(a) If b = (b1, ..., bn), 0 < bi ≤ ∞, i = 1, ..., n, and m = (m1, ...,mn),mi >
1, i = 1, ..., n, then the inequality

∫ b1

0
· · ·
∫ bn

0
Φ

(∫ x1

0
· · ·
∫ xn

0
f(t)dt

) n∏

i=1

x−mi
i dx ≤

B2

A

(
n∏

i=1

p

mi − 1

)p ∫ b1

0
· · ·
∫ bn

0
fp(x)

n∏

i=1

xp−mi
i


1−

(
xi
bi

)mi−1

p


 dx

holds for all non-negative and measurable functions on (0, b1)×· · ·×(0, bn).
(b) If b = (b1, ..., bn), 0 ≤ bi < ∞, i = 1, ..., n, and m = (m1, ...,mn),mi <
1, i = 1, ..., n, then the inequality

∫ ∞

b1

· · ·
∫ ∞

bn

Φ

(∫ ∞

x1

· · ·
∫ ∞

xn

f(t)dt

) n∏

i=1

x−mi
i dx ≤

B2

A

(
n∏

i=1

p

1−mi

)p ∫ ∞

b1

· · ·
∫ ∞

bn

fp(x)
n∏

i=1

xp−mi
i


1−

(
bi
xi

) 1−mi
p


 dx

holds for all non-negative and measurable functions on (b1,∞) × · · · ×
(bn,∞).

Remark 3.18 The proof of this theorem can be found in [30]. In the same
paper also the corresponding results for the cases p < 0 and 0 < p < 1 are
proved and discussed. The constants are sharp in all cases.
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Example 3.19 For the case n = 1,Φ(u) = up, p > 1 (so that A=B=1)
the inequalities in Theorem 3.17 reads:

(i)

∫ b

0
x−m

(∫ x

0
f(t)dt

)p

dx ≤
(

p

m− 1

)p ∫ b

0
fp(x)xp−m

[
1−

(x
b

)m−1
p

]
dx

for 0 < b ≤ ∞,m > 1 and 1 < p < ∞;

(ii)

∫ ∞

b
x−m

(∫ ∞

x
f(t)dt

)p

dx ≤

≤
(

p

1−m

)p ∫ ∞

b
fp(x)xp−m

[
1−

(x
b

) 1−m
p

]
dx

for 0 ≤ b < ∞,m < 1 and 1 < p < ∞.
The inequalities (i) and (ii) are some well-known generalizations of the

inequalities (2.11) and (2.12), respectively, with m = p− a.

Next we present the following generalization of our Theorem 2.12 which
was proved in the recent paper [29] (see also [28]):

Theorem 3.20 Let 1 < p < ∞, k = (k1, . . . , kn) ∈ Rn are such that
ki > 1, b = (b1, . . . , bn), 0 < bi ≤ ∞, i = 1, 2, . . . , n, and let the function
f be non-negative and measurable on (0, b).

(a) If p ≥ 2, then

∫ b1

0
· · ·
∫ bn

0

n∏

i=1

x−ki
i

(∫ x1

0
· · ·
∫ xn

0
f(t)dt

)p

dx

+

n∏

i=1

(
ki − 1

p

)∫ b1

0
· · ·
∫ bn

0

∫ b1

t1

· · ·
∫ bn

tn

∣∣∣∣
n∏

i=1

p

ki − 1

(
ti
xi

)1− ki−1

p

f(t)

− 1

x1 · · ·xn

∫ x1

0
· · ·
∫ xn

0
f(t)dt

∣∣∣∣
p n∏

i=1

x
p−ki−

ki−1

p

i dx

n∏

i=1

t
ki−1

p
−1

i dt

≤

(
n∏

i=1

p

ki − 1

)p ∫ b1

0
· · ·
∫ bn

0




n∏

i=1

1−
[
xi
bi

] ki−1

p


xp−ki

i fp(x)dx.

(b) If 1 < p ≤ 2, then this inequality holds in the reversed direction.

Remark 3.21 Note that, in particular, this means that for the case p = 2
the inequality reduces to a new integral identity. For the case n = 1 and
b = b1 = ∞ we obtain the result in our Theorem 2.12.
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Remark 3.22 In the paper [29] also a dual version of Theorem 3.20 was
proved and also in this case we obtain a new integral identity for the case
p = 2. The constants are sharp in all cases.

4 Hardy type inequalities in Morrey spaces

The well known Morrey spaces Lp,λ were introduced in [26] in relation to
the study of partial differential equations; they are presented and discussed
for instance in the books [7], [18] and [38]. In the n-dimensional case, which
is of interest for us, they are defined as follows:

Lp,λ = {f ∈ Lp
loc(Ω) : ‖f‖p,λ < ∞}, 1 ≤ p < ∞, 0 ≤ λ < n, (4.1)

where Ω ⊆ Rn and

‖f‖p,λ = sup
x∈Ω,r>0


 1

rλ

∫

B(x,r)

|f(y)|p dy




1
p

= sup
x∈Ω,r>0

‖f‖Lp(B(x,r))

r
λ
p

(4.2)

with B(x, r) = {y ∈ Ω : |t− x| < r} ∩ Ω.
We present some Hardy type inequalities in the norm of Morrey spaces

obtained in the recent paper [35] for the p → p - case and n = 1, and in
[34] for the general p → q - case and n ≥ 1. In the context of Morrey
spaces, Hardy operators seem to have appeared only in [3] in a different
aspect, namely the problem to investigate boundedness of the maximal
operator in local Morrey spaces was reduced to Lp-boundedness of Hardy
type operators on a cone of monotone functions.

We consider the following Hardy type operators

Hα
ϕf(x) := |x|α−nϕ(|x|)

∫

|y|<|x|

f(y) dy

ϕ(|y|)
,

Hα
ϕf(x) := |x|αϕ(|x|)

∫

|y|>|x|

f(t)dt

|y|nϕ(|y|)
, x ∈ Rn, (4.3)

with radial weights and use the same notation

Hα
ϕf(x) = xα−1ϕ(x)

x∫

0

f(t)

ϕ(t)
dt and Hα

ϕf(x) = xαϕ(x)

∞∫

x

f(t)dt

tϕ(t)
, x > 0,
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for their one-dimensional versions on the half-axis R+.

In this section we give a brief survey of the results obtained in [34] and
[35]. In [34] there was developed an approach which allowed both to obtain
weighted p → q-estimations of Hardy-type operators in Morrey spaces and
also to extend them to the multidimensional Hardy inequalities (related to
integration over balls).

4.1 Admitted weights

The admitted weights ϕ(x), x > 0 are generated by functions ϕ from the
Bary-Stechkin-type class; they may be characterized as weights, which are
continuous and positive for x ∈ (0,∞), with possible decay or growth at
x = 0 and x = ∞ and which become almost increasing or almost decreasing
after multiplication by some power function. Such weights are oscillating
between two powers at the origin and infinity (with different exponents for
the origin and infinity).

In the sequel, a non-negative function f on [0, `], 0 < ` ≤ ∞, is called
almost increasing (almost decreasing), if there exists a constant C(≥ 1)
such that f(x) ≤ Cf(y) for all x ≤ y (x ≥ y, respectively). Equivalently, a
function f is almost increasing (almost decreasing), if it is equivalent to an
increasing (decreasing, resp.) function g, i.e. c1f(x) ≤ g(x) ≤ c2f(x), c1 >
0, c2 > 0.

Let 0 < ` < ∞. By W0 = W0([0, `]) we denote the class of functions ϕ ,
which are continuous and positive on (0, `], such that there exists the finite

limit lim
x→0

ϕ(x) and ϕ(x) is almost increasing on (0, `); by W̃0 = W̃0([0, `])

we denote the class of functions ϕ ∈ W∞ such xaϕ(x) ∈ W0 for some
a = a(ϕ) ∈ R. Similarly, by W∞ = W∞([`,∞]) we denote the class of
functions ϕ, which are continuous and positive on [`,∞) and which have the

finite limit limx→∞ ϕ(x) and ϕ(x) is almost increasing on [`,∞); by W̃∞ =

W̃∞([`,∞)) we denote the class of functions ϕ ∈ W∞ such that xaϕ(x) ∈
W∞ for some a = a(ϕ) ∈ R. Finally, we say that a function ϕ which is

continuous in (0,∞) is in the class W̃0,∞(R1
+), if its restriction to (0, 1)

belongs to W̃0([0, 1]) and its restriction to (1,∞) belongs to W̃∞([1,∞]).
We say that a function ϕ ∈ W0[0, `], 0 < ` < ∞, belongs to the Zygmund

classes Zβ , Zγ , where β, γ ∈ R1, if

∫ x

0

ϕ(t)

t1+β
dt ≤ c

ϕ(x)

xβ
,

∫ `

x

ϕ(t)

t1+γ
dt ≤ c

ϕ(x)

xγ
, x ∈ (0, `),

respectively. Similarly, we write that a function ϕ ∈ W∞ belongs to the
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class Ẑβ or Ẑγ , if

∫ ∞

x

(x
t

)β ϕ(t) dt

t
≤ cϕ(x),

∫ x

`

(x
t

)α ϕ(t) dt

t
≤ cϕ(x), x ∈ (`,∞),

(4.4)
respectively.

For functions in W̃0,∞(R1
+) the notation

Zβ0,β∞(R1
+) = Zβ0([0, 1])∩Zβ∞([1,∞)), Zγ0,γ∞(R1

+) = Zγ0([0, 1])∩Zγ∞([1,∞))

has an obvious meaning. In the case where the indices coincide: β0 =
β∞ := β, we simply write Zβ(R1

+) and similarly for Zγ(R1
+).

4.2 Formulation of the results

We start with the following lemma on pointwise estimate of the Hardy
operators proved in [34].

Lemma 4.1 Let 1 ≤ p < ∞ and 0 < λ < 1.
I. Let ϕ ∈ W̃0. Then the operator Hα

ϕ is defined on the space Lp,λ(B(0, `)),

0 < ` ≤ ∞, if and only if
a∫
0

t
n−1−n−λ

p

ϕ(t) dt < ∞ for all a > 0 and in this

case

|Hα
ϕf(x)| ≤ C|x|α−nϕ(x)

|x|∫

0

t
n−1−n−λ

p

ϕ(t)
‖f‖p,λ. (4.5)

II. Let 1
ϕ ∈ W̃0, or ϕ ∈ W̃0 and ϕ(2t) ≤ Cϕ(t). Then the operator Hα

γ is

defined on the space Lp,λ(Rn\B(0, ε)), ε ≥ 0, if and only if
∞∫
ε

t
n−1−n−λ

p

ϕ(t) dt <

∞ and in this case

|Hα
ϕf(x)| ≤ C|x|αϕ(|x|)

∞∫

|x|

t
n−1−n−λ

p

ϕ(t)
dt‖f‖p,λ. (4.6)

By means of the pointwise estimates of Lemma 4.1, the following state-
ment can be proved (the case of Lebesgue space Lp, that is, λ = 0 (with
1 < p < n

α in this case), is known, see for instance [21], p. 6, 54):
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Theorem 4.2 Let 0 < λ < n, 0 ≤ α < n−λ, 1 < p < n−λ
α and 1

q = 1
p−

α
n−λ

and ϕ ∈ W̃0. For the weighted Hardy type inequalities

∥∥∥∥∥∥∥
|x|α−nϕ(|x|)

∫

|y|<|x|

f(y)

ϕ(|y|)
dy

∥∥∥∥∥∥∥
Lq,λ(Rn)

≤ C ‖f‖Lp,λ(Rn) (4.7)

∥∥∥∥∥∥∥
|x|αϕ(|x|)

∫

|y|>|x|

f(y)

|y|nϕ(|y|)
dy

∥∥∥∥∥∥∥
Lq,λ(Rn)

≤ C ‖f‖Lp,λ(Rn) (4.8)

to hold, the conditions

ϕ ∈ Zλ
p
+ n

p′
(R1plus) and ϕ ∈ Z

λ−n
p (R1plus), respectively, (4.9)

are sufficient, and the conditions

ϕ ∈ Zλ
p
+ n

p′+ε(R
1plus) and ϕ ∈ Z

λ−n
p

−ε
(R1plus), respectively,

(4.10)
with an arbitrary ε > 0, are necessary. In the case of power weight ϕ(|x|) =
|x|γ, the conditions

γ <
λ

p′
+

n

p
and γ >

λ− n

p

are necessary and sufficient for the validity of the Hardy inequalities (4.7)
and (4.8) to hold, respectively.

Theorem 4.2 was proved in [35] for the case α = 0 and n = 1, and in
[34] for α > 0 and n ≥ 1.

Remark 4.3 The conditions (4.9) may be equivalently reformulated in terms
of the Matuszewska-Orlicz indices of the weight function ϕ. Let m(ϕ),M(ϕ)
be the lower and upper Matuszewska-Orlicz indices of ϕ ”responsible” for
the behaviour of ϕ at the origin, and m∞(ϕ),M∞(ϕ) be similar indices,
”responsible” for the behaviour of ϕ at infinity. For these notions we refer
to [34]-[35] and [36], Subsection 2.2, with respect to our notation and ad-
mitted class of functions ϕ, and to the original paper [25] and presentation
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of these notions in [22] and [23]. The conditions (4.9) are equivalent to
that

max (M(ϕ),M∞(ϕ)) <
λ

p
+

n

p′
, min (m(ϕ),m∞(ϕ)) >

λ− n

p
(4.11)

and the conditions (4.10) are equivalent to that

max (M(ϕ),M∞(ϕ)) ≤ λ

p
+

n

p′
, min (m(ϕ),m∞(ϕ)) ≥ λ− n

p
, (4.12)

respectively.

Remark 4.4 When α = 0, n = 1 and ϕ(t) = tγ, the best constant C for
inequalities of type (4.7)-(4.8) on R+ satisfies the estimates

C ≤ 1
λ
p′ +

1
p − γ

, C ≤ 1

γ + 1−λ
p

,

respectively, see [35], p. 63.

4.3 On two-dimensional ”mixed-type” Hardy inequalities in
Morrey spaces

Let us consider the following weighted two-dimensional Hardy operator

xα1−1
1 xα2−1

2 ϕ1(x1)ϕ2(x2)

x1∫

0

x2∫

0

f(t1, t2)

ϕ1(t1)ϕ2(t2)
dt1dt2, (4.13)

which is taken with separated weights: we consider this model situation
just to show the necessity to modify the definition of the Morrey space in
this case.

In the multidimensional case Morrey spaces over a domain Ω ⊆ Rn are
defined similarly to (4.1)-(4.2) with integration over balls B(x, r), x ∈ Ω and
sup over x ∈ Ω and r > 0. The case Ω = R2

+ = {(x1, x2) : x1 > 0, x2 > 0}
is of our special interest. It is not hard to guess that such Morrey spaces
whose norm involves estimation of integral means over balls are not well
adjusted for operators of the form (4.13). Simple considerations based
on homogeneity with respect to each variable show that for the study of
operators of the form (4.13) it is more natural to define Morrey type spaces
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in a different way, namely in terms of integral means over rectangles. We
introduce such anisotropic Morrey spaces Lp,λ1,λ2(R2

+) by the norm

‖f‖p,λ1,λ2 := sup
x1>0,x2>0
r1>0,r2>0


 1

rλ1
1 rλ2

2

x1+r1∫

(x1−r1)+

x2+r2∫

(x2−r2)+

|f(y1, y2)|p dy1dy2




1
p

= sup
x,r∈R2

+

‖f‖Lp(Q(x,r))

r
λ1
p

1 r
λ2
p

2

, (4.14)

where (xi − ri)+ =

{
xi − ri, if xi − ri ≥ 0
0, if xi − ri < 0,

, i = 1, 2, Q(x, r) = {y =

(y1, y2) ∈ R2
+ : (xi−ri)+ < yi < xi+ri, i = 1, 2}, x = (x1, x2), r = (r1, r2).

We can go further and introduce anisotropic mixed norm Morrey spaces
Lp,λ(R2

+), p = (p1, p2), λ = (λ1, λ2) via the norm

‖f‖p,λ := sup
x,r∈R2

+

‖f‖Lp(Q(x,r))

r
λ1
p1
1 r

λ2
p2
2

with the mixed norm ‖f‖Lp(Q(x,r)) over the rectangle Q(x, r) (we refer to
[2] for mixed norm Lebesgue spaces).

Adjusting the proofs of Lemmas 3.5, 4.1 and Theorem 4.3 in [34] for
the case of the two-dimensional Hardy operator (4.13) one can obtain the
following extension of Theorem 4.2, which we formulate, for simplicity, only
for the ”left-hand sided” version of the operator as defined in (4.13).

Theorem 4.5 Let 0 ≤ λi < 1, 0 ≤ αi < 1 − λi, 1 < pi < 1−λi
αi

and
1
qi

= 1
pi

− αi
1−λi

and ϕi ∈ W̃0, i = 1, 2. For the weighted Hardy type
inequality

∥∥∥∥∥∥
xα1−1
1 xα2−1

2 ϕ1(x1)ϕ2(x2)

x1∫

0

x2∫

0

f(t1, t2)

ϕ1(t1)ϕ2(t2)
dt1dt2

∥∥∥∥∥∥
p,λ

≤ C ‖f‖p,λ (4.15)

to hold, the conditions ϕi ∈ Zλi
pi

+ 1
p′
i

(R1plus) is sufficient, and the condition

ϕi ∈ Zλi
pi

+ 1
p′
i
+ε

(R1plus) with an arbitrary ε > 0, is necessary, i = 1, 2.
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Remark 4.6 Our conjecture is that Theorem 4.5 is true also if the product
weight ϕ1(t1)ϕ2(t2) is replaced by a more general two-dimensional weight
e.g. satisfying an Oinarov condition. The most challenging question is
to try to find necessary and sufficient condition for (4.15) to hold in such
cases.
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Abstract. In the setting of the theory developed by F. Altomare
and his school during the last two decades, iterates of positive linear
operators are related to certain semigroups, and overiterates to the
asymptotic behaviour of the semigroups.

For various classes of operators we establish qualitative and quan-
titative results concerning the convergence of the iterates and the
asymptotic behaviour of the associated semigroups. In this context
the relationship between finitely defined operators and Markov chains
is investigated.

All the results are illustrated by several examples.
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1 Introduction

Iterates of positive linear operators are useful in several areas of Functional
Analysis and Approximation Theory. In particular, they are connected
with the theory of strongly continuous semigroups of operators. Indeed,
consider a sequence (Ln)n≥1 of positive linear operators on a Banach space
Z of continuous functions. Under suitable assumptions, the limit

T (t)f := lim
n→∞

Lk(n)
n f (1.1)

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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124 C0 - semigroups and iterates

exists for all t ≥ 0, f ∈ Z, and all sequences (k(n))n≥1 of positive integers
satisfying

lim
n→∞

k(n)

n
= t.

Moreover, (T (t))t≥0 is a C0-semigroup of operators on Z.

This setting was deeply investigated by F. Altomare and his school
starting from 1989, the year of the first International Conference on Func-
tional Analysis and Approximation Theory organized at Acquadredda di
Maratea.

By using (1.1) it is possible to approximate the semigroup and, ac-
cordingly, to approximate the solution of the evolution equation associated
to it. Qualitative properties of the operators T (t) can be deduced from
the corresponding properties of Ln, and the asymptotic behaviour of the
semigroup can be investigated. This area of research has many connections
with other areas; for details see, e.g., [2], [3], [4], [5], [21], and the references
given there.

It was proved in [5] that under suitable assumptions, if

lim
n→∞

k(n)

n
= ∞,

then

lim
t→∞

T (t)f = lim
n→∞

Lk(n)
n f, f ∈ Z. (1.2)

Moreover,

lim
t→∞

T (t)f = lim
n→∞

Pnf, f ∈ Z, (1.3)

where

Pnf := lim
k→∞

Lk
nf, n ≥ 1, f ∈ Z. (1.4)

Equations (1.1) - (1.4) provide motivation for investigating, in this setting,
iterates and overiterates of the operators Ln : iterates are related to the
semigroup, overiterates to its asymptotic behaviour.

In Section 2 we study the iterates of positive linear operators on C[0, 1]
reproducing the affine functions. Qualitative and quantitative results con-
cerning their convergence towards the canonical projection are established.
These results are used in Section 3 in order to study the asymptotic be-
haviour of the associated semigroup.

Section 4 is devoted to similar problems for operators preserving the
constant functions and a prescribed function w, and in Section 5 we consider
operators reproducing only the constant functions.
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In Section 6 we investigate the relationship between finitely defined
operators and Markov chains.

All the results are illustrated by several examples.
Throughout the paper the space C(X) of real-valued, continuous func-

tions on a compact Hausdorff space X will be endowed with the uniform
norm and the usual order.

The functions ei ∈ C[0, 1], i = 0, 1, 2, . . . , will be defined by ei(x) = xi,
x ∈ [0, 1].

P : C[0, 1] → C[0, 1] stands for the canonical projection defined as

Pf(x) = (1− x)f(0) + xf(1), f ∈ C[0, 1], x ∈ [0, 1].

For f ∈ C[0, 1] we shall denote by ω(f, ·) the modulus of continuity, i.e.,

ω(f, t) = sup{|f(x)− f(y)| : x, y ∈ [0, 1], |x− y| ≤ t}.

2 Operators reproducing the affine functions

The following result was obtained in [21, Theorem 2.2].

Theorem 2.1 Let L : C[0, 1] −→ C[0, 1] be a positive linear operator which
preserves the affine functions. The following assertions are equivalent:

lim
m→∞

Lmf = Pf, f ∈ C[0, 1]; (2.1)

Le2(x) > e2(x), x ∈]0, 1[. (2.2)

We shall describe rates of convergence in (2.1); having in mind applications,
we shall consider sequences of operators instead of single operators.

Let Ln : C[0, 1] → C[0, 1], n ≥ 1, be positive linear operators reproduc-
ing the affine functions.

For each n ≥ 1 and s ∈]0,+∞[ let

an(s) := max{x− x2 − ns(Lne2(x)− e2(x)) : x ∈ [0, 1]}. (2.3)

We get immediately

(
1− 1

ns

)
e2 +

1

ns
(e1 − an(s)e0) ≤ Lne2 ≤ e1,

and by induction,

(
1− 1

ns

)m
e2 +

(
1−

(
1− 1

ns

)m)
(e1 − an(s)e0) ≤ Lm

n e2 ≤ e1
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for all m ≥ 1, n ≥ 1, s ∈]0,+∞[.
This yields

0 ≤ e1 − Lm
n e2 ≤

(
1− 1

ns

)m
(e1 − e2) + an(s)e0 (2.4)

for all m ≥ 1, n ≥ 1, s > 0 with ns ≥ 1.

Theorem 2.2 Let 0 < α < 1. Then

|Lm
n f(x)− Pf(x)| ≤ 2ω

(
f,

√(
1− 1

nmα

)m
x(1− x) + an(mα)

)
(2.5)

for all f ∈ C[0, 1], x ∈ [0, 1], m ≥ 1, n ≥ 1.

Proof. Let t > 0. The following inequality is a particular case of Proposition
5.1.5 in [2]:

|f − Pf | ≤
(
e0 +

e1 − e2
t2

)
ω(f, t).

Since Ln preserves the affine functions, we get

|Lm
n f − Pf | ≤ (e0 + t−2(e1 − Lm

n e2))ω(f, t).

Combined with (2.4), this gives

|Lm
n f − Pf | ≤ (e0 + t−2((1− 1

ns
)m(e1 − e2) + an(s)e0))ω(f, t),

and consequently

|Lm
n f(x)− P (x)| ≤ 2ω(f,

√(
1− 1

ns

)m
x(1− x) + an(s)

)
(2.6)

for all m ≥ 1, n ≥ 1, s > 0 with ns ≥ 1.
Taking s = mα we conclude the proof. �

As in [21, Lemma 2.1] one proves

Theorem 2.3 Let Ln : C[0, 1] −→ C[0, 1] be a sequence of positive linear
operators reproducing the affine functions and having the property

Lne2(x) > e2(x), x ∈]0, 1[, n ≥ 1. (2.7)

Then for each n ≥ 1,
lim
s→∞

an(s) = 0. (2.8)
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Let us remark that Theorems 2.2 and 2.3 yield, under the hypotheses of
Theorem 2.3,

lim
m→∞

Lm
n f = Pf, f ∈ C[0, 1], n ≥ 1. (2.9)

This is (2.1) for L = Ln. But now we have rates of convergence for this
process, expressed by (2.5). Of course, we need information about the speed
of convergence in (2.8).

Here is an example.

Example 2.4 Consider the Meyer-König and Zeller operatorsMn : C[0, 1] →
C[0, 1] defined by

Mnf(x) = (1− x)n+1
∞∑

k=0

(
n+ k

k

)
xkf(

k

n+ k
), 0 ≤ x < 1, (2.10)

Mnf(1) = f(1).

It is well-known that they reproduce the affine functions; see, e.g., [7]. In
order to verify (2.7), let 0 < x < 1; then

Mne2(x) = (1− x)n+1
∞∑

k=1

(
n+ k

k

)
xk(

k

n+ k
)2 >

> (1− x)n+1
∞∑

k=1

(
n+ k

k

)
xk

k

n+ k

k − 1

n+ k − 1
= x2 = e2(x).

According to (2.9) we have, for each n ≥ 1,

lim
m→∞

Mm
n f = Pf, f ∈ C[0, 1].

To get a rate of convergence in this case, we need the following inequality
established in [7] (see also [14] and the references therein):

Mne2(x)− e2(x) ≥
x(1− x)2

2(n+ 1)
, n ≥ 1, x ∈ [0, 1].

According to it,

an(s) = max{x− x2 − ns(Mne2(x)− e2(x)) : x ∈ [0, 1]} ≤

≤ max{x− x2 − ns
x(1− x)2

2(n+ 1)
: x ∈ [0, 1]}.
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By elementary calculus it is easy to prove that

an(s) <
2

s
, n ≥ 1, s ≥ 4.

Thus, given 0 < α < 1, we have by (2.5),

|Mm
n f(x)− Pf(x)| ≤ 2ω(f,

√(
1− 1

nmα

)m
x(1− x) +

2

mα

)

for all f ∈ C[0, 1], x ∈ [0, 1], n ≥ 1, m ≥ 1 with mα ≥ 4.

3 Asymptotic behaviour of the approximated semi-
group

Consider again a sequence of positive linear operators Ln : C[0, 1] → C[0, 1]
reproducing the affine functions. Denote

a(s) := sup{an(s) : n ≥ 1}, s > 0. (3.1)

Suppose that the following limit exists in C[0, 1] for all t > 0 and all
f ∈ C[0, 1] :

T (t)f := lim
n→∞

L[nt]
n f. (3.2)

The following result was proved in [21, Theorem 2.6].

Theorem 3.1 If lim
s→∞

a(s) = 0, then

lim
t→∞

T (t)f = Pf, f ∈ C[0, 1]. (3.3)

Here we are interested in rates of convergence for (3.3).
From (2.6) we get

|L[nt]
n f(x)− Pf(x)| ≤ 2ω

(
f,

√
(1− 1

ns
)[nt]x(1− x) + a(s)

)

for all f ∈ C[0, 1], x ∈ [0, 1], n ≥ 1, t > 0, s > 0 with nt ≥ 1 and ns ≥ 1.
Letting n −→ ∞ we obtain

|T (t)f(x)− Pf(x)| ≤ 2ω
(
f,

√
x(1− x)exp(− t

s
) + a(s)

)
.

This yields:
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Theorem 3.2 Let 0 < α < 1. Then

|T (t)f(x)− Pf(x)| ≤ 2ω
(
f,
√

x(1− x)exp(−t1−α) + a(tα)
)

(3.4)

for all t > 0, f ∈ C[0, 1], x ∈ [0, 1].

Obviously Theorem 3.1 can be deduced as a consequence of Theorem 3.2.

Example 3.3 Consider the Bernstein-Schnabl operators on the unit in-
terval, defined in [4] as follows. Let (µx)0≤x≤1 be a continuous selection
of probability Borel measures on [0, 1], i.e., a family of probability Borel
measures such that for every f ∈ C[0, 1] the function

Tf(x) :=

∫ 1

0
fdµx, x ∈ [0, 1],

is continuous on [0, 1].
Then Te0 = e0; suppose that, moreover, Te1 = e1. Set

α(x) :=
1

2
(Te2(x)− x2), x ∈ [0, 1]. (3.5)

Since e2 ≤ Te2 ≤ e1, we have

0 ≤ α ≤ 1

2
(e1 − e2).

Suppose that

0 < α(x) ≤ 1

2
(x− x2), x ∈]0, 1[. (3.6)

The n-th Bernstein-Schnabl operator associated with the given selection is
defined by

Lnf(x) :=

∫ 1

0
. . .

∫ 1

0
f
(x1 + · · ·+ xn

n

)
dµx(x1) . . . dµx(xn)

for all f ∈ C[0, 1] and x ∈ [0, 1].
Then Ln : C[0, 1] → C[0, 1] is a sequence of positive linear operators

such that (see [4]):

Lne0 = e0, Lne1 = e1, Lne2 = e2 +
2α

n
, n ≥ 1.

It was proved in [4] that for each t ≥ 0 and f ∈ C[0, 1] there exists the limit

T (t)f := lim
n→∞

L[nt]
n f,
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and (T (t))t≥0 is the Markov semigroup on C[0, 1] generated by the differ-
ential
operator

Au(x) :=

{
α(x)u′′(x) , if 0 < x < 1,

0 , if x = 0, 1

with domain

D(A) := {u ∈ C[0, 1] ∩ C2(]0, 1[) : lim
x→0,1

α(x)u′′(x) = 0}.

Moreover (see [21]),

lim
m→∞

Lm
n f = Pf, f ∈ C[0, 1], (3.7)

lim
t→∞

T (t)f = Pf, f ∈ C[0, 1]. (3.8)

From Theorems 2.2 and 3.2 we get rates of convergence in (3.7) and (3.8).
Indeed, according to (2.3) and (3.1) we have in this case

a(s) = an(s) = max{x− x2 − 2sα(x) : x ∈ [0, 1]}. (3.9)

Now (2.5) and (3.4) give us information about the speed of convergence in
(3.7) and (3.8), in terms of the above function a(s) = an(s).
A concrete example can be described as follows.

For x ∈ [0, 1] let εx be the probability Borel measure concentrated on
x. Let

µx := x(1− x)(xε1 + (1− x)ε0) + (1− x(1− x))εx, 0 ≤ x ≤ 1.

For the operators Ln corresponding to the selection (µx)0≤x≤1 we have (see
[4, Theorem 3.10])

α(x) =
1

2
x2(1− x)2, 0 ≤ x ≤ 1.

From (3.9) we get with elementary calculus

a(s) = an(s) ≤
1

4s
, s ≥ 2, n ≥ 1.

So in this case we get from (2.5) and (3.4), for sufficiently large m and t,

|Lm
n f(x)− Pf(x)| ≤ 2ω(f,

√
(1− 1

nmα )mx(1− x) + 1
4mα ),

|T (t)f(x)− Pf(x)| ≤ 2ω(f,
√
x(1− x)exp(−t1−α) + 1

4tα ).

Remark 3.4 The results of Sections 2 and 3 can be extended to opera-
tors defined on C(X), X a metrizable Bauer simplex. Detailed proofs will
appear elsewhere.
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4 King-type operators

Let w : [0, 1] → [0, 1] be continuous, strictly increasing, with w(0) = 0 and
w(1) = 1.
Let K : C[0, 1] → C[0, 1] be a positive linear operator such that Ke0 = e0
and Kw = w.
Operators of this kind were considered by J. P. King in [16], for w = e2;
see also [9], [11], [13], and the references therein.

Define the operator Q : C[0, 1] → C[0, 1] by

Qf := (e0 − w)f(0) + wf(1), f ∈ C[0, 1].

Theorem 4.1 The following assertions are equivalent:

lim
m→∞

Kmg = Qg, g ∈ C[0, 1]; (4.1)

K(w2)(t) > w2(t), t ∈]0, 1[. (4.2)

Proof. Consider the operator L : C[0, 1] → C[0, 1],

Lf := (K(f ◦ w)) ◦ w−1, f ∈ C[0, 1].

Then Le0 = e0 and Le1 = e1. Moreover, it is easy to prove that (4.1) is
equivalent to (2.1), and (4.2) to (2.2). Since (2.1) and (2.2) are equivalent,
we conclude that (4.1) and (4.2) are equivalent. �

Remark 4.2 Let g ∈ C[0, 1] and t ∈ [0, 1]. We have

|Kmg(t)−Qg(t)| = |Lm(g ◦ w−1)(w(t))− P (g ◦ w−1)(w(t)|.

So Theorem 2.2 provides rates of convergence in (4.1).

Example 4.3 Let α ∈ [0,+∞) and

w = wα =
e2 + αe1
1 + α

.

A sequence of positive linear operators Bn,α : C[0, 1] −→ C[0, 1], n ≥ 2,
reproducing e0 and w was constructed in [9]. In fact,

Bn,αf(x) :=

n∑

i=0

(
n

i

)
rn,α(x)

i(1− rn,α(x))
n−if(

i

n
),
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where

rn,α(x) := − nα+ 1

2(n− 1)
+

√( nα+ 1

2(n− 1))

)2
+

n(αx+ x2)

n− 1
.

To check (4.2), fix t ∈]0, 1[ and consider the function g ∈ C[0, 1],

g(x) := w2(x)− w2(t)− 2w(t)(w(x)− w(t)), x ∈ [0, 1].

Then we have
g(x) = (w(x)− w(t))2, x ∈ [0, 1],

and so g(x) > 0 for all x ∈ [0, 1], x 6= t.
It follows immediately that

Bn,αg(x) > 0, x ∈ [0, 1].

Since Bn,αe0 = e0 and Bn,αw = w, we get

Bn,α(w
2)(x)− w2(t)− 2w(t)(w(x)− w(t)) > 0, x ∈ [0, 1].

In particular, for x = t,

Bn,α(w
2)(t)− w2(t) > 0,

and so (4.2) is satisfied.
Now according to Theorem 4.1,

lim
m→∞

Bm
n,αf = (e0 − wα)f(0) + wαf(1), n ≥ 2, f ∈ C[0, 1].

In particular, for α = 0 we have w0 = e2 and so

lim
m→∞

Bm
n,0f = (e0 − e2)f(0) + e2f(1), n ≥ 2, f ∈ C[0, 1]. (4.3)

The result expressed in (4.3) was obtained in [11] with a method based on
the Fixed Point Theory.

Example 4.4 In [11, Section 4] the authors raised the problem of finding
polynomial positive linear operators on C[0, 1] reproducing e0 and e2. An
answer to this problem is provided by the sequence Kn : C[0, 1] → C[0, 1],

Knf(x) :=

n∑

k=0

(
n

k

)
x2k(1− x2)n−kf

(√k

n

)
, x ∈ [0, 1], f ∈ C[0, 1].
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Let w = e2 and t ∈]0, 1[. Then, denoting by Bn the classical Bernstein
operators on C[0, 1], we have

Kn(w
2)(t) =

∑n
k=0

(
n
k

)
t2k(1− t2)n−k( kn)

2 =
= Bne2(t

2) > e2(t
2) = t4 = w2(t).

Consequently by Theorem 4.1,

lim
m→∞

Km
n f = (e0 − e2)f(0) + e2f(1), f ∈ C[0, 1], n ≥ 1.

5 Operators reproducing the constant functions

Some classical positive linear operators used in Approximation Theory re-
produce only the constant polynomials. The iterates of some of these op-
erators will be considered in what follows.

Let X be a compact Hausdorff space and y ∈ X.
Let ϕ ∈ C(X) with

ϕ(y) = 1; 0 ≤ ϕ(x) < 1, x ∈ X,x 6= y. (5.1)

Denote by 1 the constant function 1(x) = x, x ∈ X.

Theorem 5.1 Let L : C(X) −→ C(X) be a positive linear operator such
that L1 = 1 and

Lϕ(x) > ϕ(x), x ∈ X, x 6= y. (5.2)

Then
lim

m→∞
Lmf = f(y)1, f ∈ C(X). (5.3)

Proof. Since 0 ≤ ϕ ≤ 1, we get 0 ≤ Lϕ ≤ 1. For each x 6= y we have
ϕ(x) < Lϕ(x) ≤ 1, which entails 1 = ϕ(y) ≤ Lϕ(y) ≤ 1, i.e., Lϕ(y) = 1.

Let b := Lϕ− ϕ. According to the preceding remarks,

b(y) = 0; b(x) > 0, x ∈ X, x 6= y. (5.4)

Now define the sequence (bk)k≥1 by

bk := max{1− ϕ(x)− kb(x) : x ∈ X}. (5.5)

Taking x = y we see that bk ≥ 0. Clearly the sequence is decreasing, so it
has a limit l ≥ 0. Suppose that l > 0 and let

Bk := {x ∈ X : 1− ϕ(x)− kb(x) ≥ l}.

C0-SEMIGROUPS AND ITERATES OF POSITIVE LINEAR OPERATORS: ASYMPTOTIC BEHAVIOUR 133



134 C0 - semigroups and iterates

Then (Bk)k≥1 is a descending sequence of closed sets, and due to (5.4)

∞⋂

k=1

Bk = ∅.

So there exists m ≥ 1 such that Bm = ∅, which means that bm < l, a
contradiction. We conclude that l = 0, i.e.,

lim
k→∞

bk = 0. (5.6)

Since 1− ϕ− kb ≤ bk1, we have

1

k
(1− bk)1+

(
1− 1

k

)
ϕ ≤ Lϕ ≤ 1.

By induction,

(1− bk)
(
1−

(
1− 1

k

)m)
1+

(
1− 1

k

)m
ϕ ≤ Lmϕ ≤ 1 (5.7)

for all k ≥ 1 and m ≥ 1.

Let k ≥ 1 be fixed. From (5.7) we obtain

(1− bk)1 ≤ lim inf
m→∞

Lmϕ ≤ lim sup
m→∞

Lmϕ ≤ 1.

Combined with (5.6), this yields

lim
m→∞

Lmϕ = 1 = ϕ(y)1.

Consider the operator V : C(X) → C(X),

V f = f(y)1, f ∈ C(X).

Then

lim
m→∞

Lm1 = V 1; lim
m→∞

Lmϕ = V ϕ. (5.8)

According to a Korovkin - type result (see [2, Theorem 3.4.3], from (5.8)
we derive

lim
m→∞

Lmf = V f = f(y)1, f ∈ C(X)

and this concludes the proof. �
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Example 5.2 The operators M∗
n : C[0, 1] → C[0, 1] defined by

M∗
nf(x) := (1−x)n+1

∞∑

k=0

(
n+ k

k

)
(n+ k)(n+ k + 1)

n
xk

∫ k+1
n+k+1

k
n+k

f(t)dt, 0 ≤ x < 1,

M∗
nf(1) := f(1)

were introduced in [23] (see also [17]).
It is easy to verify that M∗

ne0 = e0. Moreover, since

(n+ k)(n+ k + 1)

n

∫ k+1
n+k+1

k
n+k

e1(t)dt > e1(
k

n+ k
), k ≥ 0,

we deduce

M∗
ne1(x) > Mne1(x) = e1(x), 0 ≤ x < 1,

where Mn are the Meyer-König and Zeller operators (see Example 2.4). So
we may apply Theorem 5.1 with ϕ = e1 and y = 1; consequently,

lim
m→∞

(M∗
n)

mf = f(1)e0, f ∈ C[0, 1], n ≥ 1.

Example 5.3 Consider now the operators M̃n : C[0, 1] → C[0, 1],

M̃nf(x) := (n+1)(1−x)n+2
∞∑

k=0

(
n+ k + 1

k

)
xk

∫ k+1
n+k+1

k
n+k

f(t)

(1− t)2
dt, 0 ≤ x < 1,

M̃nf(1) := f(1).

They were introduced in [17]. It is easy to prove that M̃ne0 =
n+1
n e0.

Let Un := n
n+1M̃n. Then Une0 = e0. For 0 ≤ x < 1 we get

Une1(x) = 1 + (1− x)n+2
∞∑
k=0

(
n+k+1

k

)(
n log

n+ k

n+ k + 1

)
xk >

> 1− (1− x)n+2
∞∑
k=0

(
n+k+1

k

) n+ 1

n+ k + 1
xk =

= 1− (1− x)n+2
∞∑
k=0

(
n+k
k

)
xk = 1− (1− x) = x = e1(x).

Thus

Une1(x) > e1(x), 0 ≤ x < 1,

and again we may apply Theorem 5.1 with ϕ = e1 and y = 1. So we get

lim
m→∞

Um
n f = f(1)e0, f ∈ C[0, 1], n ≥ 1.
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Example 5.4 The Bernstein-Cheney-Sharma operators Gn : C[0, 1] →
C[0, 1] are defined by

Gnf(x) := (1 + ntn)
−n

n∑

k=0

f(
k

n
)

(
n

k

)
x(x+ ktn)

k−1 ×

×(1− x+ (n− k)tn)
n−k, f ∈ C[0, 1], x ∈ [0, 1],

where (tn)n≥1 is a given sequence of real numbers, tn > 0. See [2, Section
5.3.2].
According to [2, p.324],

Gne0 = e0; Gne1 ≤
1

1 + tn
e1.

Take ϕ = e0 − e1 and y = 0; then the assumptions of Theorem 5.1 are
satisfied, and therefore

lim
m→∞

Gm
n = f(0)e0, f ∈ C[0, 1], n ≥ 1.

Example 5.5 Let b > 0 and 0 ≤ a ≤ b. The iterates of the Stancu
operators Sn : C[0, 1] → C[0, 1],

Snf(x) =
n∑

j=0

(
n

j

)
xj(1− x)n−jf(

j + a

n+ b
), f ∈ C[0, 1], x ∈ [0, 1]

were investigated in [12] by using the eigenstructure of Sn. Here we obtain
the corresponding results, for a = 0 or a = b, from Theorem 5.1; the case
0 < a < b will be studied in the next section.

It is easy to verify that

Sne0 = e0, Sne1 =
ne1 + ae0
n+ b

, n ≥ 1.

(i) Let a = b. Then Theorem 5.1 with ϕ = e1 and y = 1 yields

lim
m→∞

Sm
n f = f(1)e0, f ∈ C[0, 1], n ≥ 1.

(ii) If a = 0, from Theorem 5.1 with ϕ = e0 − e1 and y = 0 we get

lim
m→∞

Sm
n f = f(0)e0, f ∈ C[0, 1], n ≥ 1.
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Example 5.6 Let pn,k(x) :=
(
n
k

)
xk(1− x)n−k, x ∈ [0, 1], 0 ≤ k ≤ n. The

operators An : C[0, 1] → C[0, 1],

Anf(x) := (n+ 1)

n∑

k=1

pn,k(x)

∫ 1

0
pn,k−1(t)f(t)dt+ (1− x)nf(0)

were introduced and investigated in [1].
By [1, Lemma 7] we have

Ane0 = e0; Ane1 =
n

n+ 2
e1, n ≥ 1.

Now Theorem 5.1 with ϕ = e0 − e1 and y = 0 yields

lim
m→∞

Am
n f = f(0)e0, f ∈ C[0, 1], n ≥ 1.

Example 5.7 Let n ≥ 1, p = [n/2], 0 ≤ k ≤ p, 0 ≤ x ≤ 1.
Consider the polynomials

wn,k(x) :=
n+ 1− 2p+ 2k

(n+ 1)2n+1x

(
n+ 1

p− k

)
((1−x)p−k(1+x)n+1−p+k−(1−x)n+1−p+k(1+x)p−k).

The operators βn : C[0, 1] → C[0, 1],

βnf(x) :=

p∑

k=0

f(
n− 2p+ 2k

n
)wn,k(x)

were introduced in [22]; see also [19], [20].
It was proved in [19, Theorem 2.1 and (14)] that

(i) βne0 = e0,

(ii) βne1 is increasing and convex,

(iii) (βne1)
′(1) = n−1

n .

It follows easily that

βne1 ≥
n− 1

n
e1 +

1

n
e0, n ≥ 1.

In particular, βne1(x) > e1(x), 0 ≤ x < 1.
Now Theorem 5.1 with ϕ = e1 and y = 1 yields

lim
m→∞

βm
n f = f(1)e0, f ∈ C[0, 1], n ≥ 1.
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Example 5.8 Let Kp be the canonical simplex in Rp, i.e.,

Kp := {x ∈ Rp : x1 ≥ 0, . . . , xp ≥ 0, x1 + · · ·+ xp ≤ 1}.

Consider the Bernstein operators Bn : C(Kp) → C(Kp) defined by

Bnf(x) :=
∑

f( i1n , . . . ,
ip
n )

n!
i1!...ip!(n−i1−···−ip)!

×
×xi11 . . . x

ip
p (1− x1 − · · · − xp)

n−i1−···−ip ,
where the sum is extended to all the non-negative integers i1, . . . , ip with
i1 + · · · + ip ≤ n. Let c > 0 be a given real number. For each n ≥ c and
f ∈ C(Kp) consider the function fn ∈ C(Kp) defined by

fn(x) := f((1− c

n
)x), x ∈ Kp.

Now let Wn : C(Kp) → C(Kp),

Wnf(x) = Bnfn(x), n ≥ c, f ∈ C(Kp), x ∈ Kp.

(More general operators have been considered in [3]; see also Example 6.5
in the next section).

Clearly Wn1 = 1. Let ϕ ∈ C(Kp), ϕ(x) := 1−x1−· · ·−xp, y = 0. We
have ϕ(y) = 1, 0 ≤ ϕ(x) < 1, x ∈ Kp, x 6= 0. Moreover, for x ∈ Kp, x 6= 0:

Wnϕ(x) = Bnϕn(x) = 1−(1− c

n
)(x1+· · ·+xp) > 1−(x1+· · ·+xp) = ϕ(x).

Using Theorem 5.1 we obtain

lim
m→∞

Wm
n f = f(0)1, n ≥ c, f ∈ C(Kp).

6 Finitely defined operators and Markov Chains

Let X be a compact Hausdorff space, n ≥ 1, v0, v1, . . . , vn ∈ C(X) with
v0 + v1 + · · ·+ vn = 1, and x0, x1, . . . , xn ∈ X. Consider the positive linear
operator L : C(X) → C(X) defined by

Lf = f(x0)v0 + f(x1)v1 + · · ·+ f(xn)vn, f ∈ C(X). (6.1)

According to the terminology of [2, Section 3.4], L is a finitely defined
operator. Clearly L1 = 1.

Consider the stochastic matrix

M :=




v0(x0) v1(x0) . . . vn(x0)
v0(x1) v1(x1) . . . vn(x1)
. . .

v0(xn) v1(xn) . . . vn(xn)


 .
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It is easy to verify that for all m ≥ 1, f ∈ C(X) and x ∈ X,

Lmf(x) = (v0(x), . . . , vn(x))M
m−1(f(x0), . . . , f(xn))

t. (6.2)

In [18], (6.2) was used in order to prove

Theorem 6.1 ([18]). The sequence (Lm)m≥1 is convergent in the operator
norm if and only if the sequence (Mm)m≥1 converges with respect to a
matrix norm.

Theorem 6.1 was applied in [18] to the classical Bernstein operators on
C[0, 1] and to some B-spline operators. The result concerning the Bernstein
operators was obtained also in [6] by using spectral methods.

In order to investigate the convergence of the sequence (Mm)m≥1, in
[18] a Markov chain was associated to the operator L. The same idea was
used, independently, in [12]. Here we shall use this idea in a more general
case.

The homogeneous Markov chain associated to the operator L has state
space {x0, x1, . . . , xn} and its transition matrix is M .

Example 6.2 Suppose that the chain is regular, i.e., there exists k ≥ 1
such that all the entries of Mk are strictly positive. Then it is known (see,
e.g., [8], [10], [15]) that there exists a matrix

S =




s0 s1 . . . sn
s0 s1 . . . sn
. . .
s0 s1 . . . sn




such that s0 ≥ 0, . . . , sn ≥ 0, s0 + · · ·+ sn = 1, and

lim
m→∞

Mm = S. (6.3)

According to (6.2) and (6.3),

lim
m→∞

Lmf = (v0, . . . , vn)S(f(x0), . . . , f(xn))
t.

We deduce immediately

lim
m→∞

Lmf = (s0f(x0) + · · ·+ snf(xn))1, f ∈ C(X). (6.4)
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Example 6.3 Suppose that the chain is absorbing. Then the transition
matrix M has the canonical form

M =

(
Ik×k 0k×l

Rl×k Ql×l

)
.

The states {x0, x1, . . . , xk−1} are absorbing (1 ≤ k ≤ n) and the other
states are transient.

It is known (see, e.g., [8], [10], [15]) that the fundamental matrix N :=
(Il×l −Ql×l)

−1 exists, and

lim
m→∞

Mm =

(
Ik×k 0k×l

(NR)l×k 0l×l

)
. (6.5)

From (6.2) and (6.5) we get, for f ∈ C(X),

lim
m→∞

Lmf = (v0, . . . , vn)

(
I 0

NR 0

)
(f(x0), . . . , f(xn))

t. (6.6)

Example 6.4 Let L = Sn be the operators described in Example 5.5. If
a = 0 or a = b, the Markov chain associated with L is absorbing and the
absorbing state is 0, respectively 1. If 0 < a < b, the chain is regular; see
also [12] and [5].

Example 6.5 As in Example 5.8, let Kp be the canonical simplex in Rp

and Bn : C(Kp) → C(Kp) the Bernstein operators on C(Kp).
Consider the real numbers ai and cij , i, j = 1, . . . , p, such that

ai ≥ 0, i = 1, . . . , p, (6.7)

ai ≥ cij , i 6= j, (6.8)

p∑

i=1

cij ≥
p∑

i=1

ai, j = 1, . . . , p, (6.9)

and let n be an integer such that

n ≥ max{c11, . . . , cpp, a1 + · · ·+ ap}. (6.10)

Under these assumptions we can define the affine transformation An : Kp →
Kp, An(x) = An(x1, . . . , xp) :=
= (x1 +

1
n(a1 −

∑p
j=1 c1jxj), . . . , xp +

1
n(ap −

∑p
j=1 cpjxj)),

where x = (x1, . . . , xp) ∈ Kp.
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For each f ∈ C(Kp) let fn(x) := f(An(x)), x ∈ Kp.
Now consider the operator Wn : C(Kp) → C(Kp),

Wnf := Bnfn, f ∈ C(Kp).

This is one instance of the operators constructed in [3]; see also Example
5.8.

Let z0, z1, . . . , zp be the vertices of Kp. The Markov chain associated
with Wn is absorbing if and only if there exists k ∈ {0, 1, . . . , p} such that
An(zk) is a vertex of Kp; otherwise the chain is regular.

In particular, if ai = cij = 0, i, j = 1, . . . , p, the chain is absorbing and
the absorbing states are the vertices of Kp. If all the inequalities in (6.7) -
(6.10) are strict, the chain is regular.

Details and other examples will be presented in a forthcoming paper.
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Péter Vértesi (Budapest)

Dedicated to Professor GIUSEPPE MASTROIANNI on his 70th birthday
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1 Introduction

First I met Giuseppe almost 25 years ago in a Conference hold at the Tech-
nical University, Budapest. However, our first mathematical conversations
was during a Varna Conference in 1987. He was sitting at a table and
Bianca (della Vecchia) acted as his interpreter. As a result of our short
talk, next year I went to Italy – first time in my life. During the years I
visited Giuseppe, his students and my other Italian friends about 30 times
including the Maratea Conferences, l’Aquila, Lecce, Vico Equense, Rome
and of course, the ”magic triangle” Naples, Lauria and Potenza.
And after these years, I can say that Giuseppe Mastroianni is not only a
very talented and dedicated mathematician but a colorful and exception-
ally warm-hearted human being, an honest friend. I wish him many-many
good years, even more students, good health.

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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Let me say some words on the structure of this survey. I chose 5 joint
works which I considered as the most typical ones of our cooperation with
Giuseppe and his mathematical school. I kept the main features of the
original papers; it means sometimes I repeat definitions, denote the same
notion with different symbols (in the different papers). It gives the ad-
vantage that each part can be read without referring to the other ones.
Moreover, I kept the original titles of the articles.

2 Approximation by some operators using
certain new moduli of continuity

Actually, this is our first joint paper; it was completed around 1990; that
means the new modules of continuity is the DITZIAN - TOTIK modulus.
I remember we argued, proved and disproved for long-long hours traveling
in Giuseppe’s car from Naples to Lauria. And here are some results of the
paper.

2.1

Let ϕ(x) =
√
1− x2, f ∈ C (=the set of continuous functions on [−1, 1]),

ωϕ(f, t) := sup
0<h≤t

{
max
|x|≤1

∣∣∣∣f
(
x− hϕ(x)

2

)
− f

(
x+

hϕ(x)

2

)∣∣∣∣
}

(2.1)

the DT modulus (if any argument of f is not in [−1, 1], then | . . . | := 0).
As it was proved,

En(f) ≤ cωϕ

(
f,

1

n

)(
≤ cω

(
f,

1

n

))
(2.2)

where En(f) = minP∈Pn ‖f − P‖, ω(f, t) is the usual modulus (when we
replace ϕ(x) by 1 in (2.1.)), ‖ · ‖ is the maximum-norm (on [−1, 1]). The
estimation

ωϕ(f, t) ≤ ω(f, t) (2.3)

is obvious. If we define the 2π-periodic even function g(ϑ) = gf (ϑ) by
g(ϑ) = f(cosϑ) for f ∈ C, then as it is well-known,

En(f) = Ẽn(g) := min
T∈Tn

‖g − T‖[0,2π).

We proved
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Theorem 2.1 By the above definitions

M−1ωϕ(f, t) ≤ ω(gf , t) ≤ Mωϕ(f, t), 0 ≤ t ≤ t0 (2.4)

with some positive constants M and t0.

2.2

The above theorem has many interesting applications. Let us mention
some.

2.2.1

The classical Jackson kernel is

Ln(ϑ) = γ−1
n

(
sin(nϑ/2)

sin(ϑ/2)

)4

,

∫ π

−π
Ln(ϑ)dϑ = 1,

where the second relation defines γn. As it well-known, Ln ∈ T2n−2, posi-
tive, even. Further

γn ∼ n3,

∫ π

0
ϑkLn(ϑ)dϑ ∼ n−k, k = 0, 1, 2.

For arbitrary h ∈ C̃ (= the set of 2π-periodic continuous functions) the
Jackson operator

Jn(h, ϑ) :=

∫ π

−π
h(t)Ln(ϑ− t)dt

is a trigonometric polynomial of degree ≤ 2n− 2, even if h is even, further

‖Jn(h)− h‖[0,2π) ≤ cω

(
h,

1

n

)
.

For f ∈ C the (algebraic) Jackson operator

In(f, x) :=

∫ π

−π
f(cos t)Ln(ϑ− t)dt, x = cosϑ, (2.5)

is an algebraic polynomial of degree ≤ 2n− 2, further it fulfills

‖In(f)− f‖ ≤ cω

(
f,

1

n

)
.
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By definition we have with x = cosϑ

In(f, x)− f(x) = Jn(gf , ϑ)− gf (ϑ) = Jn(gf ,−ϑ)− gf (−ϑ)

whence by (2.4) and Theorem 2.1 we get

Statement 2.2 By the above notations, for arbitrary f ∈ C

‖In(f)− f‖ ≤ cωϕ

(
f,

1

n

)
.

2.2.2

In 1967 O. Kis and P. Vértesi introduced the trigonometric interpolatory
operator pn(h, ϑ) ∈ T4n defined for h ∈ C̃ by

pn(h, ϑ) :=

n∑

k=−n

h(ϑkn)ukn(ϑ),

where

ϑkn =
2kπ

2n+ 1
, k = 0,±1,±2, . . . ,

ukn(ϑ) = 4`3kn(ϑ)− 3`4kn(ϑ), `kn(ϑ) =
sin 2n+1

2 (ϑ− ϑkn)

(2n+ 1) sin ϑ−ϑkn
2

,

k = ±1, . . . ,±n. The following properties were proved.

(i) pn(h, ϑkn) = h(ϑkn), k = 0,±1,±2, . . . ,

(ii) |pn(h, ϑ)− h(ϑ)| ≤ cω(h, 1
n), n = 1, 2, . . . .

Let f ∈ C and let

Kn(f, x) =
n∑

k=−n

f(cosϑkn)ukn(arccosx).

Then Kn ∈ P4n, further

(iii) Kn(f, cosϑkn) = f(cosϑkn), k = 0, 1, 2, . . . ,

(iv) |Kn(f, x)− f(x)| ≤ cω(f, 1
n), n = 1, 2, . . . .

As above, with x = cosϑ

Kn(f, x)− f(x) = pn(gf , ϑ)− gf (ϑ) = pn(gf ,−ϑ)− gf (−ϑ),

whence by (ii) and Theorem 2.1 we have
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Statement 2.3 For arbitrary f ∈ C

‖Kn(f)− f‖ ≤ cωϕ

(
f,

1

n

)
, n = 1, 2, . . .

Using theorems proved by S.N. Bernstein, D. Jackson and S. B. Stechkin
for arbitrary h ∈ C.





Ẽn(h) ≤ ω(h,
1

n
),

ω(h, t) ≤ ct
∑

0≤k≤1/t

Ẽk(h)
(2.5)

Now let f ∈ C. By En(f) = Ẽn(gf ), (2.5) and Theorem 2.1 we get a
simple proof for the following

Statement 2.4 For arbitrary f ∈ C





En(f) ≤ cωϕ(f,
1

n
),

ωϕ(f, t) ≤ ct
∑

0≤k≤1/t

Ek(f)
(2.5)

3 Mean convergence of Lagrange interpolation
on arbitrary system of nodes

As far as I remember this work was completed during Giuseppe’s visit in
Budapest. He stayed in an apartment on Hegedűs Gyula utca (street),
which was very close to the river Duna (Danube) and the Margit sziget
(Margarete Island). Sometimes we walked on the island, and witnessed the
unusual high float of the Danube – it was very spectacular.

Mean convergence of Lagrange interpolation based on roots of orthogo-
nal polynomials (+ some additional points) has been studied for 70 years.
The existing results heavily depend on properties of orthogonal systems.
The aim of this paper (which appeared in 1993 in Acta Sci. Math. (Szeged))
was to get some general estimations which can serve to prove theorems on
mean convergence of Lagrange interpolation based on arbitrary interpo-
latory point-systems. Throughout this paper we restrict ourselves to the
interval [−1, 1].
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3.1

Let X = {xkn = cosϑkn}, 1 ≤ k ≤ n, n = 1, 2, . . . be an arbitrary
interpolatory matrix with

xn+1,n := −1 ≤ xnn < xn−1,n < · · · < x2n < x1n ≤ 1 := x0n, n = 1, 2, . . . .

For X we define





ωn(x) = ωn(X,x) := cn

n∏

k=1

(x− xkn), cn > 0, n = 1, 2, . . . ,

lkn(x) = lkn(X,x) :=
ωn(x)

ω′
n(xkn)(x− xk)

, 1 ≤ k ≤ n,

Ln(f, x) = Ln(f,X, x) =

n∑

k=1

f(xkn)`kn(x), n = 1, 2, . . . ,

f is bounded.

Ln(f,X, x) (a polynomial of degree ≤ n − 1) is the n–th Lagrange
interpolatory polynomial based on X. As it turned out, the Lagrange
interpolation, at least for the uniform metric, can be rather bad. Namely
as it was proved by P. Erdős and P. Vértesi we have

Theorem A. For every interpolatory matrix X ⊂ [−1, 1] there is a con-
tinuous F (x) such that

lim sup
n→∞

|Ln(F,X, x)| = ∞ a.e. in[−1, 1].

On the other hand, considering L2–convergence we have a positive re-
sult. To formulate, this we introduce some further notations.

Let dα be a non-negative measure generated by the non-decreasing
bounded function α(x) supported in [−1, 1] such that supp(dα) is an infi-
nite set and

∫ 1
−1 dα > 0. Let {xkn(dα)} ⊂ (−1, 1) denote the n different

roots of the corresponding orthonormal polynomial pn(dα, x) of degree ex-
actly n. For a given function f , let Ln(f, dα, x) denote the n–th Lagrange
interpolatory polynomial of degree ≤ n− 1, based on {xkn(dα)}.

u(x) is a weight (or weight function) iff u(x) ≥ 0 (in [−1, 1] and 0 <∫ 1
−1 u(x)dx < ∞. Whenever α(x) is absolutely continuous then α′(x) =
w(x) is a weight. In this case we apply the notations pn(w, x), xkn(w),
a.s.o.
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Let u be a weight. We define

‖f‖u,p :=





(∫ 1

−1
‖f(x)‖pu(x)dx

)1/p

0 < p < ∞

ess sup
−1≤x≤1

‖f(x)‖ p = ∞.

We define

Lp
u := {f ; ‖f‖u,p < ∞} , 0 < p ≤ ∞, C := {f ; f is continuous on[−1, 1]} .

If u ≡ 1, we write ‖f‖p and Lp while Lu and L stands for L1
u and L1,

respectively.
If f ∈ C, ‖f‖ := ‖f‖∞(= ‖f‖∞,u) for any u.

Finally we define

‖Ln(dα)‖u,p := sup
‖g‖≤1

‖Ln(g, dα, x)‖u,p .

In 1936 P. Erdős and P. Turán proved

Theorem B. Let w be a weight. Then

lim
n→∞

∫ 1

−1
|f(x)− Ln(f, w, x)|2w(x)dx = 0 for every f ∈ C.

Theorem B motivates the next question raised by P. Turán : Does there
exist a weight w and f ∈ C such that

lim sup
n→∞

∫ 1

−1
|Ln(f, w, x)− f(x)|pw(x)dx = ∞

for every p > 2?
After many partial results P. Nevai proved

Theorem C. Let supp(dα) = [−1, 1] and | logα′(x)|/
√
1− x2 ∈ L, 1 ≤

p0 < ∞ and u(≥ 0) ∈ L. Suppose that

∫ 1

−1

(
α′(x)

√
1− x2

)−p/2
u(x)dx = ∞ (3.1)

for every p > p0. Then there exists a continuous function f such that

lim sup
n→∞

∫ 1

−1
|Ln(f, dα, x)|p u(x)dx = ∞ (3.2)
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for every p > p0.

Considering that for a wide class of measures (3.1) holds, Theorem C
gives a ”yes” answer even for a generalization of Turán’s question.

In 1991 Y. G. Shi developing a new approach, was able to drop the
condition | logα′(x)|/

√
1− x2 ∈ L. Namely, he proved

Theorem D. Let u be a weight, α be absolutely continuous and 2 ≤ p0 <
∞. If (3.1) holds for every p > p0 then there is an f ∈ C such that (3.2)
is true for every p > p0.

3.2

The proofs of Theorem B-C heavily use the fact that the nodes X = {xkn}
are roots of orthogonal polynomial system. A natural question is to get
analogous results using arbitrary interpolatory matrix X. In Theorem D,
Shi obtained a lower estimation for the sum Sn(X,x) =

∑
|x−xk||`k(x)| for

arbitrary X. Actually the technique to prove that Sn(x) is ”big” on a large
set was developed by P. Erdős and P. Vértesi; one of the main achievements
of Shi is the discovery of the fundamental importance of Sn(x) in the mean
convergence of Lagrange interpolation (while,

∑
|`k(x)| plays a decisive role

at the uniform convergence).

As it turns out, developing and properly modifying his ideas one can
get statements analogous to Theorem C and D for arbitrary point-system
X. To state the results first we give a definition.

Let w be a weight. By G. Szegő, if for I = [A,B] ⊂ [−1, 1] we have∫
I w > 0, then if n is sufficiently large, every polynomial pn(w, x) has at
least one zero in [a, b]. This leads to our

Definition The interpolatory matrix X is regular with respect to the weight
w (X is w–regular, shortly) iff every interval I ⊂ [−1, 1] with

∫
I > 0

contains at least one root of ωn(X,x), whenever n is sufficiently large.

Let

‖Ln(X)‖u,p := sup
‖g‖=1

‖Ln(g,X, x)‖u,p .

Theorem 3.1 Let u and w be weights. Let X be w-regular. Then for every
p, 0 < p ≤ ∞,

‖ωn(X,x)‖u,p ≤ c ‖ωn(X,x)‖w,1 ‖Ln(X)‖u,p , n ≥ 1
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with a proper c > 0. Here c may depend on u,w,X and p, but does not
depend on n. Further, if 0 < q0 ≤ p ≤ ∞ (q0 fixed) then c > 0 will not
depend on p. Especially

‖pn(w)‖u,p ≤ c ‖Ln(w)‖u,p n ≥ 1.

In many cases ‖pn(w)‖u,p can be expressed (or estimated) by w (say
w ∈ GSJ or when w > 0 a.e.), i.e. by Theorem 3.1. we can get a necessary
condition for the corresponding mean convergence of Ln(f, w, x). Now we
give some applications.

3.3

In their papers G. Criscuolo, G. Mastroianni, P. Nevai and D. Occor-
sio consider — among others — the Lagrange interpolatory polynomials
L2n+1,r,s(f,W, x) based on the roots of

ωN (x) := As(x)Br(x)pn(W,x)pn+1(W,x),

where N = 2n+ 1 + r + s,As(x) =
∏s

i=1(x− yin), Br(x) =
∏r

i=1(x− zin),
W ∈ GSJ (generalized smooth Jacobi weight), i.e.

W (x) = g(x)vα,β(x)

M∏

i=1

|τj − x|Γi , x ∈ [−1, 1],

where v(α,β)(x) = (1− x)α(1 + x)β , r, s,M are fixed non-negative integers,
α > −1, β > −1, Γi > −1, 1 ≤ i ≤ M , and −1 < τ1 < · · · < τM < 1.
Further g(x) ≥ 0, g ∈ C and

∫ 1
0 ω(g, t)t−1dt < ∞ where ω(g, t) is the

modulus of continuity of g. We suppose (if s or r > 0 respectively) that

−1 ≤ y1n < y2n < · · · < ysn < xn+1,n+1(W ) < xnn(W ) < · · · < x1n(W ) <

< x1,n+1(W ) < zrn < zr−1,n < · · · < z1n ≤ 1,

further the relations

yin − yi−1,n ∼ xn+1,n+1(W )− ysn ∼ 1

n2
, 2 ≤ i ≤ s

(fn(x) ∼ gn(x) iff 0 < c1 ≤ fn(x)/gn(x) ≤ c2 < ∞, uniformly in n ≥ n0

and x ∈ [−1, 1]),

zin − zi+1,n ∼ zrn − x1,n+1(W ) ∼ 1

n2
, 1 ≤ i ≤ r − 1.
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We have the following.
Let W ∈ GSJ and let u ≥ 0, u log+ u ∈ L. Further, let Wv(−r,−s) ∈ L1.

If
u1/pW−1v(r−1/2,s−1/2) ∈ Lp, 0 < p < ∞, (3.3)

then
lim
n→∞

‖f − L2n+1,r,s(f,W )‖u,p = 0 ∀f ∈ C.

Using this statement and the Banach-Steinhaus theorem we obtain that

lim sup
n→∞

‖L2n+1,r,s(W )‖u,p < ∞, p ≥ 1, (3.4)

whenever (3.3) holds true.
Conversely, we have

Theorem 3.2 Let W ∈ GSJ and let u(≥ 0) ∈ L1. Further let Wv(−r,−s) ∈
L1 where 0 ≤ r, s ≤ 1, then from (3.4) we have (3.3).

Analogous converse statements (using similar proofs) hold true for the
other Lagrange processes L2m+1,r,s(f,W,W1) and L2n+1,r,s(f,W,W ).

3.4

A. Máthé, P. Nevai and V. Totik proved the following general statement.
Let supp(dα) = [−1, 1], α′ > 0 a.e. in [−1, 1] and suppose 0 < p ≤ ∞.

If g is Lebesgue measurable then
∥∥∥g/(α′

√
1− x2)1/2

∥∥∥
p
≤ c lim inf

n→∞
‖gpn(dα)‖p . (3.5)

Let dα be a measure, ωN (x) = pn(dα, x)(1−x)r(1+x)s where 0 ≤ r, s ≤ 1,
are fixed, N = n+r+s. Ln,r,s(f, dα, x) stands for the Lagrange polynomial
of degree n+ r + s− 1 based on the roots of ωN (x). By Theorem 3.1 and
(3.5) we can prove

Theorem 3.3 Let sup p(dα) = [−1, 1], α′ > 0 a.e. in [−1, 1], u be an
arbitrary weight and 1 ≤ p0 ≤ ∞. Suppose that

∫ 1

−1

∣∣∣∣∣∣∣
(1− x)r(1 + x)s

(
α′(x)

√
1− x2

)1/2

∣∣∣∣∣∣∣

p

u(x)dx = ∞ for every p0 < p ≤ ∞.

Then there exist an f ∈ C such that

lim sup
n→∞

∫ 1

−1
|Ln,r,s(f, dα, x)|p u(x)dx = ∞ for every p0 < p ≤ ∞.
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3.5

Theorem 3.1 is sharp in the following sense.

Statement 3.4 There exist weight functions u and w and the w-regular
interpolatory matrix X such that for every p, 0 < p < ∞,

‖ωn(X,x)‖w,1 ‖Ln(X)‖u,p ≤ cp ‖ωn(X,x)‖u,p , n ≥ 1.

4 Some application of generalized Jacobi weights

This paper (completed about 15 years ago) is one of my favorite joint works
with Giuseppe. It summarizes and generalizes many well-known results and
conjectures related to quite general Jacobi type orthogonal polynomials.

4.1 Introduction. Notations. Preliminaries

4.1.1

In this paper we deal with orthogonal polynomials where the corresponding
weight is constructed from moduli of continuity.

4.1.2

As before C is the complex plane, R = (−∞,∞), N = {1, 2, . . . }, Z+ =
{0, 1, 2, . . . }.

Lp[a, b] denotes the set of functions F such that





‖F‖Lp[a,b] :=

{∫ a

b
|F (t)|p dt

}1/p

if 0 < p < ∞

‖F‖∞ := ess sup
a≤t≤b

|F (t)| if p = ∞

is finite. (If p ≥ 1, this is a norm; for 0 < p < 1 its pth power defines a
metric in Lp[a, b].)

By a modulus of continuity we mean a nondecreasing, continuous semi-
additive function ω(δ) on [0,∞] with ω(0) = 0 (ω ∈ MC, shortly). If, in
addition,

ω(δ) + ω(η) ≤ 2ω(δ/2 + η/2) for any δ, η ≥ 0,
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then ω(δ) is a concave modulus continuity. In the latter case δ/ω(δ) is
nondecreasing for δ ≥ 0. We define the modulus of continuity of f in Lp

(where Lp stands for Lp[0, 2π]) as

ω(f, δ)p = sup
‖λ‖≤δ

‖f(λ+ ·)− f(·)‖p .

4.1.3

We call a function W(ϑ) a trigonometric weight (W ∈ TW ) if it is 2π-
periodic, measurable, W(ϑ) ≥ 0 and W(ϑ) 6≡ 0(ϑ ∈ R). If, in addition,
W ∈ L1, we call the functions {Φn(W , z)}∞n=0 the (unique) system of or-
thogonormal polynomials (OPN) on the unit circle line Γ1 := ∂D with
respect to W if





Φn(W, z) = κn(W)zn + lower degree terms, κn(W) > 0, n ∈ Z+,

1

2π

∫ 2π

0
Φn(W , eiϑ)Φm(W , eiϑ)W(ϑ)dϑ = δnm n,m ∈ Z+.

We say that a point ϑ0 is regular for W ∈ TW if for some ε > 0 the
essential suprema of W and 1/W on [ϑ0 − ε, ϑ0 + ε] are finite. Otherwise,
W has a singularity at ϑ0.

Similarly, w(x) ∈ AW (algebraic weight) if w is measurable in [−1, 1],
w(x) ≥ 0, w(x) 6≡ 0(x ∈ [−1, 1]). If, in addition, w ∈ L1 (L1 stands for
L1[−1, 1]), the corresponding ONP {pn(w, x)}∞n=1 on [−1, 1] are uniquely
defined by





pn(w, x) = γn(w)x
n + lower degree terms, γn(w) > 0, n ∈ Z+,∫ 1

−1
pn(w, x)pm(w, x)w(x)dx = δnm n,m ∈ Z+.

We define the singular and regular points of w as we did for W.

G. Szegő established a close connection between certain {Φn} and {pn}.
Let w ∈ AW ∩ L1. If the (even) W ∈ TW is defined by

W(ϑ) = w(cosϑ)| sinϑ|, x = cosϑ, x ∈ [−1, 1],

then with ϕ(x) =
√
1− x2, we have a2n−1(W) := κ−1

2n (W)Φ2n(W, 0), and
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



pn

(
w,

1

2

(
z +

1

z

))
=

z−nΦ2n(W, z) + znΦ2n(W, z−1)
√
2π {1 + a2n−1(W)}1/2

,

pn−1

(
wϕ,

1

2

(
z +

1

z

))
=

z−nΦ2n(W, z)− znΦ2n(W, z−1)
√
2π {1− a2n−1(W)}1/2 1

2

(
z − 1

z

) ,

n ∈ Z+, z ∈ C.

Note that 2−1(z + z−1) = cosϑ = x ∈ [−1, 1] iff z = eiϑ; at the same
time 2−1(z − z−1) = i sinϑ.

4.1.4

If X = {xkn; k = 1, 2, . . . ;n, n ∈ N} ⊂ [−1, 1] is an interpolatory pointsys-
tem (i.e. xkn = xjn iff k = j) then we can consider the Lagrange interpo-
latory polynomials

Ln(f,X, x) =

n∑

k=1

f(xkn)`kn(X,x), n ∈ N,

where `kn ∈ Pn−1\Pn−2 are the fundamental polynomials of Lagrange in-
terpolation (i.e. they satisfy `kn(xjn) = δkj , 1 ≤ k, j ≤ n, n ∈ N). As it
was proved by G. Faber, for arbitrary fixed X, limn→∞‖Lnf‖ = ∞ with
a proper f ∈ C (= f is continuous on [−1, 1]l Pm stands for the set of
polynomials of degree ≤ m); ‖ · ‖ = max−1≤x≤1 | · |).

However, as it proved by P. Erdős and P. Turán

lim
n→∞

∥∥(Ln(f, w)− f)
√
w
∥∥
2
= 0 for all f ∈ C

for arbitrary w ∈ AW ∩ L1. Here and later ‖ · ‖p stands for ‖ · ‖Lp =
‖ · ‖Lp[−1,1]; moreover, Ln(f, w, x) =

∑n
k=1 f (xkn(w)) `kn(w, x), i.e. the La-

grange interpolation based on the n roots of pn(w, x). A natural question
was to investigate the expressions ‖(Ln(f, w1)− f)wr

2‖p where w1, w2 ∈
AW∩L1. If w1 and w2 are general Jacobi weights of the form h(x)

∏m+1
i=0 |x−

ti|γi , −1 ≡ tm+1 < tm < · · · < t1 < t0 ≡ 1, γi > −1,
∫ 1
0 ω(h, t)t−1dt < ∞,

the corresponding problems have been settled in a series of papers. It
turned out that Marcinkiewicz-type inequalities can play a fundamental
role.
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4.1.5

The final aim of this work is to consider the above problem for weights w1

and w2 constructed by moduli of continuity.

Definition The trigonometric weight W(ϑ) is a generalized trigonometric
Jacobi weight (W ∈ GTJ shortly), iff

W(ϑ) = h(ϑ)

m+1∏

r=0

wr

(
sin

|ϑ− τr|
2

)
, ϑ ∈ R,

where
− π < τ0 < τ1 < · · · < τm < τm+1 ≤ π,

τ−1 = τm+1 − 2π, τm+2 = τ0 + 2π,
(4.1)

wr(δ) =

`r∏

s=1

{ωrs(δ)}α(r,s) , (4.2)

m, `r ∈ N, α(r, s) ∈ R, ωr,s(δ) are moduli of continuity (s = 1, 2, . . . , `r,
r = 0, 1, . . . ,m+ 1) and the function h satisfies

h(ϑ) ≥ 0, h and 1/h ∈ L∞. (4.3)

(i) If W ∈ GTJ and all ωrs are concave moduli of continuity then we say
that W ∈ GTJ1.

(ii) We say that W ∈ GTJ2 if W ∈ GTJ and

∫ δ

0
wr(τ)dτ = O (δwr(δ)) , δ → +0 (r = 0, 1, . . . ,m+ 1).

(iii) If W ∈ GTJ and

ω(h, δ)∞δ−1 ∈ L1[0, 1] or ω(h, δ)2 = O(
√
δ), δ → 0,

then W ∈ GTJ3.

Remark Generally we combine the above properties. E.g., we write that
W ∈ GTJ13 iff W ∈ GTJ1 ∩GTJ3.
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Definition Let w(x) ∈ AW be defined by

w(x) = H(x)
(√

1− x2
)−1

w0

(√
1− x

)
wm+1

(√
1 + x

) m∏

r=1

wr (|x− tr|) .

(4.4)

If with h(ϑ) := H(cosϑ), tr = cos τr ∈ (−1, 1)(1 ≤ r ≤ m) the
corresponding expressions h(ϑ), {τr} and {wr(δ)} satisfy (4.1)–(4.3), then
w ∈ GJ (generalized Jacobi weight). The definition of GJ1, GJ2, etc., are
similar.

Definition Let w ∈ GJ . Then W(w, ϑ) := W(ϑ) = w(cosϑ)| sinϑ|, ϑ ∈ R,
is called a generalized even trigonometric Jacobi weight (W ∈ GETJ). The
definitions of GETJ1, etc. are analogous.

Remarks 1. It is easy to see that the classical weights (1 − x)α(1 + x)β ,
(1−x)α(1+x)β |x|γ , α, β, γ > −1 are from GJ123. Also, (1+ |x|)(1−x)α ∈
GJ123 and ([x] + 2)(1 + x)β ∈ GJ123 (α, β > −1).

2. Further it is not difficult to verify the relation

tΓ
(
log

1

t

)γ

∈ GMC2, Γ > −1, γ ∈ R, 0 ≤ t ≤ t0,

where GMC means that our modulus is of form (4.2).

Using induction one can get (with logk =

1
^
log,

2
^
log . . .

k
^
log) the relation

tΓ
(
logk

1

t

)γ

∈ GMC2 (Γ > −1, γ ∈ R, 0 ≤ t ≤ t0).

Similar argument shows the relations

tΓ
(
log

1

t

)(
log log

1

t

)γ

∈ GMC2 (Γ > −1, γ ∈ R, 0 ≤ t ≤ t0).

Investigation of other combinations are left to the interested reader.

3. We saw

(
1

(log 1
x)

γ

)′
= α

x(log 1
x)

α+1 := αu(x), whence, if α > 0,

∫ δ

0

1

x
(
log 1

x

)α+1 dx =
1

α

1(
log 1

δ

)α 6= O (δu(δ))
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i.e. if w(x) = u(e/x) = e|x|−1
(
log e

|x|

)−α−1
, then w ∈ L1 but w 6∈ GJ2.

Definition Let W ∈ TW and w ∈ AW . The (generalized) p-th Christoffel
functions are as follows:

ωn(W, p, z) := min
P∈Pn−1

1

2π

∫ 2π

0

∣∣P (eir)
∣∣p

|P (z)|p
W(τ)dτ, z ∈ C, p > 0,

Definition To state the next theorem we introduce the function class GTJ4.
We say that V ∈ GTJ4 if V = U/W, where U ,W ∈ GTJ , moreover both
U and W have only positive exponents (cf. (4.2), further, if W is defined
by (4.2), then

∫ δ

0

1

wr(τ)
dτ = O

(
δ

wr(δ)

)
, δ → +0, r = 0, 1, . . . ,m+ 1.

If U and W ∈ GETJ , too, then we say V ∈ GETJ4. Let v ∈ GJ be
of the form (4.4) (with v0, v1, . . . , vm+1). Then | sinϑ|v(cosϑ) = V(v)(ϑ) ∈
GETJ . If V(v) ∈ GETJ4, too, then by definition, v ∈ GJ4.

Example Let ω(δ) = | log δ|−α, η(δ) = δβ (α ∈ R, 0 < β < 1, δ > 0). Then

V(ϑ) = ω
(
sin |ϑ−π|

2

)
/η

(
sin |ϑ|

2

)
∈ GTJ4. On the other hand, V (ϑ) =

sin
(
| sinϑ|

2

)
/
(
sin |ϑ|

2

)
∈ GTJ2\GTJ4.

4.2 New results

Throughout this part we consider w ∈ GJ and the corresponding W =
W(w) ∈ GETJ .

Theorem 4.1 Let w ∈ GJ2. Then for any fixed p > 0

λn(w, p, x) ∼ ωn

(
W(w), p, eiϑ

)
∼ W(w)(n, ϑ)

n
, ϑ ∈ R, x = cosϑ, n ∈ N,

uniformly in x and n.
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Remarks 1. One can prove that

λn(w, p, x)

∼ 1

n
w0

(√
1− x+

1

n

)
wm+1

(√
1 + x+

1

n

) m∏

r=1

wr

(
|x− tr|+

1

n

)

=
w(n, x)ϕ(n, x)

n
.

2. The proof of the previous theorem shows that

ωn(W, p, eiϑ) ∼ W(n, ϑ)

n

for arbitrary W ∈ GTJ2, too.

Theorem 4.2 Let w ∈ GJ2. Then for the roots xkn(w) = cosϑkn(w)
(1 ≤ k ≤ n) of pn(w) we have

ϑk+1,n(w)− ϑkn(w) ∼
1

n
, 0 ≤ k ≤ n, n ∈ N,

uniformly in k, where ϑ0n(w) = 0 and ϑn+1,n(w) = π.

If |x− xjn(w)| = min1≤≤n |x− xkn(w)|, j = j(n, x), then

Theorem 4.3 Let w ∈ GJ123. Then, for n ∈ N

∣∣p′n(w, xkn(w))
∣∣ ∼ n

ϕ(xkn(w))

1√
w(n, xkn(w))ϕ(n, xkn(w))

,

0 ≤ k ≤ n+ 1,

|pn(w, x)| ∼
∣∣p′n(xjn(w))

∣∣ |x− xjn(w)| , 1 ≤ j ≤ n, x ∈ [−1, 1],

ϑk+1,n(pn(w))− ϑk,n−1

(
p′n(w)

)

∼ ϑk,n−1

(
p′n(w)

)
− ϑkn (pn(w)) ∼

1

n
, 1 ≤ k ≤ n− 1.

The estimations are uniform in x, k, j and n, respectively.

The next theorem is a very general quadrature inequality.
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Theorem 4.4 Let w ∈ GJ2 and v ∈ GJ24. Then for any fixed positive
integer ` and 1 ≤ p < ∞

n∑

k=1

λn (v, xkn(w)) |P (xkn(w))|p ≤ c

∫ 1

−1
|P (x)|p v(x)dx, n ∈ N,

whenever P ∈ P`n. Here c does not depend on n and P .

The converse inequality comes form

Theorem 4.5 Let w ∈ GJ123 further v, V −p ∈ GJ2, finally V q ∈ GJ24.
Here V =

√
wϕv−1/p, 1/p+ 1/q = 1, 1 < p < ∞.

Then for any P ∈ Pn−1

∫ 1

−1
|P (x)|p v(x)dx ≤ c

n∑

k=1

λn(v, xkn(w)) |P (xkn(w))|p , n ∈ N.

Final remarks 1. Let v(x) = H−1(x)w(x) a.e. where

w(x) = H(x)ϕ−1(x)

m+1∏

r=0

logβr
e

|x− t)r|
, βr ∈ R, 0 ≤ r ≤ m+ 1

(tr are as above), where H is defined so that w ∈ G123.

By Theorem 4.5 it is easy to conclude the Lp convergence of the corre-
sponding weighted Lagrange interpolation for every f ∈ C[−1, 1](0 < p <
∞. If H(x) = 1, βr = 0 (i.e. v = w = ϕ−1, Chebyshev weight), the result
was proved by P. Erdős and E. Feldheim.

2. The interested reader may find many other theorems and references
in the original quite long paper.

5 One-sided convergence conditions
of Lagrange interpolation based
on Jacobi-type weights

This is a three-author paper written by Bianca Della Veccia, Giuseppe and
me in 2001.
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5.1

LetX = (xin ∈ I = [−1, 1] : i = 1, . . . , n;n ∈ N) be an infinite matrix where
each row is a set of distinct point in I. Let us define for f ∈ C(I) the La-
grange interpolation polynomial Ln(f,X, x) by

Ln(f,X, xkn) = f(xkn), k = 1, . . . , n.

Let

x
(α,β)
kn = cos θ

(α,β)
kn , k = 1, . . . , n, α, β > −1, (5.1)

be the n distinct zeros (in decreasing order) of the n-th Jacobi polynomial

P
(α,β)
n (x) orthogonal on (−1, 1) with respect to the weight

p(α,β)(x) = (1− x)α(1 + x)β , α, β > −1.

Then if the corresponding Lagrange interpolation polynomial based on

the knots (5.1) is denoted by L
(α,β)
n (f), it is well-known that generally

L
(α,β)
n (f) does not converge uniformly to f ∈ C(I). However for a subclass

of f ∈ C(I) the following statement holds true.

Theorem A. Let −1 < γ = max(α, β) < 1
2 be fixed, f ∈ C(I) and

δ(f ; t) =





o(| log t|−1), if − 1 < γ ≤ −1

2

o(tγ+
1
2 ), if − 1

2
< γ <

1

2
.

Then

lim
n→∞

∥∥∥L(α,β)
n (f)− f

∥∥∥ = 0. (5.2)

Here ‖f‖ is the usual supremum norm of f on I; moreover δ(f ; t) denotes
the so called one-sided modulus of continuity of f defined by

δ(f ; t) = sup
0≤h≤t

−1≤x≤x+h≤1

(f(x+ h)− f(x)) , t ≥ 0

As two corollaries, we have that L
(α,β)
n (f ;x) converges to f(x), if

1. f is of bounded variation, or

2. −1 < γ ≤ −1
2 and f satisfies the Dini-Lipschitz condition, or

3. −1
2 < γ < 1

2 and f ∈ Lip
(
γ + 1

2 + ε
)
, for 0 < ε ≤ 1

2 − γ.
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Let us remark that the bounds for γ are, in a certain sense, sharp.

The aim of this paper was to generalize the above theorem using certain
Jacobi type weights having ”singularities” inside and to get the analogue
of the following fundamental asymptotic formula proved by Gábor Szegő.

With x = cosϑ,

p(α,β)n (x) =

√
2

π

cos(Nϑ+ γ) +O( 1
n sinϑ)

p(
α
2
+ 1

4
,β
2
+ 1

4
)(x)

, n ∈ N, n sinϑ ≥ c, (5.3)

where c > 0 is arbitrary but fixed, N = N(n, α, β) = n + α+β+1
2 and

γ = γ(α) = −(α + 1
2)

π
2 . (Generally, the order of the remainder term,

R
(α,β)
n (cosϑ) = (n sinϑ)−1, is the best possible. The symbol ”O” depends

only on α and β.)

5.2

First we give the following

Definition F ∈ GJ (generalized Jacobi weights) iff for x ∈ [−1, 1]

F (x) ≡ r(Γ, t;x) := (1− x)Γ0(1 + x)Γv+1

v∏

k=1

|x− tk|Γk ;

here

−1 ≡ tv+1 < tv < · · · < t1 < t0 ≡ 1, Γ0,Γ1. . . . ,Γv+1 > −1.

If Γk = 0 when 1 ≤ k ≤ v (no inner singularity!), then we use our
previous notation

p(α,β)(x) = (1− x)α(1 + x)β, α, β > −1,

for the classical Jacobi weights J .

Using F (x) we introduced another weight, r[m](x) and the correspond-
ing ONP , rn(r[m], x). Instead of the exact quite technical definitions we
list some properties. ∫ 1

−1
r[m] = 1. (a)
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The ”singularities” and exponents of r[m] are t0 = 1,Γ0; tv+1 = −1,Γv+1;
tk,Γk (1 ≤ k ≤ v). Let n = mo + mv+1 + 2

∑v
k=1mk. We suppose that

n → ∞ and mk ∼ n (0 ≤ k ≤ v + 1). Then

r[m] > 0, r[m](tk) ∼
(
1

n

)Γk

, 0 ≤ k ≤ v + 1, (b)

and, uniformly in x and n,

r[m](x) ∼
(
1− x+

1

n

)Γ0
(
1 + x+

1

n

)Γv+1 v∏

k=1

(
|x− tk|+

1

n

)Γk

. (c)

We have the following generalization of (5.3).

r(s)n

(
r[m], x

)
=

√
2

π

(
−n

sinϑ

)s cos(nϑ+ εl
(
ϑ) + sπ2

)
+ O(l)

n|ϑ−τl||ϑ−τl+1|

(ϕ(ϑ))1/2

(5.4)
uniformly in n, l and ϑ ∈ Eln(c)(0 ≤ l ≤ v). Here c > 0 and s ≥ 0 are
fixed, moreover

ϕ(ϑ) = | sinϑ|
v+1∏

k=0

| cosϑ− cos τk|Γk ,

εl(ϑ) =

(
1 +

v+1∑

k=0

Γk

)
ϑ

2
−

(
1

2
+

l∑

k=0

Γk

)
π

2

and
E`n(c) =

[
τ` +

c

n
, τ`+1 −

c

n

]
(0 ≤ ` ≤ v).

By (5.4) we can obtain some fairly precise formulae for the roots xkn =
cosϑkn, 1 ≤ k ≤ n, of rn(r[m]). Let

N = n+
1 +

∑v+1
k=0 Γk

2
,

γ(`) =

(
−1

2
−
∑̀

k=0

Γk

)
π

2
, 0 ≤ ` ≤ v,

and let ϑkn ∈ E`n(c0) (0 ≤ ` ≤ v, n ≥ 1). Then with K = k + A(`, n),
|A(`, n)| ≤ c,

ϑkn = ΘKn(`) + δk`n,
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where

Θun(`) =
2u− 1

2N
π − γ(`)

N

and for δk`n, we have

|δk`n| = O

(
1

n2|Θkn − τ`||Θkn − τ`+1|

)
.

Analogous formulae can be obtained for the roots of rn(r[m])
(s), s > 0.

5.3

Let Ln(r[m], f, x) denote the Lagrange interpolation polynomial based on
the roots

xkn = xk = cosϑkn = cosϑk, 1 ≤ k ≤ n

of rn(r[m]). Our main statement, a generalization of Theorem A, is the
following.

Theorem 5.1 Let




− 1 < Γ0,Γv+1 <
1

2
, −1 < Γk < 2, 1 ≤ k ≤ v,

|Γi − Γj | < 2, 1 ≤ i, j ≤ v.

Put

ρ = max

{
Γ0 +

1

2
,Γv+1 +

1

2
,
Γk

2
1 ≤ k ≤ v

}
.

Letting

δ(f ; t) =

{
o
(
| log t|−1

)
, if ρ ≤ 0

o(tρ), if ρ > 0

we have
lim
n→∞

∥∥Ln(r[m], f)− f
∥∥ = 0, ∀f ∈ C(I).

Remarks. 1. The assumption on Γi, 0 ≤ i ≤ v+1, are, in a certain sense,
sharp.

2. During the course of the proofs we obtained that the corresponding
Lebesgue constants Λn = max|x|≤1

∑n
k=1 |ln,k(x)| have the order

Λn ∼ nΓ + log n,

where Γ = max(Γ0 +
1
2 ,Γv+1 +

1
2 ,

Γk
2 , 1 ≤ k ≤ v). Here the only condition

is Γk > −1, 0 ≤ k ≤ v + 1. This estimate is new and sharp.
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6 Fourier Sums and Lagrange Interpolation on
(0,+∞) and (−∞,+∞)

This is a joint work was dedicated to the memory of Professor Ambikeshwar
Sharma; it appeared in the Memorial Volume, in 2007.

This paper is a very clear example of a nice idea of Giuseppe: using
and generalizing an old observation of Muckenhoupt, instead of the whole
MRS. (Mhaskar – Rahmanov – Saff) interval, In, one may use only a part
of it, θIn (0 < θ < 1). It turns out that this modification dramatically
simplifies all the estimates involved but at the same time it preserves the
order of the approximation.

– . –

Let me take the opportunity to mention another fruitful method of
Giuseppe: he methodically and successfully applied the so-called one-sided
approximation to get theorems in those cases when other methods failed.

– . –

6.1

This paper concerns the approximation of functions on unbounded intervals
by means of orthogonal polynomials: Laguerre polynomials on (0,∞) and
Freud polynomials on (−∞,+∞).

We will modify the Fourier Sum and the interpolating polynomials.
Our results have many applications and are analogous to results on finite
intervals.

More precisely, starting from well known polynomial inequalities, we
propose to approximate a ”finite section” of the function on a special finite
interval (see Proposition 2.1). This procedure s simple and is convenient in
many situations, especially in the numerical treatment of integral equations.

6.2 Fourier Sums and Lagrange Interpolation in (0,+∞).
Some preliminary results

Let Lp(a, b), 0 ≤ a < b ≤ +∞ the set of all measurable functions f such

that ‖f‖Lp(a,b) =
(∫ b

a |f |p(x)dx
) 1

p
< +∞, 1 ≤ p < +∞.If a = 0 and

b = +∞ we write ‖f‖p instead of ‖f‖Lp(0,+∞), and Lp = Lp(0,+∞). With
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u(x) = xγe−
x
2 , γ > −1

p , x > 0, a Laguerre weight, we set f ∈ Lp
u if and only

if fu ∈ Lp, 1 ≤ p < +∞. When p = +∞ and γ > 0 we define

L∞
u =

{
f ∈ C0(R+) : lim

x→∞
(fu)(x) = 0 = lim

x→+∞
(fu)(x)

}
,

where R+ = (0,+∞) and C0(R+) is the set of all continuous functions in
R+. In the case p = +∞ and γ = 0, Lp

u is the set of all continuous functions
in [0,+∞) with the condition limx→+∞(fu)(x) = 0.

We recall the following polynomial inequality:

(∫ ∞

4m(1+δ)
|Pmu|p(x)dx

) 1
p

≤ Ce−Am

(∫ +∞

0
|Pmy|p(x)dx

) 1
p

, (6.1)

holding for 1 ≤ p ≤ +∞, where δ > 0 is fixed, Pm is an arbitrary polynomial
of degree m (Pm ∈ Pm), the positive constants C and A depend on δ and
are independent on Pm.

Now we establish a proposition to be used later. To this end let θ ∈ (0, 1)
fixed and let m be a positive integer sufficiently large (say m > m0). We
denote by ∆θ = ∆θ,m the characteristic function of the interval [0, 4θm]

and let M =
[

θ
1+θm

]
. Obviously, M ∼ m if m ≥ m0(θ).

Proposition 6.1 Let f ∈ Lp
u and 1 ≤ p ≤ +∞. Then, for m > m0, we

have

‖f(1−∆θ)u‖p ≤ EM (f)u,p + Ce−Am‖fu‖p and (6.2)

‖fu‖p ≤ C
(
‖f∆θu‖p + Em(f)u,p

)
, (6.3)

where EM (f)u,p = infP∈PM
‖(f − P )u‖p and the constants C and A are

independent on m and f .

The verification is quite simple, so we include it: For all PM ∈ PM and
1 ≤ p ≤ +∞ we have

‖f(1−∆θ)u‖p ≤ ‖(f − PM )u‖p + ‖PM (1−∆θ)u‖p .

By (6.2)

‖PM (1−∆θ)u‖p ≤ Ce−Am‖PMu‖p

and making the infimum on PM (6.2) easily follows. Now (6.3) follows
from the indentity f = ∆θf + (1−∆θ)f and (6.2).
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From Proposition 6.1 follows that, if {Γm : Lp
u → Pm}m is a sequence

of linear operators, we can approximate a function f ∈ Lp
u by the sequence

{∆θ,mΓm(∆θ,mf)}m. Indeed, since

‖[f −∆θ,mΓm(∆θ,mf)]u‖p ≤ ‖[f − Γm(∆θ,mf)]∆θ,mu‖p
+ ‖(1−∆θ,m)fu‖p ,

the second term on the right, by (6.2), is small. Consequently it is sufficient
to consider only the first term or, in other words, approximate f by the
sequence of polynomials {Γm(∆θ,mf)}m on the interval [0, 4θm]. We will
show that such procedure is much simpler and more convenient than the
ordinary polynomial approximation.

Fourier sums

Let wα(x) = xαe−x, α > −1, x > 0, be a Laguerre weight and
{pm(wα)}m the correspondent sequence of orthogonal polynomials with
positive leading coefficient γm. With f ∈ Lp

u we consider the Fourier sum

Sm(wα, f) =

m−1∑

k=0

ckpk(wα), ck =

∫ +∞

0
fpk(wα)wα.

If vβ(x) = xβ , the following theorem holds.

Theorem 6.2 For any f ∈ Lp
u and 1 < p < +∞, we have

‖Sm(wα,∆θ,mf)∆θ,mu‖p ≤ C ‖f∆θ,mu‖p , C 6= C(m, f)

if and only if

vγ√
vαϕ

∈ Lp(0, 1) and
vα

vγ
,

√
vα

ϕ

1

vγ
∈ Lq(0, 1), (6.4)

where ϕ(x) =
√
x and q = p

p−1 .

The previous theorem is the best possible in the following sense.

Theorem 6.3 The following equivalences are true

‖Sm(wα, f)u‖p ≤ C‖fu‖p ⇔ (6.4) holds with
3

4
< p < 4
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‖Sm(wα, f)u‖p ≤ C





m
1
3 ‖fu‖p

or

‖fu(1 + ·)
1
3 ‖p

⇔ (6.4) holds with p ∈ (1,∞)\
(
4

3
, 4

)

‖Sm(wα,∆θ,mf)u‖p ≤ C‖fu‖p ⇔ (6.4) holds with 1 < p < 4

‖Sm(wα, f)∆θ,mu‖p ≤ C‖fu‖p ⇔ (6.4) holds with p >
4

3
.

The constants C > 0 are independent on m and f .

Let as mention that the estimations in Theorems 6.2 and 6.3 are ana-
logue to the results on [−1, 1] with Jacobi weights; moreover, we do have
the good convergence behaviour. Namely.

Theorem 6.4 Under the assumptions of Theorem 6.2, for any f ∈ Lp
u and

1 < p < +∞, we have

‖[f −∆θ,mSm(wα,∆θ,mf)]u‖p ≤ C
[
EM (f)u,p + e−Am‖fu‖p

]

where C and A are positive constants independent on m and f .

If the parameters α and γ of the weights satisfy (6.4), then

‖[f − Sm(wα,∆θ,mf)]u‖p ≤ C
[
EM (f)u,p + e−Am‖fu‖p

]

with 1 < p < 4 and

‖[f − Sm(wα, f)u]u‖p ≤ CEm(f)u,p

with 4
3 < p < 4. If, in the last estimate, we put u =

√
wα, we obtain an old

result of Askey and Wanger.

Lagrange interpolation.

We denote by Lm(wα, f), f ∈ C0(R+), the Lagrange polynomial that
interpolates the function f on the zeros x1 < · · · < xm, (xk = xkm), of
pm(wα). Using the Gaussian rule, we can write

Lm(wα, f, x) = mbm

m∑

k=1

pm(wα, x)λk(wα)
Fm(xk)

x− xk
f(xk) (6.5)

168 PÉTER VÉRTESI
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where λk(wα) = λkm(wα) = 1
Km(wα,xkm) is the k-th Christoffel number,

Fm(x) = pm+1(wα, x) − pm−1(wα, x) and bm ∼ 1. We define the integer
j = j(m) by

xj = min
k

(xk ≥ 4θm), θ ∈ (0, 1) fixed.

Let ψ ∈ C∞(R), nondecreasing; moreover ψ(x) =

{
0 if x ≤ 0

1 if x ≥ 1
and

ψj(x) = ψ
(

x−xj

xj+1−xj

)
. For any f ∈ C0(R+), we define fj = (1− ψj)f .

Obviously fj = f in (0, xj ] and fj = 0 in [xj+1,+∞). Then we have

Lm(wα, f, x) =

j∑

k=1

λk(wα)
pm(wα, x)

x− xk
Fm(xk)f(xk)

by removing in (6.5) [cm](0 < c < 1) terms. Finally with θ1 ∈ (θ, 1),fixed
and with ∆θ1 = ∆θ1,m (the characteristic function of [0, 4θ1m]), we in-
troduce the sequence {∆θ1,mLm(wα, fj)}m to approximate the function
f ∈ C0(R+) in Lp

u norm with u(x) = xγe−x/2. In order to study the
behaviour of the above mentioned sequence, we state a lemma that will be
useful in the sequel.

Lemma 6.5 Let 0 < θ < θ1 < 1 and let 1 ≤ p < +∞. Then, for an
arbitrary polynomial P ∈ Ptm (with l fixed integer), we have

(
j∑

k=1

∆xk|Pu|p(xk)

) 1
p

≤ C
(∫ 4θ1m

x1

|Pu|p(x)dx
) 1

p

where ∆xk = xk+1 − xk, C is a positive constant independent on m, P and
p.
We can now state the following theorem, which is the main result of this
section. Letting vβ(x) = xβ, we have a ”Jacobi-type estimation.

Theorem 6.6 Let 1 < p < +∞. Then, for all function f ∈ C0(R+), we
have

‖Lm(wα, fj)u∆θ1‖p ≤ C

(
j∑

k=1

∆xk|fu|p(xk)

) 1
p

. C 6= C(m, f)

if and only if

vγ√
vα, ϕ

∈ Lp(0, 1) and

√
vαϕ

vγ
∈ Lq(0, 1), ϕ(x) =

√
x, q =

p

p− 1
. (6.6)
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However, if we fix wα, u and p then the inequality

‖Lm(wα, f)u‖p ≤ C

(
m∑

i=1

∆xi|fu|p(xi)

) 1
p

(xm+1 = 4m)

is not true for a proper f ∈ C0(R+) where C 6= C(m, f).

We define

Ωr
ϕ(f, t)u,p =

∑

0<h≤t

∥∥u∆r
hϕf

∥∥
Irh

, r ≥ 1, ϕ(x) =
√
x

where Irh =
[
C(2rh)2, C/h2

]
, C arbitrary fixed constant and

∆r
hϕf(x) =

r∑

i=0

(r
i

)
(−1)if

(
x+

h

2

√
x(r − 2i)

)
,

t sufficiently small; i.e., t < t0. Now we can state

Theorem 6.7 For all continuous function in R+ and p ∈ (1,+∞) we have:

‖[f −∆θ1L)m(wα, fj)]u‖p ≤ C

(
1

(
√
m)

1
p

∫ 1√
m

0

Ωr
ϕ(f, t)u,p

t1+1/p
dt

+ e−Am‖fu‖p)

(6.7)

with C 6= C(m, f) if and only if relations (6.6) are true.

In particular if we define the Zygmund space

Zp
s = Zp

s (u) =

{
f ∈ Lp

u : sup
t>0

Ωr
ϕ(t, f)u,p

ts
< +∞, r > s

}
,

where 1 < p < +∞, s ∈ R+ and we introduce the usual norm

‖f‖Zp
s
= ‖fu‖p + sup

t>0

Ωr
ϕ(f, t)u,p

ts
,

then (6.7) becomes

‖[f −∆θ1Lm(wα, fj)]u‖p ≤
C
ms

‖f‖Zp
s
, s >

1

p
, 1 < p < +∞,

that has the same order of the error of best approximation of function in
Zp
s , s > 1

p . Similar estimates about the interpolation in (−1, 1) can be
found.
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Péter Vértesi 171

6.3 Fourier Sums and Lagrange Interpolation in R. Some
preliminary results

In this section we consider Freud weight of the form w(x) = e−Q(x), where
Q : R → R is even and continuous, Q′ > 0 in (0,+∞), Q′′ is continuous in
(0,+∞) and, for some Â, B̂ > 1 it results

Â ≤ (xQ′(x))

Q′(x)
≤ B̂, x ∈ (0,+∞).

Denote by {pm(w)}m the sequence of the polynomials that are orthonormal
in R and whose leading coefficient γm := γm(w) is positive. The MRS
number, am, related to the weight

√
w is uniquely defined by

u =
1

π

∫ 1

0
autQ

′(aut)
dt√
1− t2

.

This class of weight has been considered by S.W.Jha and S.D. Lubinsky.
Now we recall the well-known polynomial inequality

∫

Γm

∣∣Pm

√
w
∣∣p (x)dx ≤ Ce−Am

∫

R

∣∣Pm

√
w
∣∣p (x)dx, 1 ≤ p ≤ +∞,

where Γm = {x ∈ R : |x| > (1 + δ)am}, δ ∈ (0, 1), C and A are positive
constants depending on δ and independent of m. As in the Laguerre case,
with θ ∈ (0, 1), we define ∆θ,m the characteristic function of the interval

[−θam, θam] and M =
[

θ
1+θm

]
. As before M ∼ m. For all functions

f ∈ Lp√
w
,

∥∥(1−∆θ,m)f
√
w
∥∥
p
≤ C

[
Em(f)√w,p + e−Am

∥∥f√w
∥∥
p

]
,

where C 6= C(m, f), EM (f)√w,p = infP∈PM
‖(f − P )

√
w‖p and 1 ≤ p ≤ +∞

(see (6.2)).

Fourier Sums

For all f ∈ Lp√
w
, let

Sm(w, f) =

m−1∑

k=0

ckpk(w), ck = ck(f) =

∫

R
fpk(w)w,

be its m-th Fourier Sum with the respect to the system {pm(w)}m.
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Theorem 6.8 For all f ∈ Lp√
w
, 1 < p < +∞, we have

∥∥Sm(w,∆θ,mf)∆θ,m

√
w
∥∥
p
≤ C

∥∥f∆θ,m

√
w
∥∥
p

and
∥∥[f −∆θ,mSm(w,∆θ,mf)]

√
w
∥∥
p
≤ C

[
Em(f)√w,p + e−Am

∥∥f√w
∥∥
∞

]

where C and A are independent of m and f .

In order to complete Theorem 6.8, we can state

Theorem 6.9 For all f ∈ Lp√
w
, we have

∥∥Sm(w,∆θ,mf)
√
w
∥∥
p
≤ C

∥∥f√w∆θ,m

∥∥
p
, C 6= C(m, f),

if and only if 1 < p < 4.

Lagrange Interpolation

For convenience we introduce the following notations. We denote by
xk(= xkm) the nonnegative zeros of pm(w) (x0 = 0 if m is odd) and we set
x−k = −xk, 0 ≤ k ≤

[
m
2

]
. With f ∈ C0(R), let

Lm(w, f, x) =

[m2 ]∑

k=−[m2 ]

lk(x)f(xk), lk(x) =
pm(w, x)

p′m(w, xk)(x− xk)

be the Lagrange polynomial interpolating the function f on the knots ck.
With θ ∈ (0, 1), let j = j(m) be defined as xj = min{xk ≥ θam}, let

Ψj be the characteristic function of the interval [−xj , xj ] and set fj = Ψjf .
Then

Lm(w, fj , x) =

j∑

k=−j

lk(x)f(xk)

we want to study the behaviour of the sequences

{ΨjLm(w, f)}m and {Lm(w, fj)}m
in Lp√

w
assuming f ∈ C0(R). Let t∗ = t∗(t) be uniquely defined by

tQ′(t∗) = 1 and define the following modulus of continuity

Ωk(f, t)√w,p = sup
0<h≤t

∥∥∥(∆k
hf)

√
w
∥∥∥
Lp(−Ch∗,Ch∗)

.

We can prove
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Theorem 6.10 For all continuous function in R, we have

∥∥[f − Lm(w, fj)Ψj ]
√
w
∥∥
p
≤ C

{(am
m

) 1
p

∫ αm
m

0

Ωk(f, t)√w,p

t1+1/p
+ e−Am

∥∥f√w
∥∥
p

}
,

with 1 < p < +∞. Moreover, if 1 < p < 4 then

∥∥[f − Lm(w, fj)]
√
w
∥∥
p
≤ C

{(am
m

) 1
p

∫ αm
m

0

Ωk(f, t)√w,p

t1+1/p
+ e−Am

∥∥f√w
∥∥
p

}
,

Here the constants C are independent of m and f .

Especially, if f (r−1) absolutely continuous on R and
∥∥f (r)√w

∥∥
p
< +∞,

then
Ωk
ϕ(f, t)

√
w,p ≤ C

∥∥∥f (r)√w
∥∥∥
p
tr, k > r,

and the right-hand sides are dominated by
(
am
m

)r (‖f√w‖p +
∥∥f (r)√w

∥∥
p

)
.

– . –

First we list the papers of Parts 2–6, then the other joint papers.
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by Altomare and Amiar.
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1 Introduction

The sequence (Bn) of classical Bernstein polynomials, defined for f ∈
C[0, 1] by

(Bnf) (x) =

n∑

ν=0

(
n

ν

)
xν (1− x)n−ν f

(ν
n

)
(x ∈ [0, 1]) ,

was introduced by S. N. Bernstein [20] in order to have a constructive proof
of Weierstrass’s theorem for algebraic polynomials. It converges uniformly
to f on [0, 1].

One of the most celebrated asymptotic formulas for sequences of linear
approximation processes was established in 1932 by Voronovskaja [28]: For
the sequence (Bn) of Bernstein polynomials there holds

lim
n→∞

n [(Bnf) (x)− f (x)] =
1

2
x (1− x) f ′′ (x) , (1.1)

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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provided that the second derivative f ′′ (x) exists at x ∈ [0, 1]. If f ∈
C2 [0, 1], the convergence is uniform. Most likely this is the first asymptotic
expansion for a sequence of polynomial operators.

In that same year, S. N. Bernstein [21] showed that for each x ∈ (0, 1)
for which the derivative f (2q) (x) exists with q ∈ N, there holds

(Bnf) (x) = f (x) +

2q∑

k=0

Tn,k (x)

k!nk
f (k) (x) + o

(
n−q

)
(n → ∞) , (1.2)

where

Tn,k (x) =
n∑

ν=0

(ν − nx)k
(
n

ν

)
xν (1− x)n−ν (k ∈ N0) .

Whereas (1.2) can be regarded as an asymptotic expansion of order q (for
the Bernstein polynomials), formula (1.1) is an asymptotic expansion of
order 1 (as (Bnf) (x) = f (x) + x (1− x) f ′′ (x) / (2n) + o

(
n−1

)
) and the

constructive Weierstrass theorem is one of order 0 (as (Bnf) (x) = f (x) +
o (1)). The complete asymptotic expansion for the sequence of Bernstein
polynomials with explicitly given coefficients can be found in [1].

Asymptotic formulae play an important role in the investigation of sat-
uration classes of sequences of positive linear operators.

Furthermore, asymptotic formulae appear to be useful in connection
with the representation of C0-semigroups of operators in terms of positive
linear operators and, hence, in the study of qualitative properties of the
solutions of the corresponding evolution equations (see also [7] and [12] for
some surveys on the topic). This is a consequence of the pioneer work of F.
Altomare ([3], [4], [5], [6])) and of the subsequent results of Altomare and
Attalienti [10], Altomare and Carbone [13], Altomare and Mangino [14],
Attalienti [18], Attalienti and Campiti [19], Campiti and Metafune [22],
Campiti, Metafune and Pallara [23] and others.

For this purpose it is desirable to construct a sequence of positive linear
operators which satisfies an asymptotic formula (with respect to a given
weighted norm) whose limit operator is a second order elliptic differential
operator of the form

Lu = αu′′ + βu′ + γu

defined on a suitable domain D (L) of some weighted space of continuous
functions E on a real interval, endowed with the weighted norm. Here
α, β, γ are given functions. In this paper we go not in more detail of semi-
group theory.
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Altomare and Amiar [8], [9] obtained such a sequence (Mn) by modi-
fying a “known” positive approximation process on E which satisfies some
additional conditions involving the function α.

In this paper we study simultaneous approximation by the operators (2.1)
when Ln are operators of exponential-type. Finally, we present the com-
plete asymptotic expansion of a sequence of operators defined by Altomare
and Milella.

2 Notation

Let er denote the monomials defined by er (x) = xr (r = 0, 1, 2, . . .). For
x ∈ R, put

ψx = e1 − x.

Let I be an arbitrary interval of R and set r1 := inf I ∈ R∪{−∞} and
r2 := sup I ∈ R∪{+∞}. By F (I) we denote the space of all real-valued
functions defined on I and by C (I) and Cb (I) the spaces of all real-valued
continuous, respectively, continuous and bounded functions on I. The space
Cb (I) will be endowed with the supnorm ‖.‖∞.

If I is not compact put C0 (I) = {f ∈ C (I) : lim
x→ri

f (x) = 0 whenever

ri /∈ I (i = 1, 2)} and C∗ (I) = {f ∈ C (I) : limx→ri f (x) ∈ R whenever
ri /∈ I (i = 1, 2)}. If I is compact, let C0 (I) := C (I) and C∗ (I) := C (I).
Note that C0 (I) and C∗ (I) are closed subspaces of Cb (I).

The symbols C2 (I) and UC2
b (I) will denote the space of all twice con-

tinuously differentiable functions on I and the space of all functions in
C2 (I) whose second derivatives are uniformly continuous and bounded.

For a bounded continuous weight w on I (i.e. w (x) > 0 for every x ∈ I)
we set

Cw
b (I) := {f ∈ C (I) | wf ∈ Cb (I)}

endowed with the Banach norm

‖f‖w := ‖wf‖∞ = sup
x∈I

w (x) |f (x)| .

In 2005 Altomare and Amiar [8, Eq. (3.11) and Eq. (3.12), respec-
tively] constructed positive linear operators Mn with a prescribed asymp-
totic behaviour as n tends to infinity. More precisely, for given functions
α, β, γ ∈ C (I), one desires a sequence of operators Mn : C (I) → C (I)
such that

(Mnf) (x) = f (x) +
1

n

[
α (x) f ′′ (x) + β (x) f ′ (x) + γ (x) f (x)

]
+ o

(
n−1

)
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as n→ ∞. The starting point is a sequence of operators Ln : C (I) → C (I)
with the property

(Lnf) (x) = f (x) +
1

n
α (x) f ′′ (x) + o

(
n−1

)
(n→ ∞) .

Altomare and Amiar [8, Eq. (3.11) and Eq. (3.12), respectively] intro-
duced the new operators Mn given by

Mnf = Ln

((
1 +

γ

n

)
f ◦

(
e1 +

β

n

))
. (2.1)

They proved that limn→∞Mnf = f for each f ∈ Cw
0 (I), where

Cw
0 (I) := {f ∈ C (I) | wf ∈ C0 (I)} ,

(see [8, Lemma 3.1]) and studied the properties of the sequence (Mn). The
main motivation for the definition of the operators (2.1) is the asymptotic
behavior of the sequence (Mn) as n tends to infinity. Under several as-
sumptions, Altomare and Amiar [8, Theorem 4.1] showed that, for every
f ∈ UC2

b (I)

lim
n→∞

w
[
n (Mnf − f)−

(
αf ′′ + βf ′ + γf

)]
= 0

uniformly on I, where α is such that

lim
n→∞

w (x)
[
n
(
Lnψ

2
x

)
(x)− α (x)

]
= 0

uniformly on I. Moreover, there holds

lim
n→∞

n (Mnf − f) = αf ′′ + βf ′ + γf. (2.2)

uniformly on compact subsets of I.

3 Asymptotic properties of the operators Mn

The operators Mn are worth a deeper investigation in order to give more
insight into their relation to Ln. In [2] the authors studied this problem
and the asymptotic behavior of the sequence (Mn) in greater detail. In
particular, the number of conditions in [8, Theorem 4.1] was diminished.

Generally, let us assume that the underlying sequence (Ln) satisfies an
asymptotic relation

Lnf ∼
∞∑

k=0

ck (f)n
−k (n→ ∞) , (3.1)
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for sufficiently smooth functions f , with certain coefficients ck (f) which are
functions defined on I. In the following we suppose that all ck are linear
operators of the form

ck (f) =

Jk∑

j=0

ck,jf
(j) (3.2)

with certain Jk ∈ N and functions ck,j ∈ C (I) (j = 0, . . . , Jk; k ∈ N). For-
mula (3.1) means that, for each q ∈ N,

Lnf =

q∑

k=0

ck (f)n
−k + o

(
n−q

)
(n → ∞) . (3.3)

For convenience, we also shall write ck (f, x) := (ckf) (x). The following
proposition reveals the relation of Mn to Ln.

Proposition 3.1 [2] Let I be a real interval and q ∈ N. Assume that the
sequence of operators Ln : C (I) → C (I) possesses, for sufficiently smooth
functions f , an asymptotic relation (3.3) with linear operators ck of the
form (3.2) where Jk ∈ N and ck,j ∈ C (I) (j = 0, . . . , Jk; k ∈ N). Then the
sequence of operators Mn defined by (2.1), where β, γ are functions such

that Ln is applicable to
(
1 + γ

n

)
f ◦

(
e1 +

β
n

)
, can be written in the form

(Mnf) (x) =

q∑

r=0

1

r!nr

(
Ln

(
f (r)βr

))
(x) (3.4)

+

q∑

r=1

1

(r − 1)!nr

(
Ln

(
f (r−1)βr−1γ

))
(x) + o

(
n−q

)

as n → ∞.

Note that Eq. (3.4) holds pointwise. Here and in the following we
tacitly assume that the operators Ln are applicable to all functions f (r)βr

and f (r)βrγ occurring in Proposition 3.1.
Formula (3.4) is not unexpected. Heuristically, by Taylor expansion,

q∑

r=0

f (r) (t)

r!

(
β (t)

n

)r

= f

(
t+

β (t)

n

)
+R1

and
q∑

r=1

f (r−1) (t)

(r − 1)!

(
β (t)

n

)r−1 γ (t)

n
=

γ (t)

n
f

(
t+

β (t)

n

)
+R2
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with certain remainder terms R1 and R2. Thus, Formula (3.4) gives ap-
proximatively back the definition (Eq. (2.1))

(Mnf) (x) ≈ Ln

((
1 +

γ

n

)
f

(
e1 +

β

n

))
(x) .

Proposition 3.2 [2] Under the conditions of Proposition 3.1 the sequence
(Mn) satisfies the asymptotic relation

Mnf =

q∑

k=0

ĉk (f)n
−k (n→ ∞)

with coefficients

ĉk (f, x) = ck (f, x) +

k∑

r=1

1

r!
ck−r

(
f (r)βr + rf (r−1)βr−1γ, x

)
. (3.5)

Remark 3.3 In the special case q = 1, for f ∈ C (I), there holds the
Voronovskaja-type formula

(Mnf) (x) = c0 (f, x)+
1

n

[
c1 (f, x) + c0

(
f ′β + fγ, x

)]
+o

(
n−1

)
(n→ ∞) .

Remark 3.4 In particular, if c0 (f) = f and c1 (f) = αf (2) we obtain

(Mnf) (x) = f (x) +
1

n

[
α (x) f ′′ (x) + β (x) f ′ (x) + γ (x) f (x)

]
+ o

(
n−1

)

as n→ ∞, which is the (pointwise) Formula (2.2) by Altomare and Amiar.

4 Simultaneous approximation

We proceed with simultaneous approximation by the operators (2.1). We
study the local rate of convergence of the sequence (Mnf)

′ (x), provided
that the derivative exists. For this purpose we assume that Ln : C (I) →
C (I) are (positive) operators of exponential-type, i.e.,

(Lnf) (x) =

∫ +∞

−∞
Wn (x, t) f (t) dt,

where the kernel Wn (x, t) ≥ 0 satisfies the homogeneous partial differential
equation

∂

∂x
Wn (x, t) =

n

ϕ2 (x)
ψx (t)Wn (x, t)
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and the normalization condition

∫ +∞

−∞
Wn (x, t) dt = 1,

which guarantees the preservation of constant functions. It is well-known
that operators of exponential-type preserve linear functions and are approx-
imation processes in appropriate function spaces. In our considerations we
need only the fact that operators of exponential-type satisfy on I the rela-
tion

ϕ2 (x)
d

dx
(Lnf) (x) = n (Ln (ψxf)) (x) . (4.1)

Such operators were studied by C. P. May ([25] and [26]; see also [24]) who
pointed out that condition (4.1) implies that

(
Lnψ

2
x

)
(x) = ϕ2 (x) /n which

controls the rate of convergence of the sequence (Ln). Many well-known
operators are of exponential-type, for example the Bernstein polynomials
with ϕ2 (x) = x (1− x) on I = [0, 1], the Szász operators with ϕ2 (x) = x on
I = [0,∞), the Baskakov operators with ϕ2 (x) = x (1 + x) on I = [0,∞),
and the Weierstraß operator with ϕ2 (x) = 1 on I = (−∞,∞).

We prove the following result on the first derivative
(

d
dx

)
(Mnf) (x).

Theorem 4.1 Fix x ∈ I such that ϕ2 (x) 6= 0. For n ∈ N, let Ln : C (I) →
C (I) be operators of exponential-type satisfying Relation (4.1) such that the
first derivative (Lnf)

′ (x) exists. Assume that ((Lnf) (x))n∈N possesses an
asymptotic expansion (3.1) with c0 (f) = f . Then there holds:
1. The sequence

(
(Lnf)

′ (x)
)
n∈N has an asymptotic expansion

(Lnf)
′ (x) ∼

∞∑

k=0

c
[1]
k (f, x)n−k (n→ ∞) (4.2)

with coefficients c
[1]
k (f, x) satisfying

c
[1]
k (f, x) = ϕ−2 (x) ck+1 (ψxf, x) . (4.3)

2. The first derivative (Mnf)
′ (x) of the operators (2.1) exists and we have

the asymptotic expansion

(Mnf)
′ (x) ∼

∞∑

k=0

ĉ
[1]
k (f, x)n−k (n→ ∞) (4.4)
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with coefficients

ĉ
[1]
k (f, x) = c

[1]
k (f, x) +

k∑

r=1

c
[1]
k−r

(
1

r!
f (r)βr +

1

(r − 1)!
f (r−1)βr−1γ, x

)
.

(4.5)

Remark 4.2 The coefficients ĉ
[1]
k (f, x) can be obtained from ĉk (f, x) in

(3.5) by replacing each ck with c
[1]
k .

Remark 4.3 The assumption c0 (f) = f in the latter theorem is not really
restrictive. Recall that operators of exponential-type are usually approxima-
tion operators. This is generally the case for compact intervals I, and for
unbounded intervals under certain growth conditions on the function f (see
[24, Theorem 4.2]).

5 The operator by Altomare and Milella

Recall that the positive linear operators Mn constructed by Altomare and
Amiar in their paper [8, Eq. (3.11) and Eq. (3.12), respectively] possess
the prescribed asymptotic behaviour

(Mnf) (x) = f (x) +
1

n

[
α (x) f ′′ (x) + β (x) f ′ (x) + γ (x) f (x)

]
+ o

(
n−1

)

as n tends to infinity. The functions β, γ ∈ C (I) can be chosen arbitrarily,
while the function α depends on the sequence of operators Ln : C (I) →
C (I) which satisfy

(Lnf) (x) = f (x) +
1

n
α (x) f ′′ (x) + o

(
n−1

)
(n → ∞) .

It is desirable to have operators with asymptotic behaviour as above with
all three functions α, β, γ ∈ C (I) chosen arbitrarily.

To this end Altomare and Milella introduced in their recent paper [15,
Eq. (2.5)], for f ∈ E (R) and x ∈ R, the new operators Gn defined by

(Gnf) (x) =
1√
2π

∫ ∞

−∞
f

(√
2α (x)

n
y + x+

β (x)

n

)
e−y2/2 dy, (5.1)

where α, β ∈ C (R) are two fixed functions such that α (x) ≥ 0 for every
x ∈ R. Here E (R) denotes the space of all functions f ∈ C (R) such that

∫ ∞

−∞
|f (ay + b)| e−y2/2 dy < +∞
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for every a ≥ 0 and b ∈ R.
Note that, if α (x) ≡ 1 and β (x) ≡ 0, the operator Gn turns into the

nth Gauss-Weierstrass convolution operator (see, e.g., [12, Section 5.2.9]).
By a change of variable we can rewrite (Gnf) (x) in the alternative form

(Gnf) (x) =

√
n

4πα (x)

∫ ∞

−∞
f (t) exp

(
− n

4α (x)

(
t− x− β (x)

n

)2
)

dt,

(5.2)
provided that α (x) > 0.

Altomare and Milella [15, Theorem 3.1] proved that lim
n→∞

Gnf = f

in (Cw
0 (I) , ‖.‖w), for each f ∈ Cw

0 (R), and studied the properties of the
sequence (Gn). They [15, Theorem 3.5] showed that under several assump-
tions, for every f ∈ UC2

b (I) with uniformly continuous and bounded second
derivative, there holds

lim
n→∞

w
[
n (Gnf − f)−

(
αf ′′ + βf ′)] = 0

uniformly on R. Moreover, there holds

lim
n→∞

n (Gnf − f) = αf ′′ + βf ′. (5.3)

uniformly on compact subsets of R. The missing term γf comes into play
by considering

G∗
n (f) = Gn

((
1 +

γ

n

)
f
)

(f ∈ E (R)) .

In this section we study the asymptotic behavior of the sequence (Gn)
in greater detail.

Theorem 5.1 Let x ∈ R and f ∈ E (R). Assume that f possesses a
derivative of order 2q at x. Then there holds the asymptotic expansion

(Gnf) (x) =

q∑

k=0

1

nk
ck (f, x) + o

(
n−q

)

as n → ∞ with coefficients

ck (f, x) =

k∑

s=0

(
k

s

)
f (k+s) (x)αs (x)βk−s (x) .
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Remark 5.2 In the special case q = 1, we have

(Gnf) (x) = f (x)+
1

n

[
α (x) f (2) (x) + β (x) f (1) (x)

]
+o

(
n−1

)
(n→ ∞) ,

which is the Formula (5.3) by Altomare and Milella.

Remark 5.3 For sufficiently smooth functions f there holds the complete
asymptotic expansion

(Gnf) (x) ∼ f (x) +

∞∑

k=1

1

nk
ck (f, x) (n→ ∞) .

6 Auxiliary results and proofs

Proof of Theorem 4.1: The first part of the theorem is obvious because
relation (4.1) implies that

ϕ2 (x)
d

dx
(Lnf) (x) = n (Ln (ψxf)) (x) ∼

∞∑

k=0

1

nk−1
ck (ψxf, x)

=

∞∑

k=0

1

nk
ck+1 (ψxf, x) ,

where we used that c0 (ψxf, x) = ψx (x) f (x) = 0.
In this proof we indicate the dependence of the operator Mn on the func-
tions β and γ by writing

Mn (f ;β, γ) = Ln

((
1 +

γ

n

)
f ◦

(
e1 +

β

n

))
.

Application of relation (4.1) to the definition (2.1) yields

ϕ2 (x)
d

dx
Mn (f ;β, γ) (x) = nLn

(
ψx ·

(
1 +

γ

n

)
f ◦

(
e1 +

β

n

))
(x) .

Using the identity

(
1 +

γ

n

)
ψx =

(
1 +

γ

n

)[
ψx ◦

(
e1 +

β

n

)
− β

n

]

=
(
1 +

γ

n

)[
ψx ◦

(
e1 +

β

n

)
− e0

]

+

(
e0 +

e0 − β + γ

n

)
− 1

n

(
e0 +

βγ

n

)
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which can easily be verified we conclude that

ϕ2 (x)
d

dx
Mn (f ;β, γ) (x)

= nMn (ψxf − f ;β, γ) (x) + nMn (f ;β, e0 − β + γ) (x)

−Mn (f ;β, βγ) (x) .

By Proposition 3.2 applied with q + 1 in place of q it follows that

ϕ2 (x)
d

dx
Mn (f ;β, γ) (x)

=

q∑

k=0

1

nk
[ĉk+1 (ψxf − f ;β, γ;x) + ĉk+1 (f ;β, e0 − β + γ;x)]

−
q∑

k=0

1

nk
ĉk (f ;β, βγ;x) + o

(
n−q

)
(n→ ∞)

because ĉ0 (ψxf − f ;β, γ;x) + ĉ0 (f ;β, e0 − β + γ;x) = c0 (ψxf − f, x) +
c0 (f, x) = 0. This yields

d

dx
Mn (f ;β, γ) (x) =

q∑

k=0

1

nk
ĉ
[1]
k (f, x) + o

(
n−q

)
(n→ ∞)

with

ϕ2 (x) ĉ
[1]
k (f, x)

= ĉk+1 (ψxf − f ;β, γ;x) + ĉk+1 (f ;β, e0 − β + γ;x)− ĉk (f ;β, βγ;x) .

Application of Formula (3.5) yields

ϕ2(x)ĉ
[1]
k (f, x)

= ck+1(ψxf − f, x) +
k+1∑

r=1

ck+1−r

( 1

r!
(ψxf − f)(r) βr

+
1

(r − 1)!
(ψxf − f)(r−1) βr−1γ, x

)

+ck+1 (f, x) +

k+1∑

r=1

ck+1−r

( 1

r!
f (r)βr

+
1

(r − 1)!
f (r−1)

(
βr−1 − βr + βr−1γ

)
, x

)

−ck (f, x)−
k∑

r=1

ck−r

(
1

r!
f (r)βr +

1

(r − 1)!
f (r−1)βrγ, x

)
.
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Noting that (ψxf)
(r) = ψxf

(r) + rf (r−1) and simplifying we obtain

ϕ2 (x) ĉ
[1]
k (f, x)

= ck+1 (ψxf, x) +

k∑

r=0

ck−r

(
1

(r + 1)!
ψxf

(r)βr+1 +
1

r!
ψxf

(r)βrγ, x

)
.

By Eq. (4.3) and noting that, by (3.2), for each function h, there holds
c0 (ψxh, x) = 0 we conclude that

ϕ2 (x) ĉ
[1]
k (f, x)

= ϕ2 (x)

(
c
[1]
k (f, x) +

k−1∑

r=0

c
[1]
k−r−1

(
1

(r + 1)!
f (r)βr+1 +

1

r!
f (r)βrγ, x

))

= ϕ2 (x)

(
c
[1]
k (f, x) +

k∑

r=1

c
[1]
k−r

(
1

r!
f (r−1)βr +

1

(r − 1)!
f (r−1)βr−1γ, x

))

which proves Eq. (4.5) for all x ∈ I with ϕ2 (x) 6= 0. �

In order to derive the complete asymptotic expansion for the opera-
tors (5.1) by Altomare and Milella we use a general approximation theorem
for positive linear operators due to Sikkema [27, Theorem 3].

Lemma 6.1 For q ∈ N and fixed x ∈ I, let An : L∞ (I) → C (I) be a
sequence of positive linear operators with the property

(Anψ
s
x) (x) = O

(
n−b(s+1)/2c

)
(n→ ∞) for s = 0, 1, . . . , 2q + 2.

Then, we have for each f ∈ L∞ (I) which is 2q times differentiable at x the
asymptotic relation

(Anf) (x) =

2q∑

s=0

f (s) (x)

s!
(Anψ

s
x) (x) + o

(
n−q

)
(n→ ∞). (6.1)

If, in addition, f (2q+2) (x) exists, the term o (n−q) in (6.1) can be replaced
by O

(
n−(q+1)

)
.

We start by deriving an exact expression for the central moments Gnψ
s
x

of the operators Gn.
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Lemma 6.2 The central moments Gnψ
s
x (s = 0, 1, 2, . . .) of the operators

Gn are given by

(Gnψ
s
x) (x) = s!

s∑

k=b(s+1)/2c

1

k!nk

(
k

s− k

)
αs−k (x)β2k−s (x) .

Proof of Lemma 6.2: By Eq. (5.1) and the change of variable y →
√
2y,

the central moments Gnψ
s
x (s = 0, 1, 2, . . .) can be written in the form

(Gnψ
s
x) (x) =

1√
π

∫ ∞

−∞

(√
4α (x)

n
y +

β (x)

n

)s

e−y2 dy.

Using the well-known formula

∫ ∞

−∞
yme−y2 dy =





0 if m = 1, 3, 5, . . . ,

Γ
(
m+1
2

)
if m = 2, 4, 6, . . . ,

we obtain

(Gnψ
s
x) (x) =

1√
π

bs/2c∑

r=0

(
s

2r

)(√
4α (x)

n

)2r (
β (x)

n

)s−2r

Γ

(
2r + 1

2

)
.

Substitution of the identity

Γ
(
2r+1
2

)
√
π

=
Γ
(
r + 1

2

)

Γ
(
1
2

) =
(2r)!

4rr!

yields

(Gnψ
s
x) (x) =

bs/2c∑

r=0

(
1

n

)s−r s!

(s− 2r)!r!
αr (x)βs−2r (x) .

and the desired formula follows by changing the order of summation, i.e.,
by setting k = s− r. �

Remark 6.3 Note that Lemma 6.2 implies that, for all s ∈ N,

(Gnψ
s
x) (x) = O

(
n−b(s+1)/2c

)
(n→ ∞) .

If the functions α and β are bounded, the estimate holds uniformly for
x ∈ R.
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Proof of Theorem 5.1: By Remark 6.3 the assumption of Sikkema’s
result Lemma 6.1 is satisfied for the operators Gn. Therefore, application
of Lemma 6.2 yields

(Gnf) (x)

=

2q∑

s=0

f (s) (x)

s!
(Gnψ

s
x) (x) + o

(
n−q

)

=

2q∑

s=0

f (s) (x)

s∑

k=b(s+1)/2c

1

k!nk

(
k

s− k

)
αs−k (x)β2k−s (x) + o

(
n−q

)

=

q∑

k=0

1

k!nk

2k∑

s=k

(
k

s− k

)
f (s) (x)αs−k (x)β2k−s (x) + o

(
n−q

)

=

q∑

k=0

1

nk
ck (f, x) + o

(
n−q

)

as n→ ∞ with coefficients

ck (f, x) =
k∑

s=0

(
k

s

)
f (k+s) (x)αs (x)βk−s (x) .

This completes the proof of Theorem 5.1. �
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Abstract. We establish an asymptotic formula for a general sequence
of positive linear operators of discrete type. This class represents a
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1 Introduction

The roots of the paper are in connection with a general class of opera-
tors introduced by Baskakov [6] and developed by Mastroianni [8]. For
comparing, [3, p. 344, p. 351] can also be consulted. A q-analogue of
these operators has been introduced in [9]. The author investigated their
weighted statistical approximation properties. For the sake of complete-
ness, we recall: a q-analogue or a q-extension of a mathematical object X
is a family of objects X(q) (usually, 0 < q < 1) such that lim

q→1−
X(q) = X.

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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Deeping the researches on the mentioned q-operators, in [1] all their mo-
ments were explicitly expressed with the help of a new q-analogue of the
Stirling numbers of the second kind. At the same time, the rate of conver-
gence was established in two cases: for bounded functions and for functions
having a polynomial growth.

The aim of this note is to present an asymptotic formula of Voronovskaja-
type for q-Baskakov-Mastroianni operators. As applications, we deduce
asymptotic formulae for two special cases which are q-extensions of the
Szász-Mirakjan operators and the ordinary Baskakov operators, respec-
tively.

The paper is organized as follows. Section 2 includes elements of q-
Calculus, the form of the announced class of operators and some results
obtained previously. Section 3 comprises the statement of the main result
and two particular asymptotic formulae. The last Section is devoted to the
proofs of our results.

2 The Tn,q operators

First of all we collect some useful formulas in q-Calculus, see, e.g., [4], [7].
Let q > 0. For any n ∈ N0 = {0} ∪ N, the q-integer [n]q and the

q-factorial [n]q! are respectively defined by

[n]q =

n−1∑

j=0

qj , [n]q! =

n∏

j=1

[j]q, n ∈ N,

and [0]q = 0, [0]q! = 1. The q-binomial coefficients are denoted by

[
n
k

]

q

and are defined by
[
n
k

]

q

=
[n]q!

[k]q![n− k]q!
, k = 0, 1, . . . , n.

For q = 1 one has [n]1 = n, [n]1! = n! and

[
n
k

]

1

turns into the ordinary

binomial coefficient

(
n
k

)
.

We also recall the significance of the notation (x− a)rq.

(x− a)rq =

r−1∏

s=0

(x− qsa) =

r∑

k=0

[
r
k

]

q

q
k(k−1)

2 xr−k(−a)k.
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In the sequel we always will assume that q ∈ (0, 1).
The q-derivative of a function f : R → R is defined by

Dqf (x) =
f(x)− f(qx)

(1− q)x
, x 6= 0, Dqf (0) := lim

x→0
Dqf (x) ,

and the high q-derivatives D0
qf := f, Dn

q f := Dq

(
Dn−1

q f
)
, n = 1, 2, . . ..

A function f is q-differentiable on a real interval I if for any q ∈ (0, 1)
the q-derivative of f exists and is finite in every x ∈ I. Also, we recall the
product rule

Dq (f(x)g(x)) = g(x)Dqf(x) + f(qx)Dqg(x).

For each (m, r) ∈ N0 × N0, a q-analogue of Stirling numbers of the
second kind can be considered the following

σq(m, r) =
1

[r]q!

r∑

j=0

(−1)jq(r−j)(r−j−1)/2

[
r
j

]

q

[r − j]mq

q(r−j)m
. (2.1)

Lemma 2.1 ([1, Lemma 2]) The numbers σq(m, r), (m, r) ∈ N0 × N0,
given by (2.1) enjoy the following properties.

σq(m, 0) = 0, m ∈ N, and σq(0, 0) = 1, (2.2)

qrσq(m+ 1, r) = [r]qσq(m, r) + σq(m, r − 1),m ∈ N0, r ∈ N,(2.3)
σq(m, r) = 0, r > m. (2.4)

It is known that a q-analogue is not unique. In this direction it is worth
to be mentioned that others q-Stirling numbers denoted by Sq(m, r) have
been used by Ali Aral [5] in studying a q-generalization of Szász-Mirakjan
operators.

Now we are in position to present Tn,q, n ∈ N, q ∈ (0, 1), operators
[1, Section 3]. Let (φn)n≥1 be a sequence of real valued functions defined
on R+, continuously infinitely q-differentiable on R+ and satisfying the
following conditions.

(P1) φn(0) = 1, n ∈ N, (2.5)

(P2) (−1)kDk
qφn(x) ≥ 0, n ∈ N, k ∈ N0, x ≥ 0, (2.6)

(P3) For every (n, k) ∈ N× N0 there exists a positive integer ik,
0 ≤ ik ≤ k, and a real function βn,k,ik,q : R+ → R such that
Dk+1

q φn(x) = (−1)ik+1Dk−ik
q φn(q

ik+1x)βn,k,ik,q(x), (2.7)

where
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lim
n

βn,k,ik,q(0)

[n]ik+1
q qk−ik

= 1. (2.8)

We define the operators

(Tn,qf) (x) =
∞∑

k=0

(−x)k

[k]q!
q

k(k−1)
2 Dk

qφn(x)f

(
[k]q

[n]q q
k−1

)
, x ≥ 0, (2.9)

where f ∈ F (R+) := {f : R+ → R, the series in (2.9) is absolutely

convergent for all n ∈ N} .
Clearly, for each n ∈ N, Tn,q is linear and positive operator. With

the help of q-Stirling numbers defined by (2.1), we are able to indicate all
moments of our operators.

Lemma 2.2 ([1, Lemma 4]) Let Tn,q, n ∈ N, be defined by (2.9). One
has

(Tn,qem) (x) =

m∑

r=0

(−x)r

[n]mq
qmDr

qφn(0)σq(m, r), x ≥ 0, (2.10)

where em stands for the monomial of m degree, m ∈ N0.

We easily deduce

(Tn,qe0) (x) = 1, (2.11)

(Tn,qe1) (x) = −x
Dqφn(0)

[n]q
, (2.12)

(Tn,qe2) (x) = x2
D2

qφn(0)

q[n]2q
− x

Dqφn(0)

[n]2q
. (2.13)

These three particular moments have been obtained by a straightfor-
ward calculation in [9, Lemma 1], without involving q-Stirling numbers
σq(m, r).

Since lim
n
[n]q = (1− q)−1, relation (2.13) implies

lim
n

(Tn,qe2) (x) = q−i1x2 + (1− q)x 6= e2(x),

where the index i1 can be 0 or 1, see relation (2.7). Clearly, (Tn,q)n does
not form an approximation process.
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Remark 2.3 To become (Tn,q)n an approximation process, for each n ∈ N,
the constant q will be replaced by a number qn ∈ (0, 1) such that lim

n
qn = 1.

Under this assumption, for any compact K ⊂ R+ and for each f ∈ F (R+)
which is continuous and bounded, one has

lim
n

(Tn,qnf) (x) = f(x), uniformly in x ∈ K. (2.14)

The fastest motivation of the above statement can be made by using a more
general result obtained by Altomare [2] in the setting of locally compact
metric space. It reads as follows.

Theorem 2.4 ([2, Theorem 3.5]) Let J be a real interval and consider
a lattice subspace E of the space F (J) of all real-valued functions on J ,
containing the functions e0(x) = 1, e1(x) = x and e2(x) = x2 (x ∈ J).
Consider a sequence (Ln)n ≥ 1 of positive linear operators from E into
F (J) and assume that for every k = 0, 1, 2

lim
n→∞

Ln(ek) = ek uniformly on compact subsets of J.

Then

lim
n→∞

Ln(f) = f uniformly on compact subsets of J

for every f ∈ E ∩ Cb(J) (Cb(J) denoting the space of all continuous and
bounded functions on J).

Choosing J = R+, E = F (R+), and taking into account relations (2.11),
(2.12), (2.13), Theorem 2.4 leads us to the identity (2.14).

3 Results

Examining (2.6) and (2.7), for the sake of brevity we denote

dn,k = Dk
qφn(0), n ∈ N, k ∈ N0. (3.1)

For each x ≥ 0, let ϕx be the function defined by ϕx(t) = t− x, t ≥ 0.
Tn,qϕ

s
x represents the s-th order central moment of the operator Tn,q, where

s ∈ N0.

On the basis of relations (2.5), (2.7) and (2.8) one has dn,k 6= 0 for
every n ∈ N and k ∈ N0. Also σq(s, 0) = 0, s ∈ N, see (2.2). By inspecting
relation (2.10), we conclude
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Remark 3.1 For a given s ∈ N, both Tn,qes and Tn,qϕ
s
x are polynomials

in x of s degree having the constant term null.

Consequently, we can write

(Tn,qϕ
s
x) (x) =

s∑

k=1

mn,s,k(q)x
k, x ≥ 0. (3.2)

Lemma 3.2 Let Tn,q, n ∈ N, be defined by (2.9). For s = 4, the coeffi-
cients of the polynomial introduced by (3.2) have the following values.

mn,4,1(q) = −dn,1
[n]4q

, mn,4,2(q) =
1 + 3q + 3q2

q3
dn,2
[n]4q

+ 4
dn,1
[n]3q

, (3.3)

mn,4,3(q) = −1 + 2q + 3q2

q5
dn,3
[n]4q

− 4(1 + 2q)

q2
dn,2
[n]3q

− 6
dn,1
[n]2q

, (3.4)

mn,4,4(q) =
dn,4
q6[n]4q

+ 4
dn,3
q3[n]3q

+ 6
dn,2
q[n]2q

+ 4
dn,1
[n]q

+ 1. (3.5)

Lemma 3.3 Let (qn)n≥1, 0 < qn < 1, be a sequence such that lim
n

qn = 1.

Supposing that the properties (P1), (P2), (P3) take place for q = qn, one
has

lim
n

dn,k
[n]kqn

= (−1)k, k ∈ N0, (3.6)

where dn,k is defined as in (3.1).

Lemma 3.4 Let (qn)n≥1, 0 < qn < 1, and (λn)n≥1, λn > 0, be sequences

such that lim
n

qn = 1, lim
n

λn = ∞ and lim
n

λn
[n]qn

is finite. Let Tn,qn, n ∈ N,
be defined as in (2.9). If the sequences

(
λ2
nmn,4,3(qn)

)
n

and
(
λ2
nmn,4,4(qn)

)
n

are bounded, (3.7)

then
(
λ2
n

(
Tn,qnϕ

4
x

)
(x)

)
n
is bounded with respect to n. In the above, mn,4,3

and mn,4,4 are given by (3.4) and (3.5), respectively.

As usual, C2(R+) denotes the space of all real-valued continuous func-
tions on R+ which are twice continuously differentiable in R+.

Returning at the sequence (λn)n≥1 of strictly positive real numbers with
the property lim

n
λn = ∞, we suppose that the real numbers τ1, τ2, τ3 exist
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verifying the following relations





lim
n

λn

(
dn,1

[n]qn
+ 1

)
= τ1,

lim
n

λn
[n]qn

= τ2,

lim
n

λn

(
1 + 2

dn,1

[n]qn
+

dn,2

qn[n]2qn

)
= τ3,

(3.8)

where dn,1, dn,2 are defined as in (3.1) with q = qn. The sequence (λn)n
will play a crucial role in establishing the Voronovskaja-type theorem.

Theorem 3.5 Let (qn)n≥1, 0 < qn < 1, and (λn)n≥1, λn > 0, be sequences
such that lim

n
qn = 1, lim

n
λn = ∞ and the conditions (3.8) are fulfilled.

Let Tn,qn , n ∈ N, be defined as in (2.9). If (3.7) takes place, then for any
function f ∈ F(R+) ∩ C2 (R+) with f ′′ bounded, one has

lim
n→∞

λn ((Tn,qnf) (x)− f(x)) = −τ1f
′(x) +

1

2

(
τ2x+ τ3x

2
)
f ′′(x), (3.9)

for any x > 0.

The theorem shows that (Tn,qnf) (x)− f(x) is of order not better then
1/λn, if f

′(x) and f ′′(x) are not simultaneous null.

Two special cases of Tn,qn , n ∈ N, operators have been exhibited in
[9, Section 5]. In order to obtain an asymptotic formula of Voronovskaja-
type for these classes of q-operators, we will check the possibility to apply
Theorem 3.5.

Application 1. We choose φn(x) := Eqn

(
− [n]qn x

)
, x ≥ 0, n ∈ N.

Here Eqn is the known expansion in q-Calculus of the exponential function
being defined as follows

Eqn(x) =
∞∑

k=0

qk(k−1)/2
n

xk

[k]qn !
, x ∈ R,

see, e.g., [7, p. 31]. Tn,qn operators turn into S∗
n,qn , a q-analogue of Szász-

Mirakjan operators. For all (n, k) ∈ N× N0, we have φn(0) = 1,

Dk
qnφn(x) = (−1)k [n]kqn q

k(k−1)
2

n Eqn

(
− [n]qn q

k
nx

)
, x ≥ 0,

and

Dk+1
qn φn(x) = −Dk

qnφn(qnx)βn,k,0,qn(x).
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Consequently, relations (2.5)-(2.8) hold, where, for every (n, k) ∈ N×N0,
ik = 0 and βn,k,0,qn(x) = [n]qnq

k
n is a constant function. Taking λn = [n]qn ,

all we have to do is to verify conditions (3.8) and (3.7).

Since dn,k = (−1)k[n]kqnq
k(k−1)

2
n , we get τ1 = 0, τ2 = 1 and τ3 = 0.

Further on, by using (3.4) and (3.5), we easily deduce

mn,4,3(qn) =
(1− qn)

2

q2n[n]qn
, mn,4,4(qn) = 0,

and (3.7) takes place. The asymptotic formula (3.9) for S∗
n,qn will be read

as follows

lim
n→∞

[n]qn
((
S∗
n,qnf

)
(x)− f(x)

)
=

x

2
f ′′(x), x > 0, (3.10)

where f ∈ F(R+) ∩ C2 (R+) with f ′′ bounded.
Application 2. Choosing φn(x) := (1 + qnnx)

−n
qn , x ≥ 0, n ∈ N, Tn,qn

operators become a q-analogue of the ordinary Baskakov operators, say
V ∗
n,qn . With the help of the known formulas [−n]q = − [n]q q

−n, n ∈ N, and
Dq (1 + ax)αq = [α]q a (1 + aqx)α−1

q for any real numbers a, α, we deduce

Dk
qnφn(x) = (−1)k




k−1∏

j=0

[n+ j]qn



(
1 + qn+k

n x
)−n−k

qn
, x ≥ 0.

Conditions (2.5) and (2.6) are satisfied. Choosing ik = k and βn,k,k,qn(x) =(
k∏

j=0
[n+ j]qn

)
(
1 + qk+1

n x
)−k−1

qn
, n ∈ N, k ∈ N0, (2.7) and (2.8) are also

fulfilled. In the above we used the formula (1+ y)αq (1+ qαy)βq = (1+ y)α+β
q

for q = qn, α = −n, β = −k − 1 and y = qn+k+1
n x.

Again, we choose λn = [n]qn . This time, dn,k = (−1)k[n]qn · . . . · [n+k−
1]qn and, in accordance with (3.8), one gets τ1 = 0, τ2 = 1, τ3 = 1. With a
little more effort we find

λ2
nmn,4,3(qn) =

(qn − 1)2

q2n
[n]qn − (1 + 2qn)(q

2
n − 2qn − 1)

q4n

+
(1 + qn)(1 + 2qn + 3q2n)

q5n[n]qn

and

λ2
nmn,4,4(qn) =

(qn − 1)2

q3n
[n]qn − q3n − 3qn − 1

q5n
+

(1 + qn)(1 + qn + q2n)

q6n[n]qn
.
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We used the identities [n+k]qn = 1+qn+ . . .+qkn[n]qn for k = 1, 2, 3. Since
qn ∈ (0, 1) and qn → 1, the requirement (3.7) is fulfilled. Actually, both
sequences are convergent.

Applying Theorem 3.5, we obtain the following asymptotic formula.

lim
n
[n]qn

((
V ∗
n,qnf

)
(x)− f(x)

)
=

x(x+ 1)

2
f ′′(x), x > 0, (3.11)

where f ∈ F(R+) ∩ C2 (R+) with f ′′ bounded.

Remark 3.6 For qn = 1, S∗
n,1 and V ∗

n,1 turn into the classical Szász-
Mirakjan and Baskakov operators, respectively. Our formulae (3.10), (3.11)
become the known Voronovskaja-type identities verified by these discrete op-
erators. In these two special cases the order of approximation is 1/n.

4 Proofs

Proof of Lemma 3.2
First of all, examining relations (2.2)-(2.4), we deduce σq(m,m) =

q−
m(m+1)

2 , m ∈ N0.
To calculate all required coefficients, we need to know some particular

values of q-Stirling numbers σq(m, r) described by (2.1). The below table
may be useful.

m \ r 0 1 2 3 4

0 1 0 0 0 0
1 0 q−1 0 0 0
2 0 q−2 q−3 0 0
3 0 q−3 (1 + 2q)q−5 q−6 0
4 0 q−4 (1 + 3q + 3q2)q−7 (1 + 2q + 3q2)q−9 q−10

The identities (3.3)-(3.5) result after a boring calculation based on
(2.10) and taking in view that

(
Tn,qϕ

4
x

)
(x) =

4∑

m=0

(−1)m
(

4
m

)
xm (Tn,qem) (x).

�

Proof of Lemma 3.3
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For k = 0 the conclusion is evident, see (2.5). Further on, choosing
x = 0 in (2.7), we can write

dn,k+1

[n]k+1
qn

= (−1)ik+1qk−ik
n

βn,k,ik,qn(0)

[n]ik+1
qn qk−ik

n

dn,k−ik

[n]k−ik
qn

, (4.1)

for a certain index ik ∈ {0, 1, . . . , k}.
The proof runs by mathematical induction with respect to k. Assuming

lim
n

dn,j

[n]jqn
= (−1)j for j = 0, k, relations (4.1) and (2.8) imply lim

n

dn,k+1

[n]k+1
qn

=

(−1)k+1. Consequently, relation (3.6) holds.

�

Proof of Lemma 3.4

Since lim
n

1
[n]qn

= 0, setting lim
n

λn
[n]qn

= τ2 ∈ R, we get lim
n

λ2
nmn,4,1(qn) =

0 and lim
n

λ2
nmn,4,2(qn) = 7τ22 − 4τ2, see (3.3). Taking into account (3.2),

the assumptions’ lemma guarantee the achievement of the statement.

�

Proof of Theorem 3.5

Let x > 0 be fixed. For any f ∈ F(R+)∩C2(R+) with f ′′ bounded, we
define

φf (x; t) =

{
f(t)−f(x)−ϕx(t)f ′(x)−2−1ϕ2

x(t)f
′′(x)

(t−x)2
, if t 6= x,

0, if t = x,

where t ∈ R+. We get lim
t→x

φf (x; t) = 0 = φf (x;x), consequently φf (x; ·) ∈
C(R+). Moreover, ϕ2

x and ϕ2
xφf (x; ·) belong to F (R+). For the function

f , we can write the Lagrange form of the Taylor formula

f(t) = f(x) + ϕx(t)f
′(x) +

1

2
ϕ2
x(t)f

′′(x) + ϕ2
x(t)φf (x; t).

Applying Tn,qn and using (2.11), we obtain

(Tn,qnf) (x)− f(x)

= (Tn,qnϕx) (x)f
′(x) +

1

2

(
Tn,qnϕ

2
x

)
(x)f ′′(x) + Tn,qn

(
ϕ2
xφf (x; ·)

)
(x).

204 Asymptotic formulae

For k = 0 the conclusion is evident, see (2.5). Further on, choosing
x = 0 in (2.7), we can write

dn,k+1

[n]k+1
qn

= (−1)ik+1qk−ik
n

βn,k,ik,qn(0)

[n]ik+1
qn qk−ik

n

dn,k−ik

[n]k−ik
qn

, (4.1)

for a certain index ik ∈ {0, 1, . . . , k}.
The proof runs by mathematical induction with respect to k. Assuming

lim
n

dn,j

[n]jqn
= (−1)j for j = 0, k, relations (4.1) and (2.8) imply lim

n

dn,k+1

[n]k+1
qn

=

(−1)k+1. Consequently, relation (3.6) holds.

�

Proof of Lemma 3.4

Since lim
n

1
[n]qn

= 0, setting lim
n

λn
[n]qn

= τ2 ∈ R, we get lim
n

λ2
nmn,4,1(qn) =

0 and lim
n

λ2
nmn,4,2(qn) = 7τ22 − 4τ2, see (3.3). Taking into account (3.2),

the assumptions’ lemma guarantee the achievement of the statement.
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We used the identities [n+k]qn = 1+qn+ . . .+qkn[n]qn for k = 1, 2, 3. Since
qn ∈ (0, 1) and qn → 1, the requirement (3.7) is fulfilled. Actually, both
sequences are convergent.

Applying Theorem 3.5, we obtain the following asymptotic formula.

lim
n
[n]qn

((
V ∗
n,qnf

)
(x)− f(x)

)
=

x(x+ 1)

2
f ′′(x), x > 0, (3.11)

where f ∈ F(R+) ∩ C2 (R+) with f ′′ bounded.

Remark 3.6 For qn = 1, S∗
n,1 and V ∗

n,1 turn into the classical Szász-
Mirakjan and Baskakov operators, respectively. Our formulae (3.10), (3.11)
become the known Voronovskaja-type identities verified by these discrete op-
erators. In these two special cases the order of approximation is 1/n.

4 Proofs

Proof of Lemma 3.2
First of all, examining relations (2.2)-(2.4), we deduce σq(m,m) =

q−
m(m+1)

2 , m ∈ N0.
To calculate all required coefficients, we need to know some particular

values of q-Stirling numbers σq(m, r) described by (2.1). The below table
may be useful.

m \ r 0 1 2 3 4

0 1 0 0 0 0
1 0 q−1 0 0 0
2 0 q−2 q−3 0 0
3 0 q−3 (1 + 2q)q−5 q−6 0
4 0 q−4 (1 + 3q + 3q2)q−7 (1 + 2q + 3q2)q−9 q−10

The identities (3.3)-(3.5) result after a boring calculation based on
(2.10) and taking in view that

(
Tn,qϕ

4
x

)
(x) =

4∑

m=0

(−1)m
(

4
m

)
xm (Tn,qem) (x).

�

Proof of Lemma 3.3
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Taking into account relations (2.12)-(2.13), we get

(Tn,qnϕx) (x) = −
(

dn,1
[n]qn

+ 1

)
x,

(
Tn,qnϕ

2
x

)
(x) =

(
dn,2

qn[n]2qn
+ 2

dn,1
[n]qn

+ 1

)
x2 − dn,1

[n]2qn
x,

and hence

λn ((Tn,qnf) (x)− f(x)) = −λn

(
dn,1
[n]qn

+ 1

)
xf ′(x)

+
1

2

(
λn

(
dn,2

qn[n]2qn
+ 2

dn,1
[n]qn

+ 1

)
x2 − λndn,1

[n]2qn
x

)
f ′′(x)

+λnTn,qn

(
ϕ2
xφf (x; ·)

)
(x). (4.2)

Since ϕ2
xφf (x, ·) ∈ F(R+) and the series in (2.9) is absolutely convergent, we

deduce ϕ2
x |φf (x, ·)| ∈ F(R+). Further on, by applying Cauchy inequality

for the last term of (4.2), one has

0 ≤ λn

∣∣Tn,qn

(
ϕ2
xφf (x; ·)

)
(x)

∣∣ ≤ λnTn,qn

(
ϕ2
x |φf (x; ·)| , x

)

≤
{
λ2
n

(
Tn,qnϕ

4
x

)
(x)

}1/2 {(
Tn,qnφ

2
f (x; ·)

)
(x)

}1/2
.

Clearly, φ2
f (x; ·) is continuous on R+. Under the assumption made on the

function f , we get φ2
f (x, ·) ∈ Cb(R+) ⊂ F(R+), and in harmony with Re-

mark 2.3, we have lim
n

(
Tn,qnφ

2
f (x; ·)

)
(x) = φ2

f (x;x) = 0. On the other

hand, since (3.7) holds, Lemma 3.4 guarantees that a constant k(x) inde-
pendent of n exists, such that λ2

n

(
Tn,qnϕ

4
x

)
(x) ≤ k(x) for each n ∈ N.

Consequently, lim
n

λn

∣∣Tn,qn

(
ϕ2
xφf (x; ·)

)
(x)

∣∣ = 0. Returning at (4.2),

for n tending to infinity, on the basis of (3.8) and (3.6) with k = 1, 2, we
obtain the desired pointwise convergence.

�
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Partial Inner Product Spaces and

Operators on Them

Jean-Pierre Antoine and Camillo Trapani

Abstract. Many families of function spaces play a central role in
analysis, in particular in signal processing (e.g. wavelet or Gabor
analysis). Such are Lp spaces, Besov spaces, amalgam spaces or mod-
ulation spaces. In all such cases, the parameter indexing the fam-
ily measures the behavior (regularity, decay properties) of particular
functions or operators. It turns out that all these space families are,
or contain, scales or lattices of Banach spaces, which are special cases
of partial inner product spaces (pip-spaces). In this context, it is of-
ten said that such families should be taken as a whole and operators,
bases, frames on them should be defined globally, for the whole family,
instead of individual spaces.

In this paper, we shall give an overview of pip-spaces and oper-
ators on them, illustrating the results by space families of interest
in mathematical physics and signal analysis. The interesting fact is
that they allow a global definition of operators, and various operator
classes on them have been defined.
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47B37, 47B38
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1 Motivation

Hilbert space is in general the first infinite dimensional topological vector
space one encounters. On the mathematical side, it is the one that more

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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closely resembles the familiar Euclidean space and thus it offers a smooth
introduction into functional analysis. On the physics side, the fact is sim-
ply that Hilbert space is the daily language of quantum theory, so that
mastering it is an essential tool for the quantum physicist.

However, the tool in question is insufficient. A pure Hilbert space for-
mulation of quantum mechanics is both inconvenient and foreign to the
daily behavior of most physicists, who stick to the more suggestive version
of Dirac, which lacks a rigorous formulation. On the other hand, the phys-
ically interesting solutions of most partial differential equations are seldom
smooth or square integrable, they rather correspond to changes of regime,
which mean discontinuities and/or distributions. Thus it is no coincidence
that many textbooks on PDEs begin with a thorough study of distribution
theory [20, 22].

All this naturally leads to the introduction of Rigged Hilbert Spaces
(RHS) [15]. In a nutshell, a RHS is a triplet

Φ ↪→ H ↪→ Φ×, (1.1)

where H is a Hilbert space, Φ is a dense subspace of the H, equipped with a
locally convex topology, finer than the norm topology inherited from H, and
Φ× is the space of continuous conjugate linear functionals on Φ, endowed
with the strong dual topology. By duality, each space in (1.1) is dense in
the next one and all embeddings are linear and continuous. In addition,
the space Φ is in general required to be reflexive and nuclear. Standard
examples of rigged Hilbert spaces are the Schwartz distribution spaces over
R or Rn, namely S ⊂ L2 ⊂ S× or D ⊂ L2 ⊂ D× [15, 24, 27].

The problem with the RHS (1.1) is that, besides the Hilbert space
vectors, it contains only two types of elements, “very good” functions in
Φ and “very bad” ones in Φ×. If one wants a fine control on the behavior
of individual elements, one has to interpolate somehow between the two
extreme spaces. In the case of the Schwartz triplet, S ⊂ L2 ⊂ S×, a well-
known solution is given by a chain of Hilbert spaces, the so-called Hermite
representation of tempered distributions [28].

In fact, this is not at all an isolated case. Indeed many function spaces
that play a central role in analysis come in the form of families, indexed
by one or several parameters that characterize the behavior of functions
(smoothness, behavior at infinity, . . . ). The typical structure is a chain of
Hilbert or (reflexive) Banach spaces. Let us give two familiar examples.

(i) The Lebesgue Lp spaces on a finite interval, e.g. I = {Lp([0, 1], dx),
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1 6 p 6 ∞}:

L∞ ⊂ . . . ⊂ Lq ⊂ Lr ⊂ . . . ⊂ L2 ⊂ . . . ⊂ Lr ⊂ Lq ⊂ . . . ⊂ L1,
(1.2)

where 1 < q < r < 2 . Here Lq and Lq are dual to each other (1/q+1/q = 1),
and similarly Lr, Lr (1/r + 1/r = 1). By the Hölder inequality, the (L2)
inner product

〈f |g〉 =
∫ 1

0
f(x) g(x) dx (1.3)

is well-defined if f ∈ Lq, g ∈ Lq. However, it is not well-defined for two
arbitrary functions f, g ∈ L1. Take for instance, f(x) = g(x) = x−1/2 :
f ∈ L1, but fg = f2 6∈ L1. Thus, on L1, (1.3) defines only a partial inner
product. The same result holds for any compact subset of R instead of
[0,1].

(ii) The scale of Hilbert spaces1 built on the powers of a positive self-
adjoint operator A > 1 in a Hilbert space H0. Let Hn be D(An), the
domain of An, equipped with the graph norm ‖f‖n = ‖Anf‖, f ∈ D(An),
for n ∈ N or n ∈ R+, and H−n = H×

n (conjugate dual):

H∞(A) :=
⋂

n

Hn ⊂ . . . ⊂ H2 ⊂ H1 ⊂ H0 ⊂ . . .

. . . ⊂ H−1 ⊂ H−2 . . . ⊂ H−∞(A) :=
⋃

n

Hn.

(1.4)

Note that here the index n could also be taken as real, the link between the
two cases being established by the spectral theorem for self-adjoint opera-
tors. Here again the inner product of H0 extends to each pair Hn,H−n, but
on H−∞(A) it yields only a partial inner product. The following examples
are standard:

. (Apf)(x) = (1 + x2)f(x) in L2(R, dx).

. (Amf)(x) = (1 − d2

dx2 )f(x) in L2(R, dx) : Sobolev spaces Hs(R), s ∈
Z or R.

. (Aoscf)(x) = (1 + x2 − d2

dx2 )f(x) in L2(R, dx).

1A discrete chain of Hilbert spaces {Hn}n∈Z is called a scale if there exists a self-adjoint
operator B > 1 such that Hn = D(Bn), ∀n ∈ Z, with the graph norm ‖f‖n = ‖Bnf‖.
A similar definition holds for a continuous chain {Hα}α∈R.
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(The notation is suggested by the operators of position, momentum and
harmonic oscillator energy in quantum mechanics, respectively). Note that
both H∞(Ap) ∩ H∞(Am) and H∞(Aosc) coincide with the Schwartz space
S(R) of smooth functions of fast decay, and H−∞(Aosc) with the space
S×(R) of tempered distributions.

However, a moment’s reflection shows that the total order relation in-
herent in a chain is in fact an unnecessary restriction, partially ordered
structures are sufficient, and indeed necessary in practice. For instance, in
order to get a better control on the behavior of individual functions, one
may consider the lattice built on the powers of Ap and Am simultaneously.
Then the extreme spaces are still S(R) and S×(R). Similarly, in the case of
several variables, controlling the behavior of a function in each variable sep-
arately requires a nonordered set of spaces. This is in fact a statement about
tensor products (remember that L2(X×Y ) ' L2(X)⊗L2(Y )). Indeed the
tensor product of two chains of Hilbert spaces, {Hn} ⊗ {Km} is naturally
a lattice {Hn⊗Km} of Hilbert spaces. For instance, in the example above,
for two variables x, y, that would mean considering intermediate Hilbert
spaces corresponding to the product of two operators,

(
Am(x)

)n(
Am(y)

)m
.

Thus the structure to analyze is that of lattices of Hilbert or Banach
spaces, interpolating between the extreme spaces of a RHS, as in (1.1).
Many examples can be given, for instance the lattice generated by the
spaces Lp(R, dx), the amalgam spaces W (Lp, `q), the mixed norm spaces
Lp,q
m (R, dx), and many more. In all these cases, which contain most families

of function spaces of interest in analysis and in signal processing, a common
structure emerges for the “large” space V , defined as the union of all indi-
vidual spaces. There is a lattice of Hilbert or reflexive Banach spaces Vr,
with an (order-reversing) involution Vr ↔ Vr, where Vr = V ×

r (the space
of continuous conjugate linear functionals on Vr), a central Hilbert space
Vo ' Vo, and a partial inner product on V that extends the inner product
of Vo to pairs of dual spaces Vr, Vr.

Moreover, many operators should be considered globally, for the whole
scale or lattice, instead of on individual spaces. In the case of the spaces
Lp(R), such are, for instance, operators implementing translations (x 7→
x−y) or dilations (x 7→ x/a), convolution operators, Fourier transform, etc.
In the same spirit, it is often useful to have a common basis for the whole
family of spaces, such as the Haar basis for the spaces Lp(R), 1 < p < ∞.
Thus we need a notion of operator and basis defined globally for the scale
or lattice itself.

This state of affairs prompted A.Grossmann and one of us (JPA) to sys-

210 JEAN-PIERRE ANTOINE - CAMILLO TRAPANI



J-P. Antoine and C. Trapani 211

tematize this approach, and this led to the concept of partial inner product
space or pip-space [3, 5]. Many papers followed, with various collaborators.
Then, in recent years, the topic has found a new interest, in particular
through developments of signal processing and the underlying mathemat-
ics. Thus it appeared to the us that the time had come for reviewing
the whole subject, so that we finally made a thorough analysis in a re-
cent monograph [8], to which we refer for further information. The aim of
this paper is to present the formalism of pip-spaces, which indeed answers
the questions raised above. In a first part, the structure of pip-space is
derived systematically from the abstract notion of compatibility and then
particularized to the examples listed above. In a second part, operators on
pip-spaces are introduced and illustrated by several operators commonly
used in Gabor or wavelet analysis. Of course, the treatment is sketchy,
for lack of space. For a complete information, we refer the reader to our
monograph [8].

2 Partial Inner Product Spaces

2.1 Basic Definitions

The basic question is how to generate pip-spaces in a systematic fashion.
In order to answer it, we may reformulate it as follows: given a vector space
V and two vectors f, g ∈ V , when does their inner product make sense? A
way of formalizing the answer is given by the idea of compatibility.

Definition 2.1 A linear compatibility relation on a vector space V is a
symmetric binary relation f#g which preserves linearity:

f#g ⇐⇒ g#f, ∀ f, g ∈ V,

f#g, f#h =⇒ f#(αg + βh), ∀ f, g, h ∈ V, ∀α, β ∈ C.

As a consequence, for every subset S ⊂ V , the set S# = {g ∈ V : g#f, ∀ f ∈
S} is a vector subspace of V and one has

S## = (S#)# ⊇ S, S### = S#.

Thus one gets the following equivalences:

f#g ⇐⇒ f ∈ {g}# ⇐⇒ {f}## ⊆ {g}#
⇐⇒ g ∈ {f}# ⇐⇒ {g}## ⊆ {f}#. (2.1)
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From now on, we will call assaying subspace of V a subspace S such that
S## = S and denote by F(V,#) the family of all assaying subsets of
V , ordered by inclusion. Let F be the isomorphy class of F , that is, F
considered as an abstract partially ordered set. Elements of F will be
denoted by r, q, . . ., and the corresponding assaying subsets Vr, Vq, . . .. By

definition, q 6 r if and only if Vq j Vr. We also write Vr = V #
r , r ∈ F .

Thus the relations (2.1) mean that f#g if and only if there is an index
r ∈ F such that f ∈ Vr, g ∈ Vr. In other words, vectors should not be
considered individually, but only in terms of assaying subspaces, which are
the building blocks of the whole structure.

It is easy to see that the map S 7→ S## is a closure, in the sense of
universal algebra, so that the assaying subspaces are precisely the “closed”
subsets. Therefore one has the following standard result.

Theorem 2.2 The family F(V,#) ≡ {Vr, r ∈ F}, ordered by inclusion, is
a complete involutive lattice, i.e., it is stable under the following operations,
arbitrarily iterated:

. involution: Vr ↔ Vr = (Vr)
#,

. infimum: Vp∧q ≡ Vp ∧ Vq = Vp ∩ Vq, (p, q, r ∈ F )

. supremum: Vp∨q ≡ Vp ∨ Vq = (Vp + Vq)
##.

The smallest element of F(V,#) is V # =
⋂

r Vr and the greatest element
is V =

⋃
r Vr. By definition, the index set F is also a complete involutive

lattice; for instance,

(Vp∧q)
# = Vp∧q = Vp∨q = Vp ∨ Vq.

Definition 2.3 A partial inner product on (V, #) is a Hermitian form
〈·|·〉 defined exactly on compatible pairs of vectors. A partial inner product
space (pip-space) is a vector space V equipped with a linear compatibility
and a partial inner product.

Note that the partial inner product is not required to be positive definite.

The partial inner product clearly defines a notion of orthogonality: f ⊥
g if and only if f#g and 〈f |g〉 = 0.

Definition 2.4 The pip-space (V,#, 〈·|·〉) is nondegenerate if (V #)⊥ =
{0}, that is, if 〈f |g〉 = 0 for all f ∈ V # implies g = 0.
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From now on, we will assume that our pip-space (V,#, 〈·|·〉) is nondegener-
ate. As a consequence, (V #, V ) and every couple (Vr, Vr), r ∈ F, are a dual
pair in the sense of topological vector spaces [21]. We also assume that the
partial inner product is positive definite.

Now, one wants the topological structure to match the algebraic struc-
ture, in particular, the topology τr on Vr should be such that its conjugate
dual be Vr : (Vr[τr])

× = Vr, ∀r ∈ F . This implies that the topology
τr must be finer than the weak topology σ(Vr, Vr) and coarser than the
Mackey topology τ(Vr, Vr):

σ(Vr, Vr) � τr � τ(Vr, Vr).

From here on, we will assume that every Vr carries its Mackey topology
τ(Vr, Vr). This choice has two interesting consequences. First, if Vr[τr] is a
Hilbert space or a reflexive Banach space, then τ(Vr, Vr) coincides with the
norm topology. Next, r < s implies Vr ⊂ Vs, and the embedding operator
Esr : Vr → Vs is continuous and has dense range. In particular, V # is dense
in every Vr.

2.2 Examples

Let us give some simple examples of pip-spaces.

(i) Sequence spaces

Let V be the space ω of all complex sequences x = (xn) and define on
it (i) a compatibility relation by x#y ⇔

∑∞
n=1 |xn yn| < ∞; (ii) a partial

inner product 〈x|y〉 =
∑∞

n=1 xn yn.
Then ω# = ϕ , the space of finite sequences, and the complete lattice

F(ω,#) consists of Köthe’s perfect sequence spaces [21, § 30]. Among these,
typical assaying subspaces are the weighted Hilbert spaces

`2(r) = {(xn) :
∞∑

n=1

|xn|2 r−2
n < ∞}, (2.2)

where r = (rn), rn > 0, is a sequence of positive numbers. The involution
is `2(r) ↔ `2(r) = `2(r)×, where rn = 1/rn. In addition, there is a central,
self-dual Hilbert space, namely, `2(1) = `2(1) = `2, where 1 = (1).

(ii) Spaces of locally integrable functions

Let now V be L1
loc(R, dx), the space of Lebesgue measurable functions,

integrable over compact subsets, and define a compatibility relation on
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it by f#g ⇔
∫
R |f(x)g(x)| dx < ∞ and a partial inner product 〈f |g〉 =∫

R f(x)g(x) dx.
Then V # = L∞

c (R, dx), the space of bounded measurable functions
of compact support. The complete lattice F(L1

loc,#) consists of Köthe
function spaces [11, 16]. Here again, typical assaying subspaces are weighted
Hilbert spaces

L2(r) = {f ∈ L1
loc(R, dx) :

∫

R
|f(x)|2 r(x)−2 dx < ∞}, (2.3)

with r, r−1 ∈ L2
loc(R, dx), r(x) > 0 a.e. The involution is L2(r) ↔ L2(r),

with r = r−1, and the central, self-dual Hilbert space is L2(R, dx).

(iii) Nested Hilbert Spaces

This is the original construction of Grossmann [18] for finding an “easy”
substitute to distributions, and actually one of the motivations for intro-
ducing pip-spaces. And indeed the two are closely related, see [8, Sec.2.4.1].

(iv) Rigged Hilbert Spaces

This is the simplest example of pip-space, but it is a rather poor one.
Indeed, in the RHS (1.1), two elements are compatible if both belong to H,
or one of them belongs to Φ. Thus the three defining spaces are the only
assaying subspaces. The partial inner product is, of course, simply that of
H (provided the sesquilinear form that puts Φ and Φ× in duality has been
correctly normalized).

3 Lattices of Hilbert or Banach Spaces

From the previous examples, we learn that F(V,#) is a huge lattice
(it is complete!) and that assaying subspaces may be complicated, such
as Fréchet spaces, nonmetrizable spaces, etc. This situation suggests to
choose an involutive sublattice I ⊂ F , indexed by I, such that

(i) I is generating:

f#g ⇔ ∃ r ∈ I such that f ∈ Vr, g ∈ Vr ; (3.1)

(ii) every Vr, r ∈ I, is a Hilbert space or a reflexive Banach space;
(iii) there is a unique self-dual, Hilbert, assaying subspace Vo = Vo.

In that case, the structure VI := (V, I, 〈·|·〉) is called, respectively, a lattice
of Hilbert spaces (LHS) or a lattice of Banach spaces (LBS). Both types are
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particular cases of the so-called indexed pip-spaces [8]. Note that V #, V
themselves usually do not belong to the family {Vr, r ∈ I}, but they can
be recovered as

V # =
⋂

r∈I
Vr, V =

∑

r∈I
Vr.

In the LBS case, the lattice structure takes the following form

. Vp∧q = Vp ∩ Vq, with the projective norm

‖f‖p∧q = ‖f‖p + ‖f‖q ;

. Vp∨q = Vp + Vq, with the inductive norm

‖f‖p∨q = inf
f=g+h

(‖g‖p + ‖h‖q) , g ∈ Vp, h ∈ Vq.

These norms are usual in interpolation theory [9]. In the LHS case, one
takes similar definitions with squared norms, in order to get Hilbert norms
throughout.

The definition given above leads to the proper notion of comparison
betwen two linear compatibilies on the same vector space. Namely, we shall
say that a compatibilty #1 is finer than #2, or that #2 is coarser that #1,
which we note #2 E #1, if F(V,#2) is an involutive cofinal sublattice of
F(V,#1) (Given a partially ordered set F , a subset K ⊂ F is cofinal to F
if, for any element x ∈ F , there is an element k ∈ K such that x 6 k.).

Now, suppose a linear compatibility # is given on V . Then, every
involutive cofinal sublattice of F(V,#) defines a coarser pip-space, and vice
versa. Thus coarsening is always possible, and will ultimately lead to a
minimal pip-space, consisting of V # and V only, that is, the situation
of distribution spaces. However, the operation of refining is not always
possible, in particular there is no canonical solution, a fortiori no unique
maximal solution. There are exceptions, however. In the case of a LHS,
refining is possible, with infinitely many solutions, by use of interpolation
methods or the spectral theorem for self-adjoint operators. In particular,
one may always refine a discrete scale of Hilbert spaces into a (nonunique)
continuous one, and even into a continuous LHS [8, Chap. 5].

4 Examples of LBSs

In this section, we will list a series of concrete examples of LBSs, some of
which are of particular interest in signal processing. For simplicity, we will
restrict ourselves to one dimension, although most spaces may be defined
on Rn, n > 1, as well.

PARTIAL INNER PRODUCT SPACES AND OPERATORS ON THEM 215



216 pip Spaces and Operators on Them

4.1 Chains of Hilbert or Banach spaces

Typical are the two examples described in Section 1.

(1) The chain of Lebesgue spaces on a finite interval I = {Lp([0, 1], dx),
1 < p < ∞}.
The chain (1.2) is a (totally ordered) lattice. The corresponding lattice
completion is obtained by adding “nonstandard” spaces , such as

Lp− =
⋂

1<q<p

Lq (non-normable Fréchet), Lp+ =
⋃

p<q<∞
Lq (nonmetrizable).

(2) The scale (1.4) of Hilbert spaces {Hn, n ∈ Z} built on powers of A =
A∗ > 1. The lattice completion is similar to the previous one, introducing
analogous “nonstandard” spaces [8, Sec.5.1].

4.2 Sequence spaces

In ω, we may take the lattice I = {`2(r)} of the weighted Hilbert spaces
defined in (2.2), with

. infimum: `2(p ∧ q) = `2(p) ∧ `2(q) = `2(r), rn = min(pn, qn) ;

. supremum: `2(p ∨ q) = `2(p) ∨ `2(q) = `2(s), sn = max(pn, qn) ;

. duality: `2(p ∧ q) ↔ `2(p ∨ q), `2(p ∨ q) ↔ `2(p ∧ q)

(the norms above are equivalent to the projective and inductive norms,
respectively).

4.3 Spaces of locally integrable functions

In L1
loc(R, dx), we may take the lattice I = {L2(r)} of the weighted Hilbert

spaces defined in (2.3), with

. infimum: L2(p ∧ q) = L2(p) ∧ L2(q) = L2(r), r(x) = min(p(x), q(x)) ;

. supremum: L2(p∨ q) = L2(p)∨L2(q) = L2(s), s(x) = max(p(x), q(x)) ;

. duality: L2(p ∧ q) ↔ L2(p ∨ q), L2(p ∨ q) ↔ L2(p ∧ q).

(here too, these norms are equivalent to the projective and inductive norms,
respectively).

4.4 The spaces Lp(R, dx), 1 < p < ∞

The spaces Lp(R, dx), 1 < p < ∞ do not constitute a scale, since one has
only the inclusions Lp ∩ Lq ⊂ Ls, p < s < q. Thus one has to consider the
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Figure 1: The unit square describing the lattice J.

lattice they generate, with the following lattice operations:

. Lp ∧ Lq = Lp ∩ Lq, with projective norm,

. Lp ∨ Lq = Lp + Lq, with inductive norm.

For 1 < p, q < ∞, both spaces Lp ∧ Lq and Lp ∨ Lq are reflexive Banach
spaces and their conjugate duals are, respectively, (Lp ∧ Lq)× = Lp ∨ Lq

and (Lp ∨ Lq)× = Lp ∧ Lq.

It is convenient to introduce the following unified notation :

L(p,q) =

{
Lp ∧ Lq, if p > q,
Lp ∨ Lq, if p 6 q.

Then, for 1 < p, q < ∞, L(p,q) is a reflexive Banach space, with dual L(p,q).

Next, if we represent (p, q) by the point of coordinates (1/p, 1/q), we
may associate all the spaces L(p,q) (1 6 p, q 6 ∞) in a one-to-one fashion
with the points of a unit square J = [0, 1] × [0, 1] (see Figure 1). Thus, in
this picture, the spaces Lp are on the main diagonal, intersections Lp ∩ Lq

above it and sums Lp + Lq below.

The space L(p,q) is contained in L(p′,q′) if (p, q) is on the left and/or
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above (p′, q′). Thus the smallest space is

V #
J

= L(∞,1) = L∞ ∩ L1

and it corresponds to the upper left corner, the largest one is

V
J
= L(1,∞) = L1 + L∞,

corresponding to the lower right corner. Inside the square, duality cor-
responds to (geometrical) symmetry with respect to the center (1/2,1/2)
of the square, which represents the space L2. The ordering of the spaces
corresponds to the following rule:

L(p,q) ⊂ L(p′,q′) ⇐⇒ (p, q) 6 (p′, q′) ⇐⇒ p′ > p and q′ 6 q. (4.1)

With respect to this ordering, J is an involutive lattice with the operations

(p, q) ∧ (p′, q′) = (p ∨ p′, q ∧ q′),

(p, q) ∨ (p′, q′) = (p ∧ p′, q ∨ q′),

(p, q) = (p, q),

where p ∧ p′ = min{p, p′}, p ∨ p′ = max{p, p′}. It is remarkable that the
lattice J generated by I = {Lp} is obtained at the first “generation”. One
has, for instance, L(r,s) ∧L(a,b) = L(r∨a,s∧b), both as sets and as topological
vector spaces.

4.5 Mixed norm Lebesgue spaces Lp,q
m (R2)

Mixed norm spaces are close relatives to the Lebesgue Lp spaces . The
definition runs as follows [17, Sec.11.1] (for the general case, one replaces
Rd × Rd by the product (X,µ)× (Y, ν) of two σ-finite measure spaces):
Lp,q
m (R2d) = {f Lebesgue measurable on R2d : ‖f‖p,qm < ∞}, 1 6 p, q < ∞,

where

‖f‖p,qm =

(∫

Rd

(∫

Rd

|f(x, ω)|pm(x, ω)pdx

)q/p

dω

)1/q

.

Here m is a weight function, that is, a non-negative locally integrable func-
tion on R2d. In addition, m is assumed to be v-moderate, i.e., m(z1+z2) 6
v(z1)m(z2), for all z1, z2 ∈ R2d, with v a submultiplicative weight function,
that is, v(z1 + z2) 6 v(z1)v(z2), for all z1, z2 ∈ R2d. The typical weights
are of polynomial growth: vs(z) = (1 + |z|)s, s > 0.

218 JEAN-PIERRE ANTOINE - CAMILLO TRAPANI



J-P. Antoine and C. Trapani 219

The space Lp,q
m (R2d) is a Banach space for the norm ‖ ·‖p,qm . The duality

property is, as expected, (Lp,q
m )× = Lp,q

1/m . Of course, things simplify when

p = q: Lp,p
m (R2d) = Lp

m(R2d), a weighted Lp space.

Concerning lattice properties of the family of Lp,q
m spaces, we cannot

expect more than for the Lp spaces. Two Lp,q
m spaces are never comparable,

even for the same weight m, so one has to take the lattice generated by
intersection and duality.

A different type of mixed-norm spaces is obtained if one takes X = Y =
Zd, with the counting measure. Thus one gets the space ` p,qm (Z2d), which
consists of all sequences a = (akn), k, n ∈ Zd, for which the following norm
is finite:

‖a‖`p,qm
:=

( ∑

n∈Zd

( ∑

k∈Zd

|akn|pm(k, n)p
)q/p

)1/q

,

where m(·, ·) is a weight function on Z2d. Contrary to the continuous case,
here we do have inclusion relations: if p1 6 p2, q1 6 q2 and m2 6 Cm1,
then ` p1,q1m1 ⊆ ` p2,q2m2 .

Discrete mixed-norm spaces have been used extensively in functional
analysis and signal processing. For instance, they are key to the proof that
certain operators are bounded between two given function spaces, such
as modulation spaces (see below) or `p spaces. In general, a mixed-norm
space will prove useful whenever one has a signal consisting of sequences
labeled by two indices that play different roles. An obvious example is
time-frequency or time-scale analysis: a Gabor or wavelet basis (or frame)
is written as {ψj,k, j, k ∈ Z}, where j indexes the scale or frequency and k
the time. More generally, this applies whenever signals are expanded with
respect to a dictionary with two indices.

4.6 Amalgam spaces

A situation intermediate between the mixed-norm spaces Lp,q(R2d) (for
m ≡ 1) and the spaces ` p,q(Z2d) is that of the so-called amalgam spaces.
They were introduced specifically to overcome the inability of the Lp norms
to distinguish between the local and the global behavior of functions. The
simplest ones are the spaces W (Lp, `q) of N. Wiener [14], which consist of
functions on R which are locally in Lp with `q behavior at infinity, in the
sense that the Lp norms over the intervals (n, n + 1) form an `q sequence.
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It is a Banach space for the norm

‖f‖p,q =

{ ∞∑

n=−∞

[∫ n+1

n
|f(x)|pdx

]q/p}1/q

, 1 6 p, q < ∞.

The following inclusion relations, with all embeddings continuous, are more
or less obvious from those of the Lp and the `q spaces:

. If q1 6 q2, then W (Lp, `q1) ⊂ W (Lp, `q2).

. If p1 6 p2, then W (Lp2 , `q) ⊂ W (Lp1 , `q).

It follows that the smallest space is W (L∞, `1) and the largest space is
W (L1, `∞).

As for duality, one has W (Lp, `q)× = W (Lp, `q), for 1 6 p, q < ∞.
The interesting fact is that, for 1 6 p, q 6 ∞, the set J of all amalgam

spaces {W (Lp, `q)} may be represented by the points (p, q) of the same unit
square J as in the example of the Lp spaces, with the same order structure.
However, J is not a lattice with respect to the order (4.1). One has indeed

W (Lp, `q) ∧W (Lp′ , `q
′
) ⊃ W (Lp∨p′ , `q∧q

′
),

W (Lp, `q) ∨W (Lp′ , `q
′
) ⊂ W (Lp∧p′ , `q∨q

′
),

where again ∧ means intersection with projective norm and ∨ means vector
sum with inductive norm, but equality is not obtained. Thus, as in the
previous case, one gets chains by varying either p or q, but not both.

Among the amalgam spaces, especially useful is the family W (FLp, `q),
1 6 p, q 6 ∞, where FLp denotes the set of Fourier transforms of Lp

functions (one may even add weights on both spaces). These spaces have,
for instance, nice inclusion and convolution properties.

Among these, the most interesting one is S0 = W (FL1, `1), called the
Feichtinger algebra [12, 13]. The space S0 has many interesting properties,
for instance:

(i) S0 is a Banach space for the norm ‖f‖S0 = ‖Vg0f‖1, and S ↪→
S0 ↪→ L2, with all embeddings continuous with dense range. Here g0 is the
Gaussian and Vgf denotes the Short Time Fourier (or Gabor) Transform
(STFT) of f ∈ L2(Rd), namely,

(Vgf)(x, ω) :=

∫

Rd

g(y − x) f(y) e−2πiyω dy, x, ω ∈ Rd, (4.2)

(ii) S0 is a Banach algebra with respect to pointwise multiplication and
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convolution.

(iii) Time-frequency shifts TxMω are isometric on S0 : ‖TxMωf‖S0 =
‖f‖S0 , where, as usual, (Txg)(y) = g(y − x) (translation) and (Mωh)(y) =
e2πiyωh(y) (modulation). S0 is continuously embedded in any Banach space
with the same property and containing g0, thus it is the smallest Banach
space with this property.

(iv) The Fourier transform is an isometry on S0 : ‖Ff‖S0 = ‖f‖S0 .

Next we turn to the (conjugate) dual S×
0 of S0. It is a Banach space with

norm ‖f‖S×
0

= ‖Vgf‖∞. The space S×
0 contains both the δ function and

the pure frequency χω(x) = e−2πixω.
In virtue of (i) above, we have

S ↪→ S0 ↪→ L2 ↪→ S×
0 ↪→ S×, (4.3)

where all embeddings are continuous and have dense range. It turns out
that the triplet

S0(Rd) ↪→ L2(Rd) ↪→ S×
0 (Rd) (4.4)

is the prototype of a Banach Gel’fand triple, that is a RHS (or LBS) in
which the extreme spaces are (nonreflexive) Banach spaces. This is often
a very convenient substitute for Schwartz’ RHS and it is widely used in
signal processing.

4.7 Other function spaces

Many other families of function spaces of interest in analysis or signal pro-
cessing are, or contain, lattices of Banach spaces. To quote a few:

(i) Köthe perfect sequence spaces, mentioned in Section 2.2 (ii);

(ii) Köthe function spaces (which contain all types of Lebesgue spaces);

(iii) Modulation spaces Mp,q
m (Rd), well adapted to Gabor analysis. Indeed,

given a v-moderate weight function m(x, ω), the modulation space
Mp,q

m is defined in terms of a mixed-norm of a STFT:

Mp,q
m (Rd) = {f ∈ S×(Rd) : Vgf ∈ Lp,q

m (R2d)}, 1 6 p, q 6 ∞.

For p = q, one writes Mp
m ≡ Mp,p

m . The space Mp,q
m is a Banach space

for the norm
‖f‖Mp,q

m
:= ‖Vgf‖Lp,q

m
.

In particular, the Feichtinger algebra and its dual are simple modula-
tion spaces, namely, S0 = M1 and S×

0 = M∞.
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(iv) Inhomogeneous Besov spaces Bs
pq(Rd), well adapted to wavelet analy-

sis;

(v) α-modulation spaces, which are intermediate between modulation spaces
and Besov spaces;

(vi) Coorbit spaces, which contain many of the previous cases.

For further information about those spaces, we refer to our monograph [8,
Chap.4 and Chap.8].

5 Operators on pip-spaces

5.1 General definitions

As already mentioned, the basic idea of (indexed) pip-spaces is that vectors
should not be considered individually, but only in terms of the subspaces
Vr (r ∈ F or r ∈ I), the building blocks of the structure, see (3.1). Cor-
respondingly, an operator on a pip-space should be defined in terms of
assaying subspaces only, with the proviso that only bounded operators be-
tween Hilbert or Banach spaces are allowed. Thus an operator is a coherent
collection of bounded operators. More precisely,

Definition 5.1 Given a LHS or LBS VI = {Vr, r ∈ I}, an operator on VI

is a map A : D(A) → V , where

(i) D(A) =
⋃

q∈d(A) Vq, with d(A) a nonempty subset of I;

(ii) for every q ∈ d(A), there exists a p ∈ I such that the restriction
of A to Vq is linear and continuous into Vp (we denote this restriction by
Apq);

(iii) A has no proper extension satisfying (i) and (ii).

The linear bounded operator Apq : Vq → Vp is called a representative of
A. In terms of the latter, the operator A may be characterized by the set
j(A) = {(q, p) ∈ I × I : Apq exists}. Thus the operator A may be identified
with the collection of its representatives,

A ' {Apq : Vq → Vp : (q, p) ∈ j(A)}.

By condition (iii), the set d(A) is obtained by projecting j(A) on the “first
coordinate” axis. The projection i(A) on the “second coordinate” axis
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Figure 2: Characterization of the operator A, in the case of a chain.

plays, in a sense, the role of the range of A. More precisely,

d(A) = {q ∈ I : there is a p such that Apq exists},
i(A) = {p ∈ I : there is a q such that Apq exists}.,

The following properties are immediate:

. d(A) is an initial subset of I: if q ∈ d(A) and q′ < q, then q′ ∈ d(A),
and Apq′ = ApqEqq′ , where Eqq′ is a representative of the unit operator
(this is what we mean by a ‘coherent’ collection).

. i(A) is a final subset of I: if p ∈ i(A) and p′ > p, then p′ ∈ i(A) and
Ap′q = Ep′pApq.

. j(A) ⊂ d(A)× i(A), with strict inclusion in general.

In order to get a feeling about this machinery of representatives of opera-
tors, we present in Figure 2 the case of a chain, i.e., I ∼ R (or Z). Given
a pair (q, p) ∈ j(A), the quarter plane above and on the left of that point
(q, p) contains all successors of (q, p) with respect to the partial order 6
defined in (4.1). Thus j(A) is a union of such quarter planes. As for its
projections, either d(A) = I ∼ R or the initial set d(A) has a maximal
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element qmax = ∨q∈d(A) q. Similarly, either i(A) = I ∼ R or the final set
i(A) has a minimal element pmin = ∧p∈i(A) p. When both qmax and pmin

exist (or are ‘finite’), then j(A) is contained in the quarter plane delimited
by q 6 qmax and p > pmin. In this way one sees that the larger j(A), the
‘better’ the operator A (think, for instance, of the Sobolev spaces).

We denote by Op(VI) the set of all operators on VI . Of course, a similar
definition may be given for operators A : VI → YK between two LHSs or
LBSs and the corresponding set Op(VI , YK).

Since V # is dense in Vr, for every r ∈ I, an operator may be identified
with a separately continous sesquilinear form on V # × V #. Indeed, the
restriction of any representative Apq to V # × V # is such a form, and all
these restrictions coincide. Equivalently, an operator may be identified with
a continuous linear map from V # into V (continuity with respect to the
respective Mackey topologies).

But the idea behind the notion of operator is to keep also the algebraic
operations on operators, namely:

(i) Adjoint : every A ∈ Op(VI) has a unique adjoint A× ∈ Op(VI),
defined by the relation

〈A×x|y〉 = 〈x|Ay〉, for y ∈ Vr, r ∈ d(A), and x ∈ Vs, s ∈ i(A),

that is, (A×)rs = (Asr)
∗ (usual Hilbert/Banach space adjoint).

It follows that A×× = A, for every A ∈ Op(VI): no extension is
allowed, by the maximality condition (iii) of Definition 5.1.

(ii) Partial multiplication: AB is defined if and only if there is a q ∈
i(B) ∩ d(A), that is, if and only if there is a continuous factorization
through some Vq :

Vr
B−→ Vq

A−→ Vs, i.e., (AB)sr = AsqBqr .

It is worth noting that, for a LHS/LBS, the domain D(A) is always a vector
subspace of V (this is not true for a general pip-space). Therefore, Op(VI)
is a vector space and a partial *-algebra [6].

The concept of pip-space operator is very simple, yet it is a far reaching
generalization of bounded operators. It allows indeed to treat on the same
footing all kinds of operators, from bounded ones to very singular ones. By
this, we mean the following, loosely speaking. Take

Vr ⊂ Vo ' Vo ⊂ Vs (Vo = Hilbert space).
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Three cases may arise:

. if Aoo exists, then A corresponds to a bounded operator Vo → Vo;

. if Aoo does not exist, but only Aor : Vr → Vo, with r < o, then A
corresponds to an unbounded operator, with domain D(A) ⊃ Vr;

. if no Aor exists, but only Asr : Vr → Vs, with r < o < s, then
A corresponds to a singular operator, with Hilbert space domain possibly
reduced to {0}.

5.2 Special Classes of Operators on PIP-spaces

Exactly as for Hilbert or Banach spaces, one may define various types of
operators between pip-spaces, in particular LBS/LHS. We discuss briefly
the most important classes, namely, regular operators, homomorphisms
and isomorphisms, unitary operators, symmetric operators, and orthogonal
projections. Further details may be found in the monograph [8].

5.2.1 Regular and totally regular operators

An operator A on a nondegenerate, positive definite pip-space, resp. a
LBS/LHS VI , is called regular if d(A) = i(A) = I or, equivalently, if
A : V # → V # and A : V → V continuously for the respective Mackey
topologies. This notion depends only on the pair (V #, V ), not on the par-
ticular compatibility #. The set of all regular operators VI → VI is denoted
by Reg(VI). Thus a regular operator may be multiplied both on the left
and on the right by an arbitrary operator. Clearly, the set Reg(VI) is a
*-algebra and can often be identified with an O*-algebra [6, 23].

We give two examples.

(1) If V = ω, V # = ϕ, then Op(ω) consists of arbitrary infinite matrices
and Reg(ω) of infinite matrices with finite rows and finite columns.

(2) If V = S×, V # = S, then Op(S×) consists of arbitrary tempered ker-
nels, while Reg(S×) contains those kernels that can be extended to S× and
map S into itself. A nice example is the Fourier transform.

An operator A is called totally regular if j(A) contains the diagonal
of I × I, i.e., Arr exists for every r ∈ I or A maps every Vr into itself
continuously.

5.2.2 Homomorphisms

Let VI , YK be two LHSs or LBSs. With an obvious modification of the
definition of the set j(A), given in Section 5.1, an operator A ∈ Op(VI , YK)
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is called a homomorphism if

(i) j(A) = I ×K and j(A×) = K × I ;

(ii) f #I g implies Af #KAg.

We denote by Hom(VI , YK) the set of all homomorphisms from VI into YK .
The following properties are easy to prove:

(i) A ∈ Hom(VI , YK) if and only if A× ∈ Hom(YK , VI).

(ii) If A ∈ Hom(VI , YK), then j(A×A) contains the diagonal of I × I and
j(AA×) contains the diagonal of K ×K.

The homomorphism A ∈ Hom(VI , YK) is an isomorphism if there exists
a homomorphism B ∈ Hom(YK , VI) such that BA = 1V , AB = 1Y , where
1V , 1Y denote the identity operators on VI , YK , respectively.

For instance, Fourier transform is an isomorphism of the Schwartz RHS
S ⊂ L2 ⊂ S× onto itself and, similarly, of the Feichtinger triplet (4.4)
onto itself. In both cases, the property extends to several scales of lattices
interpolating between the two extreme spaces, for instance, the Hilbert
chain of the Hermite representation of tempered distributions.

5.2.3 Unitary operators and group representations

The operator U ∈ Op(VI , YK) is unitary if U×U and UU× are defined and
U×U = 1V , UU

× = 1Y . We emphasize that unitary operators need not
be homomorphisms! In fact, unitarity is a rather weak property and it is
insufficient for group representations..

Thus a unitary representation of group G into a pip-space VI is defined
as a homomorphism of G into the unitary isomorphisms of VI . Given such
a unitary representation U of G into VI , where the latter has the central
Hilbert space H0, consider the representative U00(g) of U(g) in H0 Then
g 7→ U00(g) is a unitary representation of G into H0, in the usual sense.

To give an example, let VI be the scale built on the powers of the
operator (Hamiltonian) H = −∆ + v(r) on L2(R3, dx), where ∆ is the
Laplacian on R3 and v is a (nice) rotation invariant potential. The system
admits as symmetry group2 G = SO(3) and the representation U00 is the
natural representation of SO(3) in L2(R3):

[U00(ρ)ψ] (x) = ψ
(
ρ−1x

)
, ρ ∈ SO(3).

2The full symmetry group might be larger; for instance, the Coulomb potential admits
SO(4) as symmetry group for its bound states.
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Then U00 extends to a unitary representation U by totally regular isomor-
phisms of VI and angular momentum decompositions, corresponding to
irreducible representations of SO(3), extend to VI as well. In addition, this
is a good setting also for representations of the Lie algebra so(3). Notice
that the representation U is totally regular, but this need not be the case.
For instance, if the potential v is not rotation invariant, U will no longer
be totally regular, although it is still an isomorphism.

5.2.4 Symmetric operators

An operator A ∈ Op(VI) is symmetric if A× = A. Since one has A×× = A,
no extension is allowed, by the maximality condition. Thus symmetric
operators behave essentially like bounded self-adjoint operators in a Hilbert
space. Yet, they can be very singular, as indicated above, for a chain

V # ⊂ . . . ⊂ Vr ⊂ Vo = Vo ⊂ Vs ⊂ . . . ⊂ V.

In this case, the question is whether a symmetric operator A ∈ Op(VI) has
a self-adjoint restriction to the central Hilbert space Vo. In a Hilbert space
context, an answer is given by the celebrated KLMN theorem.3 Actually,
this classical result already has a distinct pip-space flavor. Thus is not
surprising that the KLMN theorem has a natural generalization to a LHS
or a positive definite pip-space with central Hilbert space Vo = Vo, and a
quadratic form version as well.

An interesting application is a correct description of very singular Hamil-
tonians in quantum mechanics, typically with δ or δ′ interactions. For in-
stance, one can treat in this way the Kronig-Penney crystal model, which
consists of a δ potential at each node of a lattice, in one, two or three
dimensions [19].

5.2.5 Orthogonal projections, bases, frames

An operator P on a nondegenerate pip-space V , resp. a LBS/LHS VI , is
an orthogonal projection if P ∈ Hom(VI) and P 2 = P = P×. It follows
immediately from the definition that an orthogonal projection is totally
regular, i.e., j(P ) contains the diagonal I × I, or still that P leaves every
assaying subspace invariant. Equivalently, P is an orthogonal projection if
P is an idempotent operator (that is, P 2 = P ) such that {Pf}# ⊇ {f}# for
every f ∈ V and 〈g|Pf〉 = 〈Pg|f〉 whenever f#g. We denote by Proj(V )
the set of all orthogonal projections in V and similarly for Proj(VI).

3KLMN stands for Kato, Lax, Lions, Milgram, Nelson.
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These projection operators enjoy several properties similar to those of
Hilbert space projectors. Two of them are of special interest in the present
context.

(i) Given a nondegenerate pip-space V , there is a natural notion of sub-
space, called orthocomplemented, which guarantees that such a subspace
W of V is again a nondegenerate pip-space with the induced compatibility
relation and the restriction of the partial inner product. There are equiva-
lent topological conditions, so that orthocomplemented subspaces yield the
proper notion of pip-subspace [4]. Then the basic theorem about projec-
tions states that a subspace W of V is orthocomplemented if and only if
W is the range of an orthogonal projection P ∈ Proj(V ), i.e., W = PV .
Then V = W ⊕ Z, where Z is another orthocomplemented subspace.

(ii) An orthogonal projection P is of finite rank if and only if W =
RanP ⊂ V # and W ∩W⊥ = {0} (this condition is, of course, superfluous
when the partial inner product is positive definite).

There is a natural partial order on the set of projections:

PW 6 PY if and only if W ⊆ Y,

but lattice properties are unknown.
Property (ii) has important consequences for the structure of bases.

First we recall that a sequence {en, n = 1, 2, . . .} of vectors in a Banach
space E is a Schauder basis if, for every f ∈ E, there exists a unique
sequence of scalar coefficients {ck, k = 1, 2, . . .} such that

lim
m→∞

‖f −
m∑

k=1

ckek‖ = 0.

Then one may write

f =
∞∑

k=1

ckek. (5.1)

The basis is unconditional if the series (5.1) converges unconditionally in
E (i.e., it keeps converging after an arbitrary permutation of its terms).

A standard problem is to find, for instance, a sequence of functions that
is an unconditional basis for all the spaces Lp(R), 1 < p < ∞. In the pip-
space language, this statement means that the basis vectors must belong
to V # = ∩1<p<∞Lp(R) = L∞

c (R). Also, since (5.1) means that f may be
approximated by finite sums, the property (ii) of orthogonal projections
implies that all the basis vectors must belong to V #. A typical example is
the well-known Haar basis.
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Actually, in the context of signal processing, orthogonal (in the Hilbert
sense) bases are not enough, one needs also biorthogonal bases and, more
generally, frames. We recall that a countable family of vectors {ψn} in a
Hilbert space H is called a frame if there are two positive constants m,M,
with 0 < m 6 M <∞, such that

m ‖f‖2 6
∞∑

n=1

|〈ψn|f〉|2 6 M ‖f‖2, ∀ f ∈ H. (5.2)

The two constants m,M are called frame bounds. If m = M, the frame is
said to be tight. Consider the analysis operator C : H → `2 defined by
C : f 7→ {〈ψn|f〉} and the frame operator S = C∗C. Then the vectors
ψ̃n = S−1ψn also constitute a frame, called the dual frame, and one has the
(strongly converging) expansions

f =

∞∑

n=1

〈ψn|f〉ψ̃n =

∞∑

n=1

〈ψ̃n|f〉ψn.

Then the considerations made above for bases should apply to frame vectors
as well, i.e., the vectors ψn, ψ̃n should also belong to V #.

6 Application of pip-spaces

6.1 Mathematical physics

pip-spaces have found many applications in mathematical physics. Most of
what follows is described in detail in [8].

(1) Rigorous formulations of Dirac formalism in quantum mechanics : as it
is well-known, the Dirac formalism of quantum mechanics cannot be given
a rigorous formulation in a pure Hilbert space context. This had prompted
several authors [2, 10, 26] to propose a rigorous version in terms of a RHS
(generated from the observables of the system at hand), combined with
the generalized spectral theorem of Gel’fand-Maurin [15, 24]. However, the
construction is such that a pip-space version is easily obtained.

(2) Symmetries, singular interactions in quantum mechanics : several other
topics in quantum mechanics can be advantageously formulated in a RHS or
pip-space language. For instance, the implementation of symmetries, with
the two dual points of view, the active one and the passive one [7]. Another
problem is a correct definition of a Hamiltonian with a singular interaction,
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already mentioned in Sec. 5.2.4 [19]. Here the pip-space approach is a
convenient substitute to the usual formulation in terms of von Neumann’s
theory of self-adjoint extensions of symmetric operators [1].

(3) Quantum scattering theory : the Weinberg-van Winter (WVW) formu-
lation of scattering theory [29] has a very natural interpretation in terms of
a LHS, whose components, including the extreme ones, are Hilbert spaces
consisting of functions analytic in a sector; thus the indexing parameter is
the opening angle of that sector. With this technique it has been possible to
show that the WVW formalism is a particular case of the Complex Scaling
Method [8, Sec. 7.2.3], a result hitherto unknown.

(4) Quantum field theory : various rigorous formulations of QFT rely heav-
ily on a RHS or a pip-space approach, for instance, Wightman’s axiomatic
formulation, the construction via the Borchers algebra, Nelson’s Euclidean
field theory, or the precise treatment of unsmeared fields (fields at a point).
See [8, Sec.7.3] for a detailed presentation.

(5) Representations of Lie groups and Lie algebras : the proper framework
for this topic is Nelson’s theory of analytic vectors. Let G be a Lie group
and U00 a unitary representation of G in a Hilbert space H0. Let ∆ be the
closure of the Nelson operator ∆ :=

∑n
j=1X

2
j , where {Xj , j = 1, . . . , n}

are the representatives under U00 of the elements of a basis of the Lie
algebra g of G. ∆ is self-adjoint and ∆ > 0. Define VI := {Hn, n ∈ Z}
as the canonical scale of Hilbert spaces generated by the operator ∆ + 1.
Then U00 extends to a unitary representation U in the LHS VI , in the
sense of Section 5.2.3. In addition, both the Lie algebra g and its universal
enveloping algebra U(g) have nice representations in VI . See [8, Sec.7.] for
further details.

6.2 Signal Processing

Most families of function spaces used in Gabor/wavelet analysis come in
scales or lattices and, in fact, are or contain pip-spaces. The (lattice)
indices defining the (partial) order characterize the properties of the corre-
sponding functions or distributions: smoothness, local integrability, decay
at infinity, etc. Such are, for instance, amalgam spaces, modulation spaces,
Besov spaces or coorbit spaces, mentioned above. Thus it seems natural
to formulate the properties of various operators globally, using the theory
of pip-space operators, in particular the set j(A) of an operator encodes
its properties in a very convenient and visual fashion. In addition, it is
often possible to determine uniquely whether a function belongs to one of
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those spaces simply by estimating the (asymptotic) behavior of its Gabor
or wavelet coefficients, a real breaktrough in functional analysis [25].

We may therefore expect that the pip-space formalism will play a sig-
nificant role in Gabor/wavelet analysis, as well as in mathematical physics.
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[25] Y. Meyer, Ondelettes et Opérateurs. I, Hermann, Paris, 1990.

232 JEAN-PIERRE ANTOINE - CAMILLO TRAPANI



J-P. Antoine and C. Trapani 233

[26] J.E.Roberts, The Dirac bra and ket formalism, J. Math. Phys. 7
(1966) 1097–1104; Rigged Hilbert spaces in quantum mechanics, Com-
mun. Math. Phys. 3 (1966) 98–119.

[27] L. Schwartz, Théorie des Distributions, I-II, Hermann, Paris, 1957,
1959.

[28] B. Simon, Distributions and their Hermite expansions, J. Math. Phys.,
12 (1971) 140–148.

[29] C. van Winter, Fredholm equations on a Hilbert space of analytic
functions, Trans. Amer. Math. Soc. 162 (1971) 103–139; Complex dy-
namical variables for multiparticle systems with analytic interactions.
I, II, J. Math. Anal. Appl. 47 (1974) 633–670, 48 (1974) 368-399.

Jean-Pierre Antoine
Institut de Recherche en Mathématique et Physique
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Quasi *-algebras arising from extensions

of positive linear functionals
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Abstract. In this paper we show how some known quasi *-algebras
can also be obtained through the construction of slight extensions of
nonclosable positive linear functionals defined on dense *-subalgebras
A0 of given topological *-algebras. Moreover, we consider also, for
each of the functionals we present, their absolutely convergent exten-
sions and the GNS *-representations of the quasi *-algebras arising in
the process of extension.
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1 Introduction

In [3] two techniques to extend nonclosable positive linear functionals have
been shown. Under suitable hypotheses, one of them permitted to construct
an absolutely convergent extension, the other one permitted to construct
slight extensions. In most cases, the domain of the extension (constructed
by means of a positive sesquilinear form associated to the functional) turns
out to be a quasi *-algebra. In this paper, we want to show, in full detail,
that known examples of quasi *-algebras can arise in the process of exten-
sion of nonclosable positive linear functionals. The first quasi *-algebra we
take into consideration is (L2(τ),J1), where L2(τ) is the noncommutative
L2-space constructed on a von Neumann algebra M, starting from a normal
faithful semifinite trace τ . The second is (L2(X), C(X)) with X = [0, 1].

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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It comes out by considering the extension of the Riemann integral on the
space of the continuous functions. The last case we examine is that of
(`2,A0) (with `2 the space of square-summable sequences and A0 the *-
algebra of the finite sequences 1), arising from the extension to infinite sum
of the sum of the elements of finite sequences.

Before going forward, we want to overview the main definitions and
results.

A quasi*-algebra is a couple (A,A0), where A is a vector space with
involution ∗, A0 is a *-algebra and a vector subspace of A and A is an A0-
bimodule whose module operations and involution extend those of A0 [1, 8].

Throughout this paper we will deal with a topological *-algebra A[τ ]
and a dense *-subalgebra A0 of A, where a positive linear functional ω is
defined.
Such a functional ω is called

• closable if
xα

τ→ 0 and ω(xα) → `, then ` = 0.

• admissible if, for every b ∈ A0, there exists γb > 0 such that

|ω(a∗ba)| ≤ γbω(a
∗a), ∀a ∈ A0.

• trace on A0 if, ω(ab) = ω(ba) for every a, b ∈ A0.

Let us define

Gω = {(x, ω(x)) ∈ A0 × C; x ∈ A0}.

If ω is nonclosable, Gω contains couples (0, `) with ` 6= 0. To every H,
subspace of A× C, such that

(g1) Gω ⊆ H ⊂ Gω;

(g2) (0, `) ∈ H if, and only if, ` = 0.

there corresponds a so-called slight extension ωH of ω, defined on

D(ωH) = {x ∈ A : (x, `) ∈ H}
1The space of all sequences and the *-algebra of finite sequences are usually indicated

by ω and ϕ respectively, according to Köthe [6]. However, here this notation would be
confusing.
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by
ωH(x) = `,

where ` is the unique complex number such that (x, `) ∈ H, see [4].

Remark 1.1 If ω is nonclosable, then ω admits infinitely many (maximal)
slight extensions (see Proposition 2.6 in [4]).

The set A+ =
{∑n

j=1 a
∗
jaj ; aj ∈ A

}
is a convex cone in A, whose ele-

ments may be regarded as the positive elements of A. Let Ah = {x ∈ A :
x = x∗} denote the real vector space of all hermitian elements of A. If
x, y ∈ Ah, we write x ≤ y if y − x ∈ A+. We say that A has the property
(D) if, for every x ∈ Ah, there exists a unique pair (x+, x−) ∈ A+ such that
x+x− = x−x+ = 0 and

(D1) x = x+ − x−;

(D2) (x+ y)+ ≤ x+ + y+, ∀x, y ∈ Ah with xy = yx;

(D3) (λx)+ = λx+, ∀x ∈ Ah, λ ∈ R+;

(D4) if x ∈ Ah ∩ A0, then x+ ∈ A+
0 .

Definition 1.2 Let A satisfy condition (D). A positive slight extension ω̃
of ω is called absolutely convergent if

x = x∗ ∈ D(ω̃) ⇔ x+, x− ∈ D(ω̃).

Definition 1.3 A slight extension ω̃ of a positive linear functional ω is
said to be positively regular if

ω̃(a) = sup{ω(b) : 0 ≤ b ≤ a; b ∈ A0}, ∀a ∈ D(ω̃) ∩ A+.

Let us recall the technique to construct a slight extension of a nonclos-
able positive linear functional by means of a sesquilinear form associated
to it, discussed in [3]. Even if ω is nonclosable, it may happen that the
associated sesquilinear form ϕω on A0 × A0 defined by

ϕω(a, b) = ω(b∗a), a, b ∈ A0

is closable. For sesquilinear forms, closability can be formulated as follows:

an
τ→ 0 and ϕω(an−am, an−am) → 0 as n,m → ∞ ⇒ ϕω(an, an) → 0.

If the topology of A is nonmetrizable, one should consider nets, instead of
sequences, in order to define the closability of ϕω. However, this choice
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would produce a much stronger (and unnecessary) condition than the one
used here.
If ϕω is closable, one can put

D(ϕω) = {a ∈ A : ∃an
τ→ a, an ∈ A0 and

ϕω(an − am, an − am) → 0 as n,m → ∞}

and
ϕω(a, a) = lim

n→∞
ϕω(an, an)

The closability condition implies that ϕω is well defined. Since D(ϕω) is a
vector space, ϕω can be extended to D(ϕω)×D(ϕω) by polarization; i.e.,

ϕω(a, b) =
1

4

3∑

k=0

ikϕω(a+ ikb, a+ ikb), a, b ∈ D(ϕω).

The form ϕω is closed in D(ϕω).

Once ϕω has been defined, if A0 has a unit e we can extend ω to the
whole D(ϕω) as follows

ω̃(x) = ϕω(x, e), x ∈ D(ϕω). (1.1)

By the definition itself, ω̃ is a slight extension of ω.

Remark 1.4 Proposition 4.4. in [3] guarantees that if ω is an admissible
trace on A0, then D(ϕω) is a quasi *-algebra over A0.

Now let us recall the main definitions about *-representations of quasi *-
algebras [1]. Let D be a dense subspace of the Hilbert space H, we put

L†(D,H) = {X closable linear operator in H : D(X) = D
and D(X∗) ⊃ D}.

The set L†(D,H) is a partial *-algebra w. r. to the usual operations
of addition, multiplication by scalar, the involution X 7→ X† = X∗ � D
and the (weak) partial multiplication X1 �X2 = X1

†∗X2, defined whenever
X2 is a weak right multiplier of X1 (we shall write X2 ∈ Rw(X1) or X1 ∈
Lw(X2)), that is, iff X2D ⊂ D(X1

†∗) and X†
1D ⊂ D(X∗

2 ).
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Definition 1.5 A *-representation of a quasi *-algebra (A,A0) is a *-
homomorphism π of A into L†(Dπ,Hπ), for some pair (Dπ,Hπ), where
Dπ is a dense subspace of the Hilbert space Hπ, i.e. a linear map π : A →
L†(Dπ,Hπ) such that:

i) π(x∗) = π(x)†, ∀x ∈ A,

ii) if x ∈ A, a ∈ A0, then π(x) is a weak left multiplier of π(a) and
π(x)2π(a) = π(xa).

If (A,A0) has unit e, we assume π(e) = I, the identity operator of Dπ.

The functional ω defined on a quasi *-algebra A, with distinguished A0, is
said representable in the sense of [5] if

(L.1) ω(a∗a) ≥ 0, ∀a ∈ A0;

(L.2) ω(b∗x∗a) = ω(a∗xb), ∀a, b ∈ A0, ∀x ∈ A;

(L.3) ∀x ∈ A, there exists γx > 0 such that

|ω(x∗a)| ≤ γxω(a
∗a)1/2, ∀a ∈ A0.

Indeed, as proved in Theorem 3.5 [5], conditions (L.1), (L.2) and (L.3) allow
a generalized GNS construction for the quasi *-algebra (A,A0).

2 Extensions of traces on von Neumann algebras

In this section, we show that the quasi *-algebra L2(τ) over J1 (where
L2(τ) is the space of all measurable operators A such that µ(A∗A) < ∞
with µ defined in (2.1) below and J1 the *-ideal of the elements of the von
Neumann algebra whose modulus has semifinite trace), is the domain of an
extension of a normal faithful finite trace τ , extension obtained by means
of a technique we introduced in [3, Section 4]. We also construct the abso-
lutely convergent extension of τ , and another extension of it by means of an
increasing net of central projections converging to the identity operator (in
alternative to a construction given by Bongiorno et al. in [4], by means of
an approximate identity) and, in the end, we show as the *-representation
of (L2(τ),J1) defined by τ works.

Let M be a von Neumann algebra on a Hilbert space H and let τ be a
normal faithful semifinite trace defined on M+.
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We recall for the reader’s convenience the definition of the topology of
convergence in measure on M. For ε, δ > 0, let N(ε, δ) = {A ∈ M : for
some projection P ∈ M, ‖AP‖ ≤ ε and τ(P⊥) ≤ δ}. We endow M with the
translation-invariant topology t generated by the system {N(ε, δ); ε, δ > 0}
of neighborhoods of 0.

If we complete M w.r. to t we obtain A = M̃ the *-algebra of measur-
able operators. It should be noticed that M̃ consists of operators affiliated
with M. From this fact it follows that, if X ∈ Ah, then the operators
X+, X− and |X| = (X∗X)1/2 are in A.
We recall that the mappings

(i) A 7→ A∗ of M → M;

(ii) (A,B) 7→ A+B of M×M → M;

(iii) (A,B) 7→ AB of M×M → M,

have unique continuous extensions as mappings of A → A and A×A → A.
The mappings (i), (ii) and their extensions, are uniformly continuous. The
map (iii) is uniformly continuous on products of sets which are bounded in
measure [9].

Let

J1 = {X ∈ M : τ(|X|) < ∞}.

Then, J1 is a *-ideal of M. Following Nelson [7], we denote with L1(τ) the
Banach space completion of J1 with respect to the norm

‖X‖1 := τ(|X|), X ∈ J1.

We can extend τ to L1(τ) and obtain its unique absolutely convergent
extension.

To do this, let us consider µ : A+ → [0,+∞] defined by

µ(A) = sup{τ(X); 0 ≤ X ≤ A, X ∈ J1}. (2.1)

Then µ verifies properties (AP1) and (AP2) in [4], hence, by Proposi-
tion 2.21 in [4], µ is a positively regular absolutely convergent exten-
sion of τ . Put D(µ) = {A ∈ A : µ(|A|) < ∞}. Then, using the no-
tation of [3], the “integral” of an element A ∈ L1(τ) = D(µ) is de-
fined, µ = τ̇ with τ̇ : L1(τ) → [0,+∞] and τ̇(A) = τ̇(B) − iτ̇(C) =
τ̇(B+) − τ̇(B−) + i[τ̇(C+) − τ̇(C−)], taking into account that any A ∈ A
can be decomposed as A = B+ − B− + iC+ − iC−, where B = A+A∗

2 and
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C = A−A∗

2i .

Now, we want to extend further the trace τ to a larger set of measurable
operators. Let us suppose that M is finite (i.e. τ(I) < ∞ ⇔ J1 = M).
In [4] Bongiorno et al. constructed a slight extension of τ by means of an
approximate identity of J1. Here we want to construct a slight extension
by using an increasing net of central projections converging to the identity
operator.

Let {Pα} with Pα = P 2
α = P ∗

α, Pα ∈ M ∩M′, with M′ the commutant
of M, such that Pα ↑ I.

Recall that the following property holds (see [7]):

X ∈ L1(τ), A ∈ M ⇒ AX ∈ L1(τ) and |τ(AX)| ≤ ‖A‖τ(|X|). (2.2)

Put

D(M, {Pα}) = {X ∈ A : PαX ∈ L1(τ) and ∃ lim
α

|τ(PαX)| < ∞},

depending on the net {Pα} and

τ̂(X) = lim
α

τ(PαX).

The extension τ̂ is slight and L1(τ) ⊆ D(M, {Pα}).

Remark 2.1 In general the inclusion of L1(τ) in D(M, {Pα}) is proper.
By (2.2) it follows that L1(τ) ⊆ D(M, {Pα}). Let us consider the interval
I = [0, 1], f ∈ L∞(I) and the operator of multiplication by f

Mf : ϕ ∈ L2(I) → fϕ ∈ L2(I).

The set M = {Mf : f ∈ L∞(I)} is a von Neumann algebra. The func-

tional τ(Mf ) =
∫ 1
0 f(x)dx, with f ≥ 0, is a normal faithful finite trace

on M. Let us consider the intervals ]α, 1] with α > 0 and the operator
Pα of multiplication by the characteristic functions χ]α,1]. The function

f0(x) = 1
x sin

1
x3 is not Lebesgue integrable, hence Mf0 /∈ L1(τ), however

τ(PαMf0) =
∫ 1
0 χ]α,1](x)f0(x)dx =

∫ 1
α

1
x sin

1
x3dx =

∫ 1
α−1 t(− 1

t2
) sin tdt < ∞,

and, as α → 0, we obtain the well-known converging generalized integral∫∞
1

sin t
t dt. Thus, Mf0 ∈ D(M, {Pα}).

Remark 2.2 We could endow D(M, {Pα}) of a norm strictly weaker than
that of L1(τ):

‖X‖1̃ = lim
α

|τ(PαX)|.
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If X ∈ L1(τ) then, by (2.2), |τ(PαX)| ≤ ‖Pα‖‖X‖1. Hence ‖X‖1̃ ≤ ‖X‖1.
The example discussed in Remark 2.1 also shows that the two norms are
not equivalent.

Now let us come back to case where τ is semifinite and consider the
sesquilinear form ϕτ on J1 × J1, associated to τ , defined by

ϕτ (A,B) = τ(B∗A), A,B ∈ J1. (2.3)

Proposition 2.3 The sesquilinear form ϕτ defined in (2.3) is closable.

Proof – Let us consider a sequence {An} ⊆ J1 such that An
t→ 0 and

ϕτ (An − Am, An − Am) → 0 as n,m → ∞. The former condition implies
that ‖An‖1 = τ(|An|) → 0, the latter implies that

ϕτ (An −Am, An −Am) = τ(|An −Am|2) → 0.

This last condition implies that {An} is a Cauchy sequence in the Banach
space L2(τ) (the completion of {X ∈ M : τ(|X|2) < ∞} in the norm defined

by ‖X‖2 := τ(|X|2)1/2) then there exists B ∈ L2(τ) such that An
‖·‖2→ B

hence w. r. to ‖ · ‖1; it follows B = 0 since An
‖·‖1→ 0.

ϕτ (An, An) = τ(A∗
nAn) = τ(|An|2) = ‖An‖22 → 0.

�
The domain of the closure of ϕτ is

D(ϕτ ) = {A ∈ A : ∃An
‖·‖1→ A, An ∈ J1 and

‖An −Am‖22 → 0 as n,m → ∞} = L2(τ).

Then we put

ϕτ (A,A) = lim
n→∞

ϕτ (An, An) = lim
n→∞

‖An‖22

The closability condition implies that ϕτ is well defined, it can be ex-
tended to L2(τ)× L2(τ) by polarization and it is closed in L2(τ).

By means of the technique defined in [3, Section 4], if J1 has the identity
operator I (i.e. if J1 = M, or equivalently if τ is finite), we extend τ to
L2(τ) by putting

τ̃(X) = ϕτ (X, I), X ∈ L2(τ), (2.4)
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and look for properties of τ̃ . By the definition itself, τ̃ is a slight extension
of τ .

The trace τ is admissible. Indeed, for every B ∈ J1, there exists γB > 0
such that

|τ(A∗BA)| ≤ γBτ(A
∗A), ∀A ∈ J1,

in fact, by (2.2)

A ∈ L1(τ), X ∈ M ⇒ XA ∈ L1(τ) and |τ(XA)| ≤ ‖X‖τ((A∗A)1/2).

In particular for X = A∗B, with A,B ∈ J1,

|τ(A∗BA)| = |τ(BAA∗)| ≤ ‖B‖τ(AA∗) = ‖B‖τ(A∗A).

Since τ is an admissible trace, Proposition 4.4 in [3] forecasts that
(D(ϕτ ),J1) = (L2(τ),J1) is a quasi-*algebra (as can be checked directly).

The functional τ̃ enjoys the properties (L.1), (L.2) and (L.3). They
are relevant, since they allow a generalized GNS construction for the quasi
*-algebra (L2(τ),J1) .

As for the *-representation of τ̃ , the Hilbert space on which we con-
struct it, is equal to L2(τ), because of the fact that the subset {A ∈ L2(τ) :
τ̃(A∗A) = τ(|A|2) = 0} is the trivial one.

Now put D = Dτ̃ = J1 and if A ∈ L2(τ)

πτ̃ (A)B = AB, ∀B ∈ J1.

Thus, πτ̃ (A) is well-defined and maps J1 into J1, moreover πτ̃ (A) ∈
L†(J1, L

2(τ)) and πτ̃ (A)
† = πτ̃ (A

∗). Also, πτ̃ (A)�πτ̃ (B) is well-defined
and πτ̃ (AB) = πτ̃ (A)�πτ̃ (B), ∀A ∈ L2(τ), B ∈ J1. Thus, πτ̃ is a *-
representation mapping J1 in L2(τ), hence πτ̃ is a bounded *-representation.

3 Extensions of the Riemann integral

The possibility of extending the Riemann integral (a classical problem that,
starting from Lebesgue, has allowed a series of different “new integrals”)
can also be cast in this general framework of extensions of positive linear
functionals defined on a *-algebra. In this case, the starting point is the *-
algebra C(X) of continuous functions, with X = [0, 1], which can be viewed
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as a dense subspace of the *-algebra of Lebesgue measurable functions.

So, let A be the *-algebra of Lebesgue measurable functions on X, τ the
topology of convergence in measure, C(X) the C*-algebra of all continuous
functions on X and

ω(f) =

∫ 1

0
f(x)dx. (3.1)

The functional ω is nonclosable. To see this, it suffices to consider the
sequence {fn(x)} with fn(x) = nx(1−x2)n, ∀n ∈ N, which tends pointwise
to zero, while the sequence of integrals has a nonzero limit.

Thus ω admits infinitely many extensions; one of them is, for instance,
the improper integral defined on the space of the locally integrable func-
tions but there are many others. All of them are not absolutely convergent,
with the relevant exception of the Lebesgue integral.

Now we follow the path outlined in Section 1 to construct the extension
by the positive sesquilinear form ϕω on C(X)× C(X), defined by

ϕω(f, g) =

∫ 1

0
f(x)g(x)dx.

As shown in [3], ϕω is closable.
We put

D(ϕω) = {f ∈ A : ∃fn
τ→ f, fn ∈ C(X) and

ϕω(fn − fm, fn − fm) → 0 as n,m → ∞}

and

ϕω(f, f) = lim
n→∞

∫ 1

0
|fn(x)|2dx.

Then we have the following

Proposition 3.1 D(ϕω) is equal to L2(X).

Proof – We just sketch the proof we gave in [2]. If f ∈ D(ϕω), then, by
definition, there exists a sequence of continuous functions {fn}, converging
in measure to f , which is Cauchy in L2(X). Hence {fn} converges to some
g w.r. to the L2−norm, then there exists a subsequence {fnk

} converging
a.e. to g. Since the convergence a.e. implies the convergence in measure,
it follows that f = g ∈ L2(X).
Viceversa, if f ∈ L2(X), because of the density of C(X) in L2(X), there
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exists a sequence {fn} ⊂ C(X) converging to f in measure. Moreover, {fn}
is Cauchy in L2(X), hence f ∈ D(ϕω). �

Since L2(X) is a vector space, ϕω can be extended to L2(X)×L2(X) by
polarization and through it we obtain the Lebesgue integral, the absolutely
convergent extension of ω i.e.

ω̃(f) = ϕω(f, I) =
∫ 1

0
f(x)dx, f ∈ L2(X).

Since ω̃ is an admissible trace, the couple (D(ϕω), C(X)) is a quasi
*-algebra. In this process of extension, we obtained the announced quasi
*-algebra with unit (L2(X), C(X)).

The functional ω̃ satisfies the conditions (L.1), (L.2) and (L.3), hence
it is representable in the sense of [5].
Let us construct the generalized GNS construction for the quasi *-algebra
(L2(X), C(X)).
Since the subset {f ∈ L2(X)| ω̃(f∗f) =

∫ 1
0 |f(x)|2dx = 0} is the null sub-

space, the Hilbert space on which we construct the *-representation of ω̃ is
equal to L2(X).
Put D = Dω̃ = C(X). If f ∈ L2(X), we put

πω̃(f)g = fg ∀g ∈ C(X).

Then, πω̃(f) is well-defined and maps C(X) into L2(X), moreover
πω̃(f) ∈ L†(C(X), L2(X)) and πω̃(f)

† = πω̃(f
∗).

Also, πω̃(f)�πω̃(g) is well-defined and πω̃(fg) = πω̃(f)�πω̃(g), ∀f ∈
L2(X), g ∈ C(X). Thus, πω̃ is a *-representation of the quasi *-algebra
(L2(X), C(X)). By Theorem 3.5 in [5], there exists a closed cyclic *-
representation π̃ω of (L2(X), C(X)), with cyclic vector I, such that ω̃(f) =
〈π̃ω(f)I|I〉2, ∀f ∈ L2(X). This representation is unique up to unitary equiv-
alence.

As we already observed in [2], the representation π̃ω is not bounded.
Were it so, every π̃ω(f) should be bounded ∀f ∈ L2(X), hence we could
extend π̃ω from C(X) to the whole L2(X). But this would imply that the
product of two elements in L2(X) is in L2(X), which is known to be not
true if, as in our case, X is an interval of the real line.

4 Sequence spaces and infinite sums

In this section we will show that the quasi *-algebra `2 over A0, the space of
the finite complex sequences, can be obtained by extending a nonclosable
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functional defined on A0. We show also its absolutely convergent extension
and the bounded *-representation of the quasi *-algebra (`2,A0), by means
of infinite series on `2.

Let us consider the space A of all complex sequences2:

A := {(an) : an ∈ C, ∀n ∈ N}.

Then, A is a *-algebra with respect to the usual operations. Let τ be the
locally convex Hausdorff topology on A defined by means of the separating
family of seminorms

pF ((an)) := sup
n∈F

|an|,

with F ⊂ N a finite subset.
Let us consider now the *-algebra A0 of all finite sequences, i.e.:

A0 := {(an) : ∃N ∈ N an = 0 ∀n > N}.

Then, as it can be easily checked, A0 is a τ -dense *-subalgebra of A. Let
us define a positive linear functional ω on A0 by

ω((an)) =

+∞∑

n=1

an, (an) ∈ A0. (4.1)

Then ω is an admissible trace on A0.
In [3] we proved that the functional ω is nonclosable (it suffices to con-

sider the sequence (bk) ⊆ A0, with bk = (bk,n) and bk,n = n
(

1
k+1

)n−1
if

n ≤ k and bk,n = 0 if n > k, for n ≥ 1), and that there exist infinitely
many possible extensions of ω, which reduce to the ordinary sum for finite
sequences. This fact corresponds to the old problem of defining “infinite
sums”. The absolutely convergent extension ω̇ of ω has domain coinciding
with the sequence space `1 (see [3]) and is defined by

ω̇((an)) =

+∞∑

n=1

an, (an) ∈ `1.

Following the technique presented in [3, Section 4], we can further ex-
tend ω to a complex subspace of A, larger than A0, by means of the positive
sesquilinear form associated to ω:

ϕω(x,y) :=

+∞∑

n=1

ynxn. (4.2)

2See footnote at page 236.
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for any two finite sequences x,y, with x = (xn)n∈N, y = (yn)n∈N.
The following proposition holds.

Proposition 4.1 The sesquilinear form ϕω defined in (4.2) is closable.

Proof – We just outline the proof we gave in [2]. Let us consider a
“sequence” of finite sequences (xk)k∈N, with xk = (xn,k)n∈N ∈ A0 such that

i) xk
τ→ 0

ii) ϕω(xk − xh,xk − xh) :=
∑+∞

n=1 |xn,k − xn,h|2 → 0 as k, h → +∞.

Property i) implies that, ∀n ∈ N, ∀ε > 0, there exixts k̄ ∈ N such that
∀k > k̄, |xn,k| < ε. From ii) it follows that (xk) is Cauchy in `2, hence it
converges in `2, then, in particular, ∀n ∈ N, ∀ε > 0 there exists k̄2 ∈ N
such that ∀k > k̄2, |xn,k − xn| < ε.
We can conclude that, ∀n ∈ N, ∀ε > 0 and ∀k ≥ max{k̄, k̄2}

0 ≤ |xn| ≤ |xn,k|+ |xn,k − xn| < 2ε,

hence the sequence x = {xn} ∈ `2 is such that xn = 0, ∀n ∈ N and,

ϕω(xk,xk) :=

+∞∑

n=1

|xn,k|2 → 0 as k → +∞.

�
We put

D(ϕω) = {x = (xn) ∈ A : ∃xk
τ→ x, xk = (xn,k)n∈N ∈ A0 and

ϕω(xk − xh,xk − xh) → 0 as k, h → ∞}

and

ϕω(x,x) = lim
k→∞

+∞∑

n=1

|xn,k|2.

The closability condition implies that ϕω is well defined. Since D(ϕω) is a
vector space, ϕω can be extended to D(ϕω)×D(ϕω) by polarization. The
form ϕω is closed in D(ϕω).

By Proposition 4.4 in [3] we already know that (D(ϕω),A0) is a quasi *-
algebra. This, on the other hand, could be checked directly by the following
proposition.

Proposition 4.2 The set D(ϕω) coincides with `2.
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Proof – We just give an idea of the proof we gave in [2]. Fix x = {xn} ∈
D(ϕω), then there exists (xk)k∈N ⊂ A0 with xk = {xn,k}n∈N such that

i) xk
τ→ x

ii) ϕω(xk − xh,xk − xh) :=
∑+∞

n=1 |xn,k − xn,h|2 → 0 as k, h → +∞.

Then, from i) it follows that ∀n ∈ N, ∀ε > 0, there exixts k̄ ∈ N such that
∀k > k̄, |xn,k−xn| < ε and from ii), (xk) is Cauchy in `2, then it converges
in `2. Hence, it follows that, ∀n ∈ N, ∀ε > 0 there exists k̄2 ∈ N such that
∀k > k̄2, |xn,k − yn| < ε.
We can conclude that, ∀n ∈ N, ∀ε > 0 and ∀k ≥ max{k̄, k̄2}

0 ≤ |xn − yn| ≤ |xn,k − xn|+ |xn,k − yn| < 2ε,

hence y = x ∈ `2.

To prove the viceversa, considered any x = (xn) ∈ `2, we take the
suitable sequence (xk)k∈N with xk = (xn,k)n∈N with xn,k = xn, if n ≤ k
and xn,k = 0, if n > k; if we put lh,k = min{h, k} and Lh,k = max{h, k},
then ∀ε > 0 there exists n̄ ∈ N such that ∀s ≥ n̄

ϕω(xk − xh,xk − xh) =
+∞∑

n=1

|xn,k − xn,h|2 =
Lh,k∑

s=lh,k+1

|xs|2 < ε;

because of the fact that the sequence (xn) is Cauchy in `2. �
We extend ω to D(ϕω) = `2 by putting

ω̃(x) = ϕω(x, e), x ∈ `2. (4.3)

By the definition itself ω̃ is a slight extension of ω.
Since ω̃ satisfies conditions (L.1),(L.2) and (L.3), it is representable.

The subset {x = (xn) ∈ `2 : ω̃(x∗x) =
∑+∞

n=1 |xn|2 = 0} is the null sub-
space, then the Hilbert space on which we construct the *-representation
of ω̃ is exactly `2. Hence, we put D = Dω̃ = A0 and, if x ∈ `2,

πω̃(x)y = x · y = (xnyn)n∈N, ∀y ∈ A0.

Thus, πω̃(x) is well-defined and maps A0 into A0, moreover πω̃(x) ∈
L†(A0, `2) and πω̃(x)

† = πω̃(x
∗). Also, πω̃(x)�πω̃(y) is well-defined and

πω̃(xy) = πω̃(x)�πω̃(y), ∀x ∈ `2,y ∈ A0. Thus, πω̃ is a *-representation
mapping A0 in `2, hence πω̃ is a bounded *-representation.
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5 Conclusions

The research of an absolutely convergent extension of a functional τ is
important, but it is known in many examples. Even more interesting, how-
ever, appears to us the research, among the infinitely many non absolutely
convergent extensions, of those extensions that enjoy a certain set of pre-
fixed properties. The widespread interest for the non absolutely convergent
extensions of the Lebesgue integral, would motivate work in this direction.
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Abstract. We show that the transformation (xn)n≥1 → (1/(1+x1+
. . .+xn))n≥1 of the compact set of sequences (xn)n≥1 of numbers from
the unit interval [0, 1] has a unique fixed point, which is attractive.
The fixed point turns out to be a Hausdorff moment sequence studied
in [3].
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1 Introduction

Let K = [0, 1]N denote the product space of sequences (xn) = (xn)n≥1 of
numbers from the unit interval [0, 1].

We consider a transformation T : K → K defined by

(T (xn))n =
1

1 + x1 + . . .+ xn
, n ≥ 1. (1.1)

Since T is a continuous transformation of the compact convex set K in
the space RN of real sequences equipped with the product topology, it
has a fixed point (mn) by Tychonoff’s extension of Brouwer’s fixed point
theorem. Furthermore, it is clear by (1.1) that the fixed point (mn) is
uniquely determined by the equations

(1 +m1 + . . .+mn)mn = 1, n ≥ 1. (1.2)

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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Therefore
m2

n+1 +
mn+1

mn
− 1 = 0, (1.3)

giving

m1 =
−1 +

√
5

2
, m2 =

√
22 + 2

√
5−

√
5− 1

4
, . . . .

Berg and Durán studied this fixed point in [3], and it was proved that
m0 = 1,m1,m2, . . . is a normalized Hausdorff moment sequence, i.e., of the
form

mn =

∫ 1

0
xn dτ(x), (1.4)

where τ is a probability measure on the interval [0, 1]. For details about
the measure τ , see [3] and [4]. We mention that τ has an increasing and
convex density with respect to Lebesgue measure.

There is no reason a priori that the fixed point (mn) should be a Haus-
dorff moment sequence, but the motivation for the study of T came from
the theory of moment sequences because of the following theorem from [2]:

Theorem 1.1 Let (an)n≥0 be a Hausdorff moment sequence of a measure
µ 6= 0 on [0, 1]. Then the sequence (bn)n≥0 defined by bn = 1/(a0+ . . .+an)

is again a Hausdorff moment sequence, and its associated measure ν = T̂ (µ)
has the properties ν({0}) = 0 and

∫ 1

0

1− tz+1

1− t
dµ(t)

∫ 1

0
tz dν(t) = 1 for <z ≥ 0. (1.5)

Let H denote the set of normalized Hausdorff moment sequences, where
we throw away the zero’th moment which is always 1, i.e.,

H = {(an)n≥1 | an =

∫ 1

0
xn dµ(x), µ([0, 1]) = 1}. (1.6)

Clearly, H ⊂ K and by Theorem 1.1 we have T (H) ⊆ H. It is easy to see
that H is a compact convex subset of K, e.g., by using Hausdorff’s 1921
characterization of Hausdorff moment sequences as completely monotonic
sequences, i.e., sequences (an)n≥0 satisfying

m∑

k=0

(−1)k
(
m

k

)
an+k ≥ 0 for m,n ≥ 0. (1.7)

See [1] for details.
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It was proved in Theorem 2.3 in [3] that (mn) is an attractive fixed point
of the restriction of T to H. This proof was a direct proof not building on
any classical results on attracting fixed points. For classical fixed point
theory see [5].

The purpose of the present paper is to prove the following extension of
this:

Theorem 1.2 The unique fixed point (mn) of the transformation T : K →
K given by (1.1) is attractive.

2 Proofs and complements

The product topology on the vector space RN is induced by the metric

d((an), (bn)) =

∞∑

n=1

2−nmin{|an − bn|, 1} for (an), (bn) ∈ RN,

which makes it a Fréchet space.
On the compact subset K = [0, 1]N the expression for the metric is

simplified to

d((an), (bn)) =

∞∑

n=1

2−n|an − bn| for (an), (bn) ∈ K. (2.1)

Before we find the best Lipschitz constant for T , let us introduce some
notation. For 0 ≤ a ≤ 1 let a = (an)n≥1, so 0 = 0, 0, . . . and 1 = 1, 1, . . ..
Clearly, T (0) = 1, T (1) = 1/2, 1/3, . . ., while

(
T

(
1

n+ 1

))

n

=
1

Hn+1
, where Hn =

n∑

k=1

1

k
.

The numbers Hn are called the harmonic numbers. In [2] it is proved that

1

Hn+1
=

∫ 1

0
xn




∞∑

p=0

αpx
−ξp


 dx,

where 0 = ξ0 > ξ1 > ξ2 > . . . satisfy −p − 1 < ξp < −p for p = 1, 2, . . .
and αp > 0, p = 0, 1, . . . . More precisely, it is proved that ξp is the unique
solution x ∈ ]−p− 1,−p[ of the equation Ψ(1+x) = −γ, and αp = 1/Ψ′(1+
ξp). Here Ψ(x) = Γ′(x)/Γ(x) and γ is Euler’s constant.
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In [3] it is proved directly that Tn(0) converges to the fixed point (mn),
and this was used to derive that the same holds independent of where in
H the iteration starts.

We cannot apply Banach’s fixed point theorem directly because of the
following Lemma.

Lemma 2.1 The best Lipschitz constant c in

d(T (an), T (bn)) ≤ c d((an), (bn)) for (an), (bn) ∈ K

is c = 2.

Proof. For (an), (bn) we find

d(T (an), T (bn))

=
∞∑

k=1

2−k

∣∣∣
∑k

j=1(bj − aj)
∣∣∣

(1 + a1 + . . .+ ak)(1 + b1 + . . .+ bk)

≤
∞∑

k=1

2−k
k∑

j=1

|aj − bj | =
∞∑

j=1

|aj − bj |
∞∑

k=j

2−k

= 2d((an), (bn)), (2.2)

which shows that T is Lipschitz with constant c = 2.
Assume next that T satisfies a Lipschitz condition with constant c.
We note that

d(0, a) =
∞∑

n=1

(a/2)n =
a

2− a
.

Furthermore, T (0) = 1 and for 0 ≤ a < 1 we have

(T (a))n =
1− a

1− an+1
,

so finally

d(T (0), T (a)) = a

∞∑

n=1

2−n 1− an

1− an+1
.

This gives
∞∑

n=1

2−n 1− an

1− an+1
≤ c

1

2− a
, 0 < a ≤ 1,

and letting a → 0 we find c ≥ 2. �
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Proof of Theorem 1.2.
Let us now introduce the set

C =
{
(an) ∈ K | a1 ≥ 1

2

}
,

which is a compact convex subset of K. We first note that T (K) ⊆ C
because for any (an) ∈ K we have a1 ≤ 1, hence

(T (an))1 =
1

1 + a1
≥ 1

2
.

By (2.2) we always have

d(T (an), T (bn))

=

∞∑

k=1

2−k

∣∣∣
∑k

j=1(bj − aj)
∣∣∣

(1 + a1 + . . .+ ak)(1 + b1 + . . .+ bk)

≤ 1

(1 + a1)(1 + b1)

∞∑

k=1

2−k
k∑

j=1

|aj − bj |

=
1

(1 + a1)(1 + b1)

∞∑

j=1

|aj − bj |
∞∑

k=j

2−k

=
2

(1 + a1)(1 + b1)
d((an), (bn)). (2.3)

If now (an), (bn) ∈ C, we have a1, b1 ≥ 1
2 , and hence 2

(1+a1)(1+b1)
≤ 8

9 so
that

d(T (an), T (bn)) ≤
8

9
d((an), (bn)) for (an), (bn) ∈ C,

showing that T is a contraction on C. Since T maps K into C, any fixed
point of T on K must belong to C, and T : C → C has a unique fixed
point by Banach’s fixed point theorem, and this must be the sequence (mn)
determined by (1.3). We also see that for any ξ = (an) ∈ K the iterates
Tn+1(ξ) = Tn(T (ξ)) converge to the fixed point (mn), which finishes the
proof of Theorem 1.2. �

Proposition 2.2 The compact set H defined in (1.6) has diameter

diam(H) = 1,

and the only two points a, b ∈ H for which d(a, b) = 1 are {a, b} = {0, 1}.
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Proof. It is easy to see that

1 = d(0, 1) ≤ diam(H) ≤ 1,

so we only have to prove that if d(a, b) = 1 for some a = (an), b = (bn) from
H, then {a, b} = {0, 1}. Supposing that

∞∑

n=1

2−n|an − bn| = 1,

then necessarily |an − bn| = 1 for all n ≥ 1. In particular, for each n
necessarily an and bn are either 0 and 1 or these numbers reversed. Assume
now that a1 = 0, b1 = 1. Since an =

∫ 1
0 xn dµ(x) for a probability measure

µ, the condition a1 = 0 forces µ to be the Dirac measure δ0 with unit mass
concentrated at 0, and hence an = 0 for all n ≥ 1. This shows that a = 0
and b = 1. �
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1 Introduction

Most of the fixed point theorems are given for self maps, that is, for a
function with domain and range the same. A function with domain and
range the same is called a selfmap. In case a function does not have the
same domain and range, then we need a boundary condition to guarantee
the existence of a fixed point. The importance of the approximation theo-
rem presented here is in establishing the fixed point theorem for mappings
with different domain and range. Ky Fan (see Theorem 2 [ 8]) proved an
important theorem, now it is called the Fan’s best approximation theorem,
has applications in fixed point theory, approximation theory, variational
inequalities, minimax theory, and mathematical economics.

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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2 Finite dimensional case

The following result, given in Rn, is known as the Fan’s best approximation
theorem (see Theorem 2 [8]).

Theorem 2.1. Let C be a closed bounded convex subset of Rn and f :
C → Rn a continuous function. Then there is a y ∈ C such that

‖y − f(y)‖ = d(f(y), C), (∗)

where

d(x,C) = inf{‖x− y‖ : y ∈ C}, x ∈ Rn, x /∈ C.

Proof: We note that y is a solution of (*) if and only if y is a fixed point
of P ◦ f , where P : Rn → C is the metric projection onto C and P is a
continuous function.

Thus, P ◦ f : C → C is a continuous function and has a fixed point in
C by Brouwer’s fixed point theorem.

Let P ◦ f(y) = y, y ∈ C. Then ‖y − f(y)‖ = d(f(y), C) follows.

Theorem 2.1 has an application in fixed point theory [1, 2].

The following is the well known Brouwer fixed point theorem.

Theorem 2.2. Let f : C → C be a continuous function, where C is a
closed bounded convex subset of Rn. Then f has a fixed point.

In this case d(f(y), C) = 0 and f(y) = y.

Remark 2.1. In case f : C → Rn is a continuous function and C is a
closed bounded convex subset of Rn, then f has a fixed point provided one
of the following conditions is satisfied:

i) If f(y) 6= y, then the line segment [y, f(y)] has at least two points of
C. or

ii) If f : C → Rn, with f(∂C) ⊂ C, (∂C is the boundary of C) [1].

Remark 2.2. If B in Rn is a ball of radius r with center 0 and f : B → Rn

is a continuous function, then there is a y ∈ B such that ‖y − f(y)‖ =
d(f(y), B).

We derive the following fixed point results for continuous function f :
B → Rn under one of the following conditions for y ∈ ∂B.

i) ‖f(y)‖ ≤ ‖y‖
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ii) < y, f(y) >≤ ‖y‖2
iii) ‖f(y)‖ ≤ ‖y − f(y)‖
iv) If f(y) = ky, for some k ∈ R, then k ≤ 1
v) ‖f(y)‖2 ≤ ‖y‖2 + ‖f(y)− y‖2.

For example, if i) holds, then ‖f(y)‖ ≤ r, and f(y) ∈ B.
Thus d(f(y), B) = 0 and f has a fixed point.

In case iv) holds, then for y ∈ ∂B, ‖y‖ = r.

If f(y) = ky, then ‖f(y)‖
‖y‖ = k. Since k ≤ 1 so f(y) ∈ B and f has a

fixed point.

Theorem 2.1 has an application in approximation theory.

Theorem 2.3. A closed convex bounded subset C of Rn is a set of ex-
istence, that is, for each x ∈ Rn, x /∈ C, there is a y ∈ C such that
‖y − x‖ = d(x,C).

Proof: If we define f : C → Rn by f(y) = x for all y ∈ C, then f is
continuous and by Theorem 2.1, there is a y ∈ C such that ‖y − f(y)‖ =
d(f(y), C), that is, ‖y − x‖ = d(x,C) for y ∈ C.

Remark 2.3. ‖y − x‖ = d(x,C) if and only if

< x− y, y − z >≥ 0

for all z ∈ C.

Theorem 2.1 has an application in variational inequalities [2, 9].

Theorem 2.4. If C is a closed bounded and convex subset of Rn, and
f : C → Rn is a continuous function, then there is a y ∈ C such that

< f(y), x− y >≥ 0, for all x ∈ C (V IP )

Proof: Let g = I−f , where I is the identity function. Then g : C → Rn

is a continuous function and, by Theorem 2.1, ‖y − g(y)‖ = d(g(y), C).
Thus < g(y)− y, y − x >≥ 0 for all x ∈ C, that is, < f(y), x− y >≥ 0

for all x ∈ C.

Remark 2.4. The variational inequality problem (V IP ) has a solution if
and only if P (I − f) has a fixed point.

Now an application of Theorem 2.1 is given to find a fixed point and in
turn to find a zero.
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Theorem 2.5. Let C be a closed, bounded, convex subset of Rn and f :
C → Rn a continuous function.

Let x− rf(x) ∈ C for all x ∈ C and some r > 0.

Then f(x) = 0 has a solution, that is, there is a z ∈ C such that fz = 0.

Proof: Let g(x) = x − rf(x) for all x ∈ C. Then g : C → Rn is a
continuous function and there is a z ∈ C such that ‖z−g(z)‖ = d(g(z), C).

Since for all x ∈ C, g(x) ∈ C, therefore g has a fixed point, say g(z) = z
and consequently, z − rf(z) = z, that is, f(z) = 0 since r > 0.

3 Results in Hilbert spaces

Theorem 2.1 does not hold true if the space is infinite dimensional. If we
take a Hilbert space and a continuous function f , then the result is not
true.

For example, if B is a unit closed ball in a Hilbert space H and f : B →
B is a continuous function, then f does not have a fixed point.

If Theorem 2.1 holds, then the self map must have a fixed point.

However, if the function is Lipschitz continuous, say for example a non-
expansive map, then the result holds.

We need a few preliminaries.

Definition 3.1. Let f : H → H be a map, where H is a Hilbert space.
Then f is said to be nonexpansive if ‖f(x) − f(y)‖ ≤ ‖x − y‖ for all
x, y ∈ H.

Remark 3.1. A nonexpansive map is Lipschitz continuous.

Definition 3.2. In case ‖f(x)− f(y)‖ ≤ k‖x− y‖, where 0 < k < 1, then
f is said to be a contraction map.

Definition 3.3. Let X be a normed linear space and C a nonempty
subset of X. Let x ∈ X. An element y ∈ C is called an element of best
approximation to x by elements of C, if

‖x− y‖ = d(x,C) = inf{‖x− z‖ : z ∈ C}.

Let P (x) denote the set of all points in C closest to x, that is,

P (x) = {y ∈ C : ‖x− y‖ = d(x,C)}.
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The set C is said to be proximinal if P (x) is nonempty for all x ∈ X.

If P (x) is a singleton for each x ∈ X, then C is said to be a Chebyshev
set.

If C is a Chebyshev set, then P is a single valued map.

In case P : X → 2C is a multivalued map, it is called the metric
projection or the best approximation operator.

Let C be a closed convex subset of a real Hilbert space H. Then for
each x ∈ H, x /∈ C, there is a unique y ∈ C nearest to x, that is.

‖x− y‖ = d(x,C) = inf{‖x− z‖ : z ∈ C}.

In this case the set C is a Chebyshev set and

P (x) = {y ∈ C : ‖x− y‖ = d(x,C)}

is the best approximation operator or the proximity map on H.

Remark 3.2. It is easy to see that the proximity map staisfies the following
properties.

i) < x− P (x), P (x)− P (y) >≥ 0 for all x, y ∈ H;

ii) ‖P (x)− P (y)‖ ≤ ‖x− y‖ for all x, y ∈ H;

iii) ‖x− P (x)‖2 + ‖P (x)− y‖2 ≤ ‖x− y‖2, x /∈ C, y ∈ C.

Indeed, for 0 ≤ t ≤ 1,

‖x−P (x)‖2 ≤ ‖x− tP (y)− (1− t)P (x)‖2 = ‖(x−P (x))+ t(P (x)−P (y))‖2

= ‖x− P (x)‖2 + t2‖P (x)− P (y)‖2 + 2t < x− P (x), P (x)− P (y) > .

Thus,

t2‖P (x)− P (y)‖2 + 2t < x− P (x), P (x)− P (y) >≥ 0.

This will be violated for small t, unless

< x− P (x), P (x)− P (y) >≥ 0.

Now,

< x,P (x)− P (y) >≥< P (x), P (x)− P (y) > (1)

from i).

Similarly,

< y − P (y), P (y)− P (x) >≥ 0
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implies that

< y, P (y)− P (x) >≥< P (y), P (y)− P (x) >,

that is,
< −y, P (x)− P (y) > ≥< −P (y), P (x)− P (y) > (2)

Summing (1) with (2) we get

< P (x)− P (y), x− y > ≥< P (x)− P (y), P (x)− P (y) > .

This implies that
‖P (x)− P (y)‖ ≤ ‖x− y‖.

iii) For x /∈ C and y ∈ C,

‖x− P (x)‖2 + ‖P (x)− y‖2

≤ ‖x− P (x)‖2 + ‖P (x)− y‖2 + 2 < x− P (x), P (x)− y >

= ‖x− P (x) + P (x)− y‖2 = ‖x− y‖2.

Definition 3.4. Let f : H → H. Then f is said to be monotone if

< f(x)− f(y), x− y >≥ 0

for all x, y ∈ H.

Remark 3.3. If H is a real Hilbert space and f : H → H is a nonexpansive
map, then I − f is a monotone map.

Indeed, since f is nonexpansive,

‖f(x)− f(y)‖ ≤ ‖x− y‖

for all x, y ∈ H.
Let g = I − f . Then

‖f(x)− f(y)‖2 ≤ ‖x− y‖2 + ‖g(x)− g(y)‖2.

Now,

‖(I − g)(x)− (I − g(y)‖2 = ‖x− y − (g(x)− g(y))‖2

= ‖x− y‖2 + ‖g(x)− g(y)‖2 − 2 < g(x)− g(y), x− y >
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≤ ‖x− y‖2 + ‖g(x)− g(y)‖2,

only if < g(x)− g(y), x− y >≥ 0. Thus g = I − f is monotone.

We state the following result (see [26]).

Theorem 3.1. Let C be a closed convex subset of a Hilbert space H and
f : C → H a nonexpansive map with f(C) bounded.

Then there exists a y ∈ C such that ‖y − f(y)‖ = d(f(y), C).

Proof: Let P : H → C be a metric projection. Then P is a nonexpansive
map.

It is easy to see that P ◦ f : C → C. Since P is nonexpansive and f
is nonexpansive map, then P ◦ f is also a nonexpansive map. Hence P ◦ f
has a fixed point y ∈ C (see [26]).

Let P ◦ f(y) = y. Then we get ‖y − f(y)‖ = d(f(y), C)..

Remark 3.4. If f(C) ⊂ C in Theorem 3.1, then f has a fixed point.

The following theorem, proved independently by Browder in [3], Gohde
in [11] and Kirk in [15], is derived as a corollary from Theorem 3.1.

Theorem 3.2. If C is a closed bounded convex subset of H and f : C → C
is a nonexpansive map, then f has a fixed point.

The following examples illustrate that Theorem 3.1 is more general.

Example 3.1: Let f : [−1, 1] → R be given by f(x) = 1−x (x ∈ [−1, 1]).
Then f(−1) = 2 /∈ [−1, 1], that is, f is not a self map but f does have a
fixed point x = 1

2 = f(12).

Example 3.2: Let f : [0,∞) → R be given by f(x) = 1
1+x . Then f is a

nonexpansive map and f(y) = y =
√
5−1
2 .

But [0,∞) is not bounded.

In case we take
Br = {x ∈ H : ‖x‖ ≤ r},

a ball of radius r and center 0, in place of C in Theorem 3.1, then the
following result holds (see [1]).

Let f : Br → H be a nonexpansive map. Then there is a y ∈ Br such
that ‖y − f(y)‖ = d(f(y), B).

If f : Br → Br, then f has a fixed point.

Hartman and Stampacchia in [13] proved the following result about vari-
ational inequalities, which is useful in mathematical, physical and economic
problems.
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Theorem 3.3. Let C be a closed bounded convex subset of a Hilbert space
H and f : C → H a monotone, continuous map. Then there is a y ∈ C
such that

< f(y), x− y >≥ 0 for all x ∈ C. (V IP )

Remark 3.5. We know that the (VIP) has a solution if and only if P (I −
f) : C → C has a fixed point.

An application of Theorem 3.3 allows to prove the following result which
is contained in [12].

Theorem 3.4. Let C be a closed bounded convex subset of a Hilbert space
H and f : C → C a nonexpansive map. Then f has a fixed point.

Proof: Since f is a nonexpansive map, it is continuous. Consider g :
C → H defined by g = I − f , then g is a continuous map.

It is easy to see that g is monotone, that is, < g(x)− g(y), x− y >≥ 0.
As g is continuous and monotone, by Theorem 3.3 there exists a y ∈ C

such that
< g(y), x− y >≥ 0

for all x ∈ C, that is,

< y − f(y), x− y >≥ 0 for all x ∈ C.

By taking x = f(y) we get that

< y − f(y), f(y)− y >≥ 0,

that is < y − f(y), f(y)− y >≤ 0. But ‖y − f(y)‖2 ≥ 0 hence y = f(y).

The following result is an application of Theorem 3.3 to approximation
theory [12].

Theorem 3.5. A closed bounded convex subset of a Hilbert space H is a
set of existence.

Recall that if C is closed convex subset of a Hilbert space H and y /∈ C,
then there exists x ∈ C such that < y − x, x − z >≥ 0 for all z ∈ C, that
is, x is a nearest point to y.

Proof: Let f : C → H be defined by f(z) = z − y for all z ∈ C.
Then f is a continuous and monotone function. Hence, by Theorem 3.3

there is an x ∈ C such that < f(x), w − x >≥ 0 for all w ∈ C.
Thus, < x− y, w − x >≥ 0 for all w ∈ C, that is, < y − x, x− w >≥ 0

for all w ∈ C and x is nearest to y.
It follows easily that x is unique.
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4 Results dealing with approximating sequences

The following is an interesting question treated in [3].

Let C be a closed convex subset of a Banach space X and f : C → C a
nonexpansive map.

Define fk(x) = kf(x) + (1− k)p for some p ∈ C and k ∈ (0, 1).
Then each fk is a contraction map with Lipschitz constant k. For k

sufficiently close to 1, fk is a contractive approximation to f . Each fk has
a unique fixed point by the Banach contraction principle, say

xk = fk(xk) = kf(xk) + (1− k)p.

It is natural to ask if the sequence {xk} converges to a fixed point of f .
One can not expect, in general, an affirmative answer to this question

as there are nonexpansive mappings which do not have fixed points.
For example, a translation map is nonexpansive and does not have any

fixed point.
However, in Hilbert spaces the following theorem holds.

Theorem 4.1. Let C be a closed bounded convex subset of a Hilbert space
H and f : C → C a nonexpansive map.

Define fk(x) = kf(x) + (1 − k)p, where p ∈ C and k ∈ (0, 1). Let
fk(xk) = xk. Then {xk} converges strongly to y, where y is a fixed point of
f closest to p.

Definition 4.1. A mapping f : C → X is said to be demiclosed if for each
sequence {xk} weakly converging to x0 and such that {f(xk)} strongly
converges to y0, then f(x0) = y0.

If C is a closed convex subset of a Hilbert space H and f : C → H is a
nonexpansive map, then I − f is a demiclosed map (see [3]).

The following is a general result whose proof is based on approximation
techniques (see [27]).

Theorem 4.2. Let H be a real Hilbert space and C a closed convex subset
of H. Let f : C → H be a nonexpansive map with f(C) bounded and
f(∂C) ⊆ C.

Let us assume that 0 ∈ C. Define

fk(x) = kf(x) + (1− k)x0

for some x0 ∈ C and 0 < k < 1.
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Let xk be a fixed point for fk, that is fkxk = xk.
Then xk strongly converges to y0, as k → 1, where y0 is the fixed point

of f closest to x0.

Proof: Let us denote the fixed point set of f by F (f). We know that
the set F (f) is nonempty closed and convex. There exists a unique closest
point y0 = f(y0) to x0.

For the sake of convenience take x0 = 0.
Now

‖xk
k

− y0‖2 = ‖f(xk)− y0‖2 = ‖f(xk)− f(y0)‖2 ≤ ‖xk − y0‖2.

By simplifying we get

‖xk‖2 ≤
2k

1 + k
< xk, y0 >≤< xk, y0 > .

So, ‖xk‖ ≤ ‖y0‖, and {xk} is bounded.
The bounded sequence {xk} has a subsequence {xki} weakly converging

to x.
Now, denoting by xi = xki ,

‖xi − f(xi)‖ = ‖kif(xi)− f(xi)‖ = (ki − 1)‖f(xi)‖ → 0

as i → ∞.
Thus xi − f(xi) → 0.
Since I − f is demiclosed, therefore (I − f)(x) = 0, that is, f(x) = x.
Since ‖xi‖ ≤ ‖y0‖, therefore ‖x‖ ≤ ‖y0‖. Since y0 is closest to 0,

‖x‖ = ‖y0‖ and {xi} weakly converges to y0.
Now

‖y0‖2 ≥ ‖xi‖2 = ‖xi − y0 + y0‖2

= ‖xi − y0‖2 + ‖y0‖2 + 2 < xi − y0, y0 > .

By passing to the limit as i → ∞, the right hand side goes to 0 giving
‖xi − y0‖ → 0.

Thus xi strongly converges to y0. Since xi is an arbitrary subsequence
of xk, the sequence xk strongly converges to y0.

The following result deals with the convergence of sequence of iterates
(see [17]).

Theorem 4.3. Let C be a closed convex subset of a Hilbert space H and
f : C → H a continuous function such that I−λf is a contraction function.
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Then there exists a unique solution u ∈ C of < f(u), v− u >≥ 0 for all
v ∈ C and u = limun, where un+1 = P (I − λf)(un), u0 ∈ C.

It is easy to see that if f is Lipschitz continuous and strongly monotone,
then I − λf is a contraction for a suitable λ ∈ (0, 1).

For example, if f : C → H satisfies

‖f(x)− f(y)‖ ≤ k‖x− y‖

for all x, y ∈ C, k > 0, and f is strongly monotone, that is,

α‖x− y‖2 ≤< f(x)− f(y), x− y >

for all x, y ∈ C,α > 0.
Then I − λf is a contraction map for 0 < λ < 2α

k2
.

5 Two Function theorems and Coincidence Points

In this section Prolla’s extension of Fan’s best approximation theorem is
discussed. Recently Prolla proved a theorem of Ky Fan type by introducing
a second function g. If g = I, then one gets Fan’s theorem. Prolla used
fixed point theorem for multifunctions to prove this result. Its applications
in fixed point theory and coincidence theory have been given by a few.

Definition 5.1. Let C be a convex subset of X. Then f : C → X is said
to be almost-affine if it satisfies

‖f(λx+ (1− λ)y)− z‖ ≤ λ‖f(x)− z‖+ (1− λ)‖f(y)− z‖

for all x, y ∈ C, z ∈ X and 0 < λ < 1.
f is said to be an affine map if

f(λx+ (1− λ)y) = λf(x) + (1− λ)f(y),

λ ∈ (0, 1).

Definition 5.2.. A sequence {xn} in C, where C is a subset of a normed
linear space X, is called a minimizing sequence for y ∈ X if ‖y − xn‖ →
d(y, C).

Definition 5.3. A set C is called approximatively compact if for each
y ∈ X, each minimizing sequence for y has a subsequence converging to a
point of C.
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A metric projection P onto an approximatively compact set is upper
semicontinuous.

A compact set is approximatively compact. The converse is not true.
For example, the closed unit ball of an infinite dimensional uniformly convex
Banach space X is approximatively compact but not compact.

The following is due to Prolla (see [21]).

Theorem 5.1. Let C be a nonempty compact convex subset of a normed
linear space X, g : C → C a continuous almost affine and surjective func-
tion.

If f : C → X is a continuous map, then there is a y ∈ C such that

‖g(y)− f(y)‖ = d(f(y), C).

Remark 5.1. In case g is the identity map, we get Ky Fan’s theorem.
If f : C → C, then we get g(y) = f(y), which is a so-called a coincidence
result.

The following theorem contained in [24] extends the result of Prolla (see
Theorem 5.1 in [21]).

Theorem 5.2. Let C be a nonempty convex subset of a normed linear
space X and P : X → 2C the metric projection satisfying the following
assumptions.

i) P (x) is nonempty for each x ∈ X;
ii) P maps compact subsets of X into compact subsets of C;
iii) g : C → C a continuous, almost affine and into mapping such that:
for any compact set D in C, g−1(D) is compact.
Then for any continuous map f : C → X such that f(C) is relatively

compact, there exists a y ∈ C for which

‖g(y)− f(y)‖ = d(f(y), C).

Carbone in [4] introduced the following definition.
Definition 5.4. The function f : C → X is said to be almost quasi convex
if

‖f(λx+ (1− λ)y)− z‖ ≤ max(‖f(x)− z‖, ‖f(y)− z‖),

for any x, y ∈ C, z ∈ X and 0 < λ < 1.

He proved the following where only the image set of C is compact [4].
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Theorem 5.3. Let C be a nonempty convex subset of a normed linear
space X and P : X → 2C the metric projection.

Assume that
i) P (x) 6= ∅ for each x ∈ X;
ii) P maps compact subset of X into compact subsets of C.
Let g : C → C be a continuous almost quasi convex onto and proper

map.
Then for each continuous function f : C → X such that the closure of

f(C) is compact, there is a y ∈ C such that ‖g(y)− f(y)‖ = d(f(y), C).

Definition 5.5. Recall that if g : C → C is a function, then g is said to
be proper if g−1(A) is compact provided A is compact too.

6 Multivalued analogue of Ky Fan’s Theorem

We need a few preliminaries concerning with multivalued maps.

Let X and Y be two sets in a normed linear space E. A multivalued
map F : X → Y is a subset F ⊆ X × Y . The inverse of F , denoted by
F−1 : Y → X, is defined by (y, x) ∈ F if and only if (x, y) ∈ F .

The values of F are the sets

F (x) = {y ∈ Y : (x, y) ∈ F}, (x ∈ X),

the fibres of F are the sets

F−1(y) = {x ∈ X : (x, y) ∈ F}

for y ∈ Y .

For A ⊆ X, the set F (A) = ∪{F (x) : x ∈ A} is called the image of A
under F , for B ⊆ Y , the set

F−1(B) = {x ∈ X : F (x) ∩B 6= ∅},

which is the image of B under F−1, is called the inverse image of B under
F .

A multifunction (or multivalued map) F : X → Y has a fixed point if
x ∈ F (x) for some x ∈ X.
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Let X and Y be two topological spaces. A multifunction F : X → Y
is called upper semicontinuous (usc in short) if the inverse image of any
closed set is closed, and it is called lower semicontinuous (lsc) if the inverse
image of any open set is open. A multifunction is said to be continuous if
it is both upper and lower semicontinuous.

First, we list following fixed point theorems used in the proof of Ky Fan
type theorems for multivalued maps.

Theorem 6.1. Let C be a nonempty compact convex subset of a normed
linear space X and F : C → 2C an upper semicontinuous multifunction
such that F (x) is nonempty, closed and convex for each x ∈ C.

Then F has a fixed point, that is there exists x ∈ C such that x ∈ F (x)
(see [8]).

The following is due to Himmelberg [14].

Theorem 6.2. Let C be a nonempty convex subset of a normed linear
space X and F : C → 2C an usc multifunction where F (x) nonempty,
closed convex for each x ∈ C. If F (C) is contained in a compact subset of
C, then F has a fixed point.

Definition 6.1. If F (x) is compact for x ∈ C, then F (x) is point compact.
If F (x) is convex for x ∈ C, then F (x) is point convex.

The following multivalued analogue is due to Reich [23].

Theorem 6.3. Let C be a compact convex subset of a locally convex Haus-
dorff topological vector space E, and F : C ( 2C a continuous function
with point compact, point convex, and consider a continuous semi norm p
on E, then there exists an x ∈ C such that d(x, F (x)) = d(F (x), C).

Recall that

d(A,B) = inf{d(a, b) : a ∈ A and b ∈ B}.

Sehgal and Singh proved the following result in [25].

Theorem 6.4. Let C be a nonempty, approximatively compact convex
subset of a locally convex Haurdorff topological vector space E and F : C →
2C a continuous multifunction with nonempty closed convex values such
that F (C) is relatively compact.
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Then there is an x ∈ C such that

d(x, F (x)) = d(F (x), C).

Continuity can not be replaced by upper semicontinuity as the following
example illustrates (see [25]).

Example 6.1. Consider X = R2 endowed with the Euclidean norm and
C = [0, 1]× {0}. Then C is a compact and convex set.

Define F : C → 2R
2
by

F (x, 0) =

{
(0, 1) if x 6= 0

L = the line segment[(0, 1), (1, 0)] if x = 0

F is a compact and convex valued map.

For any A ⊂ R2

F−1(A) =





∅ if A ∩ L = ∅
C if (0, 1) ∈ A

(0, 0) if (0, 1) /∈ A,A ∩ L 6= ∅

Thus F is an upper semicontinuous multifunction but it is not lower
semicontinuous and F (C) is compact set.

However, for any (x, 0),

d((x, 0), F (x, 0)) > 1 = d(F (x, 0), C) if x 6= 0,

d((0, 0), F (0, 0)) =
√
2
2 6= d(F (0, 0), C) = 0 if x = 0.

Thus the result doesn’t hold true if F is not continuous.

The main application of Ky Fan’s best approximation theorem allows
to deduce fixed point theorems. However, for the multivalued case, there
are some fixed point theorems for usc maps, while as Ky Fan’s theorem
requires a continuous map.

The following result improves earlier ones and only requires upper semi-
continuity [19].

A subset K of X is called σ-compact if K is the countable union of
compact sets. A nonempty topological space is acyclic if all of its reduced
Cech homology groups over rationals vanish (or is empty) [19].
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We say that F : X → Y is a Kakutani map, in symbols F ∈ K(X,Y ), if
X is a topological space, Y a convex space and F is an upper semicontinuous
multifunction with nonempty compact convex values.

F is an acyclic map, written F ∈ Vc(X,Y ) if F is upper semicontinuos
with compact acyclic values. We write that F ∈ V +(X,Y ) if, for any σ-
compact subset K of X, there is a G : K → Y , G ∈ V (K,Y ) such that
G(x) ⊆ F (x) for each x ∈ K.

F ∈ V +
c (X,Y ) if, for any σ-compact subset K of X, there is a G ∈

Vc(K,Y ) such that G(x) ⊆ F (x) for each x ∈ K.

The following result, due to Park, Singh and Watson is stated below
(see [19]).

Lemma 6.1. Let X be a nonempty convex subset of a locally convex Haus-
dorff topological vector space E and F ∈ V +

c (X,X).

If F is compact, then F has a fixed point.

Theorem 6.5. Let C be a nonempty approximatively p-compact convex
subset of a locally convex Hausdorff topological vector space E, and let F ∈
V +
c (C,E) be a compact multifunction. Then for each continuous semi norm

p on E, there exists (x0, y0) ∈ F such that p(x0 − y0) ≤ p(x − y0) for all
x ∈ C [19].

The following example illustrates the theorem [19].

Example 6.2. Let E → R2 and C = [0, 1]× {0}. Suppose F ∈ V (C,E) is
given by

F (a, 0) = (0, 1), if a 6= 0, and

F (a, 0) = [(0, 1), (1, 0)] ∪ [(−1, 0), (0, 1)], if a = 0,

where [a, b] stands for the line segment joining a and b in the plane.

Here F is not lower semicontinuous, but x0 = (0, 0) and y0 = (12 ,
1
2)

satisfy the conclusion of the theorem.

One derives fixed point theorems for upper semicontinuous multifunc-
tions.

7 Maximal elements in economics

In the end, we give the following.
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The existence of maximal elements in mathematical economics is very
useful in the study of fixed point theory, variational inequalities, approxi-
mation theory and complementarity problems.

Definition 7.1. Let X be a nonempty subset of a topological space and
F : X → 2X a multivalued map defined by F (x) = {y ∈ X|(y, x) ∈ F}.

If there exists z ∈ X such that F (z) = ∅, then z is said to be a maximal
element.

The following result is due to Ky Fan (see [8]).
Theorem 7.1. Let C be a nonempty compact convex subset of Rn and
F : C → 2C a multifunction such that x /∈ F (x), F (x) is convex for each
x, and F has an open graph. Then F has a maximal element.

The following result illustrates an application of maximal elements to
approximation theory.

Theorem 7.2. Let C be a compact convex subset of Rn and f : C → Rn

a continuous function.
Then there exists x0 ∈ C such that

‖f(x0)− x0‖ = d(f(x0), C) ≤ ‖f(x0)− y‖ for all y ∈ C.

Proof: Define F on C by letting y ∈ F (x) if and only if ‖f(x) − y‖ <
‖f(x)− x‖ for each y ∈ C.

Then, by Theorem 7.1, F has a maximal element since x /∈ F (x), F has
an open graph and F (x) is convex for each x ∈ C.

Hence F (x0) = ∅ for some x0 ∈ C, that is,

‖x0 − f(x0)‖ ≤ ‖f(x0)− y‖ for all y ∈ C.
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Abstract. In this paper, the authors introduce a quadrature rule to
approximate integrals of highly oscillatory functions. They prove that
it is stable and convergent. Moreover they give applications to the
approximation of integrals of singular highly oscillatory functions on
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1 Introduction

Let us consider the integrals

I =

∫ b

a
F (x)g(ωx)dx, (1.1)

where F (x) is a Riemann integrable function in [a, b] ⊂ R, g(ωx) is an
analytic highly oscillatory function and ω ∈ R is the parameter of the os-
cillation.

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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The numerical evaluation of the above integrals has interested several au-
thors and actually it is a special chapter of the numerical integration. The
interested reader can consult for example [3, 4, 6] and the references there
in.

The following example is useful to point out the difficulties that appear
in the computation of (1.1). We consider the following integral

I =

∫ 1

−1
ex sin (5000x)dx. (1.2)

If we apply a Gauss-Legendre quadrature rule we get

I =

m∑

k=1

G(xk)λk + em(G) := Φm(G) + em(G), (1.3)

where G(x) = ex sin (5000x), xk, k = 1, . . . ,m, are the zeros of the m-th
Legendre polynomial and λk, k = 1, . . . ,m, are the corresponding Christof-
fel numbers.
Since G is differentiable, we can write the error as (see [7, p. 333])

em(G) =
G(2m)(ξx)

γ2m(2m)!
, (1.4)

where ξx ∈ [−1, 1] and γm is the leading coefficient of them−th orthonormal
Legendre polynomial, and it satisfies the following estimate (see the proof
of Theorem 3.4)

|em(G)| = O

[(
3399

m

)2m]
.

Therefore, we can obtain some exact digits using a Gauss-Legendre quadra-
ture rule based on a number of points greater than 3399. But it is not
realistic.
On the other hand, looking at the graph of G in Figure 1, it seems that,
working in finite arithmetics, a “small” error in the computation of xk can
produce a “big” error in the evaluation of G(xk), with an eventually change
of sign. In conclusion, the Gaussian rules cannot give a reasonable approx-
imation of the integrals (1.1). This fact is confirmed by the numerical test
in double arithmetics shown in Table 1.
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Figure 1: Graph of G(x) = ex sin (5000x)

m Φm(G)

8 0.428672207843679

16 −0.192123222625601

32 0.024304986655065

64 0.042348837355750

128 0.078391819539537

256 0.170674839281539

512 −0.013440192353402

Table 1: G(x) = ex sin (5000x)

In this paper we propose a new procedure to approximate the integrals
(1.1). It is essentially based on the idea of Professor G. Mastroianni of
dilating the integration interval, in order to reduce the oscillation of the
function g, of writing the new integral as the sum of a certain number of
integrals and of approximating each of them using a Gaussian rule.

We prove that such procedure is stable and convergent and we show how
it can be also used to approximate integrals of singular highly oscillatory
functions on bounded and unbounded intervals.

The paper is organized as follows: in Section 2, we give some definitions
and preliminary result; in Section 3, we describe the quadrature rule to
approximate the integrals (1.1) and state the theorems dealing with its
stability and convergence; in sections 4 and 5, we show its application to
approximate singular highly oscillatory integrals on bounded intervals; in
Section 6, we consider the case of highly oscillatory integrals on unbounded
intervals; Section 7 is dedicated to the proofs; in Section 8 we show some
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numerical tests.

2 Preliminaries

We will denote by C0(A) the space of all continuous functions in an interval
A ⊆ R. For all f ∈ C0(A) we will write

||f ||A = max
x∈A

|f(x)|.

We will also consider functions belonging to the following Sobolev type
space of index r ∈ N, r ≥ 1

Wr([a, b]) =
{
f ∈ C0([a, b]) : f (r−1) ∈ AC(a, b) and ||f (r)ϕr||[a,b] < ∞

}
,

where AC(a, b) denotes the set of all absolutely continuous functions in the
open interval (a, b) and ϕ(x) =

√
(x− a)(b− x).

We equip it with the following norm

||f ||Wr([a,b]) = ||f ||[a,b] + ||f (r)ϕr||[a,b].

We recall that for the remainder term of the gaussian rule (1.3) the following
estimate holds true (see [7, p. 337])

|em(f)| ≤ 4E2m−1(f)[−1,1], f ∈ C0([−1, 1]), (2.1)

where

En(f)A = inf
P∈Pn

‖f − P‖A

is the error of best approximation of a function f in the interval A ⊆ R by
means of polynomials of degree at most n.
We recall that for f ∈ Wr([a, b]) the following estimate (see [7, p.172])

En(f)[a,b] ≤
C
nr

||f (r)ϕr||[a,b] (2.2)

holds true, where C is independent of f , n and r.
In the following C denotes a positive constant which may have different
values in different formulas. We will write C 6= C(a, b, . . .) to say that C is
independent of the parameters a, b, . . ..
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3 The Quadrature Rule

As announced in the introduction, the procedure to obtain our quadrature
rule consists of the following steps: first, we dilate the integration interval
in order to reduce the oscillation of the function g(ωx); second, we choose
a suitable partition of the new interval; third we transform each interval of
the partition into [−1, 1]; fourth we use a Gauss-Legendre quadrature rule
to approximate the new integrals.

Letting y = ωx and choosing a suitable parameter d ∈ R, we can write

I =
1

ω

∫ ωb

ωa
F
( y

ω

)
g(y)dy. (3.1)

Note that the approximation of the integral (3.1) by means of a gaussian
rule is not convenient because, greater is the interval [ωa, ωb] and higher
is the number of knots and weights that are necessary in order to achieve
the required accuracy. Moreover, for large values of ω, the gaussian rule
cannot be implemented.

Then we consider the following partition of the integration interval into
subintervals of size d

I =
1

ω

S−1∑

j=0

[ ∫ ωa+(j+1)d

ωa+jd
F
( y

ω

)
g(y)dy

]
+

1

ω

∫ ωb

ωa+Sd
F
( y

ω

)
g(y)dy,

where S =
⌊ω(b− a)

d

⌋
(bac denotes the greatest integer smaller than a).

Transforming the intervals Aj = [ωa+ jd, ωa+ (j + 1)d], j = 0, . . . , S − 1,
and B = [ωa+ Sd, ωb] into [−1, 1] we get

I =
d

2ω

S−1∑

j=0

[ ∫ 1

−1
Fj(x)gj(x)dx

]
+

ω(b− a)− Sd

2ω

∫ 1

−1
F̃ (x)g̃(x)dx, (3.2)

where

Fj(x) = F
(γj(x)

ω

)
, gj(x) = g(γj(x)), F̃ (x) = F

(δ(x)
ω

)
, g̃(x) = g(δ(x)),

γj(x) =
d

2
(x+ 1) + ωa+ jd, δ(x) =

(ω(b− a)− Sd

2

)
(x+ 1) + ωa+ Sd.

Now, all the integrals in (3.2) are well approximated by the gaussian rule
(1.3) and we get

I = Ψa,b
m (F ) + ra,bm (F ), (3.3)
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where

Ψa,b
m (F ) =

d

2ω

S−1∑

j=0

Φm(Fjgj) +
ω(b− a)− Sd

2ω
Φm(F̃ g̃) (3.4)

and

ra,bm (F ) =
d

2ω

S−1∑

j=0

em(Fjgj) +
ω(b− a)− Sd

2ω
em(F̃ g̃). (3.5)

In conclusion, we approximate the integral I by the sum of S + 1 gaussian
rules. Both the theoretical error and the numerical one are the sum of S+1
errors. In particular, in order to reduce the global numerical error, it could
be convenient to sum the S + 1 terms in ascending order of magnitude.
Moreover in order to avoid the numerical cancellation it is better that the
first two terms of the sum have the same sign.

The following results establish the stability and the convergence of the
quadrature rule Ψa,b

m :

Theorem 3.1. If F ∈ C0([a, b]) and g ∈ C0([ωa, ωb]), then

|Ψa,b
m (F )| ≤ (b− a) max

x∈[a,b]
|F (x)g(ωx)|. (3.6)

Proposition 3.2. If F ∈ C0([a, b]) and g ∈ C0([ωa, ωb]), we have

|ra,bm (F )| ≤
2d

ω

S−1∑

j=0

[
||F ||A′

j
Em−1(g)Aj + 2||g||AjEm−1(F )A′

j

]
(3.7)

+
2d

ω

[
||F ||B′Em−1(g)B + 2||g||BEm−1(F )B′

]
,

where A′
j =

[
a+ j d

ω , a+ (j + 1) dω
]
, j = 0, . . . , S− 1, and B′ =

[
a+ S d

ω , b
]
.

The following theorems give estimates of the error (3.5) for special
classes of functions F.

Theorem 3.3. If F ∈ Wr([a, b]), r ≥ 1, and g ∈ C2m([ωa, ωb]) then (3.7)
becomes

|ra,bm (F )| ≤ C
mr

4

(
(b− a) +

d

ω

)
||F ||Wr([a,b])||g||Wr([ωa,ωb]), (3.8)

where C 6= C(m,F, g, d).
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Theorem 3.4. If F ∈ C2m([a, b]) and g ∈ C2m([ωa, ωb]) we have

|ra,bm (F )| ≤

≤
(
(b− a)

2
+

d

2ω

)
sup

k=0,...,2m

{
‖F (k)‖[a,b]‖g(k)‖[ωa,ωb]

}(e
(
d
2 + d

2ω

)

4m

)2m

.

(3.9)

3.1 The choice of the parameter d

In the implementation of the quadrature rule Ψa,b
m a crucial role is played

by the parameter d used for partitioning the dilated integration interval.
Smaller is the value chosen for d and higher is the number S of the intervals
of the partition and then higher is the computational cost (Sm) of the
quadrature rule. On the other hand, since when we transform the intervals
of the partition into [−1, 1] the oscillating parameter of the function g
becomes d

2 , as shown in theorems 3.3 and 3.4, greater we take d and slower is
the convergence of the error of the Gauss-Legendre rule used to approximate
each integral of the partition.

For example, if F and g satisfy the hypotheses of Theorem 3.3, in order
to compute the integral I with an accuracy of the order of 10−k, a crude
estimate of the parameter d could be obtained solving the inequality

d

2ω

1

mr
< 10−k

for any fixed m (less than 500). However, looking at the numerical tests
shown in Section 8, it results very pessimistic.

Therefore the optimal choice of the parameter d is still an open problem.

In next sections we will give some application of the above introduced
quadrature rule.

4 A special class of Hilbert Transforms

We consider the following kind of integrals

H(f, t) =

∫ b

a

f(x)

x− t
g(ωx)dx, (4.1)
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where the integral is understood in the Cauchy principal value, f is a Hölder
continuous function in [a, b], a < t < b and

g(ωx) =

{
sin (ωx)
cos (ωx)

, ω ∈ R.

In order to approximate the integrals (4.1), we consider three different cases:

a < t ≤ a+
1

ω
, a+

1

ω
< t < b − 1

ω
and b− 1

ω
≤ t < b. We start from the

second case. We use the following decomposition of the integral (4.1):

H(f, t) =

{∫ t− 1
ω

a
+

∫ t+ 1
ω

t− 1
ω

+

∫ b

t+ 1
ω

}
f(x)

x− t
g(ωx)dx

=: I1 + I2 + I3. (4.2)

We note that only I2 is a Cauchy singular integral. Therefore, to approxi-
mate the integrals I1 and I3 we can apply the quadrature formula described
in the previous section. We obtain

I1 + I3 = Ψ
a,t− 1

ω
m (F ) + Ψ

t+ 1
ω
,b

m (F ) + r
a,t− 1

ω
m (F ) + r

t+ 1
ω
,b

m (F ), (4.3)

where

F (x) =
f(x)

x− t
. (4.4)

Concerning I2, making the change of variable y = ωx, we get

I2 =

∫ ωt+1

ωt−1

f
( y
ω

)

y − ωt
g(y)dy.

Transforming the integration interval into [−1, 1] and adding and subtract-
ing f(t) we have

I2 =

∫ 1

−1

f
( y
ω + t

)

y
g(y + ωt)dy =

∫ 1

−1

f
( y
ω + t

)
− f(t)

y
g(y + ωt)dy

+

{
2f(t) cos(ωt)Si(1) if g(x) = sin(x)

−2f(t) sin(ωt)Si(1) if g(x) = cos(x),

where

Si(x) =

∫ x

0

sin(y)

y
dy
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is the special function sine integral. Approximating the integral by (1.3)
based on an even number of knots, i.e. m = 2n, we obtain

I2 = Φ2n(L1) +

{
2f(t) cos(ωt)Si(1) if g(x) = sin(x)

−2f(t) sin(ωt)Si(1) if g(x) = cos(x)
+ e2n(L1), (4.5)

where

L1(y) =
f
( y
ω + t

)
− f(t)

y
g(y + ωt).

Therefore, when a+
1

ω
< t < b− 1

ω
, combining (4.3) and (4.5) with (4.2),

we get
H(f, t) = Θa,b

2n (f, t) +Ra,b
2n (f, t),

where

Θa,b
2n (f, t) = Ψ

a,t− 1
ω

2n (F ) + Ψ
t+ 1

ω
,b

2n (F ) + Φ2n(L1)

+

{
2f(t) cos(ωt)Si(1) if g(x) = sin(x)

−2f(t) sin(ωt)Si(1) if g(x) = cos(x)
(4.6)

and

Ra,b
2n (f, t) = r

a,t− 1
ω

2n (F ) + r
t+ 1

ω
,b

2n (F ) + e2n(L1). (4.7)

When a < t ≤ a+ 1
ω we decompose the integral (4.1) as follows:

H(f, t) =

{∫ 2t−a

a
+

∫ b

2t−a

}
f(x)

x− t
g(ωx)dx

=: I ′1 + I ′2. (4.8)

Now only I ′1 is a Cauchy singular integral. Then we approximate the inte-
gral I ′2 by the quadrature rule (3.3) and obtain:

I ′2 = Ψ2t−a,b
m (F ) + r2t−a,b

m (F ), (4.9)

where F is defined in (4.4).
Concerning the integral I ′1, making the change of variable y = ωx, we get

I ′1 =

∫ 2ωt−ωa

ωa

f
( y
ω

)

y − ωt
g(y)dy.

Transforming the integration interval into [−1, 1] we obtain

I ′1 =

∫ 1

−1
L2(y)dy +

{
2f(t) cos (ωt)Si(ω(t− a)) if g(x) = sin(x)
−2f(t) sin (ωt)Si(ω(t− a)) if g(x) = cos(x),

(4.10)
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where

L2(y) =
f((t− a)y + t)− f(t)

y
g(ω(t− a)y + ωt).

Therefore, for a < t ≤ a + 1
ω , approximating the integral in (4.10) by the

rule (1.3) based on an even number of knots and combining (4.10) and (4.9)
with (4.8), we get

H(f, t) = Θa,b
2n (f, t) +Ra,b

2n (f, t),

where

Θa,b
2n (f, t) = Φ2n(L2) + Ψ2t−a,b

2n (F )

+

{
2f(t) cos (ωt)Si(ω(t− a)) if g(x) = sin(x)
−2f(t) sin (ωt)Si(ω(t− a)) if g(x) = cos(x)

and
Ra,b

2n (f, t) = e2n(L2) + r2t−a,b
2n (F ).

Finally, in the case where b − 1
ω ≤ t < b we decompose the integral as

follows:

H(f, t) =

{∫ −b+2t

a
+

∫ b

−b+2t

}
f(x)

x− t
g(ωx)dx

=: I ′′1 + I ′′2

and, proceeding as done for the previous cases, we get

H(f, t) = Θa,b
2n (f, t) +Ra,b

2n (f, t),

where

Θa,b
2n (f, t) = Φ2n(L3) + Ψa,−b+2t

2n (F )

+

{
2f(t) cos (ωt)Si(ω(b− t)) if g(x) = sin(x)
−2f(t) sin (ωt)Si(ω(b− t)) if g(x) = cos(x)

and
Ra,b

2n (f, t) = e2n(L3) + ra,−b+2t
2n (F ),

with F defined in (4.4) and

L3(y) =
f((b− t)y + t)− f(t)

y
g(ω(b− t)y + ωt).

The following theorem shows that the quadrature rule Θa,b
2n is stable and

convergent
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Theorem 4.1. If f is a Hölder continuous function in [a, b], for a < t < b
fixed, we have

|Θa,b
2n (f, t)| ≤ C‖f‖[a,b] log(2n). (4.11)

Moreover, if f ∈ Wr([a, b]), r ≥ 1, then

|Ra,b
2n (f, t)| = O

(
log (2n)

(2n)r

)
, a < t < b fixed. (4.12)

Here the constant C and the constants in “O” do not depend on f, n and t.

5 The case of integrals of weakly singular highly
oscillatory functions

If we consider the integrals

K(f, t) =

∫ b

a

f(x)

|x− t|µ
g(ωx)dx,

where f ∈ C0([a, b]), a < t < b, 0 < µ < 1 and

g(ωx) =

{
sin (ωx)
cos (ωx)

, ω ∈ R,

we can proceed analogously to the case of the Hilbert transform H(f, t).
Then we get:

1. case a+
1

ω
< t < b− 1

ω

K(f, t) = Ψ
a,t− 1

ω
m (G) + Ψ

t+ 1
ω
,b

m (G) + r
a,t− 1

ω
m (G) + r

t+ 1
ω
,b

m (G)

+ ωµ−1

∫ 1

−1

f
( y
ω + t

)

|y|µ
g(y + ωt)dy,

where

G(x) =
f(x)

|x− t|µ
. (5.1)

Approximating the function h1(y) = ωµ−1f
( y
ω + t

)
g(y + ωt) by the

Lagrange polynomial based on the zeros t1, . . . , tm of the m−th or-
thonormal Chebyshev polynomial of first kind Tm, we get

∫ 1

−1
h1(y)|y|−µdy =

π

m

m∑

k=1

h1(tk)

m−1∑

j=0

Tj(tk)

∫ 1

−1
Tj(x)|x|−µdx+ r̄m(h1)

=: Φ̄m(h1) + r̄m(h1).
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We compute the modified moments Mj =

∫ 1

−1
Tj(x)|x|−µdx using the

three-terms recurrence relation proposed in [10]. Consequently, we
obtain

K(f, t) = Λa,b
m (f, t) + R̄a,b

m (f, t),

where

Λa,b
m (f, t) = Ψ

a,t− 1
ω

m (G) + Ψ
t+ 1

ω
,b

m (G) + Φ̄m(h1)

and

R̄a,b
m (f, t) = r

a,t− 1
ω

m (G) + r
t+ 1

ω
,b

m (G) + r̄m(h1);

2. case a < t ≤ a+ 1
ω

K(f, t) = Λa,b
m (f, t) + R̄a,b

m (f, t),

where
Λa,b
m (f, t) = Ψ2t−a,b

m (G) + Φ̄m(h2)

and
R̄a,b

m (f, t) = r2t−a,b
m (G) + r̄m(h2),

with G defined in (5.1) and h2(y) = ωµ−1f((t−a)y+t)g(ω(t−a)y+ωt);

3. case b− 1
ω ≤ t < b

K(f, t) = Λa,b
m (f, t) + R̄a,b

m (f, t),

where
Λa,b
m (f, t) = Ψa,−b+2t

m (G) + Φ̄m(h3)

and
R̄a,b

m (f, t) = ra,−b+2t
m (G) + r̄m(h3),

with G defined in (5.1) and h3(y) = ωµ−1f((b−t)y+t)g(ω(b−t)y+ωt).

The stability and the convergence of the quadrature rule Λa,b
m are stated in

the following theorem.

Theorem 5.1. If f ∈ C0([a, b]), for a < t < b fixed, we have

|Λa,b
m (f, t)| ≤ C‖f‖[a,b].

Moreover, if f ∈ Wr([a, b]), r ≥ 1, then

|R̄a,b
m (f, t)| = O

(
m−r

)
, a < t < b fixed.

Here the constant C and the constants in “O” do not depend on f,m and
t.
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6 Integrals on unbounded intervals

In this section, we show how it is possible to apply the previous quadrature
rules to approximate integrals of the following kind

Ī =

∫ +∞

0
F (x) g(ωx)dx,

under the condition

∃M > 0 s.t., for some η > 0, |F (x)| < C
xη+1

∀x > M. (6.1)

In fact, we can write

Ī =

∫ M

0
F (x)g(ωx)dx+

∫ +∞

M
F (x)g(ωx)dx = Ī1 + Ī2.

Since, under the assumption (6.1), we have
∣∣∣∣
∫ +∞

M
F (x)g(ωx)dx

∣∣∣∣ ≤
C
Mη

,

we neglect Ī2 and approximate only Ī1 using the quadrature rule Ψ0,M
m if

the function F is smooth, the quadrature rule Θ0,M
2n if F (x) = f(x)

x−t and the

quadrature rule Λ0,M
m if F (x) = f(x)|x− t|−µ, 0 < µ < 1. Then, we get

Ī =





Ψ0,M
m (F ) + r0,Mm (F )

Θ0,M
2n (f, t) +R0,M

2n (f, t)

Λ0,M
m (f, t) + R̄0,M

m (f, t)

+
1

Mη
.

Using the same argument we can also treat the following type of inte-
grals

I∗ =

∫ +∞

−∞
F (x)g(ωx)dx,

under the condition

∃M > 0 s.t., for some η > 0, |F (x)| < C
xη+1

∀ |x| > M.

In fact, we can consider the following decomposition of I∗:

I∗ =

∫ M

−∞
F (x)g(ωx)dx+

∫ M

−M
F (x)g(ωx)dx+

∫ +∞

M
F (x)g(ωx)dx.
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7 Proofs

Proof of Theorem 3.1. We have

|Ψa,b
m (F )| ≤

1

ω

m∑

k=1




d

2



S−1∑

j=0

∣∣∣∣∣F
(
γj(xk)

ω

)
g(γj(xk))

∣∣∣∣∣




+

(
ω(b− a)− Sd

2ω

) ∣∣∣∣∣F
(
δ(xk)

ω

)
g(δ(xk))

∣∣∣∣∣

}
λk

≤ (b− a) max
x∈[a,b]

|F (x)g(ωx)|.

Then (3.6) follows. 2

Proof of Proposition 3.2. By (3.5), using (2.1) and the following inequality
[7, p. 384]

Em(fg)A ≤ ||g||AEbm
2
c(f)A + 2||f ||AEbm

2
c(g)A,

we get

|ra,bm (F )| ≤
2d

ω

S−1∑

j=0

E2m−1(Fjgj)[−1,1] + 4
(ω(b− a)− Sd

2ω

)
E2m−1(F̃ g̃)[−1,1]

≤
2d

ω

S−1∑

j=0

[
||Fj ||[−1,1]Em−1(gj)[−1,1] + 2||gj ||[−1,1]Em−1(Fj)[−1,1]

]

+
2d

ω

[
||F̃ ||[−1,1]Em−1(g̃)[−1,1] + 2||g̃||[−1,1]Em−1(F̃ )[−1,1]

]

=
2d

ω

S−1∑

j=0

[
||F ||A′

j
Em−1(g)Aj + 2||g||AjEm−1(F )A′

j

]

+
2d

ω

[
||F ||B′Em−1(g)B + 2||g||BEm−1(F )B′

]
.

2

Proof of Theorem 3.3. Estimate (3.8) easily follows by (3.7), taking into
account that, under our assumptions on F and g, (2.2) holds true. 2

Proof of Theorem 3.4. In order to prove (3.9) we start from (3.5) and esti-
mate the errors em(Fjgj) and em(F̃ g̃) using (1.4). Under our assumptions
on F and g, we have

|[Fj(x)gj(x)]
(2m)| ≤

2m∑

k=0

(
2m

k

) ∣∣∣∣∣

[
F

(
γj(x)

ω

)](2m−k)
∣∣∣∣∣
∣∣∣[g(γj(x))](k)

∣∣∣
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≤ sup
k=0,...,2m

{
‖F (k)‖[a,b]‖g(k)‖[ωa,ωb]

} 2m∑

k=0

(
2m

k

)(
d

2ω

)2m−k (d

2

)k

= sup
k=0,...,2m

{
‖F (k)‖[a,b]‖g(k)‖[ωa,ωb]

}(
d

2ω
+

d

2

)2m

.

Moreover, taking into account that [8] limm 2−mγm = 1√
π

and using the

well-known Stirling formula (see [11])

(m
e

)m√
2πm e−

1
12m ≤ m! ≤

(m
e

)m√
2πm e−

1
12m+1 , m = 1, 2, . . . ,

we get

|em(Fjgj)| ≤ sup
k=0,...,2m

{
‖F (k)‖[a,b]‖g(k)‖[ωa,ωb]

}[(
d
2 + d

2ω

)
e

4m

]2m √
πe

1
24m

2
√
m

.

Since an analogous estimate holds true for em(F̃ g̃), (3.9) follows. 2

In order to prove Theorem 4.1 we need the following

Proposition 7.1. Let F ∈ Wr([a, b]), r ≥ 1. For n > 1, c > 0 and t such
that a < t+ cu < b, we set

Υ(F, t, c) =

∫ 1

−1

F (t+ cu)− F (t)

u
g(u c ω + ωt)du

and

Υ2n(F, t, c) =

2n∑

i=1

F (t+ cxi)− F (t)

xi
g(xic ω + ωt)λi.

Then, we have

|Υ(F, t, c)−Υ2n(F, t, c)| ≤ C log(2n)
(2n)r

‖F (r)ϕr‖[a,b], (7.1)

where C is a positive constant independent of n and F .

Proof. Setting N = 2n and denoting by LN (f, x) the Lagrange polynomial
interpolating the function f on the zeros of N−th Legendre polynomial,
we can write
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Υ(F, t, c)−ΥN (F, t, c) =

=

[∫ 1

−1

∆cuF (t)

u
LN (g(·c ω + ωt), u)du

−
N∑

i=1

∆cxiF (t)

xi
g(xic ω + ωt)λi

]

+

∫ 1

−1

∆cuF (t)

u
[g(uc ω + ωt)− LN (g(·c ω + ωt), u)]du

:= σN (F, t) + ρN (F, t). (7.2)

Taking into account that (see [7, p. 54])

|g(uc ω + ωt)− LN (g(·c ω + ωt), u)| ≤ C
2NN !

1
4
√
1− u2

,

we have

|ρN (F, t)| ≤ C
2NN !

∫ 1

−1

∣∣∣∣
∆cuF (t)

u

∣∣∣∣ (1− u2)−
1
4du. (7.3)

Now we prove that

∫ 1

−1

∣∣∣∣
∆cuF (t)

u

∣∣∣∣ (1− u2)−
1
4du ≤ C‖F‖[a,b] logN +

C
N2

‖F ′ϕ‖[a,b]. (7.4)

To this end we consider the following decomposition

∫ 1

−1

∣∣∣∣
∆cuF (t)

u

∣∣∣∣
1

(1− u2)
1
4

du =

=

{∫ − 1
N2

−1
+

∫ 1

1
N2

+

∫ 1
N2

− 1
N2

}∣∣∣∣
∆cuF (t)

u

∣∣∣∣
1

(1− u2)
1
4

du

:= A+B + C. (7.5)

Concerning A, we have

|A| ≤ ‖F‖[a,b]

{∫ − 1
2

−1
+

∫ − 1
N2

− 1
2

}
1

|u|(1 + u)
1
4

du

≤ C‖F‖[a,b] logN. (7.6)
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Analogously, we obtain

|B| ≤ C‖F‖[a,b] logN. (7.7)

Concerning C, we get

|C| ≤ C
∫ c

N2

− c
N2

∣∣∣∣
F (t+ u)− F (t)

u

∣∣∣∣ du

≤ C
∫ c

N2

0

∫ t

t−v
|(F ′ϕ)(u)| du

ϕ(u)

dv

v
+ C

∫ c
N2

0

∫ t+v

t
|(F ′ϕ)(u)| du

ϕ(u)

dv

v

≤ C
N2

‖F ′ϕ‖[a,b]. (7.8)

Combining (7.6)-(7.8) with (7.5), (7.4) follows and then, by (7.3), we have

|ρN (g, t)| ≤ C
2NN !

[‖F‖[a,b] + ‖F ′ϕ‖[a,b]] logN. (7.9)

Let P ∈ PN+1 be the polynomial of best approximation of F , since
∆cuP (t)

u
LN (g(·c ω+ωt, u)) ∈ P2N−1 and LN (g(·c ω+ωt, xi) = g(xicω+ωt),

the Gaussian rule is exact and we can write

σN (F, t) = σN (F − P, t)

=

∫ 1

−1

∆cu(F − P )(t)

u
LN (g(·c ω + ωt), u)du

−
N∑

i=1

∆cxi(F − P )(t)

xi
g(xic ω + ωt)λi

=

∫ 1

−1

∆cu(F − P )(t)

u
g(uc ω + ωt)du− ρN (F − P, t)

−
N∑

i=1

∆cxi(F − P )(t)

xi
g(xic ω + ωt)λi

:= Σ1 − ρN (F − P, t)− Σ2. (7.10)

Concerning Σ1, proceeding as in the proof of (7.4), we obtain

|Σ1| ≤ CEN (F )([a,b]) logN +
C
N2

‖(F − P )′ϕ‖[a,b]. (7.11)

By (7.9), we get

|ρN (F − P, t)| ≤ C
2NN !

[EN (F )([a,b]) + ‖(F − P )′ϕ‖[a,b]] logN.(7.12)
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Moreover, by [2, (5.16)], we have

|Σ2| ≤ CEN (F )([a,b])

N∑

i=1

λi

|xi|
≤ CEN (F )([a,b]) logN. (7.13)

Substituting (7.11)-(7.13) into (7.10), we obtain

|σN (F, t)| ≤ C[EN (F )([a,b]) +
1

N2
‖(F − P )′ϕ‖[a,b]] logN.

Since by [5] the following inequality

‖(F −P )′ϕ‖[a,b] ≤ CNEN (F )([a,b]) + CEN−1(F
′)ϕ,([a,b]) ≤ CEN−1(F

′)ϕ,([a,b])

holds true, where

En(G)ϕ,([a,b]) = inf
P∈Pn

‖(G− P )ϕ‖[a,b]

and C 6= C(N,F, P ), by our assumptions on the function F and (2.2) we
get

|σN (F, t)| ≤ C
N r

‖F (r)ϕr‖[a,b] logN. (7.14)

Finally, combining (7.9) and (7.14) with (7.2), (7.1) follows. 2

Now we can prove Theorem 4.1.
Proof of Theorem 4.1. We consider only the case a+ 1

ω < t < b− 1
ω , being

the proof in the other cases similar. By (4.6) we have

|Θa,b
2n (f, t)| ≤ |Ψa,t− 1

ω
2n (F )|+ |Ψt+ 1

ω
,b

2n (F )|+ |Φ2n(L1)|+ C‖f‖[a,b].

Taking into account that F (x) = f(x)(x − t)−1 in the intervals [a, t − 1
ω ]

and [t+ 1
ω , b] has the same regularity of f, using Theorem 3.1 we get

|Ψa,t− 1
ω

2n (F )|+ |Ψt+ 1
ω
,b

2n (F )| ≤ C‖f‖[a,b].

Moreover, since using [2, (5.16)] we have

|Φ2n(L1)| ≤ 2‖f‖[a,b]
2n∑

i=1

λi

|xi|
≤ C‖f‖[a,b] log (2n),

(4.11) follows. Concerning (4.12), by (4.7) we have

|Ra,b
2n (f, t)| ≤ |ra,t−

1
ω

2n (F )|+ |rt+
1
ω
,b

2n (F )|+ |e2n(L1)|.
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Now, using Theorem 3.3 we get

|ra,t−
1
ω

2n (F )|+ |rt+
1
ω
,b

2n (F )| ≤ C
(2n)r

and, by Proposition 7.1, we deduce

|e2n(L1)| =
∣∣∣∣Υ

(
f, t,

1

ω

)
−Υ2n

(
f, t,

1

ω

)∣∣∣∣ ≤
C

(2n)r
log(2n).

Then (4.12) is proved. 2

Proof of Theorem 5.1. We prove the theorem only in the case a+ 1
ω < t <

b− 1
ω . The proof in the other cases is similar. As for the proof of Theorem

4.1, taking into account theorems 3.1 and 3.3, we need only to prove that

|Φ̄m(h1)| ≤ C‖f‖[a,b] (7.15)

and

|r̄m(h1)| ≤
C
mr

. (7.16)

We can write

Φ̄m(h1) =

∫ 1

−1

L
− 1

2
,− 1

2
m (h1, x)

|x|µ
dx,

where L
− 1

2
,− 1

2
m (f, x) denotes the Lagrange polynomial of a function f based

on the zeros of the Chebyshev polynomials of the first kind. Since by a
result due to Nevai in [9], for 0 < µ < 1, we have

∫ 1

−1

|L− 1
2
,− 1

2
m (f, x)|

|x|µ
dx ≤ C‖f‖[−1,1], (7.17)

we deduce
|Φ̄m(h1)| ≤ C‖h1‖[−1,1] ≤ C‖f‖[a,b],

i.e. (7.15). In order to prove (7.16), denoting by Pm−1 ∈ Pm−1 the polyno-
mial of best approximation of h1, we write

r̄m(h1) =

∫ 1

−1

h1(x)− L
− 1

2
,− 1

2
m (h1, x)

|x|µ
dx

=

∫ 1

−1

h1(x)− Pm−1(x)

|x|µ
dx+

∫ 1

−1

L
− 1

2
,− 1

2
m (h1 − Pm−1, x)

|x|µ
dx.

Using (7.17) again, we get

|r̄m(h1)| ≤ C‖h1 − Pm−1‖[−1,1] = CEm−1(h1)[−1,1] ≤ C
‖f (r)ϕr‖[a,b]

mr
,

i.e. (7.16). The proof is now complete. 2
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8 Numerical tests

In this section we show by, some examples, that our theoretical results are
confirmed by the numerical tests. As announced in Subsection 3.1, the
convergence order of the error of the proposed quadrature rules depends
not only on the smoothness of the functions F and g but also on the value
chosen for d.

We will denote by CC = Sm = bω(b−a)
d cm the computational cost of the

quadrature rules in terms of the number of the evaluations of the functions
F .

When we don’t know the exact values of the integrals, we will think as
exact their approximate values obtained for m = 300 and in all the tables
we will report only the digits which are correct according to them.

Example 1 As first example we consider the integral

∫ 1

−1
ex sin (ωx)dx =

ω cosω + sinω + e2(sinω − ω cosω)

e(1 + ω2)
,

that is (1.2) for ω = 5000. As you can see in Table 2, applying our procedure
with d = 16 and m = 14, we get the machine precision in double arithmetic.

m r−1,1
m (F ) d = 16

8 7.23e− 008

14 1.21e− 016

Table 2: F (x) = ex, ω = 5000

Example 2 Given the integral

∫ 2π

0
x cos (50x) sin (ωx)dx =

=





2ωπ(2500− ω2) cos (2ωπ) + (2500 + ω2) sin (2ωπ)

(2500− ω2)2
ω 6= 50,

− π

100
ω = 50,

(8.1)

in case when ω = 30, in Table 3 we compare the error of our quadrature rule
with the one obtained using the Price’s method and showed in [3, p. 154].
In Table 4 we show that for ω = 1000 the proposed quadrature rule gives
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an approximation of (8.1) with the same precision. As announced in Sub-
section 3.1, increasing d we need to increase also m but the computational
cost CC decreases.

d = 4, CC = 613 d = 16, CC = 330 Price’s method

r0,2π13 (F ) r0,2π28 (F )

1.94e− 016 1.8e− 016 7.67e− 003

Table 3: F (x) = x cos (50x), ω = 30

m CC d r0,2πm (F )

7 21992 2 5.2e− 018

9 14138 4 1.1e− 017

13 8169 10 6.9e− 018

16 5891 16 4.3e− 018

Table 4: F (x) = x cos (50x), ω = 1000

Example 3 Now we consider the following integral on the the real semiaxis
∫ ∞

0
e−x sin (ωx)dx =

ω

1 + ω2
.

Since F (x) = e−x satisfies (6.1) and |F (x)| ≤ 10−16 for x > 37, we ap-
proximate the above integral using the rule Ψ0,37

m . For ω = 100, in Table
5 we compare our results with the ones showed in [3, p. 238-240] and ob-
tained using the methods proposed by Gustafson and Dahlquist (GD) and
by Krylov and Skoblya (KS). In Table 6 we show our results obtained for
ω = 1000.

r0,3716 (F ) d = 16 GD KS

3.46e− 018 9.8e− 003 9.9e− 007

Table 5: F (x) = e−x, ω = 100

m r0,37m (F ) d = 16

8 1.02e− 006

15 3.34e− 017

Table 6: F (x) = e−x, ω = 1000

Example 4 We take the following integral on the real line
∫ ∞

−∞
xe−2|x|esin (ωx)dx.
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In this case |xe−2|x|| ≤ 10−16 for |x| > 20. In Table 7 we show our results
obtained choosing d = 10.

m Ψ−20,20
m (F ) d = 10

20 9.029e− 009

32 9.02937116e− 009

40 9.029371163e− 009

Table 7: F (x) = xe−2|x|, ω = 1000

Example 5 Now we consider the following Hilbert transform

∫ 1

−1

√
1− x2

x− 1
2

cos (ωx)dx.

For ω = 100, in Table 8 we compare our results with the ones obtained using
the quadrature rule I12n proposed in [1]. Since the function f(x) =

√
1− x2

is not smooth we need to increase m to reach exact digits. In the case
where ω = 5000 the approximations obtained using our method are shown
in Table 9.

2n Θ−1,1
2n (f, 0.5) d = 4 I12n(0.5)

8 0.71221 0.71

16 0.71221 0.712

32 0.712213 0.712

64 0.712213 0.71221

128 0.712213598 0.71221

Table 8: f(x) =
√

1− x2, ω = 100

2n Θ−1,1
2n (f, 0.5) d = 10

8 1.768797

16 1.76879751

32 1.768797516

64 1.7687975165

128 1.76879751653

256 1.768797516538

Table 9: f(x) =
√
1− x2, ω = 5000

Example 6 Given the Hilbert transform
∫ ∞

0

log (1 + x) sin (ωx)

(1 + x2)
7
2 (x− 1.7)

dx,

300 MARIA CARMELA DE BONIS - PIETRO PASTORE



M. C. De Bonis and P. Pastore 301

it results

∣∣∣∣∣
log (1 + x)

(1 + x2)
7
2 (x− 1.7)

∣∣∣∣∣ < 10−16 for x > 122. In Table 10 we show

the results obtained, for different values of ω, using the quadrature rule
Θ0,122

2n (f, 1.7) choosing d = 16.

2n Θ0,122
2n (f, 1.7) ω = 1000 Θ0,122

2n (f, 1.7) ω = 5000

8 −0.02477 0.01098

16 −0.02477261286973 0.01098589258860

32 −0.024772612869733 0.01098589258860

64 −0.024772612869733 0.0109858925886056

Table 10: f(x) =
log (1 + x)

(1 + x2)
7
2

, d = 16

Example 7 Now we take the following integral
∫ 1

0

sinhx

|x− 0.5|
1
2

sin (ωx)dx.

In Table 11 we show the results obtained using the rule Λ0,1
m , with d = 16,

for different values of ω.

m Λ0,1
m (f, 0.5) ω = 1000 Λ0,1

m (f, 0.5) ω = 10000

8 −0.02029 −0.01274

16 −0.020295243694676 −0.012746276943

32 −0.0202952436946768 −0.01274627694393

Table 11: f(x) = sinhx, d = 16

Example 8 As last example we consider
∫ ∞

0

sin (ωx)

(x10 + 5)|x− 0.0001|
1
3

dx.

Taking into account that |(x10+5)−1|x−0.0001|−
1
3 | < 10−16 for x > 32, we

approximate the integral using Λ0,32
m (f, 0.0001). The results, for different

values of ω, are presented in Table 12.

m Λ0,32
m (f, 0.0001) ω = 1000 Λ0,32

m (f, 0.0001) ω = 10000

8 0.002976 0.0008681

16 0.0029769 0.0008681106039

32 0.0029769728 0.0008681106039240

54 0.002976972829814 0.0008681106039240
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Table 12: f(x) = (x10 + 5)−1, d = 8
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sic theory and applications. Springer Monographs in Mathematics.
Springer-Verlag, Berlin, 2008.

[8] Nevai P., Orthogonal polynomials. Mem. Amer. Math. Soc. 18,
(1979), no. 213, v+185 pp.

[9] Nevai P., Mean convergence of Lagrange interpolation. III, Trans.
Am. Math. Soc. 282 (1984), n.2, 669-698.

[10] Piessens R., Branders M., Numerical Solution of Integral equa-
tions of Mathematical Physics using Chebyshev Polynomials, Journal
of Computational Physics, 21 (1976), 178-196.



302 A quadrature formula for integrals of highly oscillatory functions

Table 12: f(x) = (x10 + 5)−1, d = 8

Acknowledgement

The Authors wish to thank Professor Giuseppe Mastroianni for his helpful
suggestions and remarks.

References

[1] M.R. Capobianco, G. Criscuolo, On Quadrature for Cauchy
principal value integrals of oscillatory functions. Journal of Compu-
tational and Applied Mathematics, 156 (2003), no. 2, 471-486.

[2] M.R. Capobianco, G. Mastroianni, M.G. Russo, Pointwise and
uniform approximation of the finite Hilbert Transform, Approximation
and Optimization, Vol. I (Cluj-Napoca, 1996), Transilvania, Cluj-
Napoca, 1997, 45-66.

[3] P.J. Davis, P. Rabinowitz, Methods of Numerical Integration, Vol-
ume in Computer Science and Applied Mathematics, Ed. Werner
Rheinboldt, Academic Press, INC., 1984.

[4] A.R. Krommer, C.W. Ueberhuber, Computational Integration,
SIAM Philadephia, 1998.

[5] N.X. Ky , On simultaneous approximation by polynomials with weight,
Alfréd Haar Memorial Conference (Budapest, 1984), Colloq. Math.
Soc. János Bolyai, 49 North-Holland, Amsterdam, 1985, 661-665.
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1 Introduction

Throughout this paper we shall make use of the following notations. X and
Y are real Hasudorff topological vector spaces, K is a nonempty convex
subset of X, C is a closed convex pointed cone in Y and f : K ×K → Y is
a vector-valued function on K×K. The scalar (that is, Y = R) equilibrium
problem, that is (for short, EP) is to find x̄ ∈ K such that

f(x̄, y) ≥ 0, ∀y ∈ K. (1.1)

This problem contains as special cases for instance optimization prob-
lems, problems of Nash equilibria, complementarity problems, fixed point

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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problems and variational inequalities. For details, we can refer to [5, 8, 9]
and the references therein

Motivated by the extensions of variational inequalities to vector varia-
tional inequalities, many authors generalized EP to the vector case in the
following ways:

find x̄ ∈ K such that

f(x̄, y) /∈ −intC, ∀y ∈ K, (1.2)

find x̄ ∈ K such that

f(x̄, y) ∈ C, ∀y ∈ K, (1.3)

where intC denotes the interior of C. In this case, we assume that
intC 6= ∅, and f : K ×K → Y .

These problems are called vector equilibrium problems (for short, VEP).

The following problem, termed as dual vector equilibrium problem (for
short, DVEP),

find x̄ ∈ K such that

f(y, x̄) ∈ −C, ∀y ∈ K,

is closely related to VEP (1.3)

We denote by SK and SD
K the set of all solutions of VEP (1.3) and

DVEP, respectively. Recently, Aussel and Hadisavvas [2] introduced the
concept of local solutions of variational inequalities. Bianchi and Pini [4]
extended this concept of local solutions to EP in the setting of reflexive
Banach spaces. We further extend this concept for vector equilibrium prob-
lems in the setting of topological vector spaces.

The sets of local solutions for VEP (1.3) and DVEP are denoted by
SK,loc and SD

K,loc, respectively. We define SK,loc and SD
K,loc as follows:

SD
K,loc = {x ∈ K : ∃V open neighborhood of x such that f(y, x) ∈ −C, ∀y ∈ V ∩K},

SK,loc = {x ∈ K : ∃V open neighborhood of x such that f(x, y) ∈ C, ∀y ∈ V ∩K}.

Obviously, SD
K ⊆ SD

K,loc and SK ⊆ SK,loc.

In most of the papers appeared in the literature on the different as-
pects, VEP (1.2) is considered and studied. It is worth mentioning that
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the weak (strong, respectively) Pareto optimal solution of a vector optimiza-
tion problem can be studied by using VEP (1.2) (VEP (1.3), respectively).
Our results generalize and extend the results of Bianchi and Pini [4] to the
topological vector space setting.

2 Main results

In this section, we first recall some concepts and then we give main results.

The following concept of upper sign continuity is vector version of the
the upper sign continuity was introduced by Bianchi and Pini [4] which
extends the earlier notion in the framework of variational inequalities in
[10].

Definition 2.1. Let y be an arbitrary element of K. A mapping x →
f(x, y), from K into Y, is said to be upper sign continuous at y if for any
x ∈ K, the following statement holds

f(u, y) ∈ C, ∀u ∈ ]x, y[ ⇒ f(x, y) ∈ C,

where ]x, y[ denotes the line segment joining x and y except the end points
x and y.

Definition 2.2. A mapping f : K ×K → Y is said to be

(i) C-pseudomonotone if for any x, y ∈ K,

f(x, y) ∈ Y \ (−C) ⇒ f(y, x) ∈ −C \ {0};

(ii) C-quasimonotone if for any x, y ∈ K,

f(x, y) ∈ Y \ (−C) ⇒ f(y, x) ∈ −C;

(iii) C-properly quasimonotone if, for all {x1, . . . , xn} ⊆ K and for all x ∈
co{x1, . . . , xn}, there exists i ∈ {1, 2, . . . , n} such that f(xi, x) ∈ −C,
where co{x1, . . . , xn} denotes the convex hull generated by x1, . . . , xn.

It is clear from the definition that C-pseudomonotonicity of f implies
C-quasimonotonicity. But in general there is no relationship between C-
properly quasimonotonicity and quasimonotonicity or pseudomonotonicity.

ON BETWEEN DUAL VECTOR EQUILIBRIUM PROBLEM 307
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The next result is a vector version of a proposition given in [3] with mild
assumptions which provides a link between C-pseudomonotonicity and C-
proper quasimonotonicity .

Proposition 2.1. Let f : K × K → Y be a vector-valued function such
that one of the following conditions holds:

(i) The set {x ∈ K : f(x, y) ∈ Y \(−C\{0})} is convex and f(y, y) ∈ −C
for all y ∈ K;

(ii) The set {y : f(x, y) ∈ −C\{0}} is convex and f is C-pseudomonotone
such that f(x, x) = 0 for all x ∈ K.

Then, f is C-properly quasimonotone.

Proof. Suppose that (i) holds and on contrary that f is not C-properly
quasimonotone. Hence, there exist x1, . . . , xn ∈ K and x̃ ∈ co{x1, x2, . . . , xn}
such that f(xi, x̃) ∈ Y \(−C) for i = 1, 2, . . . , n, Therefore, by (i) we have
f(x̃, x̃) ∈ Y \(−C) and so f(x̃, x̃) /∈ −C which is impossible by (i). Then f
is C-properly quasimonotone. Now let (ii) hold and the result of proposi-
tion is not true. So there exist x1, . . . , xn ∈ K and x̃ ∈ co{x1, x2, . . . , xn}
such that f(xi, x̃) ∈ Y \(−C) for i = 1, 2, . . . , n and hence, because f is
C-pseudomonotone, f(x̃, xi) ∈ −C\{0}. Then, since the set {y : f(x, y) ∈
−C\{0}} is convex, we have f(x̃, x̃) ∈ −C\{0} and so f(x̃, x̃) 6= 0. This is
impossible in view of (ii). This completes the proof. �

The following lemma plays a key role in this section. Moreover, it im-
proves Lemma 2.1 in [4].

Lemma 2.1. Let K be a nonempty convex subset of X and f : K×K → Y
be a vector-valued function such that the following conditions hold:

(i) f(x, x) ∈ C for all x ∈ K;

(ii) For all y ∈ K, the mapping x 7→ f(x, y) is upper sign continuous;

(iii) If f(x, y) ∈ Y \C and f(x, z) ∈ −C, then f(x, u) ∈ Y \C, for all
u ∈ ]y, z[.

Then, SD
K,loc ⊆ SK .

Proof.We argue by contradiction. Then there is z ∈ K such that z ∈ SD
K,loc

and z 6∈ SK . So there exist y ∈ K and an open neighborhood V of z such
that f(z, y) ∈ Y \C and f(v, z) ∈ −C for all v ∈ K ∩ V . Since V − z is
a neighborhood of 0, there exists t0 ∈]0, 1[ such that t(y − z) ∈ V − z for
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all 0 < t ≤ t0. Let ȳ = z + t0(y − z) and yt = (1 − t)z + tȳ ∈ [z, ȳ] for
t ∈ [0, 1]. It is clear from yt = (1− t)z + tz + t t0(y − z) = z + t t0(y − z)
and t t0(y − z) ∈ V − z that yt ∈ K ∩ V which implies f(yt, z) ∈ −C, note
z ∈ SD

K,loc, and so by (i) we have f(z, z) = 0. We claim that f(u, ȳ) ∈ C
for all u ∈ ]z, ȳ[. Otherwise, there is u ∈]z, ȳ[ such that f(u, ȳ) ∈ Y \C
and so ,note that f(u, z) ∈ −C, by (iii) we conclude f(u, v) ∈ Y \C for
all v ∈]z, ȳ[ and in particular f(u, v = u) = 0 ∈ Y \C. Therefore 0 /∈ C
which contradicts the fact that 0 ∈ C. Note that C is a pointed cone.
Consequently, f(u, ȳ) ∈ C for all u ∈ ]z, ȳ[. Thus (ii) implies that

f(z, ȳ) ∈ C. (2.1)

Relation (2.1) is impossible because the facts f(z, z) = 0, f(z, y) ∈ Y \C
and (iii) imply that f(z, y) ∈ Y \C . This completes the proof.

The following example shows that condition (iii) of Lemma 2.1 is essen-
tial.

Example 2.1. Let X = Y = <, K = [−1, 1], C = [0,∞) and f : [−1, 1]×
[−1, 1] → < be defined by

f(x, y) =

{
0 if (x, y) ∈ {0} ×

[−1
2 , 12

]
or x = y ,

−1 otherwise.

It is obvious that f(x, x) = 0, for all x ∈ K and if f(u, y) ≥ 0, for all
u ∈]x, y[, then u = 0, for all u ∈]x, y[, which is impossible. This shows that
the mapping x → f(x, y) is upper sign continuous mapping for each fixed
y ∈ K. From the relations f(14 ,

1
3) < 0, f(34 ,

1
3) < 0, one can verify that

the statement f(u, 13) < 0, does not true for all u ∈]14 ,
3
4 [, for example take

u = 1
3 ∈]14 ,

3
4 [, and so the example all the assumptions of Lemma 2.1 except

condition (iii). Also one can easily see that 0 ∈ SD
K,loc and SK = ∅.

Remark 2.1. (a) If the mapping y 7→ f(x, y) is C-convex, that is,

tf(x, y) + (1− t)f(x, z)− f(x, ty + (1− t)z) ∈ C, ∀y, z ∈ K, ∀t ∈ [0, 1],
(2.2)

then condition (ii) of Lemma 2.1 holds. To see this, let f(x, y) ∈ Y \C and
f(x, z) ∈ −C. Since Y \C and −C are cones, we have tf(x, u) ∈ Y \C and
(1− t)f(x, z) ∈ −C. Also the inclusion (Y \C)− C ⊆ Y \C implies that

tf(x, u) + (1− t)f(x, z) ∈ Y \C. (2.3)
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From (2.2), (2.3) and (Y \C)− C ⊆ Y \C, we obtain

f(x, ty + (1− t)z) ∈ Y \C, ∀t ∈ [0, 1].

This shows that condition (ii) of Lemma 2.1 holds.

(b) Lemma 2.1 improves and extends Lemma 2.4 in [11] and Lemma 2.1 in
[4] to vector-valued bifunctions.

(c) It is straightforward to see that SK ⊆ SD
K whenever the following state-

ment holds, for all x, y ∈ K,

f(x, y) ∈ Y \(−C\{0}) ⇒ f(y, x) ∈ −C. (∗)

Therefore, if we add (∗) to the assumptions of Lemma 2.1 then we obtain
SD
K = SD

K,loc = SK . As an application of this remark, if we take Y = < and
C = [0,∞), then we deduce Proposition 2.5 in [11].

A set-valued map ( or multimap) F : K ⇒ X is a function from K into
the power set 2X of a set X. Let K be a convex subset of a vector space
X. Then a set-valued map F : K ⇒ X is called a KKM map if for each
nonempty finite subset A of K, the inclusion coA ⊆ F (A) holds, where coA
denotes the convex hull of A and F (A) =

⋃
{F (x) : x ∈ A}.

We need the next result in the sequel. It is a special case of Fan-KKM
principle [6].

Lemma 2.2. Let X be a nonempty subset of a topological vector space E
and F : X → 2E a KKM mapping with closed values. Assume that there
exists a nonempty compact convex subset B of X such that

⋂
x∈B F (x) is

compact. Then
⋂

x∈X F (x) 6= ∅.

Now we establish an existence result for a solution of DVEP.

Theorem 2.1. Let K be a nonempty convex subset of X and f : K×K → Y
be a vector-valued function with f(x, x) = 0, for each x ∈ K. Assume that
the following conditions hold:

(i) For each finite subset A of K and x ∈ coA\A, there exists y ∈ K such
that f(y, x) ∈ −C;

(ii) For each x ∈ K, the set {y ∈ K : f(x, y) ∈ −C} is closed in K;
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(iii) There exist a nonempty compact subset D and a nonempty compact
convex subset B of K such that for each y ∈ K\D, there exists x ∈ B
such that f(x, y) ∈ Y \ − C.

Then, the solution set SD
K of DVEP is nonempty and compact.

Proof. Define Γ : K ⇒ K by

Γ(x) = {y ∈ K : f(x, y) ∈ −C}.

By (i) Γ is a KKM mapping. In fact let A = {x1, ..., xn} ⊂ K and x ∈ coA.
If x ∈ A then f(x, x) = 0 and so x ∈ Γ(x). Now if x ∈ coA\A then by
(i) there exists y ∈ K such that f(y, x) ∈ −C and hence x ∈ Γ(y). Con-
sequently, coA ⊂ ∪n

i=1Γ(xi). This means that Γ is a KKM mapping. The
values of Γ, that is Γ(x), for all x ∈ K. is closed and it is obvious from (iii)
that

⋂
x∈B Γ(x) ⊆ D. Hence Γ satisfies all the assumptions of Lemma 2.2

and
⋂

x∈K Γ(x) is nonempty. It is clear from the definition of DVEP that
SD
K =

⋂
x∈K Γ(x). Then SD

K is nonempty and by (iii) it is a compact subset
of K. �

Lemma 2.3. If, for each x ∈ K, the set {y ∈ K : f(x, y) ∈ −C} is
closed and convex subset of K, then either f is C-properly quasimonotone
or SD

K,loc 6= ∅.

Proof. Assume that f is not C-properly quasimonotone. Hence, there exist
x1, . . . , xn ∈ K and x̄ ∈ co{x1, x2, . . . , xn} such that f(xi, x̄) ∈ Y \(−C),
for all i = 1, 2, . . . , n. Then, there exists an open neighborhood V of x̄ such
that

f(xi, y) ∈ Y \(−C), ∀y ∈ K ∩ V, i = 1, 2, . . . , n.

Hence from the C− quasimonotonicity of f we have f(y, xi) ∈ Y − C for
all i = 1, 2, . . . , n and y ∈ K ∩ V and so by our assumption, that is the set
{y ∈ K : f(x, y) ∈ −C} is convex, we get

f(y, x̄) ∈ −C, ∀y ∈ K ∩ V.

Therefore, x̄ ∈ SD
K,loc. This completes the proof. �

In the following we establish some existence results for a solution of
VEP (1.3) with or without C-quasimonotonicity assumption.
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Theorem 2.2. Let f : K × K → Y be a C-quasimonotone function sat-
isfying the conditions of Lemmas 2.1, 2.3 and condition (iii) of Theorem
2.1. Then SK 6= ∅.

Proof. If f is C-properly quasimonotone, then the result follows from The-
orem 2.1 through Lemma 2.1. Otherwise, we obtain the result from Lemmas
2.3 and 2.1. �

Theorem 2.3. Assume that f : K × K → Y satisfies condition (iii) of
Lemma 2.1. Let x0 ∈ K be a local solution of VEP (1.3) in a neighbor-
hood V of x0. If there exists ȳ ∈ K ∩ int V such that f(x0, ȳ) ∈ −C, then
x0 ∈ SK . �

Proof. We argue by contradiction. Then there exists z ∈ K such that
f(x0, z) ∈ Y \C. So, by condition (iii) of Lemma 2.1 we have

f(x, u) ∈ Y \C, ∀u ∈]ȳ, z[.

Since ȳ ∈ K ∩ intV , there is a u ∈ ]ȳ, z[ such that f(x0, u) ∈ Y \C. This
contradicts the fact that x0 is a local solution of VEP (1.3) in a neighbor-
hood V of x0. �
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1 Introduction

In 1975 I. Joó investigated the following operator

P (α)
m (f, x) =

m∑

k=1

(
(1 + α)x

xk
− α

)
f(xk)l

2
m,k(x) (1.1)

where x1 < x2 < ... < xm are the zeros of the polynomial pm(wα) which
is orthonormal to the Laguerre weight wα(x) = xαe−x, −1 < α ≤ 0, and

lm,k(x) =
pm(wα,x)

p′m(wα,xk)(x−xk)
are the fundamental Lagrange polynomials based

on the nodes xk. It is a positive linear operator and is a part of the Hermite-

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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Fejér interpolation F
(α)
m . Indeed the latter one can be written as

F (α)
m (f, x) = P (α)

m (f, x)−
m∑

k=1

f(xk)(x− xk)l
2
m,k(x).

Particularly, in [4] I. Joó proved that, under certain growth conditions on
f , an error estimate in uniform norm can be given in finite intervals. In
fact he got the following relation

‖P (α)
m (f)− f‖ =





O
(
ω
(
f, 1

m1/4

)
+ ‖f‖

m1/4 + ‖f‖∗√
m

)
, −1 < α ≤ −1

2

O
(
ω
(
f, 1

m−α/2

)
+ ‖f‖

m−α/2 + ‖f‖∗
m−α

)
, −1

2 ≤ α < 0

where ω denotes the ordinary modulus of smoothness on the interval [0, 2A]
with A > 0 arbitrary and fixed, ‖·‖ denotes the maximum-norm of the cor-
responding function in the interval [0, A] , ‖f‖∗ = 2 sup0≤x<∞{|f(x)e−x|}
and the O sign depends only on A.

Later in [6] I. Joó and J. Szabados investigated the weighted convergence

of P
(α)
m in L1. In particular they considered a continuous function f on

[0,∞) such that limx→∞ f(x)e−λx = 0, λ < 1 and associated to every f
of this type a function F defined as F (x) = f(x2)e−λx2

. Thus the authors
proved the following estimate

∫ ∞

0
xαe−x|f(x)− P (α)

m (f, x)|dx = O

(
ω

(
F,

log2m√
m

))

where ω(F, t) = sup0<h≤t ‖∆hF‖R and the O sign denotes a constant de-
pending only on α and λ.

In this paper we will see that, by means of a slight change of the operator

P
(α)
m , it is possible to approximate a wide class of functions defined on

(0,∞). In order to make this modification we will proceed in the following
way.

Let x1 < ... < xm be the zeros of pm(wα) and let xm+1 := 4m. We
consider the Hermite-Fejér polynomial based on these m+1 points defined
as

F (α)
m+1(f, x) =

m+1∑

k=1

(
1− q′′(xk)

q′(xk)
(x− xk)

)
l̃2m,k(x)f(xk)

where q(x) = pm(wα, x)(4m− x) and

l̃m,k(x) =

(
4m− x

4m− xk

)
lm,k(wα, x), k ≤ m, l̃m,m+1(x) =

pm(wα, x)

pm(wα, 4m)
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are the fundamental Lagrange polynomials based on the zeros x1 < x2 <
... < xm < xm+1. By developing the expression of the coefficients we can
write

F (α)
m+1(f, x) = P(α)

m+1(f, x) +
m+1∑

k=1

(
−1 +

2

4m− xk

)
(x− xk)f(xk)l̃

2
m,k(x)

(1.2)
where

P(α)
m+1(f, x) =

m+1∑

k=1

(
(1 + α)x

xk
− α

)
l̃2m,k(x)f(xk). (1.3)

Now if

xj = min
1≤k≤m

{xk : xk ≥ 2m}

and

Ψ(x) =

{
1, if x ≥ 1;
0, if x ≤ 0.

, Ψj(x) = Ψ

(
x− xj

xj+1 − xj

)
,

for any f ∈ C◦((0,∞)), we introduce the following function

fj(x) = (1−Ψj(x))f(x) (1.4)

and the following “truncated” Hermite-Fejér polynomial

F∗(α)
m+1(f, x) := F (α)

m+1(fj , x) (1.5)

= P∗(α)
m+1(f, x) +

j∑

k=1

(
−1 +

2

4m− xk

)
(x− xk)f(xk)l̃

2
m,k(x)

where

P∗(α)
m+1(f, x) := P(α)

m+1(fj , x) =

j∑

k=1

(
(1 + α)x

xk
− α

)
l̃2m,k(x)f(xk). (1.6)

In this way we have defined a new operator P∗(α)
m+1 which has the same

expression as the operator P
(α)
m defined in (1.1) with the only difference

that the sum is until j and not until m and that the fundamental Lagrange
polynomials are based on m+ 1 points and not on m points.

In this paper we will investigate the operator P∗(α)
m+1. Particularly in

Theorem 3.1 we will show the convergence of P∗(α)
m+1(f) to f and we will give

an error estimate in uniform norm on (0,∞) (and not on finite intervals).
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We will also consider P∗(α)
m+1 : L∞

u → L1
v, where L∞

u and L1
v are two

suitable weighted spaces equipped with the uniform and the L1-norm, re-
spectively. Then in Theorem 3.2 we will prove

‖[f − P∗(α)
m+1(f)]v‖1 ≤ C

[
ωϕ

(
f,

1√
m

)

u

+
‖fu‖∞√

m

]
,

where ωϕ is the first weighted ϕ-modulus of smoothness in uniform norm
and C is a positive constant independent of m and f .

As corollaries, we will obtain some error estimates for the “ truncated”
Hermite-Fejér polynomial based on the zeros x1 < x2 < ... < xm < xm+1.

The paper is structured as follows. In Section 2 we will define the
weighted spaces we consider. In Section 3 the main results are showed
while in Section 4 the proofs of the main results are given.

2 Preliminary results

First we give some notations and preliminary results. In the following we
will denote by C a positive constant which may assume different values in
different formulae and we shall write C 6= C(a, b, ...) to indicate that C is
independent of the parameters a, b, .... Moreover if A and B are two positive
quantities depending on some parameters, we will write A ∼ B if and only
if (A/B)±1 ≤ C, where C is a positive constant independent of the above
parameters.

Now let wγ(x) = xγe−x, γ ≥ 0 and let us denote by C◦(B) the set of
all continuous functions on B ⊆ [0,∞).

With this notation we introduce the space L∞
wγ

L∞
wγ

=



f ∈ C◦((0,∞)) : lim

x→0
x→+∞

(fwγ)(x) = 0





equipped with the norm

‖f‖L∞
wγ

:= ‖fwγ‖∞ = sup
x≥0

|(fwγ)(x)|.

If γ = 0 then L∞
wγ

denotes the set of all continuous functions on [0,∞)
such that limx→+∞(fwγ)(x) = 0. In other words, when γ > 0, the func-
tions f ∈ L∞

wγ
could take very large values, with algebraic growth, as x

approaches zero from the right, and could have an exponential growth as
x → ∞.
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In order to characterize these type of functions we introduce the follow-
ing modulus of smoothness (see, for instance, [10, p. 175])

ωϕ(f, t)wγ = Ωϕ(f, t)wγ + inf
C

‖[f − C]wγ‖L∞([0,4t2])

+ inf
C

‖[f − C]wγ‖L∞([ 1
t2

,∞]),

where

Ωϕ(f, t)wγ = sup
0<h≤t

sup
x∈

(
4h2, 1

h2

) |f(x+ hϕ(x))− f(x)|wγ(x), ϕ(x) =
√
x

and we recall the following properties (see, for instance, [10, p. 169], [13],
[1])

Ωϕ(f, λ δ)wγ ≤ ([λ] + 1) Ωϕ(f, δ)wγ , λ ∈ R+ (2.1)

Ωϕ(f, δ1)wγ ≤ Ωϕ(f, δ2)wγ , δ1 ≤ δ2 (2.2)

Ωϕ(f, δ)wγ ≤ ωϕ(f, δ)wγ , (2.3)

Ωϕ(f, δ1)

δ1
≤ Ωϕ(f, δ2)

δ2
, δ1 > δ2 (2.4)

where [λ] denotes the integer part of λ.

3 Main Results

Let wα(x) = xαe−x, x > 0, α > −1 be a Laguerre weight and let {pm(wα)}
be the sequence of orthonormal Laguerre polynomials defined as

pm(wα, x) = γmxm + ..., γm > 0,
∫ ∞

0
pm(wα, x)pn(wα, x)wα(x)dx = δm,n.

We denote by xk := xm,k the zeros of pm(wα), m ≥ 1, xj = min1≤k≤m{xk :

xk ≥ 2m} and for all f ∈ L∞
wγ

we consider the operator P∗(α)
m+1(f) defined

in (1.6)

P∗(α)
m+1(f, x) := P(α)

m+1(fj , x) =

j∑

k=1

(
(1 + α)x

xk
− α

)
l̃2m,k(x)f(xk).

By the definition it follows that if −1 < α < 0 then P∗(α)
m+1 is a positive

linear operator and it does not preserve the constant functions.
Next theorem shows, that under suitable conditions on the parameter

γ of the weight of the space, P∗(α)
m+1(f) converges to f in the norm of L∞

wγ
.
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Theorem 3.1. Let wα(x) = xαe−x, wγ(x) = xγe−x, such that

max

{
0, α+

1

2

}
≤ γ ≤ α+ 1, −1 < α ≤ 0.

Then for every f ∈ L∞
wγ

it results

‖[f − P∗(α)
m+1(f)]w

2
γ‖∞ ≤ C

[
m∑

i=1

1

i2
ωϕ

(
f,

i√
m

)

wγ

+
logm√

m
‖fwγ‖∞

]
(3.1)

where C 6= C(m, f).

We underline that the right-hand side of (3.1) tends to zero. Indeed, by
the properties of the modulus of smoothness we have

m∑

i=1

1

i2
ωϕ

(
f,

i√
m

)

wγ

=
m∑

i=1

1

i2
ωϕ

(
f,

i
log2 i

log2 i
√
m

)

wγ

≤ ωϕ

(
f,

log2m√
m

)

wγ

m∑

i=1

1

i log2 i

≤ Cωϕ

(
f,

log2m√
m

)

wγ

.

Note also that the second term on the right-hand side of (3.1) cannot
be dropped, since the operator is not exact for the constant functions.

Moreover we observe that if f ∈ W1(wγ) with

W1(wγ) =
{
f ∈ L∞

wγ
| ‖f‖W1(wγ) = ‖fwγ‖∞ + ‖f ′ϕwγ‖∞ < ∞

}
,

ϕ(x) =
√
x, by (3.1) it results

‖[f − P∗(α)
m+1(f)]w

2
γ‖∞ ≤ C logm√

m
‖f‖W1(wγ).

Furthermore by Theorem 3.1 we can immediately deduce an error esti-
mate for the “truncated” Hermite-Fejér polynomial defined in (1.5).

Corollary 3.1. Under the assumptions of Theorem 3.1, for every f ∈ L∞
wγ

it results

‖[f −F∗(α)
m+1(f)]w

2
γ‖∞ ≤ C

[
m∑

i=1

1

i2
ωϕ

(
f,

i√
m

)

wγ

+
logm√

m
‖fwγ‖∞

]
(3.2)

where C 6= C(m, f).
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By (3.2) and (3.1) we can deduce that a homogeneous error estimate
cannot be given. Indeed, in order to approximate a function f with the

Hermite-Fejér polynomial or with the operator P∗(α)
m+1 in the norm of the

space L∞
w2

γ
, we have to assume f ∈ L∞

wγ
. On the other hand, the investi-

gations of D.S. Lubinsky in [9], J. Szabados in [18] and S.V. Szabó in [19]
showed that, if we consider the Hermite-Fejér polynomial Fm based on m
nodes of the m-th orthonormal polynomial w.r.t. some Freud-type weights,
error estimate of the type limm ‖[f − Fm(f)]w1‖∞ = 0, ∀f ∈ L∞

w2
cannot

be given with w1 = w2.

Now we consider P∗(α)
m+1(f) : L

∞
u → L1

v, where v(x) =
wγ(x)
(1+x)λ

,

u(x) = v(x)(1 + x)2λ = wγ(x)(1 + x)λ, λ ∈ R and L1
v is the space of all

measurable functions in (0,∞) such that

‖f‖L1
v
= ‖fv‖1 =

∫ ∞

0
|(fv)(x)|dx < ∞.

The following proposition shows the boundedness of P∗(α)
m+1 : L

∞
u → L1

v.

Proposition 3.1. Let wγ(x) = xγe−x, v(x) = wγ(x)(1 + x)−λ and
u(x) = v(x)(1 + x)2λ such that

λ > 1, max

{
0, α+

1

2

}
≤ γ < α+ 1, −1 < α ≤ 0.

Then for every f ∈ L∞
u we have

‖P∗(α)
m+1(f)v‖1 ≤ C‖fu‖∞

where C 6= C(m, f).

The following theorem gives an error estimate for P∗(α)
m+1 in the L1-norm.

Theorem 3.2. Let wγ(x) = xγe−x, v(x) = wγ(x)(1 + x)−λ and
u(x) = v(x)(1 + x)2λ such that

1 < λ <
3

2
, max

{
0, α+

1

2

}
≤ γ < α+ 1, −1 < α ≤ 0.

Then for every f ∈ L∞
u we have

‖[f − P∗(α)
m+1(f)]v‖1 ≤ C

[
ωϕ

(
f,

1√
m

)

u

+
‖fu‖∞√

m

]

where C 6= C(m, f).
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By the previous theorem we can easily deduce an error estimate for the
“truncated” Hermite-Fejér polynomial (1.5) in L1-norm as showed by the
following corollary.

Corollary 3.2. Under the assumptions of Theorem 3.2, for every f ∈ L∞
u

we have

‖[f −F∗(α)
m+1(f)]v‖1 ≤ C

[
ωϕ

(
f,

1√
m

)

u

+
‖fu‖∞√

m

]

where C 6= C(m, f).

4 Proofs

Before proving the main results we recall some properties of the zeros
of pm(wα) and some estimates of the fundamental Lagrange polynomials
lm,k(x) based on the nodes of pm(wα).

Namely, the zeros xk := xm,k(wα) of pm(wα), m ≥ 1 are such that (see,
for instance, [20], [3], [5]),

C
m

< x1 < ... < xm = 4m+ 2α+ 2− C(4m)
1
3 , xk ∼ k2

m
(4.1)

and ∀k = 1, 2, ...,m− 1

∆xk := xk+1 − xk ∼
√

xk
4m− xk

, ∆xk ∼ ∆xk+1 (4.2)

where C and the constants involved in ∼ are independent of m and k.
Moreover, if xd is a node closest to x,

xj = min
1≤k≤m

{xk : xk ≥ 2m}

0 ≤ x ≤ 4m, k 6= {d, d ± 1}, k = 1, ...j, d ≤ m and x 6= xk, (see, for
instance, [12, Lemma 5]) it results

|x− xk| ≥ (|d− k|+ 1)min (∆xd,∆xk) ≥ C(|d− k|+ 1)∆xk (4.3)

where C 6= C(m, k).
Furthermore, denoting by λm(wα, x) = [

∑m−1
k=0 p2k(wα, x)]

−1 the m-th
Christoffel function, one has (see, for instance, [20] and [15] )

l2m,k(x) = p2m(wα, x)
xkλm(wα, xk)

(x− xk)2
, ∀k = 1, ...,m. (4.4)
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Now, since (see, for instance, [3], [5], [15]) ∀k = 1, 2, ...,m

λm(wα, xk) ∼ wα(xk)∆xk ∼ wα(xk)

√
xk

4m− xk
(4.5)

and (see, for instance, [11])

|pm(wα, x)
√

wα(x)| ≤
C

4
√
x 4

√
4m− x+ 4m

m2/3

, x ∈
(
C
m
, 4m

)
(4.6)

we can deduce the following useful estimate for the fundamental Lagrange
polynomials

l2m,k(x)wγ(x) ≤ Cxγ−α− 1
2

∆xk
(x− xk)2

xkwα(xk)√
4m− x

, x ∈
(
C
m
, 4m

)
(4.7)

∀k = 1, 2, ...,m.
The following lemma [11, Lemma 3.1-3.2] (see, also, [2], [8], [9]) will be

useful for our aims.

Lemma 4.1. Let {lm,k}mk=1 be the fundamental Lagrange polynomials based
on the zeros of pm(wα), let x ∈ [x1, xm] and d = d(x) ∈ {1, 2, ...,m} be an
index of a zero of pm(wα) closest to x. Then, for some positive constants
C 6= C(m,x, d) we have

1

C
≤

wα(x)l
2
m,d(x)

wα(xd)
≤ C. (4.8)

From now on, for simplicity of notation, we will write lk instead of lm,k.
In the sequel we also need a Remez type inequality stated in the follow-

ing proposition (see, for instance, [1]).

Proposition 4.2. Let wγ(x) = xγe−x, γ ≥ 0. Then for each polynomial
Pm of degree at most m and for a fixed a > 0, there exists a positive constant
C that depends on a but not on m and Pm, such that the following inequality

‖Pmwγ‖∞ ≤ C‖Pmwγ‖L∞([ a
m
,2m])

holds true.

Finally, we introduce the error of best approximation by means of poly-
nomials of degree at most n (Pn ∈ Pn)

En(f)wγ = inf
Pn∈Pn

‖(f − Pn)wγ‖∞
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and recall the following Jackson’s inequality (see, for instance, [13], [1])

En(f)wγ ≤ Cωϕ

(
f,

1√
n

)

wγ

, C 6= C(n, f). (4.9)

In order to prove Theorem 3.1 we need the following lemma.

Lemma 4.2. Let wγ(x) = xγe−x and wα(x) = xαe−x such that

max

{
0, α+

1

2

}
≤ γ ≤ α+ 1, −1 < α ≤ 0.

Then for every f ∈ L∞
wγ

we have

‖[f − P∗(α)
m+1(f)]w

2
γ‖L∞((0,xj ]) ≤ C

[
m∑

i=1

1

i2
ωϕ

(
f,

i√
m

)

wγ

+
logm√

m
‖fwγ‖∞

]

where C 6= C(m, f).

Proof. Since F (α)
m+1(1, x) = 1, by (1.2) we have

‖[f − P∗(α)
m+1(f)]w

2
γ‖L∞((0,xj ])

= sup
x∈(0,xj ]

|[f(x)Fm+1(1, x)− P∗(α)
m+1(f, x)]w

2
γ(x)|

= sup
x∈(0,xj ]

{
j∑

k=1

(
(1 + α)x

xk
− α

)
l̃2k(x)w

2
γ(x)[f(x)− f(xk)]

+

m+1∑

k=j+1

(
(1 + α)x

xk
− α

)
l̃2k(x)f(x)w

2
γ(x)

+

m+1∑

k=1

(
−1 +

2

4m− xk

)
(x− xk)l̃

2
k(x)f(x)w

2
γ(x)

}

:= sup
x∈(0,xj ]

{A1(x) +A2(x) +A3(x)} . (4.10)

We first consider A1(x). We denote by xd a node closest to x and assume
xd−1 < x < xd < xd+1, d ≥ 2. Then we write

|A1(x)| ≤
d−1∑

k=1

(
(1 + α)x

xk
− α

)
l̃2k(x)w

2
γ(x)|f(x)− f(xk)|

+ l̃2d(x)w
2
γ(x)|f(x)− f(xd)|+

j∑

k=d+1

l̃2k(x)w
2
γ(x)|f(x)− f(xk)|

:= Σ1(x) + Σ2(x) + Σ3(x). (4.11)
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being
(
(1+α)x

xk
− α

)
≤ 1 if x < xk. We first estimate Σ2(x). To this end

observe that being xd−1 < x < xd and x ∈ (0, xj ] by (4.2) we have

xd − x < xd − xd−1 = ∆xd−1 ≤ C
√

xd
m

. (4.12)

Therefore, setting ϕ(y) =
√
y, taking into account that supxwγ(x) ≤ C and

by applying (2.1) and (4.8), we get

Σ2(x) = |f(x+ (xd − x))− f(x)|wγ(x)

≤ sup
0<h≤ 1√

2m

sup
y∈

(
4h2, 1

h2

) |f(y + hϕ(y))− f(y)|wγ(y)

≤ C Ωϕ

(
f,

1√
m

)

wγ

. (4.13)

Now we consider Σ1(x). We write

Σ1(x) ≤ −α

d−1∑

k=1

l̃2k(x)w
2
γ(x)|f(x)− f(xk)|

+ (α+ 1)

d−1∑

k=1

x

xk
l̃2k(x)w

2
γ(x)|f(x)− f(xk)|

:= I1(x) + I2(x). (4.14)

About I1 we observe that, by using relation (4.7) and taking into account
that supxwγ(x) ≤ C, we have

I1(x)

≤ C
d−1∑

k=1

(
4m− x

4m− xk

)2

xγ−α− 1
2

∆xk
(x− xk)2

x1+α−γ
k√
4m− x

|f(x)− f(xk)|wγ(xk)

= C
d−1∑

k=1

(
4m− x

4m− xk

)2√ x

4m− x

∆xk
(x− xk)2

(xk
x

)1+α−γ

· |f(x)− f(xk)|wγ(xk).

Therefore, since
(

4m−x
4m−xk

)2
< 2,

(
xk
x

)1+α−γ
< 1 being γ ≤ α+ 1,

√
x

4m−x∆xk ≤ C∆2xd ≤ C(x − xd)
2 being ∆xk < ∆xd, and by applying
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(4.12), (2.1) and (2.3) we find

I1(x) ≤ C
d−1∑

k=1

(
x− xd
x− xk

)2

|f(xk + (x− xk))− f(xk)|wγ(xk)

≤ C
d−1∑

k=1

(
x− xd
x− xk

)2

Ωϕ

(
f,

d− k + 1√
m

)

wγ

= C


Ωϕ

(
f,

1√
m

)

wγ

+

[ d
2
]∑

k=1

(
x− xd
x− xk

)2

Ωϕ

(
f,

d− k√
m

)

wγ

+

d−2∑

k=[ d
2
]+1

(
x− xd
x− xk

)2

Ωϕ

(
f,

d− k√
m

)

wγ


 . (4.15)

If 1 ≤ k ≤ [d2 ] since in general it results

xi − xr =

i−1∑

j=r

∆xj > ∆xr(i− r), ∀i > r (4.16)

we have

(x− xk) > (xd−1 − xk) = (xd−1 − x[ d
2
]) + (x[ d

2
] − xk)

>
d

2
∆x[ d

2
] +

([
d

2

]
− k

)
∆xk

>
d

2
∆x[ d

2
] > C d

2
∆xd. (4.17)

Therefore

[ d
2
]∑

k=1

(
x− xd
x− xk

)2

Ωϕ

(
f,

d− k√
m

)

wγ

≤ C
[ d
2
]∑

k=1

1

d2
Ωϕ

(
f,

d− k√
m

)

wγ

≤ C 1
d
Ωϕ

(
f,

d√
m

)

wγ

≤ CΩϕ

(
f,

1√
m

)

wγ

(4.18)

in virtue of (2.1).
If [d2 ] + 1 ≤ k ≤ d− 2, then by applying (4.16) and by using (4.2) and (4.1)
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we have

d−2∑

k=[ d
2
]+1

(
x− xd
x− xk

)2

Ωϕ

(
f,

d− k√
m

)

wγ

≤ C
d−2∑

k=[ d
2
]+1

(
∆xd

(d− k)∆xk

)2

Ωϕ

(
f,

d− k√
m

)

wγ

≤ C
d−2∑

k=[ d
2
]+1

d2

(d− k)2k2
Ωϕ

(
f,

d− k√
m

)

wγ

≤ C
d−2∑

k=[ d
2
]+1

1

(d− k)2
Ωϕ

(
f,

d− k√
m

)

wγ

. (4.19)

Thus by replacing (4.18) and (4.19) in (4.15) we obtain

I1(x) ≤ C


Ωϕ

(
f,

1√
m

)

wγ

+
d−2∑

k=[ d
2
]+1

1

(d− k)2
Ωϕ

(
f,

d− k√
m

)

wγ


 . (4.20)

Now we consider I2. By using (4.7) and taking into account that
supxwγ(x) ≤ C, we have

I2(x) ≤ Cxγ−α+ 1
2

d−1∑

k=1

∆xk
(x− xk)2

xα−γ
k√

4m− x
wγ(xk)|f(x)− f(xk)|

≤ Cxγ−α+ 1
2

d−1∑

k=1

∆xk
(x− xk)2

xα−γ
k√

4m− x
Ωϕ

(
f,

d− k√
m

)

wγ

≤ C


xγ−α+ 1

2





[ d
2
]∑

k=1

+

d−2∑

k=[ d
2
]+1





∆xk
(x− xk)2

xα−γ
k√

4m− x
Ωϕ

(
f,

d− k√
m

)

wγ

+Ωϕ

(
f,

1√
m

)

wγ

]
.

In the first sum we observe that 1√
4m−x

≤ C√
m
, and in virtue of (4.1)

x[ d
2
] ∼

1
4
d2

m ∼ 1
4xd while in the second one we use (4.2) and (4.3). Therefore
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by applying (2.2) we have

I2(x) ≤ C


Ωϕ

(
f,

d√
m

)

wγ

x
γ−α−3/2
d√

m

[ d
2
]∑

k=1

∫ xk

xk−1

dt

tγ−α
+Ωϕ

(
f,

1√
m

)

wγ

+xγ−α+ 1
2

d−2∑

k=[ d
2
]+1

∆xk
(x− xk)2

x
α−γ− 1

2
k

√
4m− xk
4m− x

√
xk

4m− xk




≤ C

[
Ωϕ

(
f,

d√
m

)

wγ

x
γ−α−3/2
d√

m

∫ xd/2

0

dt

tγ−α
+Ωϕ

(
f,

1√
m

)

wγ

+

d−2∑

k=[ d
2
]+1

1

(d− k)2

(
x

xk

)γ−α+ 1
2

Ωϕ

(
f,

d− k√
m

)

wγ


 .

Thus, by the assumption on γ, we get

I2(x) ≤ C


Ωϕ

(
f,

d√
m

)

wγ

1
√
xdm

+

d−2∑

k=[ d
2
]+1

1

(d− k)2
Ωϕ

(
f,

d− k√
m

)

wγ

+Ωϕ

(
f,

1√
m

)

wγ

]

≤ C


Ωϕ

(
f,

1√
m

)

wγ

+
d−2∑

k=[ d
2
]+1

1

(d− k)2
Ωϕ

(
f,

d− k√
m

)

wγ


 . (4.21)

Consequently, by replacing (4.20) and (4.21) in (4.14), we get

Σ1(x) ≤ C


Ωϕ

(
f,

1√
m

)

wγ

+

d−2∑

k=[ d
2
]+1

1

(d− k)2
Ωϕ

(
f,

d− k√
m

)

wγ


 . (4.22)

Finally, we consider Σ3(x). By using (4.7) and taking into account that
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supxwγ(x) ≤ C, we obtain

Σ3(x)

≤ C
j∑

k=d+1

(
4m− x

4m− xk

)2

xγ−α− 1
2

∆xk
(x− xk)2

x1+α−γ
k√
4m− x

|f(x)− f(xk)|wγ(xk)

= C
j∑

k=d+1

(
4m− x

4m− xk

)3/2√ xk
4m− xk

∆xk
(x− xk)2

(
x

xk

)γ− 1
2
−α

· |f(x)− f(xk)|wγ(xk).

Then since ∆xk ∼
√

xk
4m−xk

, 4m−x
4m−xk

< 2, wγ(xk) ≤ Cwγ(x),
(

x
xk

)− 1
2
−α+γ

< 1 being γ > α+ 1
2 ,we have

Σ3(x) ≤ C
j∑

k=d+1

(
∆xk
x− xk

)2

|f(x)− f(xk)|wγ(x),

from which by using (4.3) we get

Σ3(x) ≤ C

[
Ωϕ

(
f,

1√
m

)

wγ

+

j∑

k=d+2

1

(k − d)2
Ωϕ

(
f,

k − d√
m

)

wγ

]
. (4.23)

Hence by replacing (4.13), (4.22) and (4.23) in (4.11) we have

|A1(x)| ≤ C
j∑

i=1

1

i2
Ωϕ

(
f,

i√
m

)

wγ

. (4.24)

Now we estimate A2. Since x < xk in virtue of (4.7) we have

|A2(x)|

:=

m+1∑

k=j+1

(
(1 + α)x

xk
− α

)
l̃2m,k(x)w

2
γ(x)f(x)

≤ (fwγ)(x)


l̃2m,m+1(x)wγ(x) +

m∑

k=j+1

l̃2m,k(x)wγ(x)




≤ (fwγ)(x)

[
p2m(wα, x)

p2m(wα, 4m)

wγ(x)

wγ(4m)
wγ(4m)

+Cxγ−α− 1
2

m∑

k=j+1

∆xk
(x− xk)2

x1+α−γ
k√
4m− x

(
4m− x

4m− xk

)2

wγ(xk)


 .
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Consequently, being p2m(wα,x)
p2m(wα,4m)

wγ(x)
wγ(4m) ≤ C (see, for instance [11], estimate

(4.12)), 2m < xk < 4m, x < 2m,
√

xk
4m−x ≤ C, x < xk, γ > α+ 1

2 we have

|A2(x)|

≤ C|(fwγ)(x)|e−2m


e−2m +

m∑

k=j+1

∆xk
(x− xk)2

(
x

xk

)γ−α− 1
2
(

4m− x

4m− xk

)2



≤ C|(fwγ)(x)|e−2m


e−2m +

m∑

k=j+1

∆xk
(4m− xk)2




≤ C|(fwγ)(x)|e−2m


e−2m +





[ 3
2
j]∑

k=j+1

+

m∑

k=[ 3
2
j]+1





∆xk
(4m− xk)2


 .

Therefore, since in virtue of (4.1), we have x[ 3
2
j] ∼ 9

4
j2

m ∼ 9
4xj , we can

deduce

|A2(x)|

≤ C|(fwγ)(x)|e−2m


e−2m +

m

(4m− x[ 3
2
j])

2
+

m∑

k=[ 3
2
j]+1

∫ xm

x
[ 32 j]+1

dt

(4m− t)2




≤ C|(fwγ)(x)|e−2m

[
e−2m +

1

m
+

1

(4m− xm)

]
. (4.25)

It remains to estimate A3.
By the definition and being −1 + 2

4m−xk
≤ 1 we can write

|A3(x)| ≤ |(fwγ)(x)|


 |x− xd|l̃2d(x)wγ(x) +

j∑

k=1
k 6=d

l̃2k(x)|x− xk|wγ(x)

+

m∑

k=j+1

|x− xk|l̃2k(x)wγ(x) + |x− 4m|l̃2m+1(x)wγ(x)


 .

About the first two terms we can note that by using relation (4.7) and
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being ( 4m−x
4m−xk

) ≤ C we have

|x− xd|l̃2d(x)wγ(x) +

j∑

k=1
k 6=d

l̃2k(x)|x− xk|wγ(x)

≤ |x− xd|
l̃2d(x)

wγ(xd)
wγ(x)wγ(xd) + xγ−α− 1

2

j∑

k=1
k 6=d

∆xk
|x− xk|

x1+α−γ
k√
4m− x

wγ(xk)

≤ C
√

xd
m

wγ(xd) +
xγ−α− 1

2

√
m

j∑

k=1
k 6=d

∆xk
|x− xk|

x
1
2
+α−γ

k

√
xkwγ(xk)

by applying (4.8), (4.12) and taking into account that 1√
4m−x

≤ C√
m
. There-

fore, since supxk

√
xkwγ(xk) ≤ 1 and (see, for instance, [11])

j∑

k=1
k 6=d

∆xk
|x− xk|xρk

≤ C logm

xρ
, 0 ≤ ρ ≤ 1, (4.26)

by the assumptions on γ we deduce

|x− xd|l̃2d(x)wγ(x) +

j∑

k=1
k 6=d

l̃2k(x)|x− xk|wγ(x) ≤ C logm√
m

. (4.27)

About the last two terms we note that being 2m < xk < 4m, x < xk,

γ > α+ 1
2 and

√
xk

4m−x ≤ C we have

m∑

k=j+1

|x− xd|l̃2k(x)wγ(x) + |x− 4m| l̃2m+1(x)wγ(x)

≤ Cxγ−α− 1
2

m∑

k=j+1

∆xk
|x− xk|

x1+α−γ
k√
4m− x

(
4m− x

4m− xk

)2

wγ(xk) + |x− 4m|e−4m

≤ e−2m(4m− x)

m∑

k=j+1

∆xk
(4m− xk)2

+ |x− 4m|e−4m.

Then by estimating the sum as already done for A2 and taking into account
estimate (4.27) we get

|A3(x)| ≤ C logm√
m

. (4.28)
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Hence by substituting (4.24), (4.25) and (4.28) in (4.10) we have

‖[f − P∗(α)
m+1(f)]w

2
γ‖L∞((0,xj ]) ≤ C

[
j∑

i=1

1

i2
Ωϕ

(
f,

i√
m

)

wγ

+
logm√

m
‖fwγ‖∞

]

and the theorem follows by applying (2.3).

Proof of Theorem 3.1. Let f ∈ L∞
wγ

and let P(α)
m+1 and fj be the functions

defined in (1.3) and (1.4), respectively. We write

‖[f − P∗(α)
m+1(f)]w

2
γ‖∞ = ‖[f − P(α)

m+1(fj)]w
2
γ‖∞

≤ ‖[f − fj ]w
2
γ‖∞ + ‖[fj − P(α)

m+1(fj)]w
2
γ‖∞

≤ ‖[f − fj ]w
2
γ‖∞ + ‖[f − P∗(α)

m+1(f)]w
2
γ‖L∞((0,xj ])

+ ‖P∗(α)
m+1(f)w

2
γ‖L∞((xj ,+∞)).

(4.29)

In order to estimate the first term on the right-hand side we denote by QM

the near best polynomial approximation of f i.e.

‖[f −QM ]wγ‖∞ ≤ CEM (f)wγ , M =
[m
3

]
. (4.30)

Thus, by observing that f = fj in (0, xj ] and that wγ(x) ≤ C, we write

‖[f − fj ]w
2
γ‖∞ ≤ C‖fwγ‖L∞((xj ,+∞))

≤ ‖[f −QM ]wγ‖L∞((xj ,+∞)) + ‖QMwγ‖L∞((xj ,+∞))

≤ CEM (f)wγ + ‖QMwγ‖L∞([2m,+∞)) (4.31)

being xj ≥ 2m. Now we recall that (see, for instance, [13]) ∀Pm ∈ Pm and
∀δ > 0 it results

‖Pmwγ‖L∞([4m(1+δ),+∞)) ≤ Ce−Am‖Pmwγ‖∞ (4.32)

where C and A are positive constants independent of m and Pm.
Therefore using (4.32) to the last term of (4.31) we have

‖[f − fj ]w
2
γ‖∞ ≤ C[EM (f)wγ + e−Am‖QMwγ‖∞]

≤ C[EM (f)wγ + e−Am‖fwγ‖∞]
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from which by applying (4.9) we deduce

‖[f − fj ]w
2
γ‖∞ ≤ C

[
ωϕ

(
f,

1√
m

)

wγ

+ e−Am‖fwγ‖∞

]
.

The second term in (4.29) can be estimated by applying Lemma 4.2. Con-
sequently we have only to bound the last term. To this end it is sufficient

to note that P∗(α)
m+1 is a bounded operator and is a polynomial. Therefore

by applying (4.32) we easily deduce

‖P∗(α)
m+1(f)w

2
γ‖L∞((xj ,+∞)) ≤ Ce−Am‖fwγ‖∞

and the theorem follows.

Proof of Corollary 3.1. By (1.5) we can write

‖[f −F∗
m+1(f)]w

2
γ‖∞ ≤ ‖[f − P∗(α)

m+1(f)]w
2
γ‖∞

+ sup
x≥0

∣∣∣∣∣w
2
γ(x)

j∑

k=1

(
−1 +

2

4m− xk

)
(x− xk)f(xk)l̃

2
k(x)

∣∣∣∣∣ .

The first term can be estimated as in Theorem 3.1 and then we have only
to bound the last one. By applying Proposition 4.2, by using (4.7), (4.8),
(4.26) and taking into account that |x − xd| ∼

√
x
m , supx

√
xwγ(x) ≤ 1,

(−1 + 2
4m−xk

) ≤ 1 we have

sup
x≥0

∣∣∣∣∣w
2
γ(x)

j∑

k=1

(
−1 +

2

4m− xk

)
(x− xk)f(xk)l̃

2
k(x)

∣∣∣∣∣

≤ C‖fwγ‖∞ sup
a
m
≤x≤2m

wγ(x)

[
|x− xd|l̃2d(x)

wγ(x)

wγ(xd)

+ xγ−α− 1
2

j∑

k=1
k 6=d

∆xk
|x− xk|

x1+α−γ
k√
4m− x




≤ C‖fwγ‖∞ sup
a
m
≤x≤2m

√
xwγ(x)

[
1√
m

+
logm√

m

]

≤ C logm√
m

‖fwγ‖∞

and the corollary follows.
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Proof of Proposition 3.1. Let wγ(x) = xγe−x, v(x) = wγ(x)(1 + x)−λ,
u(x) = wγ(x)(1 + x)λ. By applying Proposition 4.2 we have

‖P∗(α)
m+1(f)v‖1 ≤ C‖P∗(α)

m+1(f)v‖L1([ a
m
,2m])

= C
∫ 2m

a
m

∣∣∣∣∣v(x)
j∑

k=1

(
(1 + α)x

xk
− α

)
f(xk)l̃

2
k(x)

∣∣∣∣∣ dx

≤ C‖fu‖∞
∫ 2m

a
m

j∑

k=1

(
(1 + α)x

xk
− α

)
l̃2k(x)

v(x)

u(xk)
dx.

Then denoting by xd a node closest to x with xd−1 < x < xd < xd+1 we
get

‖P∗(α)
m+1(f)v‖1 ≤ C‖fu‖∞

[∫ 2m

a
m

(
(1 + α)x

xd
− α

)
l̃2d(x)

v(x)

u(xd)
dx

+

∫ 2m

a
m

j∑

k=1
k 6=d

(
(1 + α)x

xk
− α

)
l̃2k(x)

v(x)

u(xk)
dx




from which by (4.8) we obtain

‖P∗(α)
m+1(f)v‖1

≤ C‖fu‖∞



∫ ∞

0

dx

(1 + x)2λ
+

∫ 2m

a
m

j∑

k=1
k 6=d

(
(1 + α)x

xk
− α

)
l̃2k(x)

v(x)

u(xk)
dx




≤ C‖fu‖∞


1 +

∫ 2m

a
m

1

(1 + x)λ

j∑

k=1
k 6=d

(
(1 + α)x

xk
− α

)
wγ(x)

wγ(xk)

l̃2k(x)dx

(1 + xk)λ


 .

(4.33)

Now let a
m ≤ x ≤ 2m and consider the sum in the integral.
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Being 1
(1+xk)λ

< 1 and by applying (4.7) we have

j∑

k=1
k 6=d

(
(1 + α)x

xk
− α

)
l̃2k(x)

wγ(x)

wγ(xk)

1

(1 + xk)λ

≤ C


x

γ+ 1
2
−α

j∑

k=1
k 6=d

∆xk
(x− xk)2

xα−γ
k√

4m− x

(
4m− x

4m− xk

)2

+xγ−α− 1
2

j∑

k=1
k 6=d

∆xk
(x− xk)2

x1+α−γ
k√
4m− x

(
4m− x

4m− xk

)2




:= C[Σ1(x) + Σ2(x)].

We first consider Σ1(x). If x < xk, since γ > α, ( 4m−x
4m−xk

) < C and xd > 1
m

by (4.2) and (4.3) it results

Σ1(x) ≤
j∑

k=1
k 6=d

∆xk
(x− xk)2

√
xk

4m− xk
≤

j∑

k=1
k 6=d

(
∆xk
x− xk

)2

≤
j∑

k=1
k 6=d

1

(|d− k|+ 1)2
≤ C.

If xk < x < 2m then 1√
4m−xk

≤ 1√
2
√
m

and being again ( 4m−x
4m−xk

) < C, we
can write

Σ1(x) ≤
C√
m
xγ+

1
2
−α





∑

x1≤xk≤x
2

+
∑

x
2
≤xk≤xd−1





∆xk
(x− xk)2

xα−γ
k

:=
C√
m
xγ+

1
2
−α[I1(x) + I2(x)]. (4.34)

In the sum I1 it results 1
(x−xk)2

≤ 4
x2 and being γ < α+ 1 we obtain

I1(x) ≤
4

x2

∑

x1≤xk≤x
2

(
1

xk

)γ−α

∆xk ≤ C
x2

∑

x1≤xk≤x
2

∫ xk

xk−1

(
1

t

)γ−α

dt

≤ C
x2

∫ x
2

0

dt

tγ−α
≤ Cxα−γ−1.

ON A POSITIVE LINEAR OPERATOR ON THE SEMIAXIS 335



336 On a positive linear operator

For the sum I2(x) since γ > α and x
2 ≤ xk we have

I2(x) ≤
(
2

x

)γ−α ∑
x
2
≤xk≤xd−1

∆xk
(x− xk)2

≤
(
2

x

)γ−α ∑
x
2
≤xk≤xd−1

∫ xk+1

xk

dt

(x− t)2

=

(
2

x

)γ−α ∫ xd−1

x
2

dt

(x− t)2

≤ C xα−γ−1.

Then substituting the expression of I1 and I2 in (4.34) and taking into
account that x > a

m we obtain the boundedness of Σ1(x).
Now we consider Σ2(x). We write

Σ2(x) = Cxγ−α− 1
2

j∑

k=1
k 6=d

∆xk
(x− xk)2

x1+α−γ
k√
4m− xk

(
4m− x

4m− xk

)3/2

.

Being ( 4m−x
4m−xk

)3/2 < C and taking into account that
√

xk
4m−xk

∼ ∆xk one

deduces

Σ2(x) ≤ Cxγ−α− 1
2

j∑

k=1
k 6=d

(
∆xk
x− xk

)2

x
1
2
+α−γ

k .

Hence by (4.3) and (4.1) we get

Σ2(x) ≤ Cxγ−α− 1
2

j∑

k=1
k 6=d

1

(|d− k|+ 1)2

(
1

xk

)γ−α− 1
2

≤ Cxγ−α− 1
2mγ− 1

2
−α

j∑

k=1
k 6=d

1

k2(γ−α− 1
2
)(|d− k|+ 1)2

.

Therefore being max{0, α+ 1
2} ≤ γ < α+1 and x < xd we obtain (see,

for instance, [16, Lemma 9])

Σ2(x) ≤ Cxγ−α− 1
2x

−γ+α+ 1
2

d ≤ C.
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Consequently the sum appearing in the integral (4.33) is bounded and
we deduce

‖P∗(α)
m+1(f)v‖1 ≤ C‖fu‖∞

[
1 +

∫ ∞

0

dx

(1 + x)λ

]
≤ C‖fu‖∞

being λ > 1.

In order to prove Theorem 3.2 we need the following lemma.

Lemma 4.3. Let wγ(x) = xγe−x, v(x) = wγ(x)(1 + x)−λ,
u(x) = wγ(x)(1 + x)λ such that

1 < λ <
3

2
, max

{
0, α+

1

2

}
≤ γ < α+ 1, −1 < α ≤ 0.

Then for every function f ∈ L∞
u we have

‖[QM − P∗(α)
m+1(QM )]v‖1 ≤ C

[
ωϕ

(
f,

1√
m

)

u

+
‖fu‖∞√

m

]

where QM ∈ PM with M ∼ m is the near best approximant polynomial of
f defined in (4.30) and C 6= C(m, f).

Proof. First of all we recall that denoting by H(f, x) the Hermite polyno-
mial based on the zeros x1 < x2 < ... < xm < xm+1 = 4m

H(f, x) = Fm+1(f, x) +

m+1∑

k=1

(x− xk)l̃
2
k(x)f

′(xk)

it results f(x) = H(f, x) if f ∈ P2m−1.
Now let f ∈ L∞

u and let us consider its near beat approximant polynomial
QM with M = [m3 ]. By Proposition 4.2 we have

‖[QM − P∗(α)
m+1(QM )]v‖1 ≤ C ‖[QM − P∗(α)

m+1(QM )]v‖L1([ a
m
,2m])

= C
∫ 2m

a
m

|QM (x)− P∗(α)
m+1(QM , x)|v(x)dx

= C
∫ 2m

a
m

|H(QM , x)− P∗(α)
m+1(QM , x)|v(x)dx
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from which

‖[QM − P∗(α)
m+1(QM )]v‖1

= C
∫ 2m

a
m

∣∣∣∣∣∣
v(x)

∑

k>j

(
(1 + α)x

xk
− α

)
QM (xk)l̃

2
k(x)

∣∣∣∣∣∣
dx,

+

∫ 2m

a
m

∣∣∣∣∣v(x)
m+1∑

k=1

(
Q′

M (xk) +

(
−1 +

2

4m− xk

)
QM (xk)

)
(x− xk)l̃

2
k(x)

∣∣∣∣∣ dx

:= I1 + I2.

Now we immediately note that

I1 ≤ C‖QMu‖L∞([2m,+∞)

∫ 2m

a
m

1

(1 + x)2λ

∑

k>j

(
(1 + α)x

xk
− α

)
l̃2k(x)

wγ(x)

wγ(xk)
dx

and this quantity tends to zero taking into account relation (4.32) and by
estimating the sum by using (4.7).
About the integral I2 we observe that since −1 + 2

4m−xk
≤ 1 we can write

I2 ≤
∫ 2m

a
m

∣∣∣∣∣

j∑

k=1

Q′
M (xk)(x− xk)l̃

2
k(x)v(x)

∣∣∣∣∣ dx

+

∫ 2m

a
m

∣∣∣∣∣

j∑

k=1

QM (xk)(x− xk)l̃
2
k(x)v(x)

∣∣∣∣∣ dx

+

∫ 2m

a
m

∣∣∣∣∣∣
∑

k>j

Q′
M (xk)(x− xk)l̃

2
k(x)v(x)

∣∣∣∣∣∣
dx

+

∫ 2m

a
m

∣∣∣∣∣∣
∑

k>j

QM (xk)(x− xk)l̃
2
k(x)v(x)

∣∣∣∣∣∣
dx

:= B1 +B2 +B3 +B4. (4.35)

The integrals B3 and B4 can be estimated as already done for the integral
I1 deducing that they tend to zero. There remains to estimate the first
two. We begin with B2. By using (4.4) we have

B2 ≤ C
j∑

k=1

xkwα(xk)∆xkQM (xk)

∫ 2m

a
m

p2m(wα, x)v(x)g(x)

(x− xk)
dx
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where g = sign(v(x)
∑j

k=1QM (xk)(x− xk)l̃
2
k(x)). Therefore we deduce

|B2| ≤ C ‖QMu‖∞
j∑

k=1

x1+α−γ
k

∆xk
(1 + xk)λ

|Π(xk)|

where

Π(t) =

∫ 2m

a
m

p2m(wα, x)q(x)− p2m(wα, t)q(t)

x− t

v(x)g(x)

q(x)
dx (4.36)

and q is a polynomial of degree `m (` fixed).
Then by applying the Marcinkiewicz inequality (see, for instance, [7]) ac-
cording to which

j∑

k=1

∆xk|P (xk)x
σ
k | ≤ C

∫ 4mθ1

a
m

|P (x)xσ|dx, xσ ∈ L1, P ∈ P`m, ` fixed

where xj = min{xk ≥ 2m} and xj ≤ 4mθ1 with θ1 ∈ (12 , 1), we have

|B2| ≤ C ‖QMu‖∞
∫ 4mθ1

a
m

t1+α−γ

(1 + t)λ
|Π(t)|dt

= C ‖QMu‖∞

[∫ 4mθ1

a
m

t1+α−γ

(1 + t)λ

∣∣∣∣∣

∫ 2m

a
m

p2m(wα, x)v(x)g(x)

(x− t)
dx

∣∣∣∣∣ dt

+

∫ 4mθ1

a
m

p2m(wα, t)
t1+α−γ

(1 + t)λ
q(t)

∣∣∣∣∣

∫ 2m

a
m

v(x)g(x)

(x− t)q(x)
dx

∣∣∣∣∣ dt
]

:= C ‖QMu‖∞[A1 +A2] (4.37)

where each integral is in the sense of the principal value.
We estimate A1. To this end by (4.6) and being 1√

4m−xk
≤ C√

m
we write

A1

≤ C√
m

∫ 4mθ1

a
m

(
t

1 + t

)1+α−γ

(1 + t)−λ+1+α−γ

∣∣∣∣∣

∫ 4mθ1

a
m

xγ−α− 1
2dx

(1 + x)λ(x− t)

∣∣∣∣∣ dt.

(4.38)
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Now we recall the following inequality [14]
∫ ∞

0

(
t

1 + t

)r

(1 + t)s
∫ ∞

0

∣∣∣∣
F (x)

x− t
dx

∣∣∣∣ dt

≤ C

[
1 +

∫ ∞

0

(
t

1 + t

)R

(1 + t)S |F (t)|(1 + log+ |F (t)|+ log+(t))dt

]

(4.39)

where

r > −1, R ≤ 0, r ≥ R, s < 0, S ≥ −1, s ≤ S (4.40)

log+(x) = logmax(1, x), and C 6= C(F ).
In order to apply this inequality to estimate (4.38) we set R = 0,
S = −λ+ 1

2 , r = 1 + α− γ, s = −λ+ 1 + α− γ.
In fact with these definitions by the hypothesis on γ and λ, relations (4.40)
are satisfied and we have

A1 ≤
C√
m

∫ ∞

0

tγ−α− 1
2

(1 + t)2λ−
1
2

(
1 + log+

(
t
1
2
−α+γ

(1 + t)λ

))
dt ≤ C√

m
.

Now we estimate A2. To this end we choose the polynomial q(x) ∼ xα+
1
2 e−x

(see, for instance, [8, pp. 485-493] and [17, p. 335]) and we use (4.6). Hence
we get

A2 ≤
C√
m

∫ 4mθ1

a
m

t1+α−γ

(1 + t)λ

∣∣∣∣∣

∫ 4mθ1

a
m

xγ−α− 1
2

(x− t)(1 + x)λ
dx

∣∣∣∣∣ dt.

This integral is equal to that of (4.38) and then is less than C√
m
. Therefore

we deduce by (4.37)

|B2| ≤
C√
m
‖fu‖∞.

Now we consider the integral B1. By proceeding as already done for B2 we
have

|B1| ≤ C‖Q′
Mϕu‖∞

j∑

k=1

x
1
2
+α−γ

k

∆xk
(1 + xk)λ

|Π(xk)|

where ϕ(t) =
√
t and Π(t) is the polynomial defined in (4.36). Moreover

following the same procedure adopted to estimate the integral B2 we find

|B1| ≤
C√
m
‖Q′

mϕu‖∞
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from which (see, for instance, [1] )

|B1| ≤ Cωϕ

(
f,

1√
m

)

u

.

Hence replacing this expression in (4.35) we have

|I2| ≤ C
[
‖fu‖∞√

m
+ ωϕ

(
f,

1√
m

)

u

]

and the lemma follows.

Proof of Theorem 3.2. Let QM with M = [m3 ],the near best approximant
polynomial of f and write

‖[f − P∗(α)
m+1(f)]v‖1 ≤ ‖[f −QM ]v‖1 + ‖P∗(α)

m+1(f −QM )v‖1
+ ‖[QM − P∗(α)

m+1(QM )]v‖1.

By applying Proposition 3.1 to the second term and Lemma 4.3 to the last
one we have

‖[f − P∗(α)
m+1(f)]v‖1 ≤ C

[
‖[f −QM ]u‖∞

∫ ∞

0

dx

(1 + x)2λ
+ ‖[f −QM ]u‖∞

+ωϕ

(
f,

1√
m

)

u

+
‖fu‖∞√

m

]

≤ C
[
EM (f)u + ωϕ

(
f,

1√
m

)

u

+
‖fu‖∞√

m

]
.

Then by applying (4.9) we have the statement.

Proof of Corollary 3.2. By (1.5) and by applying Proposition 4.2 we have

‖[f−F∗
m+1(f)]v‖1 ≤ C ‖[f−P∗(α)

m+1]v‖1+
∫ 2m

a
m

∣∣∣∣∣v(x)
j∑

k=1

(x− xk)f(xk)l̃
2
k(x)

∣∣∣∣∣ dx.

Hence the corollary follows by applying Theorem 3.2 to the first term and
by observing that the second is bounded by C√

m
‖fu‖∞. Indeed it is equal

to the integral B2 defined in (4.35) with f = QM .
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[19] V.E.S. Szabó, Weighted interpolation: the l∞ theory. I , Acta Math.
Hungar. 83 (1999), 131-159.
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Abstract. The main aim of this paper is to investigate (Hp, Lp)-
type inequality for maximal operators of logarithmic means of one-
dimensional Walsh-Fourier series.
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Let P denote the set of positive integers, N := P ∪ {0}. Denote Z2

the discrete cyclic group of order 2, that is Z2 = {0, 1}, where the group
operation is the modulo 2 addition and every subset is open. The Haar
measure on Z2 is given such that the measure of a singleton is 1/2. Let
G be the complete direct product of the countable infinite copies of the
compact groups Z2. The elements of G are of the form x = (x0, x1, ..., xk, ...)
with xk ∈ {0, 1} (k ∈ N) . The group operation on G is the coordinate-wise
addition, the measure (denoted by µ) and the topology are the product
measure and topology. The compact Abelian group G is called the Walsh
group. A base for the neighborhoods of G can be given in the following
way:

I0 (x) : = G, In (x) := In (x0, ..., xn−1)

: = {y ∈ G : y = (x0, ..., xn−1, yn, yn+1, ...)} ,

(x ∈ G,n ∈ N) .

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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346 maximal operators of Logarithmic means

These sets are called the dyadic intervals. Let 0 = (0 : i ∈ N) ∈ G denote
the null element of G, In := In (0) (n ∈ N) . Set en := (0, ..., 0, 1, 0, ...) ∈ G
the n th coordinate of which is 1 and the rest are zeros (n ∈ N) . Let In :=
G\In.

For k ∈ N and x ∈ G denote

rk (x) := (−1)xk (x ∈ G, k ∈ N)

the k-th Rademacher function. If n ∈ N, then n =
∞∑
i=0

ni2
i, where ni ∈

{0, 1} (i ∈ N), i. e. n is expressed in the number system of base 2. Denote
|n| := max{j ∈ N :nj 6= 0}, that is, 2|n| ≤ n < 2|n|+1.

The Walsh-Paley system is defined as the sequence of Walsh-Paley func-
tions:

wn (x) :=
∞∏

k=0

(rk (x))
nk = r|n| (x) (−1)

|n|−1∑
k=0

nkxk

(x ∈ G,n ∈ P) .

The Walsh-Dirichlet kernel is defined by

Dn (x) =
n−1∑

k=0

wk (x) .

Recall that

D2n (x) =

{
2n, if x ∈ In,

0, if x ∈ In.
(1)

The partial sums of the Walsh-Fourier series are defined as follows:

SMf(x) :=

M−1∑

i=0

f̂ (i)wi (x) ,

where the number

f̂ (i) =

∫

G

f (x)wi (x) dµ (x)

is said to be the i th Walsh-Fourier coefficient of the function f.
The norm (or quasinorm) of the space Lp (G) is defined by

‖f‖p :=



∫

G

|f (x)|p dµ (x)




1/p

(0 < p < +∞) .
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The space weak-Lp (G) consists of all measurable functions f for which

‖f‖weak−Lp(G) := sup
λ>0

λµ (|f | > λ)1/p < +∞.

The σ-algebra generated by the Ik dyadic intervale of measure 2−k will
be denoted by Fk (k ∈ N) .

Denote by f =
(
f (n), n ∈ N

)
martingale with respect to (Fn, n ∈ N)

(for details see, e. g. [16]). The maximal function of a martingale f is
defined by

f∗ = sup
n∈N

∣∣∣f (n)
∣∣∣ .

In case f ∈ L1 (G) , the maximal function can also be given by

f∗ (x) = sup
n∈N

1

µ (In(x))

∣∣∣∣∣∣∣

∫

In(x)

f (u) dµ (u)

∣∣∣∣∣∣∣
, x ∈ G.

For 0 < p < ∞ the Hardy martingale space Hp(G) consists all martin-
gales for which

‖f‖Hp
:= ‖f∗‖p < ∞.

If f ∈ L1 (G) then it is easy to show that the sequence (S2n (f) : n ∈ N)
is a martingale. If f is a martingale, that is f = (f (0), f (1), ...) then the
Walsh-Fourier coefficients must be defined in a little bit different way:

f̂ (i) = lim
k→∞

∫

G

f (k) (x)wi (x) dµ (x) .

The Walsh-Fourier coefficients of f ∈ L1 (G) are the same as the ones
of the martingale (S2n (f) : n ∈ N) obtained from f .

For n = 1, 2, ... and a martingale f the Fejér means of order n of the
Walsh-Fourier series of the function f is given by

σnf (x) =
1

n

n∑

j=1

Sjf(x).

For the martingale f we consider maximal operators

σ∗f = sup
n∈P

|σnf (x) |.
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The Fejér kernel of order n of the Walsh-Fourier series defined by

Kn (x) :=
1

n

n∑

k=1

Dk (x) .

A bounded measurable function a is a p-atom, if there exists a dyadic interval
I, such that

a)
∫
I

adµ = 0;

b) ‖a‖∞ ≤ µ(I)−1/p;

c) supp a ⊂ I.

The first result with respect to the a.e. convergence of the Walsh-Fejér
means σn is due to Fine [1]. Later, Schipp [9] showed that the maximal
operator σ∗ is of weak type (1, 1), from which the a. e. convergence follows
by standard argument. Schipp’s result implies by interpolation also the
boundedness of σ∗ : Lp → Lp (1 < p ≤ ∞). This fails to hold for p = 1.
However, Fujii [2] proved that σ∗ is bounded from the dyadic Hardy space
H1 to the space L1 (see also Simon [10]). Fujii’s theorem was extended
by Weisz [15]. Namely, he proved that the maximal operator of the Fejér
means of the one-dimensional Walsh-Fourier series is bounded from the
martingale Hardy space Hp (G) to the space Lp (G) for p > 1/2. Simon
[11] gave a counterexample, which shows that this boundedness does not
hold for 0 < p < 1/2. In [7] the author proved that the maximal operator
σ∗ is not bounded from the Hardy space H1/2 (G) to the space L1/2 (G) .
In the endpoint case p = 1/2 Weisz [17] proved that σ∗ is bounded from
the Hardy space H1/2 (G) to the space weak-L1/2 (G) .

In the literature, it is known the notion of Riesz’s logarithmic means of
a Fourier series. The n-th Riesz’s logarithmic means of the Fourier series
of an integrable function f is defined by

Rnf (x) :=
1

ln

n∑

k=1

Skf (x)

k
,

where ln :=
∑n

k=1 (1/k).

Riesz’s logarithmic means with respect to the trigonometric system was
studied by a lot of authors. We mentioned, for instance, the paper by Szasz
[13] and Yabuta [14]. This means with respect to the Walsh and Vilenkin
systems was discussed by Simon [11] and Gát [4].

Let {qk : k ≥ 0} be a sequence of nonnegative numbers. The n-th
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Nörlund means for the Fourier series of f is defined by

1

Qn

n−1∑

k=0

qn−kSkf,

where

Qn :=
n∑

k=1

qk.

If qk = k, then we get the Nörlund logarithmic means

Lnf (x) :=
1

ln

n−1∑

k=1

Skf (x)

n− k
.

In this paper we call it logarithmic mean altough, it is a kind of ”reverse”
Riesz’s logarithmic mean.

For the martingale f we consider the following maximal operators

R∗f(x) = sup
n∈P

|Rnf (x) |, L∗f(x) = sup
n∈P

|Lnf (x) |.

Moricz and Siddiqi [8] investigates the approximation properties of some
special Nörlund means of Walsh-Fourier series of Lp functions in norm. The
case when qk = 1/k is excluded, since the methods of Móricz and Siddiqi
are not applicable to logarithmic means. In [5] Gát and Goginava proved
some convergence and divergence properties of the logarithmic means of
functions in the class of continuous functions and in the Lebesgue space
L1. Amoung others, we gave a negative answer to the question of Móricz
and Siddiqi [8]. Gát and Goginava [6] proved that for each measurable
function Φ (u) = o

(
u
√
log u

)
there exists an integrable function f such

that ∫

G

Φ(|f (x) |) dµ (x) < ∞

and there exists a set with positive measure, such that theWalsh-logarithmic
means of the function diverge on this set.

The main aim of this paper is to inverstigate (Hp, Lp)-type inequality for
maximal operators of logarithmic means of one-dimensional Walsh-Fourier
series. In paricular, we prove that the following are true

Theorem 1 a) Let p > 1/2. Then the maximal operator R∗ is bounded
from the Hardy space Hp (G) to the space Lp (G) .
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b) Let 0 < p ≤ 1/2. Then there exists a martingale f ∈ Hp (G) for
which

‖R∗f‖p = +∞.

Corollary 2 Let 0 < p ≤ 1/2. Then there exists a martingale f ∈ Hp (G)
for which

‖σ∗f‖p = +∞.

Theorem 3 Let 0 < p ≤ 1. Then there exists a martingale f ∈ Hp (G) for
which

‖L∗f‖p = +∞.

In order to prove theorems we need the following

Theorem A (Weisz [16]). A martingale f =
(
f (n) : n ∈ N

)
is in

Hp (0 < p ≤ 1) if and only if there exists a sequence (ak, k ∈ N) of p-atoms
and a sequence (µk, k ∈ N) of real numbers such that for every n ∈ N,

∞∑

k=0

µkS2nak = f (n), (2)

∞∑

k=0

|µk|p < ∞.

Moreover,

‖f‖Hp
∼ inf

( ∞∑

k=0

|µk|p
)1/p

,

where the infimum is taken over all decompositions of f of the form (2).

Proof of Theorem 1. a) Using Abel transformation we obtain

Lnf (x) =
1

ln

n−1∑

j=1

σjf (x)

j + 1
+

σnf (x)

ln
.

Consequently,

L∗f ≤ cσ∗f. (3)

On the other hand, Weisz [15] proved that σ∗ is bounded from the mar-
tingale Hardy space Hp (G) to the space Lp (G), when p > 1/2. Hence,
from (3) we conclude that L∗ is bounded from the martingale Hardy space
Hp (G) to the space Lp (G), when p > 1/2.
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b) Let {mk : k ∈ P} be an increasing sequence of positive integers such
that

∞∑

k=1

1

m
p/2
k

< ∞, (4)

k−1∑

l=0

22ml/p

√
ml

<
22mk/p

√
mk

, (5)

22mk−1

√
mk−1

<
2mk

mk
. (6)

Let
f (A) (x) :=

∑

{k:2mk<A}

λkak (x) ,

where

λk :=
2

√
mk

and
ak (x) := 22mk(1/p−1)−1 (D22mk+1 (x)−D22mk (x)) .

It is easy to show that the martingale f =
(
f (0), f (1), ..., f (A), ...

)
∈

Hp (G) . Indeed, since

‖ak‖∞ = 22mk(1/p−1)−122mk+1 = 22mk/p = (supp (ak))
1/p ,

S2Aak (x) =

{
0, A ≤ 2mk

ak, A > 2mk
,

f (A) (x) :=
∑

{k:2mk<A}

λkak (x) =

∞∑

k=0

λkS2Aak (x)

from (4) and Theorem A we conclude that f ∈ Hp (G).
Let

qA,s := 22A + 22s, A > s.

Then we can write

Rqmk,sf (x) =
1

lqmk,s

qmk,s∑

j=1

Sjf (x)

j
(7)

=
1

lqmk,s

22mk−1∑

j=1

Sjf (x)

j
+

1

lqmk,s

qmk,s∑

j=22mk

Sjf (x)

j
= I + II.
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Let j ∈
{
22mk , ..., 22mk+1 − 1

}
for some k ∈ P. Then

f̂ (j) = lim
A→∞

f̂ (A) (j) =
22mk(1/p−1)

√
mk

(8)

and

f̂ (j) = 0, j /∈
∞⋃

l=1

{
22ml , ..., 22ml+1 − 1

}
. (9)

Let j < 22mk . Then from (5), (8) and (9) we have

|Sjf (x)| ≤
k−1∑

l=0

22ml+1−1∑

v=22ml

∣∣∣f̂ (v)
∣∣∣ ≤

k−1∑

l=0

22ml+1−1∑

v=22ml

22ml(1/p−1)

√
ml

(10)

=

k−1∑

l=0

22ml/p

√
ml

<
2 · 22mk−1/p

√
mk−1

.

Consequently,

I ≤ 1

lqmk

22mk−1∑

j=1

|Sjf (x)|
j

<
c

mk

22mk−1/p

√
mk−1

22mk−1∑

j=1

1

j
<

c22mk−1/p

√
mk−1

. (11)

Let 22mk ≤ j < qmk,s. Then we have the following

Sjf (x) =

k−1∑

l=0

22ml+1−1∑

v=22ml

f̂ (v)wv (x) +

j−1∑

v=22mk

f̂ (v)wv (x) (12)

=
k−1∑

l=0

22ml(1/p−1)

√
ml

(D22ml+1 (x)−D22ml (x))

+
22mk(1/p−1)

√
mk

(Dj (x)−D22mk (x)) .

This gives that

II =
1

lqmk,s

qmk,s∑

j=22mk

1

j

(
k−1∑

l=0

22ml(1/p−1)

√
ml

(D22ml+1 (x)−D22ml (x))

)
(13)

+
1

lqmk,s

22mk(1/p−1)

√
mk

qmk,s∑

j=22mk

Dj (x)−D22mk (x)

j

= II1 + II2.
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To discuss II1, we use (1) and (5). Thus we can write

II1 ≤ c

k−1∑

l=0

22ml/p

√
ml

<
c22mk−1

√
mk−1

. (14)

Since

Dj+22mk −D22mk = w22mkDj , 0 ≤ j < 22mk

for II2 we have

II2 =
1

lqmk,s

22mk(1/p−1)

√
mk

w22mk (x)
22s∑

j=0

Dj (x)

j + 22mk
. (15)

From

Rqmk,sf (x) = I + II1 + II2

and (6), (7), (11) and (13)-(15) we have

∣∣∣Rqmk,sf (x)
∣∣∣ ≥ |II2| − |I| − |II1| ≥ |II2| −

c22mk−1

√
mk−1

≥ c

mk

22mk(1/p−1)

√
mk

∣∣∣∣∣∣

22s∑

j=0

Dj (x)

j + 22mk

∣∣∣∣∣∣
− c2mk

mk
.

Let x ∈ I2s\I2s+1. Then it is evident that

∣∣∣∣∣∣

22s∑

j=0

Dj (x)

j + 22mk

∣∣∣∣∣∣
≥ c24s

22mk
,

∣∣∣Rqmk,sf (x)
∣∣∣ ≥ c

mk

22mk(1/p−1)

√
mk

24s

22mk
− c2mk

mk

≥ c22mk(1/p−2)

m
3/2
k

24s − c2mk

mk

≥ c22mk(1/p−2)

m
3/2
k

24s, s = [mk/2] , ...,mk.
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Consequently (0 < p ≤ 1/2),

∫

G

(R∗f (x))p dµ (x)

≥
mk∑

s=[mk/2]

∫

I2s\I2s+1

(R∗f (x))p dµ (x)

≥
mk∑

s=[mk/2]

∫

I2s\I2s+1

∣∣∣Rqmk,sf (x)
∣∣∣
p
dµ (x)

≥ c

mk∑

s=[mk/2]

∫

I2s\I2s+1

(
22mk(1/p−2)

m
3/2
k

24s

)p

dµ (x)

≥ c

mk∑

s=[mk/2]

22s(2p−1) 2
2mk(1−2p)

m
(3/2)p
k

≥





cm
1/4
k , p = 1/2

c2mk(1−2p)

m
(3/2)p
k

, 0 < p < 1/2
→ ∞ as k → ∞.

Theorem 1 is proved.
Proof of Theorem 3. We write

Lqmk,sf (x) =
1

lqmk,s

qmk,s−1∑

j=0

Sjf (x)

qmk,s − j
(16)

=
1

lqmk,s

22mk−1∑

j=1

Sjf (x)

qmk,s − j
+

1

lqmk,s

qmk,s−1∑

j=22mk

Sjf (x)

qmk,s − j

= III + IV.

Since (see (10))

|Sjf (x)| ≤ c22mk−1/p

√
mk−1

, j < 22mk

for III we can write

|III| ≤ c

mk

22mk−1∑

j=1

1

qmk,s − j

22mk−1/p

√
mk−1

<
c22mk−1/p

√
mk−1

. (17)
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For IV we have (see (12))

IV (18)

=
1

lqmk,s

qmk,s−1∑

j=22mk

1

qmk,s − j

(
k−1∑

l=0

22ml(1/p−1)

√
ml

(D22ml+1 (x)−D22ml (x))

)

+
1

lqmk,s

22mk(1/p−1)

√
mk

qmk,s−1∑

j=22mk

Dj (x)−D22mk (x)

qmk,s − j

= IV1 + IV2.

It is easy to show that

|IV1| <
c22mk−1/p

√
mk−1

, (19)

IV2 =
1

lqmk,s

22mk(1/p−1)

√
mk

w22mk (x)
22s−1∑

j=0

Dj (x)

22s − j
. (20)

Let x ∈ I2s\I2s+1. Then Dj (x) = j, j < 22s. Consequently,

22s−1∑

j=0

Dj (x)

22s − j
=

22s−1∑

j=0

j

22s − j
=

22s−1∑

j=0

(
22s

22s − j
− 1

)
≥ cs22s,

IV2 ≥
c22mk(1/p−1)

m
3/2
k

s22s, x ∈ I2s\I2s+1. (21)

Combining (6), (16)-(21) we have

∣∣∣Lqmk,sf (x)
∣∣∣ ≥ c22mk(1/p−1)

m
3/2
k

s22s − c2mk

mk

≥ c22mk(1/p−1)

m
3/2
k

s22s, x ∈ I2s\I2s+1, s = [mk/2] , ...,mk.
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Then we have
∫

G

(L∗f (x))p dµ (x)

≥
mk∑

s=[mk/2]

∫

I2s\I2s+1

(L∗f (x))p dµ (x)

≥
mk∑

s=[mk/2]

∫

I2s\I2s+1

∣∣∣Lqmk,sf (x)
∣∣∣
p
dµ (x)

≥ c

mk∑

s=[mk/2]

∫

I2s\I2s+1

(
22mk(1/p−1)

m
3/2
k

s22s

)p

dµ (x)

≥ c

mk∑

s=[mk/2]

2s(2p−2) 2
2mk(1−p)sp

m
(3/2)p
k

≥





cm
1/2
k , p = 1

c2mk(1−p)

m
(1/2)p
k

, 0 < p < 1
→ ∞ as k → ∞.

Theorem 3 is proved.
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Abstract. There are two kinds of estimates of the degree of ap-
proximation of continuous functions on [−1, 1] by algebraic polynomi-
als, Nikolskii-type pointwise estimates and Jackson-type uniform esti-
mates, involving either ordinary moduli of smoothness, or the Ditzian-
Totik (DT) ones, or the recent estimates involving the weighted DT-
moduli of smoothness. The purpose of this paper is to complete the
table of the validity or invalidity of the pointwise estimates in the case
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pare this table with a corresponding one for coconvex Jackson-type
(uniform) estimates.
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1 Introduction

There are two kinds of estimates of the degree of approximation of continu-
ous functions on [−1, 1] by algebraic polynomials, Nikolskii-type pointwise
estimates and Jackson-type uniform estimates, involving either ordinary
moduli of smoothness, or the Ditzian-Totik (DT) ones, or the recent es-
timates involving the weighted DT-moduli of smoothness. Specifically, if
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ωk(f, 1/n) denotes the ordinary modulus of smoothness (of order k), then
the uniform estimates took the form

(1) En(f) := inf
pn∈Pn

‖f − pn‖C[−1,1] ≤ c(k, r)n−rωk(f
(r), 1/n), n ≥ k+ r,

where f ∈ Cr[−1, 1] =: Cr, the space of r times continuously differentiable
functions on [−1, 1] (when r = 0 we suppress the superscript r, that is, we
write C := C[−1, 1] instead of C0[−1, 1]), En(f) is the degree of approxi-
mation of f by polynomials of degree < n, the class of which we denote by
Pn, and c(k, r) is a constant which may depend on k and r but is indepen-
dent of f and n. Similar estimates hold for the other moduli of smoothness
mentioned above.

In the sequel, we denote by c constants, which may depend only on the
parameters indicated in the parentheses.

While we are dealing with the notation of function spaces, we denote
as usual by L∞ := L∞[−1, 1] the space of functions essentially bounded
in [−1, 1], equipped with the norm ‖ · ‖ := ‖ · ‖L∞[−1,1] := esssupf and,
in particular, if f ∈ C, then ‖f‖ = ‖f‖C[−1,1]. For r ∈ N we let W r be
the subspace of all functions f ∈ C, possessing an absolutely continuous
(r − 1)-st derivative in (−1, 1) and such that f (r) ∈ L∞.

Since the early papers by Lorentz, Zeller, DeVore, and Newman, on
shape preserving approximation most papers (many of them by some or all
the authors of this paper), were dedicated to the question of the validity of
analogs of these estimates for comonotone and coconvex approximations.
Namely, for each triple (k, r, s), where k and r are as above and s is the num-
ber of changes of monotonicity or convexity, respectively, of the function
f , it is now known whether or not (1) is valid where the approximation is
restricted to polynomials which are comonotone or coconvex, respectively,
with f (see, e.g., [15] and [17], respectively). Estimates for the analogue
of (1) for the weighted DT-moduli of smoothness are also known (see e.g.
[15, 12, 13]). Finally, in [15] are given the complete tables of validity for
comonotone pointwise estimates (see [3] for details).

Recently, Dzyubenko and collaborators have dealt with coconvex Nikol-
skii-type (pointwise) estimates (see references) and have covered most but
not all cases. The purpose of this paper is to complete the table of the
validity or invalidity of the estimates in the case of coconvex polynomial
approximation. This will enable us to compare this table with a corre-
sponding one for coconvex Jackson-type (uniform) estimates.
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2 Pointwise and uniform coconvex approxima-
tion: tables of validity

Let f ∈ C[a, b], where a < b. For k ∈ N, denote by

(2) ωk(f, t, [a, b])

:= sup
h∈[0,t]

sup
a≤x−kh/2<x+kh/2≤b

∣∣∣∣∣∣

k∑

j=0

(−1)k−j

(
k

j

)
f(x− kh/2 + jh)

∣∣∣∣∣∣
,

the ordinary k-th modulus of smoothness of f , in [a, b]. For the sake of
uniformity in notation we also denote ω0(f, t, [a, b]) := ‖f‖[a,b]. When
f ∈ C we suppress mentioning the interval, namely, we write ωk(f, t) :=
ωk(f, t, [−1, 1]).

For n ∈ N, let

ρn(x) :=
1

n2
+

√
1− x2

n
, x ∈ [−1, 1].

If f ∈ Cr, then by the classical Nikolskii-type direct pointwise estimates a
sequence {Pn}∞n=k+r of polynomials Pn ∈ Pn, exists, such that

(3) |f(x)− Pn(x)| ≤ c(k, r)ρrn(x)ωk(f
(r), ρn(x)), x ∈ [−1, 1].

This direct theorem was proved by Timan for k = 1, by Dzyadyk and,
independently, by Freud, for k = 2, and by Brudnyi for k ≥ 3 (for details,
see [1], p. 381). Note that since ρn(x) ≤ 2

n , (3) implies (1).

Everywhere below we assume that f /∈ Pk+r, and for such an f , we find
it convenient to rewrite (3) in the form

En,k,r(f) := inf
Pn∈Pn

∥∥∥∥
f − Pn

ρrnωk(f (r), ρn)

∥∥∥∥ ≤ c(k, r), n ≥ k + r.

It follows immediately by (3) that if f ∈ W r, then a sequence {Pn}∞n=r of
polynomials Pn ∈ Pn, exists, such that

|f(x)− Pn(x)| ≤ c(r)ρrn(x)‖f (r)‖, x ∈ [−1, 1].

In this paper we compare the validity or invalidity of the uniform and
pointwise estimates for coconvex approximation, for a given triplet (k, r, s),
where k ≥ 0 is the order of the modulus of smoothness of f (r), r ≥ 0, and s
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is the number of changes of convexity. More precisely, denote by Ys, s ∈ N,
the set of all collections Ys := {yi}si=1 of points yi, such that

−1 < ys < · · · < y1 < 1.

For Ys ∈ Ys denote by ∆(2)(Ys) the collection of functions f ∈ C, that
change convexity at the points yi, and are convex in [y1, 1]. That is f ∈
∆(2)(Ys) if and only if f is convex in [y1, 1], concave in [y2, y1], convex in
[y3, y2], and so on. Note that if f is twice differentiable in [−1, 1], then
f ∈ ∆(2)(Ys) if and only if

f ′′(x)Π(x) ≥ 0, x ∈ [−1, 1],

where

Π(x) :=

s∏

i=1

(x− yi).

To unify the notation we set Y0 := ∅, Y0 = {∅}, and denote by ∆(2)(Y0)
the set of convex functions f ∈ C.

For f ∈ ∆(2)(Ys) let

E(2)
n (f, Ys) := inf

Pn∈Pn∩∆(2)(Ys)
‖f − Pn‖,

denote the degree of best uniform coconvex polynomial approximation, and
denote for f ∈ Cr ∩∆(2)(Ys) (f ∈ W r ∩∆(2)(Ys), if k = 0),

E
(2)
n,k,r(f, Ys) := inf

Pn∈Pn∩∆(2)(Ys)

∥∥∥∥
f − Pn

ρrnωk(f (r), ρn)

∥∥∥∥ ,

so that we always have

E(2)
n (f, Ys) ≤ 2k+rn−rωk(f

(r), 1/n)E
(2)
n,k,r(f, Ys).

Thus, with this notation the purpose of the paper is for a given triplet
(k, r, s), to establish whether or not the inequality

(4) E
(2)
n,k,r(f, Ys) ≤ c, n ≥ N,

is valid for a function f ∈ Cr ∩∆(2)(Ys) (f ∈ W r ∩∆(2)(Ys), if k = 0), and
f /∈ Pk+r.

With N0 := N∪ {0}, let (k, r, s) ∈ N0 ×N0 ×N0 and k+ r 6= 0. We say
that
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a) (4) is not valid with both c and N independent on Ys, if for each A > 0
there is a positive integer N , such that for every n ≥ N there are, a
collection Ys ∈ Ys and a function f ∈ Cr ∩∆(2)(Ys) (f ∈ W r ∩∆(2)(Ys), if
k = 0), satisfying

(5) E
(2)
n,k,r(f, Ys) ≥ A;

b) (4) is not valid with c = c(k, r, s) and N independent of f , if for each
A > 0 there are, a positive integer N and a collection Ys ∈ Ys, such that
for every n ≥ N , a function f ∈ Cr∩∆(2)(Ys) (f ∈ W r∩∆(2)(Ys), if k = 0)
exists, satisfying (5);
c) (4) is not valid for any Ys with both c and N independent of f , if for
each A > 0 and Ys ∈ Ys, there is a positive integer N , such that for every
n ≥ N , a function f ∈ Cr ∩∆(2)(Ys) (f ∈ W r ∩∆(2)(Ys), if k = 0) exists,
satisfying (5);
d) (4) cannot be had even if we allow both constants c and N to depend
on all parameters k, r, Ys and f , if for each Ys ∈ Ys there is a function
f ∈ Cr ∩∆(2)(Ys), such that

lim sup
n→∞

E
(2)
n,k,r(f, Ys) = ∞.

It turns out we have to distinguish between five different cases for a triplet
(k, r, s). Namely,

Definition 1. Let (k, r, s) ∈ N0 × N0 × N0 and k + r 6= 0. We write
1. (k, r, s) ∈ “ + ” if (4) holds with c = c(k, r, s) and N = k + r;
2. (k, r, s) ∈ “⊕” if (4) holds with c = c(k, r, Ys) and N = k+ r, as well as,
with c = c(k, r, s) and N = (k, r, Ys), but (4) is not valid with both c and N
independent on Ys;
3. (k, r, s) ∈ “�” if (4) holds with c = c(k, r, Ys) and N = k + r, as
well as, with c = c(k, r, s) and N = (k, r, Ys, f), but (4) is not valid with
c = c(k, r, s) and N independent of f ;
4. (k, r, s) ∈ “	” if (4) holds with c = c(k, r, s) and N = (k, r, Ys, f) but
(4) is not valid for any Ys, with both c and N independent of f ;
5. (k, r, s) ∈ “− ”: (4) cannot be had even if we allow both constants c and
N to depend on all parameters k, r, Ys and f .

We summarize the results in the following theorem.

Theorem 1.
1. (k, r, s) ∈ “ + ”, if s = 0 and either k ≤ 3 and r ≤ 3− k, or k ≥ 0 and
r ≥ 2; or s = 1 and k ≤ 2 and r ≤ 2− k;
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2. (k, r, s) ∈ “⊕ ”, if s ≥ 2 and k ≤ 2 and r ≤ 2− k;

3. (k, r, s) ∈ “�”, if s ≥ 2 and either k = 3 and r = 0, or k = 2 and r = 1,
or 1 ≤ k ≤ 3 and r = 2, or k ≥ 0 and r ≥ 3;

4. (k, r, s) ∈ “	”, if s = 1 and either k = 3 and r = 0, or k = 2 and r = 1,
or 1 ≤ k ≤ 3 and r = 2, or k ≥ 0 and r ≥ 3.

5. (k, r, s) ∈ “− ”, otherwise.

We find it easier and more convenient for the reader to comprehend
Theorem 1 by describing the results in the following truth tables for the
pairs (k, r), for “pointwise estimates, s = 0”, “pointwise estimates, s = 1”
and “pointwise estimates, s ≥ 2”. We also take the opportunity to compare
these tables with tables for “uniform” coconvex approximation (see [17], p.
110 and 114), namely, when the estimates

(6) E(2)
n (f, Ys) ≤ cn−rωk(f

(r), 1/n), n ≥ N,

are valid.

We do this before proceeding to give references to the already known
results and to prove the new ones.

r
...

...
...

...
...

... r
...

...
...

...
...

...
...

3 + + + + + + · · · 3 + + + + + + + · · ·
2 + + + + + + · · · 2 + + + + + + + · · ·
1 + + + − − − · · · 1 + + + 	 − − − · · ·
0 + + + − − · · · 0 + + + 	 − − · · ·

0 1 2 3 4 5 k 0 1 2 3 4 5 6 k

Pointwise, s = 0 Uniform, s = 0

r
...

...
...

...
...

... r
...

...
...

...
...

...
4 	 	 	 	 	 	 · · · 4 + + + + + + · · ·
3 	 	 	 	 	 	 · · · 3 + + + + + + · · ·
2 + 	 	 	 − − · · · 2 + + + ⊕ − − · · ·
1 + + 	 − − − · · · 1 + + ⊕ − − − · · ·
0 + + 	 − − · · · 0 + + ⊕ − − · · ·

0 1 2 3 4 5 k 0 1 2 3 4 5 k

Pointwise, s = 1 Uniform, s = 1
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r
...

...
...

...
...

... r
...

...
...

...
...

...
4 � � � � � � · · · 4 ⊕ ⊕ ⊕ ⊕ ⊕ ⊕ · · ·
3 � � � � � � · · · 3 ⊕ ⊕ ⊕ ⊕ ⊕ ⊕ · · ·
2 ⊕ � � � − − · · · 2 ⊕ ⊕ ⊕ ⊕ − − · · ·
1 ⊕ ⊕ � − − − · · · 1 ⊕ ⊕ ⊕ − − − · · ·
0 ⊕ ⊕ � − − · · · 0 ⊕ ⊕ ⊕ − − · · ·

0 1 2 3 4 5 k 0 1 2 3 4 5 k

Pointwise, s ≥ 2 Uniform, s ≥ 2

Note that the “Uniform” tables do not contain the case ” � ”.

Credits. Theorem 1.1 (that is, the “ + ” case) was proved for s = 0, first
by Leviatan [14] for k ≤ 2 and r ≤ 2 − k, and later by Kopotun [10] for
k ≤ 3 and r ≤ 3− k, and by Mania and Shevchuk (see [1], Theorem 7.6.5)
for k = 0 and r ≥ 2. For s = 1, k ≤ 2 and r ≤ 2 − k, it was proved by
Dzyubenko, Gilewicz and Shevchuk [4].

The positive result in Theorem 1.2 (that is, the “⊕ ” cases) was proved
in [4], and the negative result in [16].

The first variant of the positive result in Theorem 1.3 (that is, the “�”
cases) was proved in [7, 8] and the second one for r ≥ 2 follows from Remark
1.3 in [6] (“... the arguments of this paper can be easily extended to the
case s > 1, so that the exact analogs of Theorems 1.1 through 2.2 hold also
for s > 1.”). We prove here the second variant for r < 2, that is, for s > 1
and either k = 3 and r = 0, or k = 2 and r = 1. The negative result was
proved in [5].

The positive result in Theorem 1.4 (that is, the “ 	 ” cases) for r ≥ 2
was proved in [6]. We are going to prove it here for r < 2, that is, for s = 1
and either k = 3 and r = 0, or k = 2 and r = 1. The negative result was
proved in [5].

Finally, Theorem 1.5 (that is, the “ − ” case) was proved by Wu and
Zhou [18, 20], for s = 0 and either k ≥ 5 and r = 0, or k ≥ 4 and r = 1;
and for s ≥ 1 and either k ≥ 4 and r = 0, or k ≥ 3 and r = 1. It was
proved by Gilewicz and Yushchenko [9] for s ≥ 1 and k ≥ 4 and r = 2, and
by Yushchenko [19] for s = 0 and either k = 4 and r = 0, or k = 3 and
r = 1.

3 The case (k = 3, r = 0, s ≥ 1)

Our aim is to prove,
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Theorem 2. For each Ys ∈ Ys and every function f ∈ ∆(2)(Ys) there are
a number N = N(Ys, f) and a sequence {Pn}∞n=N of polynomials Pn ∈ Pn,
such that

|f(x)− Pn(x)| ≤ cω3(f, ρn(x)), x ∈ [−1, 1],

where c is an absolute constant.

Theorem 2 readily follows from Theorems 3 and 4 below, but in order
to formulate them we need some notations.

Let xj,n := cos (jπ/n), j = 0, . . . , n, be the Chebyshev partition of
[−1, 1]. For n ∈ N and Ys = {yi}si=1 ∈ Ys, denote by

Oi,n := (xj+1,n, xj−2,n), if yi ∈ [xj,n, xj−1,n),

where xn+1,n := −1 and x−1,n := 1. Let

O = O(n, Ys) :=

s⋃

i=1

Oi,n.

Set Ij,n := [xj,n, xj−1,n], j = 1, . . . , n, and let |Ij,n| = xj−1,n − xj,n, be its
length. It is well known that

(7) |Ij±1,n| < 3|Ij,n|,

and

(8) ρn(x) < |Ij,n| < 5ρn(x), x ∈ Ij,n.

In particular

(9) |Oi,n| < c1ρn(x), x ∈ Oi,n,

where |Oi,n| denotes the length of Oi,n and c1 < 65 is an absolute constant.
Denote by Σk,n the collection of all continuous piecewise polynomials

of degree < k, on the Chebyshev partition {xj,n}nj=0, and by Σk,n(Ys), the
subset of Σk,n consisting of those continuous piecewise polynomials S ∈ Σk,n

such that for every i = 1, . . . , s, S|Oi,n is a polynomial.
The following Theorem allows us to reduce the proofs of the direct

estimates for (co)convex polynomial approximation to those for (co)convex
piecewise polynomial approximation, proofs which are much easier.

Theorem 3[2]. Let k ∈ N and s ∈ N0. For every Ys ∈ Ys, an f ∈ ∆(2)(Ys),
an n ≥ N(k, Ys), and a piecewise polynomial S ∈ Σk,n(Ys)∩∆(2)(Ys), there
is a polynomial Pn ∈ ∆(2)(Ys) of degree < c∗(k, s)n, such that

|f(x)− Pn(x)| ≤ c(k, s)

(
1 +

∥∥∥∥
f − S

ωk(f, ρn)

∥∥∥∥
)
ωk(f, ρn(x)), x ∈ [−1, 1].
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Thus, our main result is,

Theorem 4. If f ∈ ∆(2)(Ys), then there exists an N = N(f, Ys), such that
for each n ≥ N , a piecewise polynomial S ∈ Σ3,n(Ys)∩∆(2)(Ys) exists, such
that

|f(x)− S(x)| ≤ cω3(f, ρn(x)), x ∈ [−1, 1],

where c is an absolute constant.

4 Proof of Theorem 4

We begin with three lemmas.

Everywhere below ci are absolute constants.

Lemma 1. For each convex (concave) function f ∈ C[a, b] there exists a
number d = d([a, b], f) > 0, such that for each h,

|h| ≤ E2(f)[a,b] := inf
l∈P2

‖f − l‖[a,b],

there is convex (concave) function g ∈ C[a, b], g(x) = g(x, h, f, [a, b]),
satisfying

g(x) = f(x) + h, x ∈ [a, a+ d]; g(x) = f(x), x ∈ [b− d, b],

and

‖f − g‖[a,b] = |h|.

Proof. We prove Lemma 1 for a convex function f . Let l be a linear function
of best approximation of the function f , that is ‖f−l‖[a,b] = E2(f)[a,b] =: E.
Set f∗ := f − l, and note that f∗(a) = f∗(b) = E. If h = 0, then there is
nothing to prove. Hence, we may assume that 0 < |h| ≤ E 6= 0. Denote by
x1 and x5 the (exactly two) roots of the equation f∗(x) = 0, x1 < x5, and
let x2 and x4 be the (exactly two) roots of the equation f∗(x) = |h| − E,
x2 < x4. Finally, let x3 be a root of the equation f∗(x) = −E. Clearly we
have

a < x1 < x2 < x3 < x4 < x5 < b.
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Then Lemma 1 is valid with d = min{x1 − a, b − x5}, and the evidently
convex function,

g(x) = l(x) +





f∗(x) + h, if x ∈ [a, x3],
h− E if x ∈ [x3, x4],
f∗(x) if x ∈ [x4, b],

if h > 0, and

g(x) = l(x) +





f∗(x) + h, if x ∈ [a, x2],
−E if x ∈ [x2, x3],
f∗(x) if x ∈ [x3, b],

if h < 0. �

Denote by

[t1, t2; f ] :=
f(t2)− f(t1)

t2 − t1
,

the first divided difference of the function f at the points t1 and t2.

Lemma 2. Given the interval [a, b], let y ∈ (a, b) be such that (b− y)/3 <
y − a < 3(b − y). If a function f ∈ C[a, b] is concave on [a, y] and convex
on [y, b], then there is a linear function l(x) = l(x, f, [a, b], y), such that

(10) l′ ≤ [a, y; f ] and l′ ≤ [y, b; f ],

we may choose l(a) = f(a) or l(b) = f(b), and

(11) ‖f − l‖[a.b] ≤ c2ω3(f, b− a, [a, b]),

where the modulus of smoothness for the interval [a, b] was defined in (2).

Proof. Since f is concave on [a, y] and convex on [y, b], then (see [11])
E2(f)[a,b] ≤ c3E3(f)[a,b] := c3 infp∈P3 ‖f − p‖[a,b], whence E2(f)[a,b] ≤
c4ω3(f, b − a, [a, b]). Therefore, it readily follows that the choice of either
l1(x) = f(a) + (x − a)[a, y; f ], or l2(x) = f(b) + (x − b)[y, b; f ], according
to which of the two divided differences is smaller, clearly fulfils (10), while
(11) follows immediately by Whitney’s Theorem and the fact that lj j = 1
or j = 2, interpolates f at two points, the distance between which is pro-
portional to b−a. In order to guarantee that l(a) = f(a), if the choice is l1,
then we take l = l1. Otherwise, if h := l2(a) − f(a), then by (11) we may
take l = l2 − h, which satisfies (10) and (11), and we obtain l(a) = f(a).
Guaranteeing, instead, that l(b) = f(b) is done in a similar way. �
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Lemma 3. For f ∈ ∆(2)(Ys), there exists an N = N(f, Ys), such that for
each n ≥ N , a function fn ∈ ∆(2)(Ys) exists, such that fn|0i,n is linear for
all i = 1, . . . , s, and

|f(x)− fn(x)| ≤ c5 ω3 (f, ρn(x)) , x ∈ [−1, 1].

Proof. Set

y+i := min{yi +
1

2
(1− |yi|),

1

2
(yi−1 + yi)},

and

y−i := max{yi −
1

2
(1− |yi|),

1

2
(yi + yi+1)},

where y0 := 1 and ys+1 := −1. Now write

J−
i := [y−i , yi] and J+

i := [yi, y
+
i ].

We divide 1 ≤ i ≤ s into two sets. We write i ∈ A, if there are two linear
functions li− and li+, such that,

f |J−
i
= li− and f |J+

i
= li+.

Otherwise i /∈ A.
Let N0 be so big that for n ≥ N0,

Oi,n ⊂ J−
i ∪ J+

i = [y−i , y
+
i ], 1 ≤ i ≤ s,

and note that in particular Oi,n∩Oi+1,n = ∅, 1 ≤ i < s. Denote by y+i,n and

y−i,n the right and left ends of Oi,n, respectively. Let n ≥ N0 and i ∈ A. We

denote by L+
i,n, the polygonal line consisting of three segments, such that

L+
i,n(−1) = L+

i,n(yi) = L+
i,n(1) = 0 and L+

i,n(y
+
i,n) = 1,

and similarly, we denote by L−
i,n, the polygonal line consisting of three linear

pieces, such that,

L−
i,n(−1) = L−

i,n(yi) = L−
i,n(1) = 0 and L−

i,n(y
−
i,n) = 1,

and define

Li,n :=

{
(li−(y

+
i,n)− li+(y

+
i,n))L

+
i,n, if (−1)i(l′i− − l′i+) ≥ 0;

(li+(y
−
i,n)− li−(y

−
i,n))L

−
i,n, otherwise.
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Clearly,

(12) Li,n ∈ ∆(2)(Ys),

and either (f + Li,n)|Oi,n = li−, or (f + Li,n)|Oi,n = li+, so that f + Li,n is
linear on Oi,n. Hence, with

Ln :=
∑

i∈A
Li,n,

we conclude that (f+Ln)|Oi,n is linear for each i ∈ A. Also, clearly, Ln|Oi,n

is linear for each i /∈ A.
If M := maxi∈A |l′i+ − l′i−|, then by (9),

|l′i+ − l′i−|(y+i,n − yi) ≤ M(y+i,n − yi) ≤ M |Oi,n| ≤ c1Mρn(y
+
i,n),

and
|l′i+ − l′i−|(yi − y−i,n) ≤ c1Mρn(y

−
i,n).

Hence, it follows that

|Li,n(x)| ≤ c1Mρn(x), x ∈ [−1, 1],

which in turn implies,

(13) |Ln(x)| ≤ sc1Mρn(x), x ∈ [−1, 1].

On the other hand, for each i ∈ A there exists t0i > 0, such that

ω3(f, t, [y
−
i , y

+
i ]) = |l′i+ − l′i−|t, t ≤ t0i .

Therefore, if A 6= ∅, then we have

ω3(f, t) ≥ Mt, t ≤ t0 := min
i∈A

t0i .

Combining with (13) this in turn yields, for all n ≥ N0 := max{N0, [1/t
0]},

(14) |Ln(x)| ≤ sc1ω3(f, ρn(x)), x ∈ [−1, 1],

Next, for i /∈ A, denote Ji := J−
i , if f |J+

i
is linear. Otherwise, we put

Ji := J+
i .

Now we need an auxiliary function gn, which coincides with f on a
major part of the interval [−1, 1]. In fact, it differs from f only on the
Oi,n’s and on the Ji’s, where i /∈ A.
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We fix i /∈ A and assume that Ji := J+
i and that i is odd, that is, f is

convex on Ji. The other cases are similar. By Lemma 2, there is a linear
function li,n, such that

(15) l′i,n ≤ [y−i,n, yi; f ], l′i,n ≤ [yi, y
+
i,n; f ],

(16) f(y−i,n) = li,n(y
−
i,n),

and

(17) ‖f − li,n‖Oi
≤ c2ω3(f, |Oi,n|),

in particular,

hi,n := li,n(y
+
i,n)− f(y+i,n) ≤ c2ω3(f, |Oi,n|).

Since i /∈ A, it follows that E2(f)Ji > 0, and we may apply Lemma 1 with
di := d(Ji, f) and g(x, hi,n, f, Ji), guaranteed by that lemma.

We take Ni ≥ N0 so big that for all n ≥ Ni we have

y+i,n − yi < di and c2ω3(f, |Oi,n|) < E2(f)Ji ,

and we define

gi,n(x) :=





f(x), if x ∈ J−
i \Oi,n;

li,n, if x ∈ Oi,n;
g(x, hi,n, f, Ji), if x ∈ Ji \Oi,n.

Then by (17),

|f(x)− gi,n(x)| ≤ c2ω3(f, |Oi,n|), x ∈ J−
i ∪ Ji.

Hence, the inequality

max
x∈J−

i ∪J+
i

ρn(x) ≤ 2 min
x∈J−

i ∪J+
i

ρn(x),

combined with (7) through (9), yields

(18) |f(x)− gi,n(x)| ≤ c4ω3(f, ρn(x)), x ∈ J−
i ∪ Ji.

Also, gi,n, is continuous on J−
i ∪ Ji, it is concave on J−

i and convex on Ji,
and gi,n(x) = f(x) near both ends of J−

i ∪ Ji.
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Thus, for each n ≥ N := maxi/∈ANi, the function

gn(x) :=

{
gi,n(x), if x ∈ Oi,n ∪ Ji with i /∈ A;
f(x), otherwise

satisfies

(19) gn ∈ ∆(2)(Ys),

(20) |f(x)− gn(x)| ≤ c9ω3(f, ρn(x)), x ∈ [−1, 1],

and

(21) gn is a linear function on each Oi with i /∈ A.

Combining (19) through (21) with (12) and (14), we conclude that

fn := gn + Ln,

is the required function. This completes the proof of Lemma 3. �

Denote by

[t1, t2, t3; f ] :=
[t1, t2; f ]− [t2, t3; f ]

t1 − t3
,

the second divided difference of the function f at the points t1, t2, t3.

Proof of Theorem 4. Let N and fn be defined by Lemma 3. For each n ≥ N
and j = 2, . . . , n− 1 let

pj,n := fn(xj,n) + (x− xj,n)[xj,n, xj−1,n; fn]
+(sgnΠ(xj,n))(x− xj,n)(x− xj−1,n)

·min{|[xj,n, xj−1,n, xj−2,n; fn]|, |[xj,n, xj−1,n, xj+1,n; fn]|},

be the quadratic polynomial that interpolates fn at the points xj,n, xj−1,n

and either xj−2,n or xj+1,n. It is readily seen (see e.g.,[10]), that the required
piecewise polynomial S may be taken in the form

S|Ij,n = pj,n, j = 2, . . . , n− 1, S|I1,n = p2,n and S|In,n = pn−1,n.

This concludes the proof.
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Verlag, Basel 132 (1999), 145–158.

[16] D. Leviatan, I.A. Shevchuk, Coconvex approximation, J. Approx.
Theory 118 (2002), 20–65.

[17] D. Leviatan, I.A. Shevchuk, Coconvex polynomial approximation,
J. Approx. Theory 121 (2003), 100–118.

[18] X. Wu, S.P. Zhou, A contrexample in comonotone approximation in
Lp space, Colloq. Math. 114 (1993), 265–274.

[19] L.P. Yushchenko, On one counterexample in coconvex approxima-
tion, Ukrain. Math. J. 52 (2000), 12, 1956–1962.

[20] S.P. Zhou, On comonotone approximation by polynomials in Lp space,
Analysis 13 (1993), 363–376.

G.A. Dzyubenko
International Mathematical Center NAS of Ukraine
Tereschenkivska str., 3, 01601 Kyiv, Ukraine
e-mail: dzyuben@imath.kiev.ua

D. Leviatan
Raymond and Beverly Sackler School of Mathematics Tel Aviv University
69978 Tel Aviv, Israel
e-mail: leviatan@post.tau.ac.il

I.A. Shevchuk
Faculty of Mechanics and Mathematics
National Taras Shevchenko University of Kyiv
01017 Kyiv, Ukraine
e-mail: shevchuk@mail.univ.kiev.ua

374 GERMAN A. DZYUBENKO - DANY LEVIATAN - IGOR A. SHEVCHUK



RENDICONTI DEL CIRCOLO MATEMATICO DI PALERMO
Serie II, Suppl. 82 (2010), pp. 375–385

Strong and weak estimates for

fractional integral operators

on some Herz-type function spaces

Yasuo Komori-Furuya and Katsuo Matsuoka
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1 Introduction

A. Beurling [2] introduced the Beurling algebras and their dual spaces
Bp(Rn). Since then, these spaces has been studied by many mathemati-
cians (see, for example, [1], [3], [4], [5], [6], [7], [10], [11], [12], [13] and [14]).
H. Feichtinger [4] showed that the Bp space Bp(Rn) is a special case of
the non-homogeneous Herz spaces Kα,r

p (Rn), introduced by C. Herz [10],

precisely speaking Bp(Rn) = K
−n/p,∞
p (Rn) (see [7]). However, in order to

observe the boundedness of several operators on Bp(Rn), we can’t use the
general theory about the Herz spaces Kα,r

p (Rn) with α 6= −n/p : For ex-
ample, let 1 < p < ∞, 0 < r ≤ ∞ and −n/p < α < n(1 − 1/p), and let T

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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376 Strong and weak estimates for fractional integral

be a sublinear operator satisfying that for any integrable function f with a
compact support,

|Tf(x)| ≤ c

∫

Rn

|f(y)|
|x− y|n

dy, x /∈ supp f,

where c > 0 is independent of f and x. If T is bounded on Lp(Rn), then T
is bounded on Kα,r

p (Rn) (see [14]).

Y. Chen and K. Lau [3] and J. Garćıa-Cuerva [6] introduced the CMO
spaces CMOp(Rn), which are the dual spaces of the Beurling-type Hardy
spaces, and showed that the Calderón-Zygmund operators are bounded
from Bp(Rn) to CMOp(Rn), where 1 < p < ∞ (see also [1]). Further-
more, J. Garćıa-Cuerva and M.J. L. Herrero [7] generalized these spaces
and introduced the Bp

q space Bp
q (Rn), which is another special case of the

non-homogeneous Herz spaces Kα,r
p (Rn), and CMOp

q (Rn) for a close study
about the Hardy spaces (see also [13]). And we [13] proved that the stan-
dard singular integral operators are bounded from Bp

q (Rn) to CMOp
q (Rn),

where 1 < p < ∞ and n/(n + 1) < q ≤ 1. Moreover, we introduced
a new function space ”weak CMO”, i.e. WCMO1

q(Rn), and proved the
boundedness from B1

q (Rn) to WCMO1
q(Rn), where n/(n+ 1) < q ≤ 1.

In this paper, we will investigate the strong and weak estimates for the
fractional integral operator Ĩs, i.e.

Ĩsf(x) = Isf(x)−
∫

|y|≥1

f(y)

|y|n−s
dy

=

∫

Rn

f(y)

|x− y|n−s
dy −

∫

|y|≥1

f(y)

|y|n−s
dy,

on Bp
q (Rn).

Note that for the homogeneous spaces, we have the corresponding re-
sults to those obtained in this paper. But, since their proofs are similar to
those of the results in this paper, we omit the details.

2 Definitions and results

In the following, we denote for a measurable set E ⊂ Rn, the characteristic
function of E by χE and the Lebesgue measure of E by |E|, and the open
ball in Rn, having center 0 and radius R > 0, by BR. Also the letter C is
a positive constant which is independent of essential parameters and not
necessarily the same one.
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First, we define a fractional integral operator Is and its modified frac-
tional integral operator Ĩs.

Definition 2.1 For 0 < s < n, the fractional integral operator Is is defined
by

Isf(x) =

∫

Rn

f(y)

|x− y|n−s
dy.

Definition 2.2 For a fractional integral operator Is, we define the modified
(shifted) fractional integral operator Ĩs as follows:

Ĩsf(x) = Isf(x)−
∫

|y|≥1

f(y)

|y|n−s
dy

=

∫

Rn

(
1

|x− y|n−s
− 1

|y|n−s
χ{y∈Rn:|y|≥1}(y)

)
f(y)dy,

where 0 < s < n.

Note that the modified operator Ĩs of a fractional integral operator Is
is well-defined for every f ∈

⋃
1≤p≤∞ Lp(Rn), where 0 < s < 1.

Next, we recall a weak Lp spaceWLp(Rn) and a Lipschitz space Lipε(Rn).

Definition 2.3 For 1 ≤ p < ∞,

WLp =

{
f : ‖f |WLp‖ = sup

λ>0
λ |{x ∈ Rn : |f(x)| > λ}|1/p < ∞

}
.

In order to define a Lipschitz space Lipε(Rn), we introduce the local
Lipschitz norm and the Lipschitz norm.

Definition 2.4 For a ball B ⊂ Rn and 0 ≤ ε < 1,

‖f |Lipε(B)‖ = sup
Q

1

|Q|1+ε/n

∫

Q
|f(x)− fQ|dx.

where fQ = 1
|Q|

∫
Q f(y)dy and the supremum is taken over all balls Q ⊂ B.

Similarly, when B = Rn, we define

‖f |Lipε‖ = ‖f |Lipε(Rn)‖.

Definition 2.5 For 0 ≤ ε < 1,

Lipε(Rn) = {f : ‖f |Lipε‖ < ∞} .

In particular, when ε = 0, we denote

BMO(Rn) = Lip0(Rn).
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378 Strong and weak estimates for fractional integral

Then, the following strong and weak estimates for a fractional integral
operator Is on Lp(Rn) are well-known (see [9], [8], [15] and [16]).

Proposition 2.6 If 0 < s < n, 1 < p1 < n/s and 1/p2 = 1/p1 − s/n, then
the fractional integral operator Is is bounded from Lp1(Rn) to Lp2(Rn), that
is for f ∈ Lp1(Rn),

‖Isf |Lp2‖ ≤ C‖f |Lp1‖.

Proposition 2.7 If 0 < s < n and 1/p = 1 − s/n, then the fractional
integral operator Is is bounded from L1(Rn) to WLp(Rn), that is for f ∈
L1(Rn),

‖Isf |WLp‖ ≤ C‖f |L1‖.

Proposition 2.8 If 0 < s < 1, n/s ≤ p < ∞ and ε = s − n/p, then the
fractional integral operator Is is bounded from Lp(Rn) to Lipε(Rn), that is
for f ∈ L1(Rn),

‖Ĩsf |Lipε‖ ≤ C‖f |Lp‖.

Second, we define a Bp
q space Bp

q (Rn) and a CMO space CMOp
q (Rn),

which were introduced by J. Garćıa-Cuerva and M.J. L. Herrero [7].

Definition 2.9 For 1 ≤ p < ∞ and 0 < q ≤ 1,

Bp
q (Rn) =

{
f ∈ Lp

loc(R
n) : ‖f |Bp

q‖ < ∞
}
,

where

‖f |Bp
q‖ = sup

R≥1
|BR|1−1/q

(
1

|BR|

∫

BR

|f(x)|pdx
)1/p

.

In particular, when q = 1, we denote

Bp(Rn) = Bp
1(R

n).

Definition 2.10 For 1 ≤ p < ∞ and n/(n+ 1) < q ≤ 1,

CMOp
q (Rn) =

{
f ∈ Lp

loc(R
n) : ‖f |CMOp

q‖ < ∞
}
,

where

‖f |CMOp
q‖ = sup

R≥1
inf
c∈C

|BR|1−1/q

(
1

|BR|

∫

BR

|f(x)− c|pdx
)1/p

.

In particular, when q = 1, we denote

CMOp(Rn) = CMOp
1(R

n).
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Remark 2.11 About the definition of CMOp
q of the case 0 < q ≤ n/(n+

1), see [7]. In this paper, we consider the case n/(n + 1) < q ≤ 1 for
simplicity.

Note that for 1 ≤ p < ∞ and 0 < q ≤ 1,

L∞(Rn) ⊂ Bp
q (Rn) ⊂ CMOp

q (Rn).

Next, we introduce the weak CMO space WCMOp
q (Rn).

Definition 2.12 For 1 ≤ p < ∞ and 0 < q ≤ 1,

WCMOp
q (Rn) =

{
f ∈ Lp

loc(R
n) : ‖f |WCMOp

q‖ < ∞
}
,

where

‖f |WCMOp
q‖ = sup

R≥1
|BR|1−1/p−1/q inf

c
sup
λ>0

λ| {x ∈ BR : |f(x)− c| > λ} |1/p.

Furthermore, we define a ”new” function space CMO∞
q,ε.

Definition 2.13 For n/(n+ 1) < q ≤ 1 and 0 ≤ ε < 1,

CMO∞
q,ε(Rn) =

{
f : ‖f |CMO∞

q,ε‖ < ∞
}
,

where

‖f |CMO∞
q,ε‖ = sup

R≥1
|BR|1−1/q‖f |Lipε(BR)‖.

Then, our results for a fractional integral operator Is are the following
strong and weak estimates for Ĩs on Bp

q (Rn).

Theorem 2.14 If 0 < s < 1, 1 < p1 < n/s, n/(n + 1 − s) < q1 ≤ 1,
1/p2 = 1/p1−s/n, 1/q2 = 1/q1+s/n and Is is a fractional integral operator,
then the modified fractional integral operator Ĩs is bounded from Bp1

q1 (Rn)
to CMOp2

q2 (R
n), that is for f ∈ Bp1

q1 (Rn),

‖Ĩsf |CMOp2
q2‖ ≤ C‖f |Bp1

q1 ‖.

Remark 2.15 For a fractional integral operator Is, in general, Ĩs is not
bounded from B1

q1(R
n) to CMOp

q2(Rn) (see Counterexample 4.1 in Section
4).
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Theorem 2.16 If 0 < s < 1, n/(n + 1 − s) < q1 ≤ 1, 1/p = 1 − s/n,
1/q2 = 1/q1+s/n and Is is a fractional integral operator, then the modified
fractional integral operator Ĩs is bounded from B1

q1(R
n) to WCMOp

q2(Rn),
that is for f ∈ B1

q1(R
n),

‖Ĩsf |WCMOp
q2‖ ≤ C‖f |B1

q1‖.

Theorem 2.17 If 0 < s < 1, n/s ≤ p < ∞, n/(n + 1 − s) < q1 ≤ 1,
1/q2 = 1/p + 1/q1, ε = s − n/p and Is is a fractional integral operator,
then the modified fractional integral operator Ĩs is bounded from Bp

q1(Rn)
to CMO∞

q2,ε(R
n), that is for f ∈ Bp

q1(Rn),

‖Ĩsf |CMO∞
q2,ε‖ ≤ C‖f |Bp

q1‖.

Remark 2.18 In Theorems 2.14, 2.16 and 2.17, n/(n+ 1) < q2 < 1.

In particular, when q = 1, for a fractional integral operator Is, we get
the following strong and weak estimates for Ĩs on Bp(Rn).

Corollary 2.19 If 0 < s < 1, 1 < p1 < n/s, 1/p2 = 1/p1 − s/n, 1/q =
1+ s/n and Is is a fractional integral operator, then the modified fractional
integral operator Ĩs is bounded from Bp1(Rn) to CMOp2

q (Rn), that is for
f ∈ Bp1(Rn),

‖Ĩsf |CMOp2
q ‖ ≤ C‖f |Bp1‖.

Corollary 2.20 If 0 < s < 1, 1/p = 1 − s/n, 1/q = 1 + s/n and Is is
a fractional integral operator, then the modified fractional integral operator
Ĩs is bounded from B1(Rn) to WCMOp

q (Rn, that is for f ∈ B1(Rn),

‖Ĩsf |WCMOp
q‖ ≤ C‖f |B1‖.

Corollary 2.21 If 0 < s < 1, n/s ≤ p < ∞, 1/q = 1/p + 1, ε = s − n/p
and Is is a fractional integral operator, then the modified fractional integral
operator Ĩs is bounded from Bp(Rn) to CMO∞

q,ε(Rn), that is for f ∈ Bp(Rn),

‖Ĩsf |CMO∞
q,ε‖ ≤ C‖f |Bp‖.

3 Proofs of theorems

Throughout this section, let BR be a fixed ball for some R ≥ 1, and de-
compose

f = fχB2R
+ fχRn\B2R

= f1 + f2, say.

The following lemma is important for our proofs.
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Lemma 3.1 Let 0 < s < 1, 1 ≤ p < ∞ and n/(n + 1 − s) < q ≤ 1. If
f ∈ Bp

q (Rn), then for any R ≥ 1,
∫

|y|≥2R

|f(y)|
|y|n+1−s

dy ≤ CRn/q−n−1+s‖f |Bp
q‖.

Proof. By Hölder’s inequality, we can get
∫

|y|≥2R

|f(y)|
|y|n+1−s

dy =

∞∑

j=1

∫

B
2j+1R

\B
2jR

|f(y)|
|y|n+1−s

dy

≤
∞∑

j=1

1

(2jR)n+1−s

∫

B
2j+1R

|f(y)|dy

≤ C

∞∑

j=1

1

(2jR)n+1−s
|B2j+1R|1/q‖f |Bp

q‖

≤ CRn/q−n−1+s‖f |Bp
q‖,

because n/(n+ 1− s) < q. 2

The proof of Theorem 2.14 is similar to that of Theorem 2.16. In
the following proof of Theorem 2.16, use Proposition 2.6 to estimate I.
Therefore we omit the proof.

Now, we begin to prove Theorems 2.16 and 2.17.

Proof. [Proof of Theorem 2.16] Let 0 < s < 1, n/(n + 1 − s) < q1 ≤ 1,
1/p = 1− s/n, 1/q2 = 1/q1 + s/n.

Now, we have for x ∈ BR,

Ĩsf(x) =

∫

Rn

(
1

|x− y|n−s
− 1

|y|n−s
χ|y|≥1(y)

)
f(y)dy

=

∫

Rn

(
1

|x− y|n−s
− 1

|y|n−s
χ|y|≥1(y)

)
f1(y)dy

+

∫

Rn

(
1

|x− y|n−s
− 1

|y|n−s
χ|y|≥1(y)

)
f2(y)dy

= Is(fχB2R
)(x)−

∫

1≤|y|≤2R

f(y)

|y|n−s
dy

+

∫

|y|≥2R

(
1

|x− y|n−s
− 1

|y|n−s

)
f(y)dy.

Hence, putting

CR = −
∫

1≤|y|≤2R

f(y)

|y|n−s
dy,
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it follows that

sup
λ>0

(2λ)p
∣∣∣
{
x ∈ BR : |Ĩsf(x)− CR| > 2λ

}∣∣∣

≤ 2p
{
sup
λ>0

λp |{x ∈ BR : |Is(fχB2R
)(x)| > λ}|

+ sup
λ>0

λp

∣∣∣∣
{
x ∈ BR :

∣∣∣∣∣

∫

|y|≥2R

(
1

|x− y|n−s
− 1

|y|n−s

)
f(y)dy

∣∣∣∣∣ > λ

}∣∣∣∣
}

= 2p (I + II) , say.

First, to estimate I, we apply Proposition 2.7. Then,

I ≤ C‖fχB2R
|L1‖p ≤ C|BR|p/q1‖f |B1

q1‖
p.

Next, we estimate II. Using the assumption n/(n + 1 − s) < q1, it
follows from Lemma 3.1 that for x ∈ BR,

∣∣∣∣∣

∫

|y|≥2R

(
1

|x− y|n−s
− 1

|y|n−s

)
f(y)dy

∣∣∣∣∣ ≤ CR

∫

|y|≥2R

|f(y)|
|y|n+1−s

dy

≤ CR ·Rn/q1−n−1+s‖f |B1
q1‖ = CRn(1/q1−1/p)‖f |B1

q1‖.

Therefore,

II ≤ CRnp(1/q1−1/p)‖f |B1
q1‖

p · |BR| ≤ C|BR|p/q1‖f |B1
q1‖

p.

Thus,

|BR|1−1/p−1/q2 sup
λ>0

λ
∣∣∣
{
x ∈ BR : |Ĩsf(x)− CR| > λ

}∣∣∣
1/p

≤ C‖f |B1
q1‖.

This proves the theorem. 2

Proof. [Proof of Theorem 2.17] Let 0 < s < 1, n/s ≤ p < ∞, n/(n+1−s) <
q1 ≤ 1, 1/q2 = 1/p+ 1/q1 and ε = s− n/p.

Now, we have

|BR|1−1/q2‖Ĩsf |Lipε(BR)‖

= |BR|1−1/q2 sup
B′

|B′|−ε/n

|B′|

∫

B′
|Ĩsf(x)− (Ĩsf)B′ |dx

≤ |BR|1−1/q2
{
‖Ĩsf1|Lipε(BR)‖+ ‖Ĩsf2|Lipε(BR)‖

}

= I + II, say.
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First, to estimate I, we apply Proposition 2.8. Then,

I ≤ C|BR|1−1/q2‖fχB2R
|Lp‖ ≤ C‖f |Bp

q1‖.

Next, we estimate II. Since for x1, x2 ∈ BR,

|Ĩsf2(x1)− Ĩsf2(x2)| ≤ C|x1 − x2|
∫

|y|≥2R

|f(y)|
|y|n+1−s

dy.

we obtain

‖Ĩsf2|Lipε(BR)‖ = sup
B′

|B′|−ε/n

|B′|

∫

B′
|Ĩsf2(x)− (Ĩsf2)B′ |dx

≤ C sup
B′

|B′|−ε/n+1/n

∫

|y|≥2R

|f(y)|
|y|n+1−s

dy.

Therefore, it follows from Lemma 3.1 that

II ≤ C|BR|1−1/q2 · |BR|−ε/n+1/n ·Rn/q1−n−1+s‖f |Bp
q1‖ = C‖f |Bp

q1‖.

Thus, by the estimates of I and II, we get the theorem. 2

4 Counterexample

Counterexample 4.1 Let 0 < s < 1, 1/(2− s) < q1 ≤ 1, 1/p = 1− s and
1/q2 = 1/q1 + s. Then, the modified fractional integral operator Ĩs is not
bounded from B1

q1(R
1) to CMOp

q2(R1).

Proof. Let

f(x) =





1

(1− x)| log (1− x)|3/2
for

1

2
< x < 1,

0 otherwise.

Then, f ∈ B1
q1(R

1).
Now, for 1 < x < 3/2, putting x = 1 + h (i.e. 0 < h < 1/2), then

|Ĩsf(x)| ≥
1

(2h)1−s

∫ 1

1−h
f(y)dy =

1

(2h)1−s| log h|1−s .

Thus, letting B = (−R,R) be a fixed open interval for some R > 3/2 and
0 < s < 1/2, we obtain

(∫

B
|Ĩsf(x)|pdx

)1/p

=

(∫ 3/2

1
|Ĩsf(x)|1/(1−s)dx

)1−s

= ∞,

i.e. Ĩsf 6∈ CMOp
q2(R1). 2
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[6] J. Garćıa-Cuerva, Hardy spaces and Beurling algebras, J. London
Math. Soc. (2) 39 (1989), 499–513.

[7] J. Garćıa-Cuerva and M.J. L. Herrero, A theory of Hardy spaces
assosiated to the Herz spaces, Proc. London Math. Soc. 69 (1994),
605–628.

[8] L. Grafakos, Classical and Modern Fourier Analysis, Pearson Edu-
cation, New Jersey, 2004.
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Approximation by weighted means of

Walsh-Kaczmarz-Fourier series
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Abstract. In this article we investigate the rate of the approxima-
tion by weighted means of one and two-dimensional Walsh-Kaczmarz-
Fourier series of a function in Lp and, in particular, in Lip(α, p)
(1 ≤ p ≤ ∞, α > 0). In case p = ∞, by Lp we mean CW , the
collection of uniformly W -continuous functions. As special case, we
obtain the earlier result by Skvortsov [20].

The approximation properties of weighted means of the Walsh-
Fourier series was discussed earlier by Móricz and Rhoades [11].
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1 Introduction

Let {pk : k ≥ 0} be a sequence of nonnegative numbers. The weighted
means and kernels for the Walsh-(Kaczmarz)-Fourier series are defined by

tψn(f, x) :=
1

Pn

n∑

k=0

pkS
ψ
k (f, x), Lψn(x) :=

1

Pn

n∑

k=0

pkD
ψ
k (x),

where Pn :=
∑n

k=0 pk (n ≥ 0, ψ = w or κ). In particular case tψn are the
Fejér means (set pk = 1 for all k).

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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We always assume that p0 > 0 and

lim
n→∞

Pn = ∞, (1.1)

which is the condition for regularity [12]. The weighted mean method was
studied by a lot of authors [9, 11, 12, 13].

In the paper [11] the rate of the approximation by weighted means of
Walsh-Fourier series of a function in Lp (in particular, in Lip(α, p), where
α > 0 and 1 ≤ p ≤ ∞) was studied. In case p = ∞, by Lp we mean CW , the
collection of the uniform W -continuous functions. As special cases Móricz
and Rhoades obtained the earlier results by Yano [23] for 0 < α < 1, and
by Jastrebova [8] for α = 1.

In this article we investigate the rate of the approximation by weighted
means of Walsh-Kaczmarz-Fourier series of a function in Lp (1 ≤ p ≤ ∞).
As a special case, we have the result of Skvortsov given in [20].

In 1948 S̆neider [21] introduced the Walsh-Kaczmarz system and showed
that the inequality

lim sup
n→∞

Dκ
n(x)

log n
≥ C > 0

holds a.e. In 1974 Schipp [18] and Young [24] proved that the Walsh-
Kaczmarz system is a convergence system. Skvortsov in 1981 [20] showed
that the Fejér means with respect to the Walsh-Kaczmarz system converge
uniformly to f for any continuous functions f .

In 1998 Gát [2] proved, for any integrable function, that the Fejér means
with respect to the Walsh-Kaczmarz system converge almost everywhere
to the function. In 2004, Gát’s result was generalized by Simon [19].

Now, we give a brief introduction to the Walsh-Fourier analysis [1, 17].

Let denote by Z2 the discrete cyclic group of order 2, the group oper-
ation is the modulo 2 addition and every subset is open. The normalized
Haar measure on Z2 is given in the way that the measure of a singleton is

1/2. Let G :=
∞
×
k=0

Z2, G is called the Walsh group. The elements of G are

sequences x = (x0, x1, ..., xk, ...) with coordinates xk ∈ {0, 1} (k ∈ N).

The group operation on G is the coordinate-wise addition (denoted by
+), the normalized Haar measure is the product measure (denoted by µ)
and the topology is the pruduct topology. Dyadic intervalls are defined by

I0(x) := G, In(x) := {y ∈ G : y = (x0, ..., xn−1, yn, yn+1...)}

for x ∈ G,n ∈ P. They form a base for the neighborhoods of G.
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Let 0 = (0 : i ∈ N) ∈ G denote the null element of G and In :=
In(0) for n ∈ N. Let Lp denote the usual Lebesgue spaces on G (with the
corresponding norm ‖.‖p). For the sake of brevity in notation, we agree
to write L∞ instead of CW , where CW is the collection of the uniformly
W-continuous functions over G and set ‖f‖∞ := sup{|f(x)| : x ∈ G}.

For x ∈ G we define |x| by |x| :=
∑∞

j=0 xj2
−j−1. Next, we define the

modulus of continuity in Lp, 1 ≤ p ≤ ∞, of a function f ∈ Lp by

ωp(δ, f) := sup
|t|<δ

‖f(.+ t)− f(.)‖p, δ > 0.

The Lipschitz classes in Lp for each α > 0 are defined by

Lip(α, p) := {f ∈ Lp : ωp(δ, f) = O(δα) as δ → 0}.

The Rademacher functions are defined as

rk(x) := (−1)xk (x ∈ G, k ∈ N).

Let the Walsh-Paley functions be the product functions of the Rademacher
functions. Namely, each natural number n can be uniquely expressed as

n =

∞∑

i=0

ni2
i, ni ∈ {0, 1} (i ∈ N),

where only a finite number of ni’s different from zero. Let the order of
n > 0 be denoted by |n| := max{j ∈ N : nj 6= 0}. Walsh-Paley functions
are w0 = 1 and for n ≥ 1

wn(x) :=

∞∏

k=0

(rk(x))
nk = r|n|(x)(−1)

∑|n|−1
k=0 nkxk .

The Walsh-Kaczmarz functions are defined by κ0 = 1 and for n ≥ 1

κn(x) := r|n|(x)

|n|−1∏

k=0

(r|n|−1−k(x))
nk = r|n|(x)(−1)

∑|n|−1
k=0 nkx|n|−1−k .

The set of Walsh-Kaczmarz functions and the set of Walsh-Paley functions
is the same in dyadic blocks. Namely,

{κn : 2k ≤ n < 2k+1} = {wn : 2k ≤ n < 2k+1}

for all k ∈ P and κ0 = w0.
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A relation (given by V. A. Skvortsov, see [20]) between the Walsh-
Kaczmarz functions and the Walsh-Paley functions can be given by the
transformation τA : G→ G defined by

τA(x) := (xA−1, xA−2, ..., x1, x0, xA, xA+1, ...)

for A ∈ P. By the definition of τA, we have

κn(x) = r|n|(x)wn−2|n|(τ|n|(x)) (n ∈ N, x ∈ G).

The Dirichlet kernels are defined by

Dψ
n :=

n−1∑

k=0

ψk,

where ψn = wn or κn (n ∈ P), Dψ
0 := 0. The 2nth Dirichlet kernels have a

closed form (see e.g. [17])

Dw
2n = Dκ

2n = D2n(x) =

{
2n, x ∈ In,

0, otherwise (n ∈ N).
(1.2)

The nth Fejér mean and Fejér kernel of the Fourier series of a function
f is defined by

σψn (f ;x) :=
1

n

n∑

i=0

Sψi (f ;x), Kψ
n (x) :=

1

n

n∑

k=0

Dψ
k (x) (x ∈ G)

where ψn := wn or κn and Kψ
0 := 0.

2 The rate of the approximation of the one-di-
mensional weighted means

Now, we introduce the notation

Rwn :=
1

Pn

n−2|n|∑

i=1

p2|n|+iD
w
i

and decompose the nth weighted kernel of the Walsh-Kaczmarz-Fourier
series.
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Lemma 2.1 Let |n| = A ≥ 1, then

PnL
κ
n(x) = (Pn − P2A−1)D2A(x) + rA(x)PnR

w
n (τA(x))

+

A−1∑

l=0

(P2l+1−1 − P2l−1)D2l(x)

+

A−1∑

l=0

rl(x)

2l−2∑

j=1

(p2l+j − p2l+j+1)jK
w
j (τl(x))

+
A−1∑

l=0

rl(x)p2l+1−1(2
l − 1)Kw

2l−1(τl(x)).

Proof. During the proof of Lemma 2.1 we use the following equation:

Dκ
2A+j(x) = D2A(x) + rA(x)D

w
j (τA(x)), j = 0, 1, ..., 2A − 1. (2.1)

Let |n| = A, then we write

PnL
κ
n(x) =

2A−1∑

k=1

pkD
κ
k (x) +

n∑

k=2A

pkD
κ
k (x) =: I + II.

By the help of (2.1), we decompose II.

II =
n−2A∑

l=0

p2A+lD
κ
2A+l(x)

= (Pn − P2A−1)D2A(x) + rA(x)

n−2A∑

l=1

p2A+lD
w
l (τA(x)).

We use (2.1) and Abel’s transformation for the discussion of I.

I =
A−1∑

l=0

2l+1−1∑

k=2l

pkD
κ
k (x) =

A−1∑

l=0

2l−1∑

j=0

p2l+jD
κ
2l+j(x)

=

A−1∑

l=0

(P2l+1−1 − P2l−1)D2l(x)

+
A−1∑

l=0

rl(x)




2l−2∑

j=1

(p2l+j − p2l+j+1)jK
w
j (τl(x))

+ p2l+1−1(2
l − 1)Kw

2l−1(τl(x))


 .
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This completes the proof of Lemma 2.1. �

By the help of this lemma we state our main theorem in the following
form:

Theorem 2.2 Let f ∈ Lp, 1 ≤ p ≤ ∞, and let |n| = A ≥ 1.

If {pk} is nondecreasing sequence of nonnegative numbers, in sign pk ↑,
such that the condition

npn
Pn

= O(1) (2.2)

holds, then

‖tκn(f)− f‖p ≤
c

Pn

A−1∑

l=0

p2l2
lωp(2

−l, f) +O(ωp(2
−A, f)).

If {pk} is nonincreasing, in sign pk ↓, then

‖tκn(f)− f‖p ≤
c

Pn

A−1∑

l=0

p2l2
lωp(2

−l, f) +O(ωp(2
−A, f)).

This Theorem states that the behavior of the weighted means of Walsh-
Kaczmarz-Fourier series is so good as the behavior of the weighted means
of Walsh-Paley-Fourier series [11] in this special view.

To prove our theorem we need the following lemmas given by Yano [22],
Simon [19] and Móricz and Rhoades [11].

Lemma 2.3 (Yano) Let n ≥ 1, then

‖Kw
n ‖1 ≤ 2.

Lemma 2.4 (Simon) There exists a constant C such that

‖Kκ
n‖1 ≤ C, n ≥ 1.

Lemma 2.5 (Móricz, Rhoades) Let {pk} be a sequence of nonnegative
numbers either nondecreasing which satisfies the condition (2.2) or merely

nonincreasing, and let Rw
n be defined by Rw

n := 1
Pn

∑n−2|n|

i=1 p2|n|+iD
w
i . Then

there exists a constant C such that

‖Rw
n ‖1 ≤ C, n ≥ 1.
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Proof of Theorem 1: We present the proof for 1 ≤ p < ∞, for p = ∞
(with notation L∞ = CW ) the proof goes in a similar way.

Let n ∈ N be fixed and set |n| = A. By Lemma 2.1 and Minkowski
inequality we may write that

Pn‖tκn(f)− f‖p ≤ (Pn − P2A−1)

∥∥∥∥
∫

G
(f(.+ x)− f(.))D2A(x)dµ(x)

∥∥∥∥
p

+ Pn

∥∥∥∥
∫

G
(f(.+ x)− f(.))rA(x)R

w
n (τA(x))dµ(x)

∥∥∥∥
p

+

A−1∑

l=0

(P2l+1−1 − P2l−1)

∥∥∥∥
∫

G
(f(.+ x)− f(.))D2l(x)dµ(x)

∥∥∥∥
p

+

A−1∑

l=0

2l−2∑

j=1

|p2l+j − p2l+j+1|j
∥∥∥∥
∫

G
(f(.+ x)− f(.))rl(x)K

w
j (τl(x))dµ(x)

∥∥∥∥
p

+

A−1∑

l=0

p2l+1−1(2
l − 1)

∥∥∥∥
∫

G
(f(.+ x)− f(.))rl(x)K

w
2l−1(τl(x))dµ(x)

∥∥∥∥
p

=: An,1 +An,2 +An,3 +An,4 +An,5.

Now, we discuss An,1. By (1.2) we find that

∥∥∥∥
∫

G
(f(.+ x)− f(.))D2A(x)dµ(x)

∥∥∥∥
p

≤ (2.3)

≤
∫

IA

D2A(x)

(∫

G
|f(y + x)− f(y)|pdµ(y)

)1/p

dµ(x) ≤ ωp(2
−A, f).

Thus, we immediately have

An,1 ≤ (Pn − P2A−1)ωp(2
−A, f)

and

An,3 ≤
A−1∑

l=0

(P2l+1−1 − P2l−1)ωp(2
−l, f).

In the case pk ↑, we have

(P2l+1−1 − P2l−1) ≤ 2lp2l+1−1,

APPROXIMATION BY WEIGHTED MEANS OF WALSH-KACZMARZ-FOURIER SERIES 393



394 Approximation by weighted means of ...

and

An,3 ≤
A−2∑

l=0

2lp2l+1ωp(2
−l, f) + (P2A−1 − P2A−1−1)ωp(2

−A+1, f)

≤ c

A−1∑

j=1

2jp2jωp(2
−j , f) + c(P2A−1 − P2A−1−1)ωp(2

−A, f). (2.4)

While, in the case pk ↓, we have

(P2l+1−1 − P2l−1) ≤ 2lp2l and An,3 ≤
A−1∑

l=0

2lp2lωp(2
l, f).

Now, we discuss An,4, An,5.
In the paper [14] the following is proved (see Lemma 2.3, too)

Bl
j :=

∥∥∥∥
∫

G
(f(.+ x)− f(.))rl(x)K

w
j (τl(x))dµ(x)

∥∥∥∥
p

≤ c‖Kw
j ◦ τl‖1ωp(2

−l, f) ≤ c‖Kw
j ‖1ωp(2

−l, f)

≤ cωp(2
−l, f). (2.5)

for |j| ≤ l.
Thus,

An,4 ≤ c

A−1∑

l=0

2l−2∑

j=1

|p2l+j − p2l+j+1|jBl
j

≤ c
A−1∑

l=0

2l−2∑

j=1

|p2l+j − p2l+j+1|jωp(2
−l, f).

In the case pk ↑

2l−2∑

j=1

|p2l+j − p2l+j+1|j = (2l − 2)p2l+1−1 −
2l−2∑

j=1

p2l+j ≤ 2lp2l+1−1

and

An,4 ≤ c

A−1∑

l=0

2lp2l+1ωp(2
−l, f)

= c

A−2∑

l=0

2lp2l+1ωp(2
−l, f) + 2A−1p2Aωp(2

−A+1, f). (2.6)
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The condition (2.2) completes this case.
In the case pk ↓

2l−2∑

j=1

|p2l+j − p2l+j+1|j =
2l−2∑

j=1

p2l+j − (2l − 2)p2l+1−1 ≤
2l−2∑

j=1

p2l+j ≤ 2lp2l

and

An,4 ≤ c
A−1∑

l=0

2lp2lωp(2
−l, f).

Moreover,

An,5 ≤ c

A−1∑

l=0

p2l+1−12
lBl

2l−1 ≤ c

A−1∑

l=0

p2l+1−12
lωp(2

−l, f).

The method of (2.6) completes the case when pk ↑.
In the case pk ↓, we immediately get that

An,5 ≤ c

A−1∑

l=0

p2l2
lωp(2

−l, f).

At last, we investigate An,2. To do this we discuss the integral

‖
∫

G
(f(.+ x)− f(.))rA(x)R

w
n (τA(x))dµ(x)‖p.

Recall the definition of the function Rw
n . The definition really say that the

function Rw
n is A|n−2|n||-measurable. Thus, Rw

n ◦τA is AA-measurable (with

|n| = A). The method of the investigation of Bl
j for l = A (see (2.5) and

[14]) implies that

∥∥∥∥
∫

G
(f(.+ x)− f(.))rA(x)R

w
n (τA(x))dµ(x)

∥∥∥∥
p

≤ cωp(2
−A, f)‖Rn ◦ τA‖1

≤ cωp(2
−A, f)‖Rn‖1.

From Lemma 2.5, we get that

An,2 ≤ cPnωp(2
−A, f).

Summarising our results on An,i (i = 1, ..., 5) we complete the proof of this
theorem. �
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We note that if {pk} is nondecreasing (pk ↑), the condition (2.2) is
satiesfied if

pk = kβ or (log k)β for some β > 0.

Examples for nonincreasing {pk} (pk ↓):

bi.) pk � k−β for some 0 < β ≤ 1, (Pn � n1−β for 0 < β < 1, and
Pn � log n for β = 1).

bii.) pk � (log k)−β for some 0 < β (Pn � n(log n)−β).

For more details see [11].

The following theorem is a generalization of the theorem of Skvortsov
in [20] (set pk := 1 for all k), and its analogue was proved for Walsh-Paley
system by Móricz and Rhoades in [11].

Theorem 2.6 Let f ∈ Lip(α, p) for some α > 0 and 1 ≤ p ≤ ∞.

Let {pk : k ≥ 0} be a sequence of nonnegative numbers such that in case
pk ↑ the condition (2.2) is satisfied, then

‖tκn(f)− f‖p =





O(n−α), if 0 < α < 1,

O(n−1 log n), if α = 1,

O(n−1), if α > 1.

If pk ↓, then

‖tκn(f)− f‖p = O


 1

Pn

|n|−1∑

j=0

2(1−α)jp2j + 2−α|n|


 .

The proof goes analogous as Móricz and Rhoades did in [11]. So, it is left
to the reader.

Let {pk : k ≥ 0} be a sequence of nonnegative numbers such that in
case pk ↓ the condition bi) or bii.) is satisfied, then in these cases we could
get so good results as Móricz and Rhoades did for the Walsh system (for
more details see [11], page 3).

3 On the two-dimensional weighted means

On G2 we consider the two-dimensional system as {ψn1(x1) × ψn2(x2) :
n := (n1, n2) ∈ N2} (where ψ = w or κ). The two-dimenional Fourier
coefficients, the rectangular partial sums of the Fourier series and Dirichlet
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kernels are defined in the usual way. Define the n-th Marcinkiewicz mean
Mψ

n and kernel Kψ
n by

Mψ
n(f, x

1, x2) :=
1

n

n∑

k=0

Sψk,k(f, x
1, x2) (x = (x1, x2) ∈ G2),

Kψ
n (x

1, x2) :=
1

n

n∑

k=0

Dψ
k (x

1)Dψ
k (x

2) (x = (x1, x2) ∈ G2).

The a.e. convergence of Marcinkiewicz means was discussed by Weisz and
Goginava for Walsh system [25, 7], by Gát for Vilenkin system [3], by the
author for Walsh-Kaczmarz system [16].

For x = (x1, x2) ∈ G2 we define |x| by |x|2 := |x1|2 + |x2|2. Thus, for
f ∈ Lp(G2) (1 ≤ p ≤ ∞) the modulus of continuity ωp(δ, f) is well defined
for δ > 0. We define the mixed modulus of continuity as follows:

ωp1,2(δ1, δ2, f) :=

sup{‖f(.+x1, .+x2)−f(.+x1, .)−f(., .+x2)+f(., .)‖p : |x1| ≤ δ1, |x2| ≤ δ2},

where δ1, δ2 > 0.
Recently, Gát and Goginava [4] discussed the uniform and L-convergen-

ce of the Nörlund logarithmic means of cubical partial sums of double
Walsh-Fourier series. Moreover, Goginava discussed the approximation
properties of Cesàro (C,α)-means of cubical partial sums of Walsh-Fourier
series [6].

Motivated by the work of Gát and Goginava, we investigate the ap-
proximation properties of the weighted means of cubical partial sums of
double Walsh-Kaczmarz-Fourier series. These weighted means and kernels
are defined by

tψn(f, x
1, x2) :=

1

Pn

n∑

k=1

pkS
ψ
k,k(f, x

1, x2),

Lψn(x1, x2) :=
1

Pn

n∑

k=1

pkD
ψ
k (x

1)Dψ
k (x

2)

for ψ = w or κ. The means tψn could be called weighted means of Marcinkie-
wicz type. As special case (set qk := 1 for all k) we obtain the Marcinkiewicz
means and kernels.

To prove our Theorem on two-dimensional weighted means we need the
following decomposition lemma:

APPROXIMATION BY WEIGHTED MEANS OF WALSH-KACZMARZ-FOURIER SERIES 397



398 Approximation by weighted means of ...

Lemma 3.1 Let |n| = A ≥ 1, then

PnLκ
n(x

1, x2) =

= (Pn − P2A−1)D2A(x
1)D2A(x

2) +D2A(x
1)rA(x

2)PnR
w
n (τA(x

2))

+ D2A(x
2)rA(x

1)PnR
w
n (τA(x

1)) + rA(x
1)rA(x

2)PnRw
n (τA(x

1), τA(x
2))

+

A−1∑

l=0

(P2l+1−1 − P2l−1)D2l(x
1)D2l(x

2)

+

A−1∑

l=0

D2l(x
1)rl(x

2)

2l−2∑

j=1

(p2l+j − p2l+j+1)jK
w
j (τl(x

2))

+
A−1∑

l=0

D2l(x
2)rl(x

1)
2l−2∑

j=1

(p2l+j − p2l+j+1)jK
w
j (τl(x

1))

+

A−1∑

l=0

D2l(x
1)rl(x

2)p2l+1−1(2
l − 1)Kw

2l−1(τl(x
2))

+
A−1∑

l=0

D2l(x
2)rl(x

1)p2l+1−1(2
l − 1)Kw

2l−1(τl(x
1))

+
A−1∑

l=0

rl(x
1)rl(x

2)
2l−2∑

j=1

(p2l+j − p2l+j+1)jKw
j (τl(x

1), τl(x
2))

+

A−1∑

l=0

rl(x
1)rl(x

2)p2l+1−1(2
l − 1)Kw

2l−1(τl(x
1), τl(x

2)),

with the notation Rw
n of previous section and

Rw
n (x

1, x2) :=
1

Pn

n−2|n|∑

l=1

p2|n|+lD
w
l (x

1)Dw
l (x

2).

Proof.

PnLκ
n(x

1, x2) =
2A−1∑

k=1

pkD
κ
k (x

1)Dκ
k (x

2) +
n∑

k=2A

pkD
κ
k (x

1)Dκ
k (x

2) =: I + II.
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We use (2.1) and Abel’s transformation to study I.

I =

A−1∑

l=0

2l+1−1∑

k=2l

pkD
κ
k (x

1)Dκ
k (x

2) =

A−1∑

l=0

2l−1∑

j=0

p2l+jD
κ
2l+j(x

1)Dκ
2l+j(x

2)

=
A−1∑

l=0

D2l(x
1)D2l(x

2)
2l−1∑

j=0

p2l+j

+

A−1∑

l=0

D2l(x
1)rl(x

2)

2l−1∑

j=0

p2l+jD
w
j (τl(x

2))

+
A−1∑

l=0

D2l(x
2)rl(x

1)
2l−1∑

j=0

p2l+jD
w
j (τl(x

1))

+

A−1∑

l=0

rl(x
1)rl(x

2)

2l−1∑

j=0

p2l+jD
w
j (τl(x

1))Dw
j (τl(x

2))

=
A−1∑

l=0

(P2l+1−1 − P2l−1)D2l(x
1)D2l(x

2)

+

A−1∑

l=0

D2l(x
1)rl(x

2)



2l−2∑

j=1

(p2l+j − p2l+j+1)jK
w
j (τl(x

2))

+ p2l+1−1(2
l − 1)Kw

2l−1(τl(x
2))




+

A−1∑

l=0

D2l(x
2)rl(x

1)



2l−2∑

j=1

(p2l+j − p2l+j+1)jK
w
j (τl(x

1))

+ p2l+1−1(2
l − 1)Kw

2l−1(τl(x
1))




+
A−1∑

l=0

rl(x
1)rl(x

2)
2l−2∑

j=1

(p2l+j − p2l+j+1)jKw
j (τl(x

1), τl(x
2))

+

A−1∑

l=0

rl(x
1)rl(x

2)p2l+1−1(2
l − 1)Kw

2l−1(τl(x
1), τl(x

2)).
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By the help of (2.1), we discuss II.

II =
n−2A∑

l=0

p2A+lD
κ
2A+l(x

1)Dκ
2A+l(x

2)

= (Pn − P2A−1)D2A(x
1)D2A(x

2)

+ D2A(x
1)rA(x

2)

n−2A∑

l=0

p2A+lD
w
l (τA(x

2))

+ D2A(x
2)rA(x

1)

n−2A∑

l=0

p2A+lD
w
l (τA(x

1))

+ rA(x
1)rA(x

2)

n−2A∑

l=0

p2A+lD
w
l (τA(x

1))Dw
l (τA(x

2))

= (Pn − P2A−1)D2A(x
1)D2A(x

2) +D2A(x
1)rA(x

2)PnR
w
n (τA(x

2))

+ D2A(x
2)rA(x

1)PnR
w
n (τA(x

1)) + rA(x
1)rA(x

2)PnRw
n (τA(x

1), τA(x
2)).

This completes the proof of this Lemma. �

By the help of this decomposition Lemma we state our main Theorem
in the following form:

Theorem 3.2 Let f ∈ Lp, 1 ≤ p ≤ ∞, and let |n| = A ≥ 1.
If {pk} is nondecreasing sequence of nonnegative numbers, in sign pk ↑,

such that the condition (2.2) holds, then

‖tκn(f)− f‖p ≤
c

Pn

A−1∑

l=0

p2l2
lωp(2

−l, f) +O(ωp(2
−A, f)).

If {pk} is nonincreasing, in sign pk ↓, then

‖tκn(f)− f‖p ≤
c

Pn

A−1∑

l=0

p2l2
lωp(2

−l, f) +O(ωp(2
−A, f)).

This theorem states that the behavior of the weighted means of double
Walsh-Kaczmarz-Fourier series is so good as the behavior of the weighted
means of one-dimensional Walsh-Kaczmarz-Fourier series in this special
view.

To prove our theorem we need the following lemma given by Glukhov
[5].
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Lemma 3.3 (Glukhov) There exists a constant C such that

‖Kw
n ‖1 ≤ C (n ≥ 1).

Proof of Theorem 3: We make the proof for 1 ≤ p < ∞, for p = ∞ (with
notation L∞ = CW ) the proof goes analogously.

Let n ∈ P be fixed and set |n| := A.
First, we prove that if the sequence {pk} is either nondecreasing such

that the condition (2.2) holds or nonincreasing, then there exists a C such
that

‖Rw
n ‖1 ≤ C (n ≥ 1). (3.1)

The definition of Rw
n and Abel’s transformation give that

Rw
n :=

1

Pn

n−2A−1∑

l=1

(p2A+l − p2A+l+1)lKw
l +

pn(n− 2A)

Pn
Kw

n−2A .

The Lemma 3.3 of Glukhov yields that

‖Rw
n ‖1 ≤

c

Pn

n−2A−1∑

l=1

|p2A+l − p2A+l+1|l +
cpn(n− 2A)

Pn
.

If pk ↓, then

c

Pn

n−2A−1∑

l=1

|p2A+l − p2A+l+1|l +
cpn(n− 2A)

Pn
≤ c

Pn

n∑

j=2A+1

pj ≤ C.

While, in case pk ↑ the condition (2.2) gives that

c

Pn

n−2A−1∑

l=1

|p2A+l − p2A+l+1|l +
cpn(n− 2A)

Pn
≤

≤ c

Pn
(2pn(n− 2A)−

n−1∑

j=2A+1

pj) ≤
cpnn

Pn
= O(1).

By the help of Lemma 3.1, the Minkowski inequality and with the notation
x = (x1, x2) ∈ G2 we write that

Pn‖tκn(f)− f‖p ≤

≤ (Pn − P2A−1)

∥∥∥∥
∫

G2

(f(.+ x)− f(.))D2A(x
1)D2A(x

2)dµ(x)

∥∥∥∥
p

+

A−1∑

l=0

(P2l+1−1 − P2l−1)

∥∥∥∥
∫

G2

(f(.+ x)− f(.))D2l(x
1)D2l(x

2)dµ(x)

∥∥∥∥
p
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+ Pn

∥∥∥∥
∫

G2

(f(.+ x)− f(.))D2A(x
1)rA(x

2)Rw
n (τA(x

2))dµ(x)

∥∥∥∥
p

+ Pn

∥∥∥∥
∫

G2

(f(.+ x)− f(.))D2A(x
2)rA(x

1)Rw
n (τA(x

1))dµ(x)

∥∥∥∥
p

+ Pn

∥∥∥∥
∫

G2

(f(.+ x)− f(.))rA(x
1)rA(x

2)Rw
n (τA(x

1), τA(x
2))dµ(x)

∥∥∥∥
p

+

A−1∑

l=0

2l−2∑

j=1

|p2l+j − p2l+j+1|j×

×
∥∥∥∥
∫

G2

(f(.+ x)− f(.))D2l(x
1)rl(x

2)Kw
j (τl(x

2))dµ(x)

∥∥∥∥
p

+

A−1∑

l=0

2l−2∑

j=1

|p2l+j − p2l+j+1|j×

×
∥∥∥∥
∫

G2

(f(.+ x)− f(.))D2l(x
2)rl(x

1)Kw
j (τl(x

1))dµ(x)

∥∥∥∥
p

+

A−1∑

l=0

p2l+1−1(2
l − 1)

∥∥∥∥
∫

G2

(f(.+ x)− f(.))D2l(x
1)rl(x

2)Kw
2l−1(τl(x

2))dµ(x)

∥∥∥∥
p

+
A−1∑

l=0

p2l+1−1(2
l − 1)

∥∥∥∥
∫

G2

(f(.+ x)− f(.))D2l(x
2)rl(x

1)Kw
2l−1(τl(x

1))dµ(x)

∥∥∥∥
p

+
A−1∑

l=0

2l−2∑

j=1

|p2l+j − p2l+j+1|j×

×
∥∥∥∥
∫

G2

(f(.+ x)− f(.))rl(x
1)rl(x

2)Kw
j (τl(x

1), τl(x
2))dµ(x)

∥∥∥∥
p

+

A−1∑

l=0

p2l+1−1(2
l − 1)×

×
∥∥∥∥
∫

G2

(f(.+ x)− f(.))rl(x
1)rl(x

2)Kw
2l−1(τl(x

1), τl(x
2))dµ(x)

∥∥∥∥
p

=:
11∑

i=1

An,i.

First, we discuss An,1, An,2. By (1.2) we obtain that
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∥∥∥∥
∫

G2

(f(.+ x)− f(.))D2A(x
1)D2A(x

2)dµ(x)

∥∥∥∥
p

≤

≤
∫

I2A

D2A(x
1)D2A(x

2)

(∫

G2

|f(y + x)− f(y)|pdµ(y)
)1/p

dµ(x)

≤ cωp(2
−A, f). (3.2)

This immediately yields

An,1 ≤ c(Pn − P2A−1)ωp(2
−A, f)

and

An,2 ≤ c

A−1∑

l=0

(P2l+1−1 − P2l−1)ωp(2
−l, f).

For sequence pk ↑
P2l+1−1 − P2l−1 ≤ 2lp2l+1−1 (3.3)

and for sequence pk ↓

P2l+1−1 − P2l−1 ≤ 2lp2l . (3.4)

The following was proved in the paper [15]:

Bk
j :=

∥∥∥∥
∫

G2

(f(.+ x)− f(.))D2k(x
2)rk(x

1)Kw
j (τk(x

1))dµ(x)

∥∥∥∥
p

≤ c‖Kw
j ◦ τk‖1ωp(2

−k, f) ≤ cωp(2
−k, f), (3.5)

where |j| ≤ k (we used Lemma 2.3, too). This yields

An,6, An,7 ≤
A−1∑

l=0

2l−2∑

j=0

|p2l+j − p2l+j+1|jBl
j

≤ c

A−1∑

l=0

ωp(2
−l, f)

2l−2∑

j=0

|p2l+j − p2l+j+1|j.

If {pk} is nondecreasing (pk ↑), then we have

2l−2∑

j=0

|p2l+j − p2l+j+1|j ≤ 2lp2l+1−1. (3.6)
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If {pk} is nonincreasing (pk ↓), then we have

2l−2∑

j=0

|p2l+j − p2l+j+1|j ≤
2l−2∑

j=1

p2l+j ≤ 2lp2l . (3.7)

By the inequality (3.5) we get again

An,8, An,9 ≤
A−1∑

l=0

p2l+1−1(2
l − 1)Bl

2l−1 ≤ c

A−1∑

l=0

p2l+1−12
lωp(2

−l, f).

The inequality (2.6) completes these cases on An,6−An,9 for nondecreasing
sequence {pk}.

The method of the discussion (3.5), the measurability property of Rw
n ◦

τA (with |n| = A) and Lemma 2.5 imply that

An,3, An,4 ≤ cPn‖Rw
n ◦ τA‖1ωp(2

−A, f) ≤ cPnωp(2
−A, f).

In the paper [15] it was showed that

F k
j :=

∥∥∥∥
∫

G2

(f(.+ x)− f(.))rk(x
1)rk(x

2)Kw
j (τk(x

1), τk(x
2))dµ(x)

∥∥∥∥
p

≤ c‖Kw
j ◦ (τk × τk)‖1ωp

1,2(2
−k, 2−k, f) ≤ cωp(2

−k, f) (3.8)

for |j| ≤ k (we used Lemma 3.3, too). By this inequality

An,11 ≤
A−1∑

l=0

p2l+1−1(2
l − 1)F l

2l−1 ≤ c

A−1∑

l=0

p2l+1−12
lωp(2

−l, f)

and

An,10 ≤
A−1∑

l=0

2l−2∑

j=0

|p2l+j−p2l+j+1|jF l
j ≤ c

A−1∑

l=0

ωp(2
−l, f)

2l−2∑

j=0

|p2l+j−p2l+j+1|j.

The inequalities (3.6) and (3.7) complete the discussion of this case (see
the inequality (2.6) for nondecreasing sequence {pk}, too).

At last, we have to discuss An,5. The method of the discussion (3.8),
the measurability property of Rw

n ◦ (τA × τA) (|n| = A) and the inequality
(3.1) gives that

An,5 ≤ cPn‖Rw
n ◦ (τA × τA)‖1ωp

1,2(2
−A, 2−A, f) ≤ cPnωp(2

−A, f).

These facts complete the proof of Theorem 1. �
At last, we note that the analogue of Theorem 2 and of corollaries

of Theorem 2 could be stated for Walsh-Kaczmarz weighted means of
Marcinkiewicz type, too.
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Abstract. New useful kernels of Sard type are derived by apply-
ing a linear functional to the two-point Taylor polynomial expansion,
for some real functions possessing a sufficient number of derivatives.
These kernels are used to calculate error representations for some cu-
bature and linear approximation formulae. In all considered examples
kernels are of one sign, thus accurate error estimates are obtained.
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1 Introduction

Peano’s theorem is a well-known result that concerns the representation of
a linear functional in terms of a differential operator. Sard ([9]) generalized
the theorem to the multivariate case by applying a bounded linear func-
tional to an appropriate Taylor expansion. By using Sard’s kernel theorem
it is possible to express and calculate sharp bounds for approximation er-
rors. The errors are expressed in terms of the partial derivatives of the
underlying function. Particularly, Sard kernels are used ([2], [7], [11]) to
bound cubature errors for certain cubature rules.

In [4] the authors applied a linear functional to the expansion in Bernoulli
polynomials of a real function and obtained kernels which are different from
Sard’s for a wide class of linear functionals.

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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408 New kernels of Sard type

In this paper we consider the expansion in bivariate two-point Taylor
polynomials for real functions possessing a sufficient number of derivatives
and we obtain new kernels of Sard type. We restrict our attention to
functions of only two variables; the extension to dimensions greater then 2
is straightforward.

We use these kernels in order to derive error representations for some
cubature and approximation formulae. In all considered examples kernels
are of one sign, thus accurate error estimates are obtained.

The paper is organized as follows: in section 2 we quote some remarks
on the two-point Taylor formula in one and two dimensions. In section 3
we introduce the new kernels by applying a particular functional to the
expansion of some real functions. In the last section we present some ap-
plications.

2 Remarks on the two-point Taylor formula

In this section we shall give some known results about the two-point Tay-
lor formula for univariate functions, which is sometimes referred to as the
piecewise Hermite interpolation.

For n a positive integer, let P 2n−1([a, b]) be the set of all real polyno-
mials of degree at most 2n− 1, defined on [a, b].

Theorem 2.1 Given f ∈ C2n([a, b]), the following relation holds ([8])

f(x) = fn(x) +Rn(f ;x) (2.1)

where

fn(x) =

n−1∑

j=0

[
Cn,j(x)f

(j)(a) +Dn,j(x)f
(j)(b)

]
, fn ∈ Pn([a, b]) , (2.2)

Cn,j(x) =
(b− x)n

j!

n−j−1∑

k=0

(
n+ k − 1

k

)
(x− a)k+j

(b− a)n+k
,

Dn,j(x) = (−1)jCn,j(a+ b− x)

(2.3)

and

Rn(f ;x) = (x− a)n (b− x)n
f (2n) (ξx)

(2n)!
ξx ∈ (a, b) . (2.4)
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Remark 2.2 fn is the unique polynomial which satisfies the interpolation
conditions

f (j)
n (a) = f (j)(a), f (j)

n (b) = f (j)(b), j = 0, . . . , n− 1.

¿From (2.4) an upper bound for the remainder Rn (f ;x) and its deriva-
tives can be obtained, in terms of ‖f (2n)‖∞ = max

a≤x≤b
|f (2n)(x)| ([12]):

Theorem 2.3 Let f ∈ C2n([a, b]). Then

|R(k)
n (f ;x) | ≤ [(x− a)(b− x)]n−k

k!(2n− 2k)!
‖f (2n)‖∞ k = 0, . . . , 2n− 1.

This bound is best possible for k = 0 only.

In [3] the authors determined sharp bounds for derivatives of interpo-
lation errors for general piecewise Hermite interpolation in intervals and in
rectangular polygons.

For the remainder (2.4) we can also have an integral representation.
First we give some preliminary definitions.

For any positive integer n let C∗
2n([a, b]) be the space of linear functionals

of C2n([a, b]) which are finite linear combinations of functionals of the form

L (f) =
n−1∑

i=0

∫ b

a
ai(x)f

(i)(x)dx+
n−1∑

i=0

bif
(i) (xi)

where ai(x) are piecewise continuous functions on [a, b], bi ∈ IR and
xi ∈ [a, b] are fixed points, such that L(p) = 0 for all p ∈ P 2n−1 ([a, b]).

Now we observe that for each x ∈ (a, b) the error

L(f) = f (x)− fn (x) ,

is a functional in C∗
2n([a, b]). Thus from Peano’s Lemma ([5]) we have

Proposition 2.4 . For all f in C2n([a, b])

L(f) = Rn(f ;x) =

∫ b

a
f (2n)(s)Kn(x, s)ds (2.5)

with

Kn(·, s) =
1

(2n− 1)!
L
[
(· − s)2n−1

+

]
.
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By simple calculations we can derive an explicit expression for the kernels
Kn(x, s)

Kn(x, s) =
(x− s)2n−1

+

(2n− 1)!
−

n−1∑

j=0

Dn,j(x)

(2n− j − 1)!
(b− s)2n−j−1. (2.6)

The generalization to the two dimensional case is straightforward.

2.1 The two dimensional case

Let T be the rectangle [a, b]×[c, d]. For n,m positive integers, let P (2n−1,2m−1)(T )
be the set of all real polynomials in the variables x and y of degree at most
2n− 1 in x and 2m− 1 in y, defined on T .

We define C(n−1,m−1)(T ) as the space of functions f : T → IR with
continuous partial derivatives

f (i,j)(x, y) =
∂i+j

∂xi∂yj
f(x, y), (x, y) ∈ T

for all (i, j) such that 0 ≤ i ≤ n− 1 and 0 ≤ j ≤ m− 1.

Let

Cm,j(y) =
(d− y)m

j!

m−j−1∑

k=0

(
m+ k − 1

k

)
(y − c)k+j

(d− c)m+k

and

Dm,j(y) = (−1)jCm,j(c+ d− y).

Observe that Cm,j(y) and Dm,j(y) are polynomials of degree 2m−1 in y
with c ≤ y ≤ d, while Cn,j(x) and Dn,j(x) defined in (2.3) are polynomials
of degree 2n− 1 in x with a ≤ x ≤ b.

Then the following theorem holds.

Theorem 2.5 Let f ∈ C(2n,2m)(T ), n,m ≥ 1. Then, for each (x, y) ∈ T ,

f(x, y) = fn,m(x, y) +Rn,m (f ; (x, y)) (2.7)
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where

fn,m(x, y) =

=
n−1∑

j=0

m−1∑

k=0

[
Cn,j(x)Cm,k(y)f

(j,k)(a, c) + Cn,j(x)Dm,k(y)f
(j,k)(a, d)+

+Dn,j(x)Cm,k(y)f
(j,k)(b, c) +Dn,j(x)Dm,k(y)f

(j,k)(b, d)
]

(2.8)
and

Rn,m (f ; (x, y)) =

=

m−1∑

k=0

∫ b

a

[
Cm,k(y)f

(2n,k)(s, c) +Dm,k(y)f
(2n,k)(s, d)

]
Kn(x, s)ds+

+

n−1∑

j=0

∫ d

c

[
Cn,j(x)f

(j,2m)(a, t) +Dn,j(x)f
(j,2m)(b, t)

]
Km(y, t)dt+

+

∫ b

a

∫ d

c
f (2n,2m)(s, t)Kn(x, s)Km(y, t)dsdt .

(2.9)
Kn(x, s) is the Peano kernel defined in (2.6) and

Km(y, t) =
(y − t)2m−1

+

(2m− 1)!
−

m−1∑

j=0

Dm,j(y)

(2m− j − 1)!
(d− t)2m−j−1.

Proof. In order to obtain (2.8) and (2.9), we apply (2.2)-(2.3) to the function
x 7→ f(x, y) in the variable x

f(x, y) =

n−1∑

j=0

[
Cn,j(x)f

(j,0)(a, y) +Dn,j(x)f
(j,0)(b, y)

]
+

∫ b

a
f (2n)(s, y)Kn(x, s)ds.

(2.10)
Then we apply (2.2)-(2.3) to f (j,0)(a, y), f (j,0)(b, y) and to f (2n)(s, y) in the
variable y and replace in (2.10). �

Remark 2.6 The approximation formula (2.7) has degree of exactness
(2n− 1, 2m− 1), i.e.

Rn,m (p; (x, y)) = 0 for each p ∈ P (2n−1,2m−1)(T ).
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where

fn,m(x, y) =

=
n−1∑

j=0

m−1∑

k=0

[
Cn,j(x)Cm,k(y)f

(j,k)(a, c) + Cn,j(x)Dm,k(y)f
(j,k)(a, d)+

+Dn,j(x)Cm,k(y)f
(j,k)(b, c) +Dn,j(x)Dm,k(y)f

(j,k)(b, d)
]

(2.8)
and

Rn,m (f ; (x, y)) =

=

m−1∑

k=0

∫ b

a

[
Cm,k(y)f

(2n,k)(s, c) +Dm,k(y)f
(2n,k)(s, d)

]
Kn(x, s)ds+

+

n−1∑

j=0

∫ d

c

[
Cn,j(x)f

(j,2m)(a, t) +Dn,j(x)f
(j,2m)(b, t)

]
Km(y, t)dt+

+

∫ b

a

∫ d

c
f (2n,2m)(s, t)Kn(x, s)Km(y, t)dsdt .

(2.9)
Kn(x, s) is the Peano kernel defined in (2.6) and

Km(y, t) =
(y − t)2m−1

+

(2m− 1)!
−

m−1∑

j=0

Dm,j(y)

(2m− j − 1)!
(d− t)2m−j−1.

Proof. In order to obtain (2.8) and (2.9), we apply (2.2)-(2.3) to the function
x 7→ f(x, y) in the variable x

f(x, y) =

n−1∑

j=0

[
Cn,j(x)f

(j,0)(a, y) +Dn,j(x)f
(j,0)(b, y)

]
+

∫ b

a
f (2n)(s, y)Kn(x, s)ds.

(2.10)
Then we apply (2.2)-(2.3) to f (j,0)(a, y), f (j,0)(b, y) and to f (2n)(s, y) in the
variable y and replace in (2.10). �

Remark 2.6 The approximation formula (2.7) has degree of exactness
(2n− 1, 2m− 1), i.e.

Rn,m (p; (x, y)) = 0 for each p ∈ P (2n−1,2m−1)(T ).
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Remark 2.7 fn,m satisfies the interpolation conditions

f (i,j)
n,m (x, y) = f (i,j)(x, y) i = 0, . . . , n− 1, j = 0, . . . ,m− 1 , (2.11)

where (x, y) is one of the vertices of T .

The interpolate fn,m is determined by the 4nm linear conditions (2.11)
and it is known ([1]) that this interpolate is unique.

Proposition 2.8 The remainder (2.9) can be expressed in the compact
form

Rnm (f ; (x, y)) =

∫ b

a
f (2n,0)(s, y)Kn(x, s)ds+

∫ d

c
f (0,2m)(x, t)Hm(y, t)dt−

−
∫ b

a

∫ d

c
f (2n,2m)(s, t)Kn(x, s)Hm(y, t)dsdt.

(2.12)

Proof. From (2.2) it follows that

m−1∑

k=0

[
Cm,k(y)f

(2n,k)(s, c) +Dm,k(y)f
(2n,k)(s, d)

]
=

= f (2n,0)(s, y)−Rm

(
f (2n,0)(s, ·); y

)
,

(2.13)

n−1∑

j=0

[
Cn,j(x)f

(j,2m)(a, t) +Dn,j(x)f
(j,2m)(b, t)

]
=

= f (0,2m)(x, t)−Rn

(
f (0,2m)(·, t);x

)
.

(2.14)

Thus form (2.12) of the remainder is obtained by replacing in (2.9) the
(2.13)-(2.14) and by observing that

Rm

(
f (2n,0)(s, ·); y

)
=

∫ d

c
f (2n,2m)(s, t)Hm(y, t)dt

and

Rn

(
f (0,2m)(·, t);x

)
=

∫ b

a
f (2n,2m)(s, t)Kn(x, s)ds. �
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3 New Sard type kernels

Let us define by C∗
2n,2m(T ) the space of functionals on C(2n,2m)(T ) which

are finite linear combinations of functionals of the form

L (f) =

2n∑

i=0

2m∑

j=0

∫ b

a

∫ d

c
aij(x, y)f

(i,j)(x, y)dxdy+

+
2n∑

i=0

2m∑

j=0

∫ b

a
bi(x)f

(i,j) (x, yi) dx+

+
2n∑

i=0

2m∑

j=0

∫ d

c
cj(y)f

(i,j) (xj , y) dy +
2n∑

i=0

2m∑

j=0

dijf
(i,j) (xi, yj)

(3.1)

where aij(x, y), bi(x), cj(y) are piecewise continuous functions respec-
tively on T, [a, b], [c, d], xi ∈ [a, b], yj ∈ [c, d]. (xi, yj) ∈ T are fixed points,
such that L(p) = 0 for all p ∈ P (n,m)(T ). Hence a Sard’s extension of
Peano’s kernel theorem is applicable.

Theorem 3.1 (Sard’s type kernel Theorem). If L ∈ C∗
2n,2m(T ), then,

for all f ∈ C(2n,2m)(T )

L(f) = L (Rn,m (f ; (x, y))) =

=

m−1∑

k=0

{∫ b

a
f (2n,k)(s, c)KC

nk(s)ds+

∫ b

a
f (2n,k)(s, d)KD

nk(s)ds

}
+

+

n−1∑

j=0

{∫ d

c
f (j,2m)(a, t)KC

jm(t)dt+

∫ d

c
f (j,2m)(b, t)KD

jm(t)dt

}
+

+

∫ b

a

∫ d

c
f (2n,2m)(s, t)Knm(s, t)dsdt

(3.2)
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where

KC
nk(s) = Lxy

[
Cm,k(y)Kn(x, s)

]
= Lxy

[
Cm,k(y)

(x−s)2n−1
+

(2n−1)!

]

KD
nk(s) = Lxy

[
Dm,k(y)Kn(x, s)

]
= Lxy

[
Dm,k(y)

(x−s)2n−1
+

(2n−1)!

]

KC
jm(t) = Lxy [Cn,j(x)Hm(y, t)] = Lxy

[
Cn,j(x)

(y−t)2m−1
+

(2m−1)!

]

KD
jm(t) = Lxy [Dn,j(x)Hm(y, t)] = Lxy

[
Dn,j(x)

(y−t)2m−1
+

(2m−1)!

]

Knm(s, t) = Lxy [Kn(x, s)Hm(y, t)] .

(3.3)

The notation Lxy [·] means that the functional L is applied to its argu-
ment considered as a function of (x, y).

Proof. The result follows by applying the functional L to both sides of
expansion (2.7) with remainder (2.9). Note that we are working under the
hypothesis which allow an interchange of the functional with the integral.
�

In analogy with the well known Sard’s kernel theorem ([6], [9]) we call
the functions (3.3) two-point Taylor kernels of the functional L.

Remark 3.2 In order to obtain an error bound in terms of the sup-norm
we put

Mi,j = sup
(x,y)∈T

|f (i,j)(x, y)|

and we have

|L(f)| ≤
m−1∑

k=0

M2n,k

∫ b

a

(
|KC

nk(s)|+ |KD
nk(s)|

)
ds

+

n−1∑

j=0

Mj,2m

∫ d

c

(
|KC

jm(t)|+ |KD
jm(t)|

)
dt

+M2n,2m

∫ b

a

∫ d

c
|Knm(s, t)|dsdt.

Remark 3.3 If all kernels of the remainder L(f) are of one sign, by the
general mean-value theorem, there exist points (µk, c) , (νk, d), (a, ξj) , (b, ηj),
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(s1, t1) ∈ T such that

L(f) =

m−1∑

k=0

{
f (2n,k) (µk, c)

∫ b

a
KC

nk(s)ds+ f (2n,k) (νk, d)

∫ b

a
KD

nk(s)ds

}
+

+

n−1∑

j=0

{
f (j,2m) (a, ξj)

∫ d

c
KC

jm(t)dt+ f (j,2m) (b, ηj)

∫ d

c
KD

jm(t)dt

}
+

+f (2n,2m) (s1, t1)

∫ b

a

∫ d

c
Knm(s, t)dsdt

where µk, νk, s1 lie between a and b and ξj , ηj , t1 lie between c and d.

4 Application

Now we calculate the error representation for some cubature and approx-
imation formulae. In each of the examined cases the remainder is a func-
tional of the form (3.1) and we can apply Theorem 5.

Example 4.1 (Cubature). Let’s consider the functional

E(f) =

∫ 1

0

∫ 1

0
f(x, y)dxdy − f

(
1

2
,
1

2

)
(4.1)

for f ∈ C(2,2) ([0, 1]× [0, 1]) .

Since the formula has degree of exactness (1, 1), its error representation
(3.2) takes the following form

E(f) =

∫ 1

0

[
f (2,0)(s, 0)KC

10(s) + f (2,0)(s, 1)KD
10(s)

]
ds+

+

∫ 1

0

[
f (0,2)(0, t)KC

01(t) + f (0,2)(1, t)KD
01(t)

]
dt+

+

∫ 1

0

∫ 1

0
f (2,2)(s, t)K11(s, t)dsdt.

(4.2)

¿From (3.3), after some calculations, we have

KC
10(s) = KD

10(s) =

{ 1
4s

2 0 ≤ s ≤ 1
2

1
4(1− s)2 otherwise
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KC
01(t) = KD

01(t) =

{ 1
4 t

2 0 ≤ t ≤ 1
2

1
4(1− t)2 otherwise

K11(s, t) =





1
4st(st− s− t) 0 ≤ s, t ≤ 1

2

1
4s(1− t)(t− st− 1) 0 ≤ s ≤ 1

2 ,
1
2 ≤ t ≤ 1

1
4 t(1− s)(s− st− 1) 0 ≤ t ≤ 1

2 ,
1
2 ≤ s ≤ 1

1
4(1− s)(1− t)(st− 1) 1

2 ≤ s, t ≤ 1

(4.3)

We can easily see that K11(s, t) ≤ 0, while the other kernels are ≥ 0.
As they have constant sign, there exist points (ξ1, 0), (ξ2, 1), (0, η1), (1, η2),
(s1, t1) such that the error representation is

E(f) =
1

48

[
f (2,0)(ξ1, 0) + f (2,0)(ξ2, 1) + f (0,2)(0, η1) + f (0,2)(1, η2)

]
dt

− 5

576
f (2,2)(s1, t1).

Figure (1) shows the graphic representation of the kernel (4.3).
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Figure 1: Kernel K11.

In [6] an integral representation of the remainder (4.1) has been com-
puted by means of Sard kernels. But in that case the K11(s, t) Sard kernel

K11(s, t) =

{
st− s− t 0 ≤ s, t ≤ 1

2

(1− s)(1− t) otherwise
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is not of one sign, and the error is

E(f) =
1

24

[
f (2,0)(ξ1, 0) + f (0,2)(0, η1)

]
+

∫ 1

0

∫ 1

0
f (1,1)(s, t)K11(s, t)dsdt.

In [4] the error is given only in terms of partial derivatives of order one,
but also in this case kernels change sign.

Example 4.2 (Cubature of degree (3,3)). We calculate the error rep-
resentation of the functional

E(f) =

∫ 1

0

∫ 1

0
f(x, y)dxdy−

[
1

6
f

(
1,

1

2

)
+

1

6
f

(
0,

1

2

)
+

1

3
f

(
1

2
, u1

)
+

1

3
f

(
1

2
, u2

)]

where

u1 =
1

2

(√
1

2
+ 1

)
, u2 =

1

2

(
1−

√
1

2

)

and f ∈ C(4,4) ([0, 1]× [0, 1]) .
Since the formula has degree of exactness (3, 3), its error representation

(3.2) is

E(f) =

∫ 1

0

[
f (4,0)(s, 0)KC

20(s) + f (4,0)(s, 1)KD
20(s)

]
ds+

+

∫ 1

0

[
f (4,1)(s, 0)KC

21(s) + f (4,1)(s, 1)KD
21(s)

]
ds+

+

∫ 1

0

[
f (0,4)(0, t)KC

02(t) + f (0,4)(1, t)KD
02(t)

]
dt+

+

∫ 1

0

[
f (1,4)(0, t)KC

12(t) + f (1,4)(1, t)KD
12(t)

]
dt+

+

∫ 1

0

∫ 1

0
f (4,4)(s, t)K22(s, t)dsdt

(4.4)

with

KC
20(s) = KD

20(s) =





1

144
s3(3s− 2) 0 ≤ s ≤ 1

2

1

144
(s− 1)3(3s− 1) otherwise

KC
21(s) = KD

21(s) =





s2(1− 2s)2

1152
0 ≤ s ≤ 1

2
(
1− 3s+ 2s2

)2

1152
otherwise .
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We can easily see that KC
20(s) = KD

20(s) ≤ 0, KC
21(s) = KD

21(s) ≥ 0. If
we compute the other kernels we have that all of them are non-negative:

KC
02(t) = KD

02(t) ≥ 0 KC
12(t) = KD

12(t) ≥ 0, K22(s, t) ≥ 0.

Not all classical Sard kernels are of one sign. For example

K11(u) =
1

6
(1− u)3 −

{
1
12(1− u)2 + 1

3

(
1
2 − u

)2
0 ≤ u < 1

2

1
12(1− u)2 1

2 ≤ u ≤ 1 .

Example 4.3 (Lagrange interpolation). We calculate the error repre-
sentation of the functional

L(f) = f(x, y)−
n∑

i=0

m∑

j=0

lni (x)l
m
j (y)f (xi, yj)

where lni (x) and lmj (y) are the fundamental Lagrange polynomials, 0 ≤
x, y ≤ 1.

For n = m = 1 we have the representation (4.2) with

KC
10(s) = (1−y) [(x− s)+ − x(1− s)] , KD

10(s) = y [(x− s)+ − x(1− s)] ,

KC
01(t) = (1− x) [(y − t)+ − y(1− t)] , KD

10(t) = x [(y − t)+ − y(1− t)] .

All these kernels are non-positive, while

K11(s, t) = [(x− s)+ − x(1− s)] [(y − t)+ − y(1− t)]

is non-negative.
Also in this case not all Sard kernels are of constant sign. For example

the Sard kernel K10(s) is

K10(s) =

{
x− s− xy(1− s) 0 ≤ s ≤ x

xy(s− 1) x ≤ s ≤ 1.

Example 4.4 (Bernstein approximation). Let’s consider the func-
tional

L(f) = f(x, y)−
n∑

i=0

m∑

j=0

pn,i(x)pm,j(y)f

(
i

n
,
j

m

)

where

pv,r(t) =

(
v

r

)
tr(1− t)v−r.
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Since the formula has degree of exactness (1, 1), its error representation
takes the form (4.2), where

KC
10(s) = Lxy

[
C1,0(y)(x− s)+

]
= (1−y)

[
(x− s)+ −

n∑

i=0

pn,i(x)

(
i

n
− s

)

+

]
.

Similarly we can obtain explicit expressions for KD
10(s), K

C
01(t) and KD

01(t).

K11(s, t) = (x−s)+(y−t)+−
n∑

i=0

pn,i(x)

(
i

n
− s

)

+

m∑

j=0

pm,j(y)

(
j

m
− t

)

+

.

They are all non-positive.
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Abstract.

In the frame of commutative, unital, m-convex algebras, W.
Zelazko gave some equivalent properties with Q-algebras, assuming
completeness. Previously, S. Warner had related similar properties
with the Q-algebras that were advertibly complete. In this survey pa-
per, we examine the properties concerning complete Q-algebras and
advertibly complete algebras.
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1 Introduction

A Q-algebra is a topological algebra such that the group of its invert-
ible elements is an open set. Q-algebras mantain many of the fundamental
properties of Banach algebras and in several cases these properties charac-
terize what Kaplanski [5] called in 1947 the Q-property. This was done in
the frame of topological rings. Q-algebras are not complete, but in some
cases they behave as if they were.

Every Banach algebra is a Q-algebra but this is not the case, in general,
for normed algebras. Generally speaking, not every normed algebra is a
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elsewhere.
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422 On Q-like properties in Topological Algebras

Q-algebra. We can consider, for example, the algebra A of all polynomi-
als with complex coeficients on the complex unit disc, with the pointwise
algebraic operations and the sup norm ‖·‖∞. Then (A, ‖·‖∞) is a normed
algebra which is not a Q-algebra.

Q-algebras are involved, for example, in differential geometry [8] and
[10].

Advertibly complete algebras were introduced in [12] by S. Warner in
1956. He considered this notion in the context of the theory of locally
m-convex algebras. He realized that ”locally m-convex algebras possessing
advertibly completeness, posses also most of the fundamental properties of
Banach algebras”. A Hausdorff locally m-convex algebra which is either
complete or a Q-algebra, is advertibly complete. There do exist, however,
locally m-convex algebras which are advertibly complete but are neither
complete, nor Q-algebras.

Recently, there has been attention given to locally m-convex Q-algebras,
particularly to Fréchet algebras. In this respect, W. Zelazko [13], [14], also
got some remarkable relations between them, ideals and Q -algebras.

In this survey article, we will start from a well known theorem given
by Zelazko [13] (1976) and another one by Warner [12] (1956) and examine
some properties concerning complete Q-algebras and advertibly complete
algebras.

2 Preliminaries

A topological algebra over a field F (where F = R or F = C) is a
topological linear space with an associative jointly continuous multiplica-
tion that makes A an algebra over F .

A semitopological algebra over a field F (where F=R or F=C) is a
topological linear space with an associative separately continuous multipli-
cation that makes A an algebra over F .

These two concepts coincide when A is anm-convex algebra (see below.)

A locally convex algebra is a topological algebra A which is a lo-
cally convex space. In this case its topology can be given by a family
{‖·‖α : α ∈ Λ} of seminorms satisfying that for each α ∈ Λ there exists β
such that

(1) ‖xy‖α ≤ ‖x‖β ‖y‖β
for all x, y ∈ A.

A locally convex algebra is said to bemultiplicatively convex (shortly
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m-convex) if every seminorm is submultiplicative i.e. (1) can be replaced
by

(2) ‖xy‖α ≤ ‖x‖α ‖y‖α
for each α ∈ Λ and all x, y ∈ A.

If (A, {‖·‖α : α ∈ Λ}) is an m-convex algebra, then for each α ∈ Λ
we denote by Aα the completion of the normed algebra A/ ker ‖·‖α and by
πα the canonical homomorphism from A to Aα given by the composition
A � A/ ker ‖·‖α ↪→ Aα.

An F-algebra is a topological algebra which is complete and metrizable.

If A is a topological algebra with unit e, the set of all the invertible
elements in A is denoted by G (A). If G (A) is an open set, then A is a
Q-algebra.

Let A be a topological algebra with unit e. A net (aλ)λ∈Λ is right
(resp. left) advertibly convergent with respect to a ∈ A if aaλ → e
(resp. aλa → e). In this case, the net is a right (resp. left) topological
inverse of a.

An element of A is topologically invertible if it has right and left
topological inverses. The set of all topologically invertible elements in A is
denoted by Gt(A). It is clear that G(A) ⊆ Gt(A) always holds.

If a right (resp. left) topological inverse of a ∈ A converges, then its
limit is the right (resp. left) inverse of a. Thus, an element is invertible in
A if it has convergent right and left topological inverses in A.

A net (aλ)λ∈Λ is advertibly convergent (shortly advertible) if it is
right and left advertibly convergent with respect to some a ∈ A. The topo-
logical algebra A is advertibly complete if every advertible and Cauchy
net in A converges in A.

For x ∈ A, the set σ (x) = {λ ∈ C : x− λe /∈ G (A)} is the spectrum
of x in A.

The spectral radius is defined as ρ (x) = sup {|λ| : λ ∈ σ (x)} if σ (x) 6=
∅ and ρ (x) = 0 otherwise.

We denote by M (A) the space of all non-zero continuous multiplicative
linear functionals on A, endowed with the weak∗-topology.

For any x ∈ A, x̂ stands for its Gelfand transform: x̂ (f) = f (x) for
all f ∈ M (A). Recall that x̂ (M(A)) ⊆ σ (x) for all x ∈ A.

For general definitions and results about Topological Algebras, the
reader is referred to [16], [3], [6], [9] and [7].
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3 Related Properties

Many theorems on Banach algebras have generalizations to locally convex
algebras which are not necessarilly complete, but have some weaker com-
pleteness condition. In this survey we will state a Theorem by W. Zelazko,
1976 [13], and see what happens when we weaken or drop some of the
hypothesis, mainly completeness.

W. Zelazko gives a characterization of commutative, complete, unital,
m -convex algebras in which all maximal ideals are of codimension one.

Theorem 3.1 (Zelazko) Let A be a complete, complex, unital, m-convex
algebra. Then the following conditions are equivalent:

1. Every maximal ideal of A is of codimension 1.

2. For each element x ∈ A the spectrum σ(x) is bounded.

3. For each element x ∈ A the spectrum σ(x) is compact.

4. A is a complete m-convex Q-algebra under a topology stronger than
the original one.

5. A is a complete m-convex Q-algebra under some topology.

6. The space M#(A) of all non-zero multiplicative-linear functionals on
A is compact in the weak star topology.

Corollary 3.2 The algebra A possesses a dense maximal ideal of infinite
codimension if and only if it possesses an element with unbounded spectrum.

For barreled algebras we have a stronger version of the theorem, also
due to Zelazko in the same paper.

Theorem 3.3 Let A be a commutative, complex, complete, m-convex al-
gebra with unit e, which is a barreled space. Then the following conditions
are equivalent:

1. Every maximal ideal of A is of codimension one.

2. Every maximal ideal of A is closed.

3. The spectrum σ(x) of each element x ∈ A is bounded.

4. The spectrum σ(x) of each element x ∈ A is compact.

5. A is a Q-algebra.

6. The space M(A) is compact.
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The notion for an algebra to be advertibly complete weakens the situa-
tion in Zelazko’s Theorem and yields similar results. This theorem appeared
in 1956 in a paper by Warner [12].

Theorem 3.4 (Warner) Let A be a commutative, locally m-convex alge-
bra with unit e. Then the following conditions are equivalent:

1. For any x ∈ A, if f(x) 6= 1 for all f ∈ M(A), then x is invertible,
and M (A) is equicontinuous.

2. A is a Q-algebra.

3. A is advertibly complete and M (A) is equicontinuous.

4. Every maximal ideal of A is closed and M (A) is equicontinuous.

We present an example of a complex, commutative, metrizable m-
convex algebra with unit e, in which all maximal ideals are closed but
it is not a Q-algebra. This example is due to Choukri [4].

Example 3.5 Let A be the algebra of all complex rational functions r(z) =
p(z)
q(z) , where p(z) and q(z) are complex polynomials and q(n) 6= 0 for each
natural number n.

We consider the family of submultiplicative seminorms {pn}n∈N defined
by:

pn(r(z)) = |r(n)|, r(z) ∈ A and n ∈ N.
A is an m-convex, metrizable algebra where all its ideals are principal;

in fact, its maximal ideals are precisely (z−n)A with n ∈ N. These maximal
ideals are kernels of seminorms, so they are closed.

But σ(z) = N, which is not a bounded set; therefore A is not a Q-algebra.

If the algebra is not necessarily m-convex, the most general situation
concerning maximal ideals is the following:

Theorem 3.6 (Mallios) Let A be a commutative semi-topological Q-algebra
with unit. Then each maximal ideal of A is closed.

It can be easily proved that

Theorem 3.7 Let A be a commutative topological algebra with unit. If
each maximal ideal of A is closed, then Gt(A) = G(A).
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We note earlier in this survey that x̂(M(A)) ⊆ σ(x) for any algebra A
and x ∈ A. For some algebras, e.g. commutative, complex, Banach alge-
bras, we have that x̂(M(A)) = σ(x). Arizmendi and Valov [2] considered
the following general condition:

(m2) ρ(x) = sup{|λ| | λ ∈ x̂(M(A))} for every x ∈ A.

So we have the next:

Theorem 3.8 Let A be a commutative algebra with unit and suppose that
A satisfies one of the following conditions:

1. σ(x) = x̂(M(A))

2. ρ(x) = sup
f∈M(A)

(|f(x)|) (m2)

If σ(x) is bounded for each x ∈ A, then A is a Q-algebra for some
topology τ .

There has been much attention given to lmc-Q-algebras, particularly to
F -algebras; in this respect we have the following:

Theorem 3.9 Let A be a commutative unital F -algebra (complete metriz-
able). If each maximal ideal is closed, then A is a Q-algebra (and the
inversion x 7−→ x−1 is continuous).

Theorem 3.10 Let A be a commutative unital F -algebra. If the inversion
x 7−→ x−1 is not continuous, then G(A) ( Gt(A).

Theorem 3.11 (Zelazko) If A is a commutative F -algebra with a discon-
tinuous inversion, then A has a proper dense principal ideal.

Ideal Theory is one of the main chapters of the Theory of Topological
Algebras; it is natural to ask: under which conditions all maximal ideals
(left, right or two-sided) are closed? W. Zelazko deals with this question
for maximal left (or right) ideals in unital F -algebras (generally speaking,
such an algebra may have dense ideals).

Theorem 3.12 (Zelazko) Let A be a unital F -algebra. Then the follow-
ing conditions are equivalent:

1. All maximal left ideals in A are closed.

2. The set Gl(A) of all its left invertible elements is open.
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3. The set G(A) of all its invertible elements is open, that is, A is a
Q-algebra.

4. The set Gr(A) of all its right invertible elements is open.

5. All maximal right ideals in A are closed.

In particular, as a corollary of the last theorem we have:

Corollary 3.13 Let A be commutative unital F -algebra; then A is a Q-
algebra if and only if each maximal ideal of A is closed.

The continuity of the inversion plays an important role: we present an
example of an algebra that is a Q-algebra with a closed maximal ideal of
infinite codimension:

Example 3.14 Let us consider the algebra C(z) of all complex rational

functions p(z)
q(z) , where p(z) and q(z) are complex polynomials and q(z) 6= 0.

C(z) is a division ring, in fact, it is a field. We endow it with the
maximal locally convex topology τ lcmax; i.e, the topology given by means of
all seminorms.

Then (C(z), τ lcmax) is a complete locally convex Q -algebra. This is a
semitopological algebra where the inversion x 7−→ x−1 is not continuous.
However, in this algebra, {0}, the zero ideal, is a closed maximal ideal of
infinite codimension.

By definition, Q-algebras are not complete, but they are advertibly
complete and the two concepts are equivalent on normed algebras. One of
the classical properties of m-convex algebras is the following:

Theorem 3.15 Let A be an m-convex algebra with unit e; then the follow-
ing conditions are equivalent:

a) A is advertibly complete.

b) a ∈ A is invertible if and only if πα(a) is invertible in Aα for each
α ∈ Λ.

Theorem 3.16 Let A be a commutative, m-convex algebra with unit e.
Then the following conditions are equivalent:

a) A is advertibly complete

b) x is an invertible element in A iff f(x) 6= 0 for each f ∈ M(A).
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Sumarizing the previous discussion, we have the following:

Properties. 1. If A is complete, then it is advertibly complete

2. Every Q-algebra is advertibly complete

3. If all its maximal ideals are closed, then A is advertibly complete

Nevertheless, these classes of algebras are far to cover the class of ad-
vertibly complete algebras. In fact, we have the following:

Theorem 3.17 (Arizmendi et al) Let A be a topological algebra with
unit e. Then properties a) to d) below satisfy a) ⇒ b) ⇒ c) ⇒ d).

a) A is a Q-algebra.

b) Every maximal bilateral ideal of A is closed.

c) Gt(A) = G(A).

d) A is advertibly complete.

Moreover, in [12] it is proved the following:

Theorem 3.18 Let A be a normed, unital, algebra. Then properties a) to
d) are equivalent.

Remark 3.19 Concerning Theorem 3.17, we have:

1. b) 6⇒ a) in general; Example 5 given above shows that there exists
topological algebras that are not Q-algebras in which each maximal
ideal is closed.

2. c) 6⇒ b) in general. If A is a complete, m-convex algebra with unit e,
condition c) always holds. On the other hand, let E be the algebra of
all entire complex functions endowed with the compact-open topology.
E satisfies c) but it has a dense maximal ideal of infinite codimension
(see Corollary 3.2).

3. d) 6⇒ a) in general, as it is shown in the next:

Example 3.20 Let E be the algebra of all continuous function from C into
C vanishing at infinity, equipped with the compact-open topology. E is an
m-convex algebra that is advertibly complete but it is neither a complete,
nor a Q-algebra.

But we have the following:
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Theorem 3.21 Let A be a commutative, m-convex algebra with unit e.
Then the following conditions are equivalent:

a) A is advertibly complete.

b) Gt(A) = G(A).

c) σ(x) = x̂(M(A)) for each x ∈ A.

Moreover, each one of these equivalent conditions implies condition
(m2) defined above.

Remark If we drop the hypothesis of commutativity in the above theorem,
conditions a) and b) remain equivalent; moreover, each one of the
conditions a) to c), although not necessarily equivalent, still implies
condition (m2).
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Abstract. Dirichlet kernels play a prominent role in the study of
Fourier series. For Walsh and Vilenkin systems the maximal value of
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if we generalize these systems on the complete product of arbitrary
groups, not necessarily commutative groups.
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Representative product systems are systems given by the finite products
of normalized coordinate functions considering the complete product of
arbitrary groups, not necessarily commutative groups. These systems are
ordered as the order introduced by Paley for the Walsh system.

In Section 1 we introduce basic concepts in the study of representative
product systems and Fourier analysis. We also give some examples of these
systems showing the properties of them. Representative product systems
were discussed in [1], [2], [6] and [7]. Section 2 contains the results for the
maximal value of the n-th Dirichlet kernel, denoted by Dn. We prove that

n ≤ Dn ≤ MA+1,

if MA ≤ n ≤ MA+1. Then we study the condition by which Dn = n holds,
like in the commutative cases, and also we find the first number n such that
Dn = MA+1 holds.
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432 On the maximal value of Dirichlet kernels. . .

Throughout this work denote by N, P, C the set of nonnegative, pos-
itive integers and complex numbers, respectively. In order to simplicity
we always use the multiplication to denote the group operation and use
the symbol e to denote the identity of the groups. We use the notation of
Hewitt and Ross [3].

1 Representative product systems

Let m := (mk, k ∈ N) be a sequence of positive integers such that mk ≥ 2
and Gk a finite group with order mk, (k ∈ N). Suppose that each group has
discrete topology and normalized Haar measure µk. Let G be the compact
group formed by the complete direct product of Gk with the product of the
topologies, operations and measures (µ). Thus each x ∈ G are sequences
x := (x0, x1, ...), where xk ∈ Gk, (k ∈ N). We call this sequence the
expansion of x. The compact totally disconnected group G is called a
bounded group if the sequence m is bounded.

If M0 := 1 and Mk+1 := mkMk, k ∈ N, then every n ∈ N can be
uniquely expressed as n =

∑∞
k=0 nkMk, 0 ≤ nk < mk, nk ∈ N. This allows

us to say that the sequence (n0, n1, . . . ) is the expansion of n with respect
to m. We often use the following notations: let |n| := max{k ∈ N : nk 6= 0}
and

n(k) :=
k−1∑

j=0

nkMk, n(k) :=
∞∑

j=k

nkMk.

Denote by Σk the dual object of the finite group Gk (k ∈ N). Thus
each σ ∈ Σk is a set of continuous irreducible unitary representations of
Gk which are equivalent to some fixed representation U (σ). Let dσ be the
dimension of its representation space and let {ζ1, ζ2, . . . , ζdσ} be a fixed but
arbitrary orthonormal basis in the representation space. The functions

u
(σ)
i,j (x) := 〈U (σ)

x ζi, ζj〉 (i, j ∈ {1, . . . , dσ}, x ∈ Gk)

are called the coordinate functions for U (σ) and the basis {ζ1, ζ2, . . . , ζdσ}.
In this manner for each σ ∈ Σk we obtain d2σ number of coordinate func-
tions, in total mk number of functions for the whole dual object of Gk. The
L2-norm of these functions is 1/

√
dσ.

Let {ϕs
k : 0 ≤ s < mk} be a system of all normalized coordinate func-

tions of the group Gk. Now, we do not decide the order of the system ϕ,
only suppose that ϕ0

k is always the character 1. Thus for every 0 ≤ s < mk
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there exists a σ ∈ Σk, i, j ∈ {1, ..., dσ} such that

ϕs
k(x) =

√
dσu

(σ)
i,j (x) (x ∈ Gk).

Let ψ be the product system of ϕs
k, namely

ψn(x) :=
∞∏

k=0

ϕnk
k (xk) (x ∈ G),

where n is of the form n =
∑∞

k=0 nkMk and x = (x0, x1, ...). Thus we say
that ψ is the representative product system of ϕ. The Weyl-Peter’s theorem
(see [3]) gives that the system ψ is orthonormal and complete on L2(G).

The functions ψn (n ∈ N) are not necessary uniformly bounded, so
define

Ψk := max
n<Mk

‖ψn‖1‖ψn‖∞ (k ∈ N).

Ψk is the multiplication of the greatest product of L∞-norm and L1-norm
of the functions ϕj appeared in all group Gmj for 0 ≤ j < k. Namely

Ψk =
k−1∏

i=0

max
s<mi

‖ϕs
i‖1‖ϕs

i‖∞ (k ∈ N).

It seems that the boundedness of the sequence Ψ plays an important role
in the norm convergence of Fourier series.

For an integrable complex function f defined in G we define the Fourier
coefficients and partial sums by

f̂k :=

∫

Gm

fψk dµ (k ∈ N), Snf :=

n−1∑

k=0

f̂kψk (n ∈ P).

According to the theorem of Banach-Steinhauss, Snf → f as n → ∞
in Lp norm for all f ∈ Lp(G) if and only if there exists a Cp > 0 such that

‖Snf‖p ≤ Cp‖f‖p, (f ∈ Lp(G)).

Thus, we say that the operator Sn is of type (p, p). Since system ψ forms
an orthonormal base in the Hilbert space L2(G), it is obvious that Sn is of
type (2, 2).

The Dirichlet kernels are defined as follows:

Dn(x, y) :=

n−1∑

k=0

ψk(x)ψk(y) (n ∈ P).
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It is easy to see that

Snf(x) =

∫

G
f(y)Dn(x, y)dµ(y). (1.1)

This shows the importance of the Dirichlet kernels in the study of the
convergence of Fourier series. The following lemmas were proved in [2].

Lemma 1.1 If n ∈ N and x, y ∈ G, then

Dn(x, y) =

∞∑

k=0

DMk
(x, y)

(
nk−1∑

s=0

ϕs
k(xk)ϕ

s
k(yk)

)
ψn(k+1)(x)ψn(k+1)(y),

where (n0, n1, ...) is the expansion of n and x = (x0, x1, ...), y = (y0, y1, ...).

Lemma 1.2 (Paley lemma) If n ∈ N and x, y ∈ G, then

DMn(x, y) =

{
Mn for x ∈ In(y),

0 for x 6∈ In(y)

The Paley lemma is used to prove that the SMnf partial sequence of
Fourier sums converge to f in Lp-norm and a.e., if f ∈ Lp(G), p ≥ 1.
Indeed, the

SMnf(x) =

∫

G
f(y)DMn(x, y)dµ(y) =

1

µ(In(x))

∫

In(x)
fdµ

operator is the conditional expectation operator with respect to the σ-
algebra generated by the sets In(x), x ∈ G. Thus, according to the mar-
tingale convergence theorem, for each f ∈ Lp(G), p ≥ 1, SMnf converge to
f in Lp-norm, and a.e.

The representative product systems are the generalization of the well-
known Walsh-Paley and Vilenkin systems. Indeed, we obtain the Walsh-
Paley system if mk = 2 and Gk := Z2, the cyclic group of order 2 for all
k ∈ N. The characters of Z2 are the Rademacher functions:

ϕs(x) = (−1)sx (s ∈ {0, 1}, x ∈ Z2).

Moreover, we obtain the Vilenkin systems if the sequence m is an arbitrary
sequence of integers greater than 1 and Gk := Zmk

, the cyclic group of order
mk for all k ∈ N. The characters of Zmk

are the generalized Rademacher
functions:

ϕs
k(x) = exp(2πısx/mk) (s ∈ {0, . . .mk − 1}, x ∈ Zmk

, ı2 = −1).
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Now, we consider the complete product of S3 where S3 is the symmetric
group on 3 elements. Thus mk = 6 for all k ∈ N. S3 has two characters
and a 2-dimensional representation. The values of the system ϕ obtained
from the 2-dimensional representation depend on the chosen basis. Table
1 contains the values of a possible system ϕ.

e (12) (13) (23) (123) (132) ‖ϕs‖1 ‖ϕs‖∞

ϕ0 1 1 1 1 1 1 1 1

ϕ1 1 −1 −1 −1 1 1 1 1

ϕ2
√
2 −

√
2

√
2
2

√
2
2 −

√
2
2 −

√
2
2

2
√
2

3

√
2

ϕ3
√
2

√
2 −

√
2
2 −

√
2
2 −

√
2
2 −

√
2
2

2
√
2

3

√
2

ϕ4 0 0 −
√
6
2

√
6
2

√
6
2 −

√
6
2

√
6
3

√
6
2

ϕ5 0 0 −
√
6
2

√
6
2 −

√
6
2

√
6
2

√
6
3

√
6
2

Table 1: The system ϕ for S3

Notice that the functions ϕs
k can take the value 0, and the product

system of ϕ is not uniformly bounded. This facts encumber the study
of this systems. On the other hand, max0≤s<6 ‖ϕs‖1‖ϕs‖∞ = 4

3 , thus

Ψk =
(
4
3

)k → ∞ if k → ∞.
Let mk = 8 for all k ∈ N and Q2 be the the quaternion group of order

8, i.e.
Q2 := {[a, b] : a4 = e, b2 = a2, bab−1 = a3}.

Let Gk = Q2 for all k ∈ N. Q2 has four characters and a 2-dimensional
representation (8 = 12 + 12 + 12 + 12 + 22). Table 2 contains the values of
a possible system ϕ.

Notice that |ϕs| can only take the values 0 or the square root of the
corresponding dimension because the representation is monomial. Hence,
Ψk = 1 for k ∈ N, but the group G is not abelian.

Finally, we write the values of a possible system ϕ for the alternating
group U4. These values appear in Table 3, where α = exp(2πı/3). We use
this system in the results of Section 2.
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e a a2 a3 b ab a2b a3b ‖ϕs‖1 ‖ϕs‖∞

ϕ0 1 1 1 1 1 1 1 1 1 1

ϕ1 1 1 1 1 −1 −1 −1 −1 1 1

ϕ2 1 −1 1 −1 1 −1 1 −1 1 1

ϕ3 1 −1 1 −1 −1 1 −1 1 1 1

ϕ4
√
2

√
2ı −

√
2 −

√
2ı 0 0 0 0

√
2

2

√
2

ϕ5
√
2 −

√
2ı −

√
2

√
2ı 0 0 0 0

√
2

2

√
2

ϕ6 0 0 0 0
√
2 −

√
2ı −

√
2

√
2ı

√
2

2

√
2

ϕ7 0 0 0 0 −
√
2 −

√
2ı

√
2

√
2ı

√
2

2

√
2

Table 2: The system ϕ for Q2

2 The maximal value of Dirichlet kernels

Define by
Dn := sup

x, y∈G
|Dn(x, y)| (n ∈ P)

the maximal value of the Dirichlet kernel Dn. Using the inequality of
Cauchy-Bunyakovszkij we have

∣∣∣∣∣
n−1∑

k=0

ψk(x)ψk(y)

∣∣∣∣∣

2

≤
n−1∑

k=0

|ψk(x)|2
n−1∑

k=0

|ψk(y)|2

≤ max 2

{
n−1∑

k=0

|ψk(x)|2,
n−1∑

k=0

|ψk(y)|2
}

(x, y ∈ G).

Moreover,

Dn ≥ sup
x∈G

|Dn(x, x)| = sup
x∈G

n−1∑

k=0

|ψk(y)|2.

Consequently,

Dn = sup
x∈G

Dn(x, x) = sup
x∈G

n−1∑

k=0

|ψk(x)|2 (n ∈ P) (2.1)
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e (12)(34) (13)(24) (14)(23) (123) (142) (134) (234) (124) (132) (234) (143)

ϕ0 1 1 1 1 1 1 1 1 1 1 1 1

ϕ1 1 1 1 1 α α α α α2 α2 α2 α2

ϕ2 1 1 1 1 α2 α2 α2 α2 α α α α

ϕ3
√
3 −

√
3 0 0 −

√
3

2
−

√
3
2

√
3

2

√
3

2
−

√
3

2
−

√
3

2

√
3

2

√
3

2

ϕ4
√
3 −

√
3 0 0

√
3

2

√
3

2
−

√
3

2
−

√
3

2

√
3

2

√
3

2
−

√
3

2
−

√
3

2

ϕ5
√
3

√
3 −

√
3 −

√
3 0 0 0 0 0 0 0 0

ϕ6 0 0
√
3 −

√
3

√
3

2

√
3

2
−

√
3

2
−

√
3

2
−

√
3

2
−

√
3

2

√
3

2

√
3

2

ϕ7 0 0
√
3 −

√
3 −

√
3

2
−

√
3
2

√
3

2

√
3

2
−

√
3

2
−

√
3

2

√
3

2

√
3

2

ϕ8 0 0 0 0 −
√

3
2

√
3
2

−
√

3
2

√
3
2

−
√

3
2

√
3
2

√
3
2

−
√

3
2

ϕ9 0 0 0 0
√

3
2

−
√

3
2

√
3
2

−
√

3
2

−
√

3
2

√
3
2

√
3
2

−
√

3
2

ϕ10 0 0 0 0
√

3
2

−
√

3
2

−
√

3
2

√
3
2

√
3
2

−
√

3
2

√
3
2

−
√

3
2

ϕ11 0 0 0 0
√

3
2

−
√

3
2

−
√

3
2

√
3
2

−
√

3
2

√
3
2

−
√

3
2

√
3
2

Table 3: The system ϕ for U4

from which we have that Dn is monotone increasing sequence.

For the commutative case Dn = n for all n ∈ P, but the general case is
a bit more different.

Theorem 2.1 If n ∈ P and A := max{k ∈ N : nk 6= 0}, then

n ≤ Dn ≤ MA+1.

Proof. Let Gk, k ∈ N, be an arbitrary finite group appeared in the product
to obtain G. The unitary property of the representations implies (see [6])

j∑

s=0

|ϕs
k(xk)|2 ≤ mk (j < mk, xk ∈ Gk). (2.2)
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Moreover, let n ∈ N, x, y ∈ G. Thus, we have

Dn(x, y) = DMA
(x, y)

(
nA−1∑

s=0

ϕs
A(xA)ϕ

s
A(yA)

)

+ ϕnA
A (xA)ϕ

nA
A (yA)Dn(A)

(x, y).

By Paley lemma and (2.1) we obtain

Dn(x, x) =MA

(
nA−1∑

s=0

|ϕs
A(xA)|2

)
+ |ϕnA

A (xA)|2Dn(A)
(x, x). (2.3)

Observe, n =
∑A

k=0 nkMk and n(A) =
∑A−1

k=0 nkMk. By induction on A we
prove Dn(x, x) ≤MA+1 for all x ∈ G. Indeed, by (2.2)

Dn(1)
(x, x) =

n0−1∑

s=0

|ϕs
0(x0)|2 ≤ m0 =M1

and supposing Dn(A)
(x, x) ≤MA, by (2.2) and (2.3) we have

Dn(A+1)
(x, x) = Dn(x, x) ≤MA

(
nA−1∑

s=0

|ϕs
A(xA)|2

)
+ |ϕnA

A (xA)|2MA

=MA

(
nA∑

s=0

|ϕs
A(xA)|2

)
≤MAmA =MA+1,

from which the inequality Dn ≤M|n|+1 follows.
On the other hand, by the orthonormality of the system ψ we have

∫

G

n−1∑

k=0

|ψk|2 dµ =

n−1∑

k=0

∫

G
|ψk|2 dµ = n

and by the µ(G) = 1 property

∫

G

n−1∑

k=0

|ψk|2 dµ ≤ sup
x∈G

n−1∑

k=0

|ψk|2 = Dn (2.4)

from which we obtain the property Dn ≥ n. This completes the proof of
the lemma. �

Figure 1 illustrates the statements of Theorem 2.1 with respect to the
system ϕ on S3 appeared in Table 1.
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Figure 1: Dn (n ≤ 64) on the complete product of S3

Notice that Dn = n for some values of n. Let n ∈ P with expansion
(n0, n1, . . . ). Denote the indexes A and B by

A := max{k ∈ N : nk 6= 0}, and B := min{k ∈ N : nk 6= 0, k ≤ A}.

Thus B = A if the expansion of n has only one nonzero coordinate. By
Lemma 1.1 it is not hard to see that Dn = n when n satisfies the following
two properties

(i)

nB−1∑

s=0

|ϕs
B(xB)|2 = nB for all xB ∈ GB,

(ii) B = A or all of ϕni
i are characters such that

ni−1∑

s=0

|ϕs
i (xi)|2 = ni for all

B < i ≤ A and xi ∈ Gi.

Indeed, if the above properties are true we have

Dn(x, x) =

A∑

i=B

Mi

(
ni−1∑

s=0

|ϕs
i (xi)|2

)
|ψn(i+1)(x)|2 =

A∑

i=B

Mini = n

for all x ∈ G. However, property (ii) is too strong. To show this fact we
consider the complete product of finite groups where G0 is the dyadic group
and G1 is the alternating group U4 with the system appeared in Table 3 but
in different order, i.e. {ϕ0, ϕ8, ϕ5, ϕ1, ϕ2, ϕ3, ϕ4, ϕ6, ϕ7, ϕ9, ϕ10, ϕ11}. The
rest of finite groups in the product will be arbitrary. Thus D5 = 5, but
property (ii) is not true because 5 = (1, 2, 0, 0, . . . ) and ϕ2

1 = ϕ5 is not a
character.

ON THE MAXIMAL VALUE OF DIRICHLET KERNELS WITH RESPECT ... 439



440 On the maximal value of Dirichlet kernels. . .

In order to obtain necessary and sufficient conditions we generalize the

property (ii). Denote by d
(s)
i the dimension of the representation corre-

sponded to the normalized coordinate function ϕs
i . We say that the posi-

tive integer n satisfies the property (ii*) if B = A or there exist ri < d
(ni)
i

nonnegative integers such that

(d
(ni)
i − 1)n(i) = riMi (2.5)

and

ni −
ni−1∑

s=0

|ϕs
i (xi)|2 =




0 if d

(ni)
i = 1

ri

d
(ni)
i −1

(
|ϕni

i (xi)|2 − 1
)

if d
(ni)
i > 1

(2.6)

for all B < i ≤ A and xi ∈ Gi. It is clear, if ϕs
i are characters for all

k < i ≤ A, then property (ii) follows from property (ii*).

Lemma 2.2 Let n ∈ P. Dn = n if and only if n satisfies properties (i)
and (ii*).

Proof. By (2.4) Dn = n is possible if and only if

n−1∑

k=0

|ψk(x)|2 = n

for all x ∈ G. Thus by (2.3) the sum

Dn(x, x) =MA

(
nA−1∑

s=0

|ϕs
A(xA)|2

)
+ |ϕnA

A (xA)|2Dn(A)
(x, x)

does not depend on the value of xA and x. Since there is an xA ∈ GA such
that ϕnA

A (xA) 6= 0, the value of Dn(A)
(x, x) does not depend on the value of

x, that is

Dn(A)
(x, x) = n(A) (2.7)

for all x ∈ G. Since n =MAnA + n(A) we also obtain

MA

(
nA−1∑

s=0

|ϕs
A(xA)|2

)
+ |ϕnA

A (xA)|2n(A) =MAnA + n(A) (2.8)
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for all xA ∈ GA. If B = A (in this case n(A) = 0) or ϕnA
A is a character,

then (2.8) is reduced to

nA−1∑

s=0

|ϕs
A(xA)|2 = nA (2.9)

for all xA ∈ GA. Otherwise, denoting by e = (e1, e2, . . . ) the identity of G
we have

nA−1∑

s=0

|ϕs
A(eA)|2 ≤ nA and |ϕnA

A (eA)|2 = d
(nA)
A . (2.10)

Indeed, the values of |ϕs
A(eA)|2 are integers, so if

∑nA−1
s=0 |ϕs

A(eA)|2 ≥ nA+1
then Dn(e, e) ≥ MA(nA + 1) > n, but Dn(e, e) = n. On the other hand, if

|ϕnA
A (eA)|2 6= d

(nA)
A then |ϕnA

A (eA)|2 = 0. Thus we substitute xA by eA in

(2.8) to obtain
∑nA−1

s=0 |ϕs
A(eA)|2 > nA which is not possible.

Denote

rA := nA −
nA−1∑

s=0

|ϕs
A(eA)|2.

Thus rA is a nonnegative integer. After a simple computation in (2.8) for
xA = eA, we have

(d
(nA)
A − 1)n(A) = rAMA (2.11)

from which we have that rA = 0 if and only if d
(nA)
A = 1, and also for rA > 0

we have that rA < d
(nA)
A − 1 and d

(nA)
A > 2. In the last case we calculate

the value of n(A) in (2.11) and we replace it in (2.8) to obtain

rA

d
(nA)
A − 1

(
|ϕnA

A (xA)|2 − 1
)
= nA −

nA−1∑

s=0

|ϕs
A(xA)|2 (2.12)

for all xA ∈ GA.
Summarizing the above results we obtain that Dn = n is possible if and
only if B = A and (2.9) is true or B < A, (2.7) is true and

(d
(nA)
i − 1)n(A) = rAMA

and

nA −
nA−1∑

s=0

|ϕs
A(xA)|2 =




0 if d

(nA)
A = 1

rA

d
(nA)

A −1

(
|ϕnA

A (xA)|2 − 1
)

if d
(nA)
A > 1
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for all xA ∈ GA. By (2.7) we use a similar method to the applied in the
proof of Theorem 2.1, so repeating the above method for k from A down
to B we prove Lemma 2.2. �

Under some conditions of the group G the properties (i) and (ii) will be

enough. Indeed, by 2.11 we obtain that d
(nA)
A 6= 2, because if B < A then

0 < n(A) < rAMA. For this reason we can state the following theorem.

Theorem 2.3 Let G the complete product of finite groups where the di-
mensions of the representations appeared in the finite groups do not exceed
the value 2. Then Dn = n if and only if n satisfies properties (i) and (ii).

In some cases the values of the systems ϕ only permit (2.8) if the prop-
erties (ii) is valid. Suppose that the square of the modulus of systems ϕ
can only take integer values, for instance when the finite groups are all
monomials (see Table 2). In this case we obtain a similar statement.

Theorem 2.4 Let G the complete product of finite groups where the square
of the modulus of all of systems ϕ can only take integer values. Then
Dn = n if and only if n satisfies properties (i) and (ii).

Proof. If the square of the modulus of systems ϕ can only take integer
values, then we obtain

nA−1∑

s=0

|ϕs
A(xA)|2 ≤ nA

for all xA ∈ GA in a similar way to prove (2.10) in the proof of Lemma 2.2.
Thus the orthonormality of the systems ϕ only allow the equality (2.9) for
all xA ∈ GA and by (2.8) we obtain

|ϕnA
A (xA)|2n(A) = n(A).

for all xA ∈ GA. Then B = A, so n(A) = 0 or B < A and |ϕnA
A (xA)| = 1

for all xA ∈ GA, so ϕnA
A is a character. This prove that the property (ii) is

necessary and this complete the proof of the theorem. �

In another cases the order of the systems ϕ is determinant. Suppose we
order the systems ϕ such that the positive values of the identity are at the
beginning of the systems. Thus it is easy to see that Dn = Dn(e, e), so we
have our statement from the fact that the values of |ϕs

A(eA)|2 are integers.
Furthermore, if the characters are at the beginning of all of the systems ϕ,
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like the examples in Table 1, 2 and 3, the equation (2.9) is only possible if
and only if all of the functions ϕni

i are characters for all i ∈ N. Thus we
obtain the following statement.

Theorem 2.5 Suppose we order all of the systems ϕ such that the positive
values of the identity are at the beginning of the systems. Then Dn = n if
and only if n satisfies properties (i) and (ii).
Furthermore, suppose also that the characters are at the beginning of all of
the systems ϕ. Then Dn = n if and only if all of the functions ϕni

i are
characters for all i ∈ N.

On the other hand, it is interesting to study the upper estimation in the
inequality of Theorem 2.1, so we found all of positive integers n for which
Dn = MA+1 holds. In this regard suppose there is a finite group Gk such
that

ϕmk−1
k (xk) = 0, for some xk ∈ Gk. (2.13)

It is meaning that the value 0 appears at least one time at the last row of
the table containing the values of the system ϕk. In fact property (2.13)
only depend on the last member of the system ϕs

k, 0 ≤ s < mk, but Gk can
not be a commutative group (characters can not take the value 0). Several
finite groups Gk can have property (2.13), so denote by N the smallest
index of them, that is GN is the first group having property (2.13).

Notice that we can not always found the index N . For instance we can
not obtain it in the commutative cases when we only have characters or the
order all systems ϕ does not allow property (2.13) for any group Gk, k ∈ N.
Although for all k ∈ N we can find the first number r ∈ {1, 2, . . . ,mk − 1}
such that there exists an xk ∈ Gk for which

r∑

s=0

|ϕs
k(xk)|2 = mk and ϕr

k(xk) 6= 0

and denote this number by k∗.
We only obtain an equality in the upper estimation of Theorem 2.1 in

case of the existence of the index N .

Theorem 2.6 Let A ∈ N and MA ≤ n < MA+1. If the index N exists
then Dn = MA+1 if and only if

A∑

k=N

k∗Mk < n < MA+1

If the index N does not exist then Dn < MA+1.
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Proof. Let A ∈ N and MA ≤ n < MA+1. Then by (2.3) Dn = MA+1 if and
only if there exists an x ∈ G such that

MA

(
nA−1∑

s=0

|ϕs
A(xA)|2

)
+ |ϕnA

A (xA)|2Dn(A)
(x, x) = MA+1 = mAMA.

Let k = A and write the above equation in the following form.

|ϕnk
k (xk)|2Dn(k)

(x, x) =

(
mk −

nk−1∑

s=0

|ϕs
k(xk)|2

)
Mk. (2.14)

The both sides in (2.14) only can be 0 if
∑nk−1

s=0 |ϕs
k(xk)|2 = mk, so ϕ

s
k(xk) =

0 for all s ≥ nk. Otherwise from the

|ϕnk
k (xk)|2 ≤ mk −

nk−1∑

s=0

|ϕs
k(xk)|2 and Dn(k)

(x, x) ≤ Mk

inequalities we obtain that (2.14) is only possible if there exists an x ∈ G
such that

nk∑

s=0

|ϕs
k(xk)|2 = mk and Dn(k)

(x, x) = Mk. (2.15)

Thus by the definition of k∗ if nk > k∗ then (2.14) holds, if nk < k∗

then (2.14) does not hold and if nk = k∗ then (2.14) holds if and only if
Dn(k)

(x, x) = Mk. In the last case we have to repeat the above idea for
k = A− 1 obtaining the same conclusion for nk−1 and so on.
If A < N or the index N does not exist then k∗ = mk−1 for all 0 ≤ k ≤ A,
so we can not find an index k such that nk > k∗ and then (2.14) holds.
Thus Dn < MA+1.
If N ≤ A we have to stop the process for k = N , because Dn(k)

(x, x) = Mk

does not hold for k < N . Thus nk = k∗ for all N < k ≤ A. If we choose
nN = N∗ + 1 we obtain that

1 +

A∑

k=N

k∗Mk

is the smaller number for which (2.14) holds. This completes the proof of
the theorem. �

The study of the quotients Dn
n is important in order to estimate the

Dirichlet kernels. This quotients are 1 in the commutative cases, but they
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can be unbounded if the dimensions of the representations appeared in
the finite groups are also unbounded. To show this property we order the
normalized coordinate functions ϕ of the finite groups such that let ϕ0

k ≡ 1
and the representation corresponding to ϕ1

k has the greatest dimension of
all representations of the group Gk and denoting this dimension by dk we
also suppose that ϕ1

k(ek) =
√
dk. Thus, it is easy to calculate that

Dn

n
=

1 + dk
2

if n = 2Mk

from which we have that under this order the quotients
Dn

n
are not bounded

for all n ∈ P if the dimensions dk are not bounded. Figure 2 illustrates
that the order of the systems ϕ play an important role. The new order here
is {ϕ0, ϕ1, ϕ4, ϕ2, ϕ5, ϕ3}. of Table 1. Compare it with Figure 1.

0

200

400

600

800

1000

1200

200 400 600 800 1000 1200
n

Figure 2: Dn (n ≤ 64) on the complete product of S3 using another order
of the system ϕ.

The following lemma states that the boundedness of the quotients Dn
n

is given by the boundedness of this quotients on the finite groups.

Lemma 2.7 Let G the complete product of finite groups Gk. The quotients
Dn

n
are bounded for all n ∈ P if and only if the quotients

∑r−1
s=0 |ϕs

k(xk)|2

r
(2.16)

are bounded for all k ∈ N, 0 < r ≤ mk and xk ∈ Gk.
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Proof. Let n = rMk. By (2.3) we have

Dn

n
= sup

x∈Gk

Mk

(∑r−1
s=0 |ϕs

k(xk)|2
)

rMk
= sup

x∈Gk

∑r−1
s=0 |ϕs

k(xk)|2

r
.

Thus if the quotients
Dn

n
are bounded then the quotients (2.16) are bounded

for all k ∈ N, 0 < r ≤ mk and xk ∈ Gk.
To prove the inverse statement let n =

∑A
k=0 nkMk. By Lemma 1.1 and

(2.3) there exist an x ∈ G such that

Dn = MA

(
nA−1∑

s=0

|ϕs
A(xA)|2

)
+|ϕnA

A (xA)|2MA−1




nA−1−1∑

s=0

|ϕs
A−1(xA−1)|2




+ |ϕnA
A (xA)|2|ϕ

nA−1

A−1 (xA−1)|2MA−1




nA−2−1∑

s=0

|ϕs
A−2(xA−2)|2


+ . . .

Let c a positive number for which (2.16) is less than c for all k ∈ N,
0 < r ≤ mk and xk ∈ Gk. Thus

Dn

n
≤ Dn

nAMA
=

∑nA−1
s=0 |ϕs

A(xA)|2

nA
+
|ϕnA

A (xA)|2
(∑nA−1−1

s=0 |ϕs
A−1(xA−1)|2

)

nAmA−1

+
|ϕnA

A (xA)|2|ϕ
nA−1

A−1 (xA−1)|2
(∑nA−2−1

s=0 |ϕs
A−2(xA−2)|2

)

nAmA−1mA−2
+ . . .

From (2.16) we obtain that
|ϕnA

A (xA)|2
nA

≤ 2c. Indeed,
∑nA

s=0 |ϕs
A(xA)|2

nA+1 ≤ c

follows
|ϕnA

A (xA)|2
nA+1 ≤ c. Thus

|ϕnA
A (xA)|2

nA
≤ nA+1

nA
c ≤ 2c. On the other hand

∑nk−1
s=0 |ϕs

k(xk)|2

mk
≤ 1 and

|ϕnk
k (xk)|2

mk
≤ 1

2
.

Thus
Dn

n
≤ c+ 2c+ 2c

1

2
+ 2c

1

4
+ · · · < 5c

from which we have that the quotients
Dn

n
are bounded for all n ∈ P. This

completes the proof of the lemma. �

Finally, notice that if the group G is bounded or the dimensions of
the representations appeared in the finite groups are uniformly bounded
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then the conditions of Lemma 2.7 hold. Otherwise we can try to order the
systems ϕ putting the representations with big dimensions at the end of
the systems ϕ.
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Locally convex quasi C*-algebras: basic

aspects and commutative case
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Abstract. A locally convex quasi C*-algebra is obtained as the com-
pletion of a C*-algebra A0[‖ · ‖0] with respect to a locally convex
topology τ on A0, coarser than the norm topology but coupled in
suitable way with the initial norm topology. In this paper, after a
short review of the main features of this structure, some new results
on the possibility of representing a commutative locally convex quasi
C*-algebra as a locally convex quasi C*-algebra of functions is pre-
sented.
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1 Introduction and Preliminaries

The completion of a C*-algebra A0[‖ · ‖0] under a locally convex topology
τ coarser than the topology induced by the C*-norm, is not in general,
an algebra, if the multiplication is only separately continuous with respect
to τ . This fact leads to the notions of locally convex quasi *-algebra or
locally convex quasi C*-algebra, if some additional conditions, pairing τ
more strictly with the initial norm, are satisfied. This structure, as shown
in [3, 4], behaves quite reasonably, in the sense that several results that
hold for C*-algebras have natural extensions to them. In particular, it
has been shown that if A0[‖ · ‖0] possesses sufficiently many τ -continuous
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450 Locally convex quasi C*-algebras

positive invariant sesquilinear forms (or equivalently, sufficiently many *-
representations) then it can be continuously embedded in a locally convex
quasi C*-algebra of operators. One would expect that, under similar con-
ditions, a commutative locally convex quasi C*-algebra could be embedded
in a locally convex quasi C*-algebra of functions. This problem was also
considered in [3, 4] but the result we got is not complete: the Gel’fand
transform of A0, in fact, cannot be extended to the whole quasi *-algebra
but only to its quasi-positive cone. In this paper, after a short overview on
locally convex quasi C*-algebras, we examine once more the commutative
case and we make some steps further toward a representation into a locally
convex quasi C*-algebra of functions, obtaining some new partial result.

Let A0[‖ · ‖0] be a C*-algebra, with unit 1 . We shall use the symbol
‖ · ‖0 of the C*-norm to denote the corresponding topology. Suppose that
τ is a topology on A0 such that A0[τ ] is a locally convex ∗-algebra. Then,
the topologies τ , ‖ · ‖0 on A0 are compatible whenever each Cauchy net in
both topologies that converges with respect to one of them, also converges
with respect to the other one. The symbol Ã0[τ ] denotes the completion of
A0[τ ].

A partial ∗-algebra is a vector space A equipped with a vector space
involution ∗ : A → A : x 7→ x∗ and a partial multiplication defined on a set
Γ ⊂ A× A in such a way that:

(i) (x, y) ∈ Γ implies (y∗, x∗) ∈ Γ;

(ii) (x, y1), (x, y2) ∈ Γ and λ, µ ∈ C imply (x, λy1 + µy2) ∈ Γ;

(iii) for every (x, y) ∈ Γ, a product xy ∈ A is defined, such that xy
depends linearly on y and satisfies the equality (xy)∗ = y∗x∗.

Whenever (x, y) ∈ Γ, we say that x is a left multiplier of y and y a right
multiplier of x and we write x ∈ L(y), respectively y ∈ R(x).

Quasi ∗-algebras are important examples of partial ∗-algebras.
If A is a vector space and A0 is a subspace of A such that is also a

∗-algebra, then A is said to be a quasi ∗-algebra over A0 whenever the
following properties hold:

(i)′ The multiplication of A0 is extended on A as follows: The assign-
ments

A× A0 → A : (a, x) 7→ ax (left multiplication of x by a) and

A0 × A → A : (x, a) 7→ xa (right multiplication of x by a)
are always defined and are bilinear;

(ii)′ x1(x2a) = (x1x2)a, (ax1)x2 = a(x1x2) and x1(ax2) = (x1a)x2, for
all x1, x2 ∈ A0 and a ∈ A;

450 CAMILLO TRAPANI



C.Trapani 451

(iii)′ the involution ∗ of A0 is extended on A, denoted also by ∗, such
that (ax)∗ = x∗a∗ and (xa)∗ = a∗x∗, for all x ∈ A0 and a ∈ A.

For further details see [1].

If A0[τ ] is a locally convex ∗-algebra, with separately continuous mul-

tiplication, its completion Ã0[τ ] is a quasi ∗-algebra over A0 under the

following operations: Given x ∈ A0 and a ∈ Ã0[τ ]

• ax := lim
α

xαx (right multiplication)

• xa := lim
α

xxα (left multiplication)

with {xα}α∈∆ a net in A0 such that a = τ -lim
α

xα.

• The involution of Ã0[τ ], like in (iii)′, is the continuous extension of
the involution given on A0.

A ∗-invariant subspace A of Ã0[τ ] containing A0 is called a quasi ∗-
subalgebra of Ã0[τ ] if ax, xa belong to A, for any x ∈ A0, a ∈ A. Then,
one easily shows that A is a quasi ∗-algebra over A0. Moreover, A[τ ] is a
locally convex space that contains A0 as a dense subspace and for every fixed
x ∈ A0, the maps Lx : A[τ ] → A[τ ], with Lx(a) = xa, and Rx : A[τ ] → A[τ ],
with Rx(a) = ax, are continuous on A. In this case, A is called locally convex
quasi ∗-algebra over A0. In particular, if the topology τ of A comes from
a norm ‖ · ‖, we say that the quasi *-algebra (A,A0) is a normed quasi *-
algebra if the involution is isometric w. r. to ‖·‖ i.e., if ‖a∗‖ = ‖a‖, ∀a ∈ A.
We say that (A,A0) is a Banach quasi ∗-algebra over A0 (see [7, 8]) if, in
addition, A[‖ · ‖] is a Banach space.

Concerning ∗-representations of partial ∗-algebras and quasi ∗-algebras,
start with a dense subspace D of a Hilbert space H and denote by L†(D,H)
the set of all linear operators X from D to H such that D(X∗) ⊃ D. Then
L†(D,H) is a partial ∗-algebra with respect to the usual sum, scalar multi-
plication and involution X† = X∗�D and the (weak) partial multiplication
X2Y = X†∗Y , defined whenever X is a left multiplier of Y (X ∈ L(Y )),
that is, iff YD ⊂ D(X†∗) and X†D ⊂ D(Y ∗). A (partial) ∗-subalgebra
of the partial ∗-algebra L†(D,H) is said to be a partial O∗-algebra on D.
A ∗-representation of a partial ∗-algebra A is a ∗-homomorphism π of A
into a partial O∗-algebra L†(D,H), in the sense of ([1], Definition 2.1.6),
satisfying π(1 ) = I, whenever 1 ∈ A.

In this case, the spaces D and H will be denoted by D(π) and Hπ

respectively.
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2 Locally convex quasi C*-algebras: A short sur-
vey

In this section we introduce the notion of locally convex quasi C*-algebra
and give a short overview of its structure properties, that have been studied
at length in [3, 4, 5]. It is worth pointing out that this object is important
not only from the mathematical point of view, but also for applications:
completions of locally convex *-algebras under a topology weaker than the
norm topology are very frequently introduced in the so called algebraic
approach to quantum theories [1, Ch.11], [2, 6] .

Let A0 be a C*-algebra with norm ‖ · ‖0. Let τ be a locally convex
topology on A0 defined by a directed family of seminorms {pλ}λ∈Λ. We
assume that the following hold:

(T1) A0[τ ] is a locally convex ∗-algebra with separately continuous multi-
plication;

(T2) τ � ‖ · ‖0;
(T3) For each λ ∈ Λ, there exists λ′ ∈ Λ such that

pλ(xy) ≤ ‖x‖0pλ′(y), ∀ x, y ∈ A0 with xy = yx;

(T4) The set U(A0)+ := {x ∈ (A0)+ : ‖x‖0 ≤ 1} is τ -complete.

Definition 2.1. A quasi ∗-subalgebra A of the locally convex quasi ∗-
algebra Ã0[τ ] over A0, where A0[‖·‖0] is a unital C*-algebra and τ a locally
convex topology on A0 satisfying the conditions (T1)-(T4), is said to be a
locally convex quasi C*-algebra over A0.

Example 2.2. Let D be a dense subspace of a Hilbert space H Let M0

be a unital C*-algebra of operators over H such that M0D ⊂ D. Then,
M0 � D is an O∗-algebra on D. To make notations lighter we identify an
operator X of M0 with its restriction X � D to D.

Let us endow M0 with the strong*-topology τs∗ defined by the semi-
norms

pM† (X) := sup
ξ∈M

{‖Xξ‖+ ‖X†ξ‖}, X ∈ M0.

where M is a finite subset of D.
Then the completion M := M̃0

τs∗
of M0, w. r. to the strong*-topology

τs∗ , is a locally convex quasi C*-algebra of operators over M0. The τs∗-
completeness of L†(D,H) implies that M̃0

τs∗ ⊂ L†(D,H).
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Locally convex quasi C*-algebras enjoy a series of interesting structure
properties that make clear their strong closedness with C*-algebras. In
order to give the reader a more intense flavor of this structure, we mention
the following ones concerning (quasi) positivity.

Definition 2.3. An element a of Ã0[τ ] is called quasi-positive (resp. com-
mutatively quasi-positive) if there is a net (resp. commuting net) (xα)α∈∆
of the positive cone (A0)+ of the C*-algebra A0[‖ · ‖0], which converges to
a with respect to the topology τ .

Proposition 2.4. Let A0[‖·‖0] be a unital C*-algebra and τ a locally convex
topology on A0. Suppose that τ fulfils the conditions (T1)-(T4). Then, the

locally convex quasi C*-algebra Ã0[τ ] over A0 satisfies the properties:

(1) For every a ∈ Ã0[τ ]cq+, the element 1+a is invertible and its inverse
(1 + a)−1 belongs to U(A0)+.

(2) For a given a ∈ Ã0[τ ]cq+ and any ε > 0, let

aε = a(1 + εa)−1.

Then, {aε}ε>0 is a commuting net in (A0)+ such that a − aε ∈ Ã0[τ ]cq+
and a = τ -lim

ε→0
aε.

(3) Ã0[τ ]cq+ ∩ (−Ã0[τ ]cq+) = {0}.
(4) If a ∈ Ã0[τ ]cq+ and b ∈ (A0)+ such that b − a ∈ Ã0[τ ]q+, then

a ∈ (A0)+.

As shown in [4, Section 6], the continuous functional calculus, familiar
for C*-algebras, extends to the wedge of quasi-positive elements of a locally
convex quasi C*-algebra.

Let now ϕ be a sesquilinear form on A× A. Then, ϕ is called

• positive, if ϕ(a, a) ≥ 0, for each a ∈ A;

• invariant, if ϕ(ax, y) = ϕ(x, a∗y), for all a ∈ A and x, y ∈ A0;

• τ -continuous, if |ϕ(a, b)| ≤ p(a)p(b) for some τ -continuous seminorm
p on A and all a, b ∈ A.

Further, if ϕ is a τ -continuous positive invariant sesquilinear form on
A0×A0, then, ϕ extends by continuity to a τ -continuous positive invariant
sesquilinear form ϕ̃ on A × A. Moreover, let (πϕ, λϕ,Hϕ) be the GNS-
construction for ϕ (see, for instance, [1, Section 9.1]). Then, πϕ is extended
on A, as follows:

πϕ(a)λϕ(x) := lim
α

πϕ(xα)λϕ(x), ∀ x ∈ A0, (2.1)
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where {xα} is a net in A[τ ] with a = τ -lim
α

xα. By the very definitions

and the τ -continuity of ϕ, it follows that πϕ is a (τ, τs∗)-continuous ∗-
representation of A. Now, put

S(A0) := {τ -continuous positive invariant sesquilinear forms ϕ on A0×A0}.

We shall say that the set S(A0) is sufficient, whenever

a ∈ A with ϕ̃(a, a) = 0, ∀ ϕ ∈ S(A0), implies a = 0.

Example 2.5. In the locally convex quasi C*-algebra M over M0, con-
structed in Example 2.2, the family of forms {ϕξ; ξ ∈ D}, where ϕξ(X,Y ) =
〈Xξ|Y ξ〉, X,Y ∈ M0, is a sufficient family of τs∗-continuous, positive, in-
variant sesquilinear forms.

The next theorem states that every locally convex quasi C*-algebra,
with sufficiently many continuous, positive, invariant sesquilinear forms,
can be realized as a locally convex quasi C*-algebra of operators as de-
scribed in Example 2.2.

Theorem 2.6. Let A[τ ] be a locally convex quasi C*-algebra over a unital
C*-algebra A0. The following statements are equivalent:

(1) There exists a faithful (τ, τs∗)-continuous ∗-representation π of A.

(2) The set S(A0) is sufficient.

3 Commutative case: a representation theorem

As it is well known, every commutative C*-algebra with unit is isometri-
cally *-isomorphic to the C*-algebra C(X) of continuous functions on a
compact Hausdorff space X via the so-called Gel’fand transform. In [3]
we tried to extend this classical result to the case of commutative locally
convex quasi C*-algebras. The result we got is the following.

Theorem 3.1. Let A[τ ] be a locally convex commutative quasi C*-algebra
over a unital C*-algebra A0. Then the wedge A[τ ]q+ of all quasi positive
elements of A is isomorphic to a wedge of C∗-valued positive continuous
functions on a compact space X, which take the value ∞ on at most a
nowhere dense subset of X.

Here C∗ stands for the one-point compactification of C.
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The starting point of the proof of Theorem 3.1 consists in extending
the Gel’fand transform of A0, as much as it is possible, to other elements
of A. More precisely, let

M(A0,A[τ ]q+) := {ax+ y : a ∈ A[τ ]q+, x, y ∈ A0},

and denote by M(A0) the Gel’fand space of A0, i.e. the set of all nonzero
multiplicative linear functionals on A0, endowed with the weak∗-topology
σ(M(A0),A0). Now, let a ∈ A[τ ]q+ and x, y ∈ A0. Suppose x is hermitian.
Then, by continuous functional calculus, x is uniquely decomposed in the
following way:

x = x+ − x−, x+, x− ∈ (A0)+, x+x− = 0

|x| ≡ (x∗x)1/2 = x+ + x− ∈ (A0)+.

These two facts, together with Proposition 2.4, imply that

(ax+ y)(1 + a|x|)−1 ∈ A0, ∀ a ∈ A[τ ]q+ and x, y ∈ A0.

Hence, the elements ϕ((1 + a|x|)−1) and ϕ((ax + y)(1 + a|x|)−1) are
complex numbers for each ϕ ∈ M(A0), so that we can consider the corre-
spondence

ϕ′ : M(A0,A[τ ]q+) −→ C∗ ≡ C ∪ {∞}, with

ax+ y 7→ ϕ′(ax+ y) =

{
ϕ((ax+y)(1+a|x|)−1)

ϕ((1+a|x|)−1)
if ϕ((1 + a|x|)−1) 6= 0

∞ if ϕ((1 + a|x|)−1) = 0.

Then, as shown in [4], for every ϕ ∈ M(A0), ϕ
′ is well defined and has

the following properties:

(1) ϕ′ ⊃ ϕ (i.e., ϕ′ is an extension of ϕ);
(2) ϕ′(ax + y) = ϕ′(a)ϕ(x) + ϕ(y) and ϕ′(ax) = ϕ′(a)ϕ(x), whenever

a ∈ A[τ ]q+ and x, y ∈ A0 such that ϕ′(a)ϕ(x) 6= ∞ · 0;
(3) ϕ′(a+ b) = ϕ′(a) + ϕ′(b), for all a, b ∈ A[τ ]+;
(4) ϕ′(λa) = λϕ′(a), for all λ ∈ C and a ∈ A[τ ]+, where 0 · ∞ = 0.

Now, for any a ∈ A[τ ]q+ and x, y ∈ A0, we fix the notation:

âx+ y(ϕ) ≡ ϕ′(ax+ y), ϕ ∈ M(A0).

Then, âx+ y is a C∗-valued continuous function on the compact Hausdorff
space M(A0), which takes the value ∞ on at most a nowhere dense subset
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of M(A0). The definitions and facts summarized here are the building
blocks of the proof of Theorem 3.1: we refer the reader to [4] for more
details.

As is clear, Theorem 3.1 provides an extension to positive elements
of A[τ ] the Gel’fand transform of A0. This extension has, however, some
drawbacks: first, it cannot be extended to the whole algebra; second, it is
not continuous, in general.

In this section we will give a new representation result which shows
that every commutative locally convex quasi C*-algebra can be realized
as a locally convex quasi *-algebra of functions. But before going forth,
we want to make the reader aware of the fact that while given a compact
Hausdorff space, the *-algebra C(X) of continuous functions on X is always
a C*-algebra (and by the Gel’fand - Naimark theorem, it is the prototype
of any commutative C*-algebra with identity), it is, in general false that
by completing C(X) with respect to locally convex topology weaker than
the supremum norm ‖ · ‖∞, we get a locally convex quasi C*-algebra. The
main reason is the failure of condition (T4) (for instance, in the case where
X = [0, 1], it is very easy to exhibit examples of sequences in the set {f ∈
C(X)+ : ‖f‖∞ ≤ 1} which converge with the L1-norm to a discontinuous
function). On the other hand, if we consider the C*-algebra L∞([0, 1]) and
complete it with respect to the Lp-norm (p ≥ 1) then we get a Banach quasi
C*-algebra. This is due to the fact that L∞([0, 1]) is not only a C*-algebra
but also a W*-algebra.

Lemma 3.2. Let A0[‖·‖0] be a W*-algebra and X its predual. Assume that
a second norm ‖ · ‖ is defined on A0, such that

A0[‖ · ‖0] ↪→ A0[‖ · ‖]] ↪→ X,

where A0[‖ · ‖]] is the Banach space dual of A0[‖ · ‖] and ↪→ denotes a
continuous embedding with dense range. Then, the unit ball U(A0) of A0 is
‖ · ‖-complete.

Proof. In order to keep the notation lighter, we will consider the embed-
dings as inclusions. Denote by < ·, · > the bilinear form defining the duality
between X and A0 and let {xn} be a sequence in U(A0) which is Cauchy
w. r. to ‖ · ‖. Then, the sequence {Ln} of bounded linear functionals on X
defined by

Ln(y) =< y, xn >, y ∈ A0
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is also Cauchy in A0[‖ · ‖]] and so Ln → L, where L is a ‖ · ‖-bounded
functional on A0. On the other hand,

|L(y)| = lim
n→∞

|Ln(y)| = lim
n→∞

| < y, xn > | ≤ lim
n→∞

‖y‖X‖ ‖xn‖0 = ‖y‖X.

Hence, there exists x ∈ A0 such that

L(y) =< y, x >, y ∈ X.

The density of A0 in X implies, finally, the statement.

From the previous discussion and from Lemma 3.2 we have

Proposition 3.3. Let A0[‖ · ‖0] be a W*-algebra. Assume that a second
norm ‖ · ‖ is defined on A0 such that

(i) ‖x‖ ≤ C‖x‖0, for every x ∈ A0 and some constant C > 0;

(ii) the involution x → x∗ is ‖ · ‖-continuous;
(iii) if {xn} ‖ · ‖-converges to x and xn ≥ 0, for every n ∈ N, then x ≥ 0;

(iv) A0[‖ · ‖0] ↪→ A0[‖ · ‖]] ↪→ X.

Then Ã0[‖ · ‖] is a Banach quasi C*-algebra.

Recalling that the algebra C(X) of continuous functions on a compact
Hausdorff X is a W*-algebra if, and only if, X is extremely disconnected,
we get

Corollary 3.4. Let X be an extremely disconnected compact Hausdorff
space and µ a Borel measure on X. Then Lp(X,µ) is a Banach quasi
C*-algebra over C(X).

Let X be a compact Hausdorff space and M = {µα; α ∈ I} be a family
of Borel measures on X. We will assume that the family M is directed by
the order relation � defined as follows:

µα � µβ ⇔
∫

X
f(t)dµα(t) ≤

∫

X
f(t)dµβ(t), ∀f ∈ C(X)+.

Let us denote by ‖·‖p,α the norm in Lp(X,µα). We endow C(X) with the
locally convex topology tM defined by the family of norms {‖ · ‖p,α; α ∈ I}
and denote by Lp

] (X,M) the completion of C(X)[tM]. Then, we have

(i) ‖f∗‖p,α = ‖f‖p,α, ∀f ∈ C(X)

(ii) ‖fg‖p,α ≤ ‖f‖p,α‖g‖∞, ∀f, g ∈ C(X).
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Therefore Lp
] (X,M) is a commutative locally convex quasi *-algebra over

C(X) (but not necessarily a locally convex quasi C*-algebra, as we have
seen). It is clear that Lp

] (X,M) can be identified with a subspace of

Lp(X,µα), for every α ∈ I. Furthermore, it is obvious that Lp
] (X,M)

contains also noncontinuous functions.
A second interesting space can be constructed if the measures of M are

uniformly bounded; i.e. µα(X) ≤ C, for every α ∈ I and for some C > 0.
In this case, if p ≥ 1, we can define

‖f‖p,I = sup
α∈I

‖f‖p,α,

which is a norm on C(X). Then the completion of C(X)[‖ · ‖p,I ] is a
Banach quasi *-algebra and, if X is extremely disconnected, a Banach
quasi *-algebra over C(X). We denote this space by LpI(X,M).

Theorem 3.5. Let A be a commutative locally convex quasi C*-algebra
over A0, with unit 1 . Then there exists a directed family M of Borel
measures on the compact space X := M(A0) of all nonzero multiplicative
linear functionals on A0 and a map Φ : a ∈ A → Φ(a) := â ∈ L2

] (X,M)
with the properties

(i) Φ extends the Gel’fand transform of elements of A0 and Φ(A) ⊇ C(X);

(ii) Φ is linear, one-to-one and continuous;

(iii) Φ(ax) = Φ(a)Φ(x), ∀a ∈ A, x ∈ A0;

(iv) Φ(a∗) = Φ(a)∗ ∀a ∈ A.

Thus A can be identified with a subspace of L2
] (X,M)

Proof. Define first Φ on A0 as the usual Gel’fand transform

Φ : x ∈ A0 → x̂ ∈ C(X)

where X is the space of characters of A0.
As is known, the Gel’fand transform is an isometric *-isomorphism of

A0 onto C(X).
Let ϕ ∈ S(A0). Define the linear functional ω on C(X) by

ω(x̂) = ϕ(x, 1 ).

It is easy to check that ω is bounded on C(X); then by the Riesz represen-
tation theorem, there exists a unique positive Borel measure µϕ on X such
that

ωϕ(x̂) = ϕ(x, 1 ) =

∫

X
x̂(t)dµϕ(t), ∀x ∈ A0.
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Let M ≡ {µϕ : ϕ ∈ S(A0)}. This family is directed since S(A0) is
directed by ≤, with ϕ ≤ ψ ⇔ ϕ(x, x) ≤ ψ(x, x), for every x ∈ A0.

Let L2
] (X,M) be a locally convex quasi *-algebra constructed as above.

Now, if a ∈ A there exists a net {xj}j∈∆ ⊂ A0 converging to a w. r. to tM.
We have then

‖x̂j − x̂j′‖22,ϕ = ϕ(xj − xj′ , xj − xj′) ≤ p(xj − xj′)
2 → 0

for some continuous seminorm p.

Let â be the tM-limit in L2
] (X,M) of {x̂j} and define

Φ(a) = â.

Evidently, ‖â‖2,ϕ = ϕ̃(a, a). This implies that if â = 0, then ϕ̃(a, a) = 0,
for every ϕ ∈ S(A0) and thus a = 0 for S(A0) is *-sufficient. Thus, Φ is
injective. The proofs of (ii), (iii) and (iv) are straightforward.

In very similar way, one can prove

Theorem 3.6. Let A be a commutative Banach quasi C*-algebra over the
W*-algebra A0, with unit 1 . Then there exists a uniformly bounded directed
family M of Borel measures on the extremely disconnected compact space
X := M(A0) of all multiplicative linear functionals on A0 and a linear
map Φ : A → LpI(X,M), which is injective, continuous and preserves the
involution and the algebraic operations. The restriction of Φ to A0 coincides
with the usual Gel’fand transform.

Of course these results are very far from the beautiful characterizazion
of Gel’fand - Naimark, but we couldn’t reasonably expect much more: the
essential uniqueness of the structure of a C*-algebra is lost in our situa-
tion: several nonequivalent locally convex topologies can be given on A0 to
construct, in principle, very different locally convex quasi C*-algebras.
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