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Preface
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Reconfiguration of Convex Cyclic Quadrilaterals

Uwe Bäsel Andrei Duma

Dedicated to Professor Peter M. Gruber

on the occasion of his 70th birthday

Abstract

At the beginning of the present paper we define for two arbitrary plane
convex polygons P1 and P2 with equal perimeter and equal area the relation
‘P1 is polygon-rounder than P2’.

Then, a given cyclic quadrilateral V1 (with diameter equal to the diam-
eter of the circumscribed circle) and a second cyclic quadrilateral V2, made
from V1 by cutting it along its diameter and recomposing the two part (‘re-
configuration’), are compared concerning their polygon-roundness.

AMS Classification: 60D05, 52A22

Keywords: Geometric probability, stochastic geometry, random sets, ran-
dom convex sets, integral geometry

1 Introduction

Let K be a bounded convex body in the Ebene; with D(K) we denote its diameter
(= maximum breadth) und with d(K) its width (= minimum breadth).

Let D be a positive real number equal to the diameter D(K). RD is the
lattice of Buffon consisting of equidistant parallel lines with distance D between
consecutive lines. K is randomly placed onto the plane with RD. With pK(s) we
denote the probability that the intersection between K and one of the lines of RD

is a chord of K of length ≥ s.
If K is a polygon P, we denote by `(P) the length of its shortest side. We put

s∗(P1,P2) := min{d(P1), d(P2), `(P1), `(P2)} and give the following

Definition 1. Let P1 and P2 be two bounded convex polygons with equal perime-
ter and equal area. P2 is polygon-rounder (abbreviated: pg-rounder) than P1 if
for every s with 0 < s ≤ s∗(P1,P2) the inequality pP1

(s) < pP2
(s) holds.

To this definition we give the following remarks:

1) In [1] the relation rounder is defined. If in any case the relation rounder

holds, it trivially follows that pg-rounder holds, too. The inversion is not
true in general.
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2) For all considered polygons in [1] we have s∗(P1,P2) := min{d(P1), d(P2)}.
Therefore, the restriction in the definition of pg-rounder is not needed in [1].

Let V1 be a convex cyclic quadrilateral with diameter D(V1) whose vertices all
lie on a circle with diameter D = D(V1) as shown in Fig. 1. We generate the
quadrilateral V2 with reconfiguration of V1 by means of cutting of V1 along D
and recomposing the two parts (see [1]). We write V2 = V1(D).

Fig. 1: The cyclic quadrilaterals V1 and V2

We assume the following:

i) α 6= β, since otherwise V1 is a rectangle and this was already investigated
in [1],

ii) α < β, since α and β can be exchanged in the case α > β due to existing
symmetry,

iii) β ≤ π/4, since otherwise V1 und V2 can be exchanged, and

iv) β < π/4, since the case V1 = V2 is uninteresting.

2 The intersection probability

For abbreviation we put pj(s) instead of pVj
(s) for the probability that a random

chord RD ∩ Vj has a length ≥ s.
From `(V1) = `(V2) = D sin α, d(V1) = D sin β cos(β − α), d(V2) = D cosβ

× sin(α + β) and β < π/4 it follows s∗(V1,V2) = D sin α < d(V1) < d(V2).
Now we calculate p1(s) for s ≤ D sin α. Let φ be the angle between the lines

of RD and the diagonal D of V1. For any φ and any s, s ≤ D sin α, there are
two different chords of length s in V1 that are parallel to the lines of RD (and
hence forming the angle φ with the diagonal D), so that every chord of V1, which
is parallel to these two chords, has length ≥ s if and only if it lies between them.
In order to get all possible situations for these chords exactly once, one has to
consider φ in [0, π]. If we denote by xs(φ) the distance between these two chords

2
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of length s, we can use the following formula, that is due to Stoka (see [4, p. 14]),
to calculate p1(s):

p1(s) =

∫ π

0
xs(φ) dφ

∫ π

0
D dφ

=
1

πD

∫ π

0

xs(φ) dφ . (1)

The formula of xs(φ) depends on the fact to which of the five subintervals [0, α],
[α, β], [β, α + π/2], [α + π/2, β + π/2] and [β + π/2, π] the angle φ belongs.

Fig. 2: 0 ≤ φ ≤ α Fig. 3: α ≤ φ ≤ β

With the help of Fig. 2 we get for φ ∈ [0, α] the following formula

xs(φ) = D cosα sin(α − φ) + D sin α cos(β − φ)

− s sin(α − φ) cos(α − φ) − s sin(β − φ) cos(β − φ)

and hence
∫ α

0

xs(φ) dφ = D cosα − D cos2 α − D sin β sin(β − α) + D sin2 β

−
s

4
+

s

4
cos 2α −

s

4
sin(2β − 2α) +

s

4
cos 2β . (2)

With Fig. 3 we have for φ ∈ [α, β]

xs(φ) = D sinβ cos(β − φ) −
s

cos(β − α)
sin(φ − α) cos(β − φ)

− s sin(β − φ) cos(β − φ)

and therefore
∫ β

α

xs(φ) dφ = D sinβ sin(β − α) −
s

2
(β − α) tan(β − α)

−
s

4
+

s

4
cos(2β − 2α) . (3)

If φ ∈ [β, α + π/2] (see Fig. 4), we get

xs(φ) = D sin φ −
s

cos(β − α)

[

sin(φ − α) cos(φ − β) − cos(φ − α) sin(φ − β)
]

= D sin φ −
s

cos(β − α)
sin(2φ − α − β)

RECONFIGURATION OF CONVEX CYCLIC QUADRILATERALS 13



Fig. 4: β ≤ φ ≤ α + π/2 Fig. 5: α + π/2 ≤ φ ≤ β + π/2

and hence
∫ α + π/2

β

xs(φ) dφ = D(cos β + sin α) − s . (4)

If φ ∈ [α + π/2, β + π/2], one has to use Fig. 5 to get the formula of xs:

xs(φ) = D cosα sin(φ − α) + s sin(φ − α) cos(φ + α)

−
s

cos(β − α)
sin(φ − α) cos(φ − β)

= D cosα sin(φ − α) +
s

2
(sin 2φ − sin 2α)

−
s

2 cos(β − α)
sin(2φ − α − β) −

s

2
tan(β − α) .

It follows
∫ β + π/2

α + π/2

xs(φ) dφ = D cosα sin(β − α) +
s

4
(cos 2β − cos 2α)

−
s

2
(β − α) sin 2α −

s

2
(β − α) tan(β − α) . (5)

Finally, we find with the help of Fig. 6

xs(φ) = D cosβ sin(φ − β) + D sin α cos(φ − α)

+ s sin(φ − β) cos(φ − β) + s sin(φ − α) cos(φ − α)

and
∫ π

β + π/2

xs(φ) dφ = D cos2 β − D sin2 α + D sin α cos(β − α)

−
s

4

[

cos 2β + cos 2α + 1 + cos(2β − 2α)
]

. (6)

4
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Fig. 6: β + π/2 ≤ φ ≤ π

Overall, one gets
∫ π

0

xs(φ) dφ = D
(

sin α + cosα + sin β + cosβ
)

−
s

4

[

7 + cos(2β − 2α)

+ cos 2α − cos 2β + 2(β − α) sin 2α + 4(β − α) tan(β − α)
]

(7)

and

p1(s) =
1

πD

{

D
(

sin α + cosα + sin β + cosβ
)

−
s

4

[

7 + cos(2β − 2α)

+ cos 2α − cos 2β + 2(β − α) sin 2α + 4(β − α) tan(β − α)
]

}

. (8)

In the considerations above the assumption β < π/4 did not play any role; we
only used s ≤ D sin α, since for every φ there are chords of length s in V1. In
particular, we get with α = β from (8) the already known result for a rectangle
with perimeter equal to D(sin α + cosα + sin β + cosβ).

If one puts π/2 − β instead β in (8), one gets

p2(s) =
1

πD

{

D
(

sin α + cosα + cosβ + sin β
)

−
s

4

[

7 + cos(2β + 2α)

+ cos 2α + cos 2β + 2
(π

2
− α − β

)

sin 2α

+ 4
(π

2
− α − β

)

tan
(π

2
− α − β

)]

}

. (9)

Hence, the inequality

p1(s) > p2(s) for all 0 < s ≤ D sinα (10)

is equivalent to

2 cos 2β + (π − 4β) sin 2α −
[

cos(2β − 2α) + cos(2β + 2α)
]

+ 4

[

(π

2
− α − β

)

tan
(π

2
− α − β

)

− (β − α) tan(β − α)

]

> 0 . (11)

5
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But now we need the assumption 0 < α < β < π/4 to compare p1(s) with p2(s),
i.e. for the decision if (11) holds; from this assumption follows

0 < β − α < π/2 − α − β , cos 2β > 0 , π − 4β > 0 , sin 2α > 0

and

2 cos 2β −
[

cos(2β − 2α) + cos(2β + 2α)
]

= 2 cos 2β (1 − cos 2α) > 0 .

Furthermore, we have (π − 4β) sin 2α > 0.
The function γ 7→ γ tan γ is strictly increasing in the interval ]0, π/2[ , hence

(π

2
− α − β

)

tan
(π

2
− α − β

)

− (β − α) tan(β − α) > 0 .

So the inequalities (11) and (10) hold and the promised result is proved:

Theorem. V1 is pg-rounder than V2.
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Reconfiguration of Polygons

Uwe Bäsel Andrei Duma

Dedicated to Professor Peter M. Gruber

on the occasion of his 70th birthday

Abstract

At the beginning of the present paper we define for two arbitrary plane
convex bodies K0 and K1 with equal perimeter and equal area the relations
‘K1 is rounder than K0’ and ‘K1 is as round as K0’.

Then parallelograms and kites, made from parallelograms by cutting
them along one of its diagonals and recomposing the two parts (‘reconfigu-
ration’), are compared concerning their roundness.

In the last section we compare the roundness of triangles and quadrilat-
erals, made from the triangles by cutting them along its smallest height.

AMS Classification: 60D05, 52A22

Keywords: Geometric probability, stochastic geometry, random sets, ran-
dom convex sets, integral geometry

1 Introduction

Let K be a bounded convex body in the plane with diameter (= maximum breadth)
D(K) and s∗ the greatest real number s so that for every direction there exists
a chord of K with length s. In [9, pp. 163-164, Theorem 12.18] it is shown that
s∗ ≡ d(K), where d(K) is the width (= minimum breadth) of K.

For an ellipse E, D(E) is the length of the major axis and d(E) the length of
the minor axis; for a triangle T, D(T) is the length of the longest side and d(T)
the length of the smallest height; for a parallelogram P0, D(P0) is the length of
the longer diagonal and d(P0) the length of the smaller height etc.

Let D a positive real number that is greater than the diameter of every convex
body we consider. RD is the lattice of Buffon consisting of equidistant parallel lines
with distance D between consecutive lines. With pK(s) we denote the probability
that the intersection between a body K and one of the lines of RD is a chord of
K of length ≥ s, where K is randomly placed onto the plane.

For two convex bodies K0 and K1 with equal perimeter and equal area one may
ask the question ‘Which of them is rounder?’. In order to investigate this property
we suggest the following definition that is close to geometrical imagination.

RECONFIGURATION OF POLYGONS 17RENDICONTI DEL CIRCOLO MATEMATICO DI PALERMO
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Definition 1. Let K0 and K1 be convex bodies with equal perimeter and equal
area. K1 is rounder than K0, if pK0

(s) < pK1
(s) for all s ≤ min{d(K0), d(K1)}.

It intuitively means (and that makes the term ‘rounder’ plausible) that for
every s ≤ min{d(K0), d(K1)} there are ‘more’ chords of lengths ≥ s in K1 than
in K0.

Definition 2. K1 is as round as K0 if pK0
(s) = pK1

(s) for all s ≤ min{d(K0),
d(K1)}.

Due to the classical result of Barbier [1] we have

pK0
(0) = pK1

(0) =
per

πD
,

where per is the perimenter of K0 as well as of K1.

2 Reconfiguration of a convex polygon

Let P a convex polygon and g a line, which separates P into the two parts P
′ and

P
′′. Let M be the midpoint of the chord σ := P ∩ g and h the line perpendicular

to g and passing through M . We reflect the polygon P
′ along the line h and

recompose it with P
′′ along σ. So we get a polygon with equal perimeter and

equal area as P. This polygon could be convex. If it is convex (and only in this
case), we denote it by P(σ). We say that P(σ) is generated with reconfiguration

by means of cutting of P along σ. The question, which one of P and P(σ) is
rounder than the other one, cannot be answered in general. (This can be easily
seen from the fact that the operator reconfiguration P 7→ P(σ) is involutional.)
For the existence of P(σ) we have to consider the following situations:

i) Let M1 and M2 be points (but no end-points) of two non-adjacent sides of P

and σ the chord M1M2. On one side of σ there are the angles α1 between σ
and a1, and α2 between σ and a2, on the other side of σ there are the angles
β1 and β2, see Fig. 1.

Figure 1: M1 and M2 are no end-points

This method delivers a convex polygon, which is then denoted by P(σ), if
and only if α1 = α2 (and hence β1 = β2).

2
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ii) Let a and b adjacent sides of P with common vertex M1, M2 ∈ ∂P is a
point which belongs neither to a nor to b, and σ := M1M2; therefore M2

is a vertex or is not a vertex of P. We denote by α1 the angle between a
and σ, and by β1 the angle between b and σ. α2 and β2 are the angles in
M2 between P and σ as shown in the Fig. 2 and 3: Independent from the
fact whether M2 is a vertex of P or not, we have: P(σ) (and therefore its
convexity) exists if an only if α1 + β2 ≤ π and α2 + β1 ≤ π.

Figure 2: M1 is vertex, M2 is no vertex Figure 3: M1 and M2 are vertices

Figure 4: The parallelogram P0

Let particularly be P0 the parallelogram with the sides a and b, where a ≥ b, and
the diagonals ∆ and δ, where δ ≤ ∆ (see Fig. 4). For the diagrammed angles φ,
ψ, Φ and Ψ we have: φ ≤ ψ, α := φ + ψ ≤ π/2, Φ ≤ Ψ, π − α = Φ + Ψ ≥ π/2,
φ ≤ Φ and ψ ≤ Ψ. Let P1 = P0(∆) and P2 = P0(δ) the kites shown in Fig. 5.

For a = b (i.e. P0 is a rhombus) one gets the uninteresting case P0 = P1 = P2,
which we exclude; therefore we assume a > b and hence φ < ψ, φ < π/4, Φ < Ψ
and Ψ > π/4 for the following calculations. Notice that for φ+ ψ = Φ + Ψ = π/2
(i.e. P0 ist a rectangle) we have: P0 6= P1 = P2 (and δ = ∆).

Remark 1. From a > b, a sinφ = b sinψ and φ < Φ it follows:

i) D(P0) = ∆ , d(P0) = b sinα ,

ii) D(P1) = ∆ , d(P1) = a sin 2φ ,

RECONFIGURATION OF POLYGONS 19



iii) D(P2) = max(a, δ, 2a sinΦ) , d(P2) =

{
a sin 2Φ , if 2Φ < π/2 ,
a , if 2Φ ≥ π/2 ,

iv) d(P0) < d(P1) < d(P2) .

Figure 5: P1 and P2

Figure 6: The triangle T

Let T be an triangle with side lengths a ≤ b ≤ c and angles A ≤ B ≤ C
(see Fig 6). For the points Ca and Cb of the side AB we assume

∣∣ACb

∣∣ = b and∣∣ACa

∣∣ = a. If Q is a point of the side AB and σ := CQ, then exists T(σ) (i.e.
T(σ) is convex) if and only if Q is a point of the line segment CaCb, because then
we have

<) (BQC) + <) (QCA) ≤ <) (BQC) + <) (CQA) ≤ π and

<) (AQC) + <) (QCB) ≤ <) (AQC) + <) (CQB) ≤ π .

In particular, we can take as CQ the height hc of T through the vertex C
(due to A ≤ B ≤ C). In this case we have D(T(hc)) =

√
c2 + h2

c and d(T(hc)) =
a
2

sin 2B = a sin B cosB = hc cosB < hc = d(T).

20 UWE BÄSEL - ANDREI DUMA



If T has only acute angles (i.e. C < π/2), one may also consider T(ha) and
T(hb), where ha and hb are the heights of T through the vertices A and B repec-
tively.

3 Reconfiguration of a parallelogram

Let P0, P1 := P0(∆) and P2 := P0(δ) as shown in Fig. 4 and 5. For s ≤ d(P0) =
b sinα one finds (see [7]):

p0(s) = pP0
(s) = 2

a+ b− s[1 + (π/2 − α) cotα]

πD
. (1)

If s ≤ d(P1), then for every direction there are exactly two parallel chords of
length s in P1. With xs(χ) we denote the distance between the chords of length s
in P1 forming the angle χ with ∆. Due to the symmetry of P1 with respect to ∆,
one has to consider χ in [0, π/2] to get all possible positions of P1 relative to RD

exactly once. The term of xs(χ) depends on the belonging of χ to the intervals
[0, φ[, [φ, ψ[ and [ψ, π/2].

Figure 7: χ ∈ [0, φ[

For χ ∈ [0, φ[ one gets with the help of Fig. 7

xs(χ) = (a sinφ+ b sinψ) cosχ− s

sinα

[
sin(φ− χ) sin(χ+ ψ)

+ sin(ψ − χ) sin(φ + χ)
]

= (a sinφ+ b sinψ) cosχ− s

2 sinα

[
cos(2χ+ ψ − φ)

+ cos(2χ+ φ− ψ) − 2 cosα
]

and hence
∫ φ

0

xs(χ) dχ = a sin2 φ+ b sinφ sinψ − s

4
+ sφ cotα− s

4

sin(3φ− ψ)

sinα
. (2)

5
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Figure 8: χ ∈ [φ, ψ[ Figure 9: χ ∈ [ψ, π/2]

For χ ∈ [φ, ψ[ we use Fig. 8 in order to get the term of xs(χ):

xs(χ) = a sin(φ + χ) − s

sin 2φ
sin(χ− φ) sin(φ+ χ) − s

sinα
sin(ψ − χ) sin(φ + χ)

= a sin(φ + χ) −
s

2 sin 2φ
(cos 2φ− cos 2χ)

− s

2 sinα

[
cos(2χ+ φ− ψ) − cosα

]
.

In this case we get
∫ ψ

φ

xs(χ) dχ = a cos 2φ− a cos(φ+ ψ) −
s

2
−
s

2
(ψ − φ) cot 2φ

+
s

4

sin 2ψ

sin 2φ
+
s

4

sin(3φ− ψ)

sinα
+
s

2
(ψ − φ) cotα . (3)

Finally one finds for χ ∈ [ψ, π/2] with Fig. 9

xs(χ) = (a cosφ+ b cosψ) sinχ− s

sin 2φ
sin(χ− φ) sin(φ+ χ)

− s

sin 2ψ
sin(χ− ψ) sin(χ+ φ)

= (a cosφ+ b cosψ) sinχ− s

2 sin 2φ
(cos 2φ− cos 2χ)

− s

2

(
cot 2ψ − cos 2χ

sin 2ψ

)

and therefore
∫ π/2

ψ

xs(χ) dχ = a cosφ cosψ + b cos2 ψ − s

4
− s

2

(π
2
− ψ

)
cot 2φ

− s

2

(π
2
− ψ

)
cot 2ψ − s

4

sin 2ψ

sin 2φ
. (4)

6
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In summary, we get with (2), (3) and (4)

∫ π/2

0

xs(χ) dχ = a+ b− s+
s

2
α cotα− s

2

[(π
2
− φ

)
cot 2φ

+
(π

2
− ψ

)
cot 2ψ

]
. (5)

Due to a formula of Stoka (see [4, p. 14]) it holds for s ≤ d(P1)

p1(s) := pP1
(s) =

∫ π/2

0
xs(χ) dχ

∫ π/2

0
D dχ

=
2

πD

[
a+ b− s+

s

2
(φ+ ψ) cot(φ+ ψ)

− s

2

{(π
2
− φ

)
cot 2φ+

(π
2
− ψ

)
cot 2ψ

}]
. (6)

We wrote φ+ψ instead of α in this formula, since the calculation of p2(s) := pP2
(s)

for s ≤ d(P2) is analogue to the calculation of p1(s). One only has to replace the
angles φ and ψ in formula (6) by the angles Φ and Ψ and gets

p2(s) =
2

πD

[
a+ b− s+

s

2
(Φ + Ψ) cot(Φ + Ψ)

− s

2

{(π
2
− Φ

)
cot 2Φ +

(π
2
− Ψ

)
cot 2Ψ

}]
. (7)

4 Rectangle as special case and further examples

If P0 is an rectangle with side lenghts a and b, b < a, we have with the notations
from above P1 = P2, φ < π/4, ψ = π/2−φ, d(P0) = b < 2a2b/(a2 + b2) = d(P1).
From (6) one gets for s ≤ 2a2b/(a2 + b2)

p1(s) =
2

πD

[
a+ b− s− s

2

(π
2
− 2φ

)
cot 2φ

]
.

In this case it follows from (1) that p0(s) = 2

πD (a + b − s) for s ≤ b, hence
p1(s) < p0(s) for 0 < s ≤ d(P0) < d(P1), i.e. P0 is rounder than P1 according to
our definition.

Now our aim is to compare the ‘roundness’ of the three quadrilaterals P0, P1

and P2 for an arbitraray P0 (as in section 3). At first we consider some examples
in order to get from (1), (6) and (7) hints to existing general relations.

Example 1. Let P0 have the angles α = φ + ψ = π/3, Φ = π/6, therefore
Ψ = π/2, a = 2b, δ =

√
3 b and ∆ =

√
7 b. It follows

sinφ =

√
3

2
√

7
, cosφ =

5

2
√

7
, cotφ =

5√
3
, cot 2φ =

11
√

3

15
,

sinψ =

√
3√
7
, cosψ =

2√
7
, cotψ =

2√
3
, cot 2ψ =

1

4
√

3
,
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cot(φ + ψ) =
1√
3
, cot(Φ + Ψ) = − 1√

3
, cot 2Ψ = ∞ , cot 2Φ =

1√
3
.

Taking

lim
η →π/2

(π
2
− η

)
cot 2η = −1

2

into acount, we find with (1) and (7)

p0(s) =
2

πD

[
3b− s

(
1 +

π

6
√

3

)]
for s ≤

√
3

2
b ,

p2(s) =
2

πD

[
3b− s

(
3

4
+

π

2
√

3

)]
for s ≤

√
3 b .

Hence p0(s) > p2(s) for 0 < s ≤
√

3 b
/
2, i.e. P0 is rounder than P2 (and – it may

be subjective – it corresponds to our perception). Note that P2 is an equilateral
triangle with side length 2b; the above result for p2(s) is confirmed by the result
in [4]. The calculation of p1(s) for s ≤ 5

√
3 b

/
7 is more complicated. We have

p1(s) =
2

πD

[
3b− s+

s

2

{
π

3
√

3
−

(
π

2
− arcsin

√
3

2
√

7

)
11

5
√

3

−
(
π

2
− arcsin

√
3√
7

)
1

4
√

3

}]

=
2

πD

[
3b− s

(
1 +

107π

240
√

3
−

11

10
√

3
arcsin

√
3

2
√

7
−

1

8
√

3
arcsin

√
3√
7

)]

≈
2

πD

(
3b− 1, 5454 s

)
.

From

1 +
π

6
√

3
≈ 1, 3023 and

3

4
+

π

2
√

3
≈ 1, 6569

we get

p0(s) > p1(s) > p2(s) for 0 < s ≤
√

3

2
b ,

in this example; this means that P0 is rounder than P1 and P1 rounder than P2.

Example 2. For φ = π/6 and ψ = π/4, hence α = 5π/12 and Φ + Ψ = 7π/12,
one gets (for fixed b) the lengths

a =
√

2 b , δ =

√
4 −

√
3 b and ∆ =

√
6 +

√
2

2
b

and the values

cot(φ+ ψ) = 2 −
√

3 , cot 2φ =
1√
3

and cot 2ψ = 0 ,
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which yields

p0(s) =
2

πD

[√
2 b+ b− s

(
1 +

2 −
√

3

12
π

)]
≈ 2

πD

(√
2 b+ b− 1, 0701s

)
,

p1(s) =
2

πD

[√
2 b+ b− s+

s

2

{
5π

12

(
2 −

√
3
)
−

π

3
√

3

}]

≈ 2

πD

(√
2 b+ b− 1, 1266s

)

and therefore P0 is rounder than P1 in this case.
Now we calculate p2(s) for s ≤ d(P2). We have

sin Ψ =

√
3 + 1

2
√

4 −
√

3
≈ 0, 9071 , Ψ ≈ 1, 1363 rad , Φ =

7π

12
− Ψ ≈ 0, 6963 rad ,

cot 2Φ ≈ 0, 1801 , cot 2Ψ ≈ −0, 8454

and therefore with (7)

p2(s) ≈
2

πD

(√
2 b+ b− 1, 1409s

)
.

Hence P1 is rounder than P2 and of course P0 is rounder than P2. Here we took
into account that d(P0) < d(P1) < d(P2).

5 P0 is rounder than P1

Let P0, P1 and P2 defined as in section 3. We notice that P0 is uniquely de-
termined by φ ∈ ]0, π/4[ and ψ ∈ ]φ, π/2 − φ[ or by (Φ,Ψ) with Φ ∈ ]0, π/2[ and
ψ ∈ ]max(Φ, π/2−Φ), π−Φ[ except similarity of parallelograms (that plays no role
for the comparison of p0(s), p1(s) and p2(s)). The pair (φ, ψ) uniquely determines
the pair (Φ,Ψ), which follows from

cotΦ =
2 sinψ

sinφ sin(φ+ ψ)
− cotφ , cotΨ =

2 sinφ

sinψ sin(φ + ψ)
− cotψ . (8)

Otherwise (Φ,Ψ) uniquely determines (φ, ψ) because

cotφ =
2 sinΨ

sinΦ sin(Φ + Ψ)
− cotΦ , cotψ =

2 sinΦ

sin Ψ sin(Φ + Ψ)
− cotΨ . (9)

From the geometrical viewpoint these facts are clear.
The inequality p0(s) > p1(s) for all s with 0 < s ≤ b sinα = d(P0) is obviously

equivalent to
(π

2
− φ

)
cot 2φ+

(π
2
− ψ

)
cot 2ψ >

[
π − (φ+ ψ)

]
cot(φ + ψ) . (10)

9

RECONFIGURATION OF POLYGONS 25



Remark 2. This simple formula is one of the reasons for the assumption s ≤
min{d(K0), d(K1)} in the definition of ‘rounder’. Without this restriction for the
values of s we had to deal with much more complicated formulas for p0(s) and
p1(s) as well as a case distinction for s > b sinα; in this context the ratio s/b for
s > b sinα must be taken into consideration.

With
h : ]0, π/2[ → R , t 7→ h(t) :=

(π
2
− t

)
cot 2t

we can write (10) in the form

h(φ) + h(ψ) > 2
(π

2
−
φ+ ψ

2

)
cot

(
2
φ+ ψ

2

)
= 2 h

(φ+ ψ

2

)
.

This means that (10) is equivalent to the strict convexity (see [5, pp. 274, 277])
of h, wich we now prove.

Lemma 1. The function

h : ]0, π/2[ → R , t 7→ h(t) :=
(π

2
− t

)
cot 2t

is strictly convex.

Proof. With

h′(t) = − cot 2t+
2t− π

sin2 2t

we get

h′′(t) =
2

sin2 2t
+

2

sin2 2t
−

4(2t− π)

sin2 2t
cot 2t =

4

sin2 2t

[
1 − (2t− π) cot 2t

]
.

For t ∈ ]0, π/4] we have (2t− π) cot 2t ≤ 0 and hence h′′(t) > 0. For t ∈ ]π/4, π/2[
we put v = π−2t, hence v ∈ ]0, π/2[ ; 1− (2t−π) cot 2t gets the form 1− v cot v =
1 − v/ tan v. Since v < tan v for all v ∈ ]0, π/2[ , h′′ is positive in ]π/4, π/2[ and
therefore h is strictly convex.

Due to the existing equivalence and this lemma we have proved:

Theorem 1. P0 is rounder than P1.

6 The comparison with P2

In order to compare P0 with P2, we use the equivalence between p0(s) > p2(s)
for 0 < s ≤ d(P0) = b sinα and

(π
2
− Φ

)
cot 2Φ +

(π
2
− Ψ

)
cot 2Ψ >

[
π − (Φ + Ψ)

]
cot(Φ + Ψ) . (11)

1
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To prove this inequality, we consider the continuous extension h̃ of the function h
(see above) to the interval ]0, π[ with h̃(t) := h(t) = (π/2 − t) cot 2t for t 6= π/2

and h̃(π/2) = −1/2. The continuous derivative of h̃ is given by

− cot 2t+
2t− π

sin2 2t
for t ∈ ]0, π/2[ ∪ ]π/2, π[ and 0 for t = π/2 .

From h̃(π/2 − t) = h̃(π/2 + t) for all t ∈ ]0, π/2[ it follows that the graph of h̃
is symmetrical with respect to the line t = π/2. Therefore and due to the strict
convexity of h, h̃ is strict convex too. Hence we have shown that inequality (11)
holds, and

Theorem 2. P0 is rounder than P2.

If a general roundness relation between P1 and P2 exists, then it could be only
‘P1 is rounder than (or as round as) P2’, which follows from the examples 1 and 2.

We denote by F the function

F (µ, ν) :=
(π

2
− µ

)
cot 2µ+

(π
2
− ν

)
cot 2ν −

π

2
cot(µ+ ν) .

The inequality p1(s) > p2(s) for all 0 < s ≤ d(P1) = a sin 2φ is equivalent to

F (Φ(φ, ψ),Ψ(φ, ψ)) > F (φ, ψ) , (12)

where Φ and Ψ as functions of φ and ψ are given by (8).
Unfortunately, we have not found a proof in this case as for the Theorems 1

and 2. On this account we numerically calculated and compared for all k ∈
{1, 2, . . . , 44} and ` ∈ {1, 2, . . . , 89 − k} the values

F
( π

180
k,

π

180
`
)

and F
(
Φ

( π

180
k,

π

180
`
)
, Ψ

( π

180
k,

π

180
`
))

.

The result is that for all pairs (k, `) the inequality

F
(
Φ

( π

180
k,

π

180
`
)
, Ψ

( π

180
k,

π

180
`
))

> F
( π

180
k,

π

180
`
)

holds. So we formulate the following

Conjecture. P1 is rounder than P2.

7 Reconfiguration of a triangle by cutting along its

smallest height

Let T be the triangle considered at the end of section 2, i.e. with the side lengths
a ≤ b ≤ c and the angles A ≤ B ≤ C. We denote T(hc) by T1 (see Fig. 10)
and have d(T1) = a

2
sin 2B = hc cosB < hc = d(T ). In order to calculate pT1

–
analogous to section 3 – we determine the distance xs(χ) between the two chords

1
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Figure 10: The quadrilateral T1

of T1 of lenghth s ≤ d(T1) that form with QaA and QbB the angle χ. For the
subintervals [0, A[, [A, B[ and [B, π] there are different formulas for xs(χ). So we
find with Fig. 11 the formula

xs(χ) = a sin B cosχ − s
sin χ sin(A − χ)

sinA
− s

sinχ sin(B − χ)

sinB

= a sin B cosχ − s
cos(A − 2χ) − cosA

2 sinA
− s

cos(B − 2χ) − cosB

2 sinB
. (13)

Figure 11: 0 ≤ χ < A Figure 12: A ≤ χ < B

If χ ∈ [A, B[ , we use Fig. 12 and find

xs(χ) = b cosA sin χ − s
sin χ sin(χ − A)

sin A
− s

sin χ sin(B − χ)

sin B

= b cosA sin χ − s
cosA − cos(A − 2χ)

2 sin A
− s

cos(B − 2χ) − cosB

2 sinB
. (14)

Finally, we get for χ ∈ [B, π] with Fig. 13

xs(χ) = b cosA sin χ + a sin(χ − B) − s
sin χ sin(χ − A)

sin A
− s

sin χ sin(χ − B)

sinB

= b cosA sin χ + a sin(χ − B) − s
cosA − cos(A − 2χ)

2 sinA

− s
cosB − cos(B − 2χ)

2 sinB
. (15)

1
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Figure 13: B ≤ χ ≤ π

With
∫ A

0

xs(χ) dχ = a sinA sin B − s

4
− s

4
+

s

2
A cotA +

s

4
cos 2A

− s

4
sin 2A cotB +

s

2
A cotB − s

4
,

∫ B

A

xs(χ) dχ = b cos2 A − b cosA cosB − s

4
cos 2B +

s

4
sin 2B cotA − s

4

− s

2
(B − A) cotA − s

4
− s

4
cos 2A +

s

4
sin 2A cotB

+
s

2
(B − A) cotB ,

∫ π

B

xs(χ) dχ = b cosA + b cosA cosB + a cosB + a − s

4
+

s

4
cos 2B

− s

4
sin 2B cotA − s

2
(π − B) cotA − s

4
− s

4
− s

2
(π − B) cotB

we get
∫ π

0

xs(χ) dχ = a + b + c − s

2

[
4 + (π − 2A) cotA + (π − 2B) cotB

]

and hence

pT1
(s) =

1

πD

[
a + b + c − s

2

{
4 + (π − 2A) cotA + (π − 2B) cotB

}]
. (16)

1
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Remark 3. If A = B =: α, then T1 is the parallelogram with the side lenghts a
and a cosα and the angles α and π − α. In this case pT1

is equal to

2

πD

[
a + a cosα − s

{
1 +

(π

2
− α

)
cotα

}]
.

This is the result of formula (1), first proved by Stoka in 1975. In particular, it
follows from Theorem 2 that the quadrilateral T1 (which is in this special case P0

with side lenghts a and a cosα and angles α and π−α) is rounder than T (= P2).

Therefore, we ask whether T1 is always rounder than T. In this case the
inequality pT1

(s) > pT(s) holds for all 0 < s ≤ d(T1). From this we conclude
with (16) and [2, p. 144, formula (2)]

(A + B) cotC + A cotA + B cotB > 1 . (17)

With

cotC =
1 − cotA cotB

cotA + cotB

and cotA + cotB > 0 formula (17) yields

A cot2 A − cotA + A + B cot2 B − cotB + B > 0 . (18)

The function f : ]0, π/2[ → R , f(x) := x cot2 x − cotx + x has the limiting value
limx→+0 = 0, furthermore,

f ′(x) = cot2 x − 2x cotx · 1

sin2 x
+

1

sin2 x
+ 1 =

2(tanx − x)

sin3 x cos x
> 0 .

Therefore, f is always positiv and hence (18) holds. So we have proved:

Theorem 3. T1 is rounder than T.
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Abstract

Architectural distortion is a mammographic sign of early stages of breast

cancer. We present methods for the recognition of architectural distortion

in prior mammograms of interval-cancer cases using a set of statistical fea-

tures obtained through the analysis of spatial and angular correlation and

stationarity. Initial sites of architectural distortion were localized using a

bank of Gabor filters and phase-portrait analysis. Statistical features were

computed from the detected regions of interest. A set of selected features

and a quadratic classifier provided a sensitivity of 0.80 at 5.4 false positives

per patient.

1 Introduction

Early detection of cancer is of utmost importance to increase the possibility
of survival through treatment at early stages of the disease. Architectural
distortion is a hard-to-detect mammographic sign of early stages of breast
cancer [1, 2]. Various computer-aided diagnosis (CAD) techniques [3] have
been developed to enhance the sensitivity and accuracy of detection of
breast cancer; however, they have been found to be effective only in the
detection of comparatively more distinguishable masses and calcifications
with satisfactory performance. The CAD systems available to date have
been found to fail in detecting architectural distortion with a high level
of accuracy [4]. In addition, studies on CAD of architectural distortion
suggest that there is significant scope and need for more research on the
detection of architectural distortion to facilitate early detection of breast
cancer, for improvement in the prognosis of breast cancer patients [5], and
to help in reducing the associated mortality rate.

The presence of architectural distortion is manifested by distortion of
the normal architecture of the breast with no definite mass visible [6]. The
patterns of distortion include subtle spiculations radiating from a point and
focal retraction or distortion at the edge of the parenchyma. Such patterns
may closely resemble the appearance of normal breast tissue overlapped
in the projected mammographic image. Due to its subtle appearance and
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variability in presentation, architectural distortion is the most commonly
missed abnormality in false-negative cases [2]. For characterization of the
variety of textural patterns related to architectural distortion in mammo-
grams, several CAD methods have been proposed, including a multiscale
method for the detection of stellate distortion [7], morphological image pro-
cessing techniques with a concentration index [8], fractal analysis [9–11],
multiresolution analysis [12], a point convergence index for radiating spic-
ulation [13], Gabor filters and phase-portrait analysis [11, 14–16], texture
analysis [11, 14], and characterization of angular spread [11, 17].

The aim of this study is to develop a CAD technique for the recogni-
tion of architectural distortion in screening mammograms acquired prior
to the detection of breast cancer using a set of statistical features obtained
through the analysis of spatial and angular correlation and stationarity [18].
The analysis of correlation is based on Mantel’s nonparametric statistical
test [19–21] to determine clustering trends in terms of space and difference
in attributes. Mantel’s test considers the location and attribute values in
a 3D space [x, y, Z(x, y)], where Z(x, y) is a function of (x, y). Extending
this notion to image analysis, statistical measures can be obtained based
on the proximity of pixels for quantification of the amount of clustering of
patterns in image data, to characterize the relationship between space and
image intensity [18, 21]. In addition, for quantification of trends in data,
a nonparametric test of stationarity, called the reverse arrangements (RA)
test [22, 23], is used in the present study [18].

2 Methods

2.1 Experimental Setup and Database

For the present study, 158 mammographic images, including 52 images of
13 normal individuals and 106 prior mammographic images of 56 individu-
als diagnosed with breast cancer, were obtained from Screen Test: Alberta
Program for the Early Detection of Breast Cancer [24]. All but two prior
mammograms had been declared to be free of signs of breast cancer at the
time of their screening and interpretation. The 106 prior mammograms of
interval-cancer cases were analyzed independently by a radiologist special-
ized in screening mammography (J.E.L.D.). Parts of the images related to
or suspected to contain architectural distortion were marked using rectan-
gular boxes based on the reports available on subsequent imaging, biopsy,
or by detailed inspection of the prior mammograms. One rectangular part
per image was marked by the radiologist. The time interval between the
diagnosis of cancer and the related prior mammograms ranged from 1.5
months to 24.5 months, with an average of 15 ± 7 months.
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2.2 Detection of Potential Sites of Architectural Distortion

The potential sites of architectural distortion in the prior mammograms
were detected initially by the analysis of oriented texture patterns with
the application of a bank of Gabor filters [25, 26] and linear phase-portrait
models [27, 28]. The procedures are summarized as follows [11, 14, 28]:

i Segment the breast portion in the given mammographic image using
adaptive thresholding and morphological opening.

ii Apply a set of 180 Gabor kernels with angles spaced evenly over the
range [-π/2, π/2] to obtain the magnitude response and orientation field
by selecting the response and angle of the Gabor filter with the highest
response at each pixel.

iii Select curvilinear structures (CLS) of interest (i.e., spicules and fibrog-
landular tissue) by separating them from confounding structures (i.e.,
edges of the pectoral muscle, parenchymal tissue, breast boundary, and
noise) using the orientation field, the gradient field, the nonmaximal
suppression technique, and additional conditions [28].

iv Filter the orientation field with a Gaussian filter and downsample by
a factor of four to reduce noise and further computational require-
ments [14, 28].

v Apply linear phase-portrait modeling, with a sliding analysis window
of size 10 × 10 pixels (at 800 µm/pixel) with one pixel per step, to
the filtered orientation field with specific conditions to yield the phase-
portrait map for node patterns [14, 28]. For each position of the win-
dow, cast a vote at the node position given by the corresponding fixed
(equilibrium) point to form the node map.

vi Filter the node map with a Gaussian window of size 35×35 pixels with
the empirically determined value of σ = 6 pixels (4.8 mm) in order to
group votes placed in close proximity to one another.

vii Analyze the node map by rank-ordering the peaks in the node map.

viii Cut a region of interest (ROI) of size 128 × 128 pixels (except at the
edges) from the original image with the center of each ROI located at
the center of the corresponding peak in the node map.

The peaks in the node map are expected to indicate potential sites of
architectural distortion; however, the procedure also results in the detection
of a number of false-positive (FP) sites [11, 14] (see Figures 1 and 2).
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From the 158 mammograms in the study, a total of 4224 ROIs (2821
ROIs from the 106 prior mammograms of interval-cancer cases with 301
ROIs related to the parts with architectural distortion, and 1403 ROIs
from the 52 normal prior mammograms) of size 128×128 pixels at 200
µm/pixel (except at the edges of the images) were automatically obtained.
ROIs were labeled at the locations indicated by the peaks in the node
maps, in decreasing order of the node value of the peak, up to a maximum
of 30 ROIs per mammogram. The automatically detected ROIs with their
centers within the rectangular regions of architectural distortion marked by
the radiologist were identified as true-positive (TP) ROIs; the others were
labeled as FP ROIs. Similarly, ROIs were obtained from the magnitude
response and angle response images.

The results of application of the methods are illustrated in Figures 1
and 2 for a prior mammogram of an interval-cancer case. In Figure 1 (a),
the rectangle shows the area of architectural distortion marked by the radi-
ologist (J.E.L.D.). The magnitude image and the orientation field resulting
from the Gabor filters are shown in parts (b) and (c), respectively. The
node map is shown in Figure 2 (a); Figure 2 (b) illustrates all of the auto-
matically detected ROIs obtained.

(a) (b) (c)

Figure 1: (a) A prior mammogram of an interval-cancer case with architectural dis-
tortion. The rectangle is of size 49.8 mm × 31.0 mm at 200 µm/pixel resolution, and
indicates the site of architectural distortion identified by the radiologist. (b) Magnitude
response obtained using a bank of 180 real Gabor filters. (c) Orientation field angle
superimposed on the mammographic image; needles are drawn for every 18th pixel.

2.3 Characterization of Architectural Distortion

Sites with architectural distortion are expected to possess spiculating pat-
terns, resulting in high correlation in the radial direction from the center
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Figure 2: (a) The node map at 800 µm/pixel resolution for the mammogram shown in
Figure 1. Each asterisk mark (*) corresponds to a peak position detected automatically in
the node map. The numbers next to the asterisk marks indicate the peaks in descending
order of magnitude. (b) The 30 ROIs obtained through the application of Gabor filters
and phase-portrait analysis are shown using yellow squares. The size of each ROI is
128 × 128 pixels (except at the edges of the image). (c) Reduction of FPs using the
proposed features: only the top six ROIs based on the discriminant values are shown,
with the associated average sensitivity of 0.8 at 5.4 FP/patient. The numbers outside
the parentheses represent the ranking based on the discriminant values obtained by the
quadratic classifier using manually selected features (Set-IV); the numbers within the
parentheses represent the earlier ranking based on the node value.

of the site. Inspired by methods for the analysis of correlation [21] and
Mantel’s nonparametric statistical test [19] to determine clustering trends,
six measures are proposed in the present work. The correlation measure,
M2, quantifies the clusterability of the data, and the number of reverse
arrangements, R∗, quantifies the trends found in the data.

Mantel’s test was developed to determine clustering trends of disease in
terms of geographic location (space) and time [19, 20] and is commonly used
in ecology, where the data are usually estimates of the “distance” between
objects such as species of organisms. Because distances are not indepen-
dent of one another, changing the “position” of one object out of n would
change n− 1 of the distances (the distance from that object to each of the
others); consequently, it is not possible to assess the relationship between
the two matrices by simply evaluating the correlation coefficient between
the two sets of distances and testing its statistical significance [21]. Man-
tel’s test deals with this problem by considering the location and attribute
(intensity) values in a 3D space [x, y, I(x, y)], where (x, y) are spatial coor-
dinates and I(x, y) is an image attribute at (x, y). Extending this notion to
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image analysis, measures can be obtained based on the proximity of pixels
for quantification of the extent of clustering in image data, to character-
ize the relationship between space and image attributes. If correlation or
spatial dependence exists between pixel attributes, pixels in close proxim-
ity will be coupled and have similar attribute values [20]. This property
can be quantified as M2 =

∑N1
i=1

∑N2
j=1WijUij , where Wij and Uij are the

Euclidean distance and the absolute value of the difference in attributes
between the pixels at spatial locations i and j, and the summations are
over all i and j (in the present work, N1 = N2 = M ×N , where M ×N is
the size of the ROI being analyzed). Here, Wij and Uij describe the spatial
proximity and closeness of attributes of the pixels at spatial locations i and
j, respectively. Because M2 quantifies clustering of image data, it can be
used for quantitative analysis of texture [21].

The RA test [22, 23] involves, starting with the first data point, com-
puting the number of times that subsequent points are less than the first
data point. The count is known as a “reverse arrangement” and quantifies
trends in the data that are indicative of nonstationarity. The sum of all
reverse arrangements (R∗) can be used as a feature to quantify texture in
images [21]. In the present work, in addition to M2 and R∗ computed
for each ROI with the original gray-scale values, the corresponding Gabor
magnitude response, and the corresponding Gabor angle response, the node
value was also used as a feature for classification of the ROIs.

Figure 2.3 illustrates two TP ROIs and two FP ROIs along with the
corresponding parts of the Gabor magnitude and angle responses. The
feature values obtained for the ROIs are also listed. Because the presence of
architectural distortion changes the normal tissue patterns and is typically
associated with a number of intersecting or spiculating structures, TP ROIs
are expected to possess different M2 and R∗ values than FP ROIs. All the
features, except M2 for the original image ROIs, showed p-value< 0.001
indicating statistically highly significant differences [29] between the TP
ROIs and FP ROIs.

3 Results

The results of receiver operating characteristic (ROC) analysis [30] of the
individual features resulted in area under the ROC curve (Az) of 0.53,
0.63, 0.66, 0.64, 0.58, and 0.55 for the M2 values for the ROIs from the
original images, magnitude responses, and angle responses, and the R∗

values obtained for the same, respectively. With the node value, i.e., the
results after the application of Gabor filters and phase-portrait analysis, the
Az value obtained was 0.61; sensitivities of 0.8 and 0.9 were obtained at
11.6 and 19.6 FP/patient, respectively. The results indicate that node value
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TP ROI

node: 5.9875E − 02
M2: 3.4372E + 12
R∗: 2.6569E + 07

TP ROI

node: 5.5711E − 02
M2: 5.8172E + 12
R∗: 3.7789E + 07

FP ROI

node: 4.0526E − 02
M2: 7.0352E + 12
R∗: 5.8432E + 07

FP ROI

node: 4.6635E − 02
M2: 1.4823E + 13
R∗: 6.4854E + 07

M2: 2.4175E + 10
R∗: 2.6684E + 07

M2: 3.4489E + 10
R∗: 2.9206E + 07

M2: 4.9451E + 10
R∗: 3.1402E + 07

M2: 3.5790E + 10
R∗: 4.0169E + 07

M2: 1.9852E + 10
R∗: 3.3335E + 07

M2: 1.9238E + 10
R∗: 3.1101E + 07

M2: 1.4726E + 10
R∗: 2.5888E + 07

M2: 1.6816E + 10
R∗: 3.0601E + 07

Figure 3: Examples of two TP and two FP ROIs. Each ROI from an original image
(top row) is of size 128×128 pixels at 200 µm/pixel, or 25.6 mm×25.6 mm. The Gabor
magnitude (middle row) and angle (bottom row) ROIs are also shown. The feature values
are shown for each of the ROIs as well as their Gabor magnitude and angle responses.

alone is not adequate for accurate classification of the ROIs. A combination
of all seven features including the node value resulted in Az = 0.76 with
an artificial neural network based on radial basis functions [31], with the
validation performed using the leave-one-patient-out method.

The results of free-response ROC (FROC) analysis with several sets of
selected features and using a quadratic classifier based on Bayesian decision
theory [32] with the leave-one-patient-out method are shown in Table 1.
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Table 1: Results of FROC analysis with sets of selected features, a quadratic classifier

based on Bayesian decision theory, and the leave-one-patient-out method. Set-V was

selected by stepwise regression; the other sets were manually selected.

Feature set FP/patient at
80% sensitivity

FP/patient at
90% sensitivity

Node only 11.6 19.6
Set-I: All features 5.6 8.1
Set-II: M2- image, magnitude, angle;
R∗- image, magnitude, angle

6.4 7.7

Set-III: Node value; M2- magnitude,
angle; R∗- image, magnitude

5.7 8.2

Set-IV: Node value; M2- magnitude,
angle; R∗- image, magnitude, angle

5.4 7.6

Set-V: Node value, M2- image, mag-
nitude, angle; R∗- image, magnitude

6.0 7.7

The best results achieved represent a sensitivity of 0.8 at 5.4 FP/patient
by using a combination of the node value, M2 values for the magnitude
response and angle response ROIs, and R∗ values for the image, magnitude
response, and angle response ROIs.

4 Conclusion

The detection of architectural distortion in prior mammograms is an im-
portant but difficult problem. In this study, the detection of architectural
distortion was performed using Gabor filters, linear phase-portrait analy-
sis, and methods for statistical analysis of texture. The use of statistical
measures of spatial and angular correlation and stationarity for the char-
acterization of architectural distortion resulted in a sensitivity of detection
of 0.8 at 5.4 FP/patient. The development of CAD techniques for the de-
tection and localization of architectural distortion in prior mammograms
is expected to lead to efficient detection of subtle signs of early stages of
breast cancer at pre-mass-formation stages.
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Abstract

In a previous paper [1] the authors compute the probability that a ran-
dom rectangle r of constant sides l, m intersects a side of the lattice with
the foundamental cell is a rectangle with sides a, b and with six obstacles.
In this paper we consider the same foundamental cell but with eight ob-
stacles. In particular when the rectangle r becomes a segment of length
l, (m = 0) we obtain the Laplace probability.
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1 Preliminaries

Let <1 (a, b, c) be the regular lattice with fundamental cell is as in fig. 1.

)1(
0C

fig.1

Denoting with C
(1)
0 the fundamental cell, we have:

area C
(1)
0 = 2ab− c2. (1)

1
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The cell C
(1)
0 have six obstacles that are squares with diagonal of leght c

with c < min (a, b).
Considering a segment s of random position and of leght l with c < l <

min (a, b), we want compute the probabiltiy that this segment intersects a side

of lattice. This probability is equal to probability P
(1)
int that the segment s

intersects the bounderay of the fundamental cell. The position of the segment
s is determinated by the middle point p and by the angle ϕ that the segment
form with the axis x. We consider the limit positions of the segment s that

corrisponde at angle ϕ and let Ĉ
(1)
0 (ϕ) the dterminated figure from this position

(see fig. 2):

)()1(0C
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2/c cb
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cb
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fig.2

Denoting with M1 the set of segments s whose the middle point are in C
(1)
0

and N1 the set of segments s whose the middle point are in C
(1)
0 , we have that:

P
(1)
int = 1− µ (N1)

µ (M1)
, (2)

where µ is the Lebesgue measure in Euclidean plane [5].
In order to compute the measures µ (M1) and µ (N1) we use the Poincaré

kinematic measure [4]
dK = dx ∧ dy ∧ dϕ,

where x, y are the coordinates of p and ϕ the defined angle. Then we have:

Theorem 1 The probability that a segment s of random position and of length
l (with c < l < min(a, b)) intersects a side of lattice <1 (a, b, c) is

P
(1)
int =

2 (a+ 2b) l − l2

π (2ab− c2)
. (3)

2 Main results

Let <2 (a, b, c) be the regular lattice with fundamental cell is as in fig. 3.

2
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Denoting with C
(2)
0 the fundamental cell, we have:

area C
(2)
0 = 4ab− 5c2

4
.

The cell C
(2)
0 have eight obstacles that are squares with diagonal of leght 2c

with c < min (a, b).
Considering a segment s of random position and of leght l with c < l <

min (a, b), we want compute the probabiltiy that this segment intersects a side

of lattice. This probability is equal to probability P
(2)
int that the segment s

intersects the bounderay of the fundamental cell.

Denoting with Ĉ
(2)
0 (ϕ) the figure determinated by the limit positions of the

segments s for a assigned value of ϕ (see fig. 4):
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From this figure we can write:

areaĈ
(2)
0 (ϕ) = areaC

(2)
0 −

2 [2areab1 (ϕ) + 2areab2 (ϕ) + 2areab3 (ϕ) + 3areab4 (ϕ) + areab5 (ϕ)] . (4)

Considering of some results that we have obtained in a previous paper [2], follow
that:

areab1 (ϕ) =
(a− c) l

2
cosϕ, areab2 (ϕ) + areab3 (ϕ) =

(b− c) l

2
sinϕ,

areab4 (ϕ) =
cl

4
(sinϕ+ 2 cosϕ)− l2

4
sin 2ϕ. (5)

In order to compute areab5 (ϕ) we consider the fig.5

4

h

2
2c

2
l

fig. 5

The parallelogram b5 (ϕ) have the side l/2 and c
√
2/2 and the angles π

4 − ϕ
and 3π

4 + ϕ. We have that:

h =
c
√
2

2
sin

(π
4
− ϕ

)
=

c

2
(cosϕ− sinϕ) ,

then

areab5 (ϕ) =
hl

2
=

cl

4
(cosϕ− sinϕ) =

cl

4
(2 cosϕ− cosϕ− sinϕ) =

cl

4

(
3

2
cosϕ− sinϕ

)
+

cl

8
cosϕ,

i.e., considering that c = 2l sinϕ,

areab5 (ϕ) = −cl

4
(sinϕ+ cosϕ) +

l2

2
sin 2ϕ. (6)

4
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Considering (9) and (10) in (8) we obtain that:

areaĈ
(2)
0 (ϕ) = areaC

(2)
0 −

[(
2a+

c

2

)
l cosϕ+ (2b− c) l sinϕ− l2

2
sin 2ϕ

]
. (7)

Denoting with M2 the set of segments s whose the middle point are in C
(2)
0 and

N2 the set of segments s whose the middle point are in C
(2)
0 , we have that:

P
(2)
int = 1− µ (N2)

µ (M2)
. (8)

Since ϕ ∈
[
0, π

2

]
, we obtain that:

µ (M2) =

π
2∫

0

dϕ

∫∫

{
(x,y)∈C

(2)
0

}
dxdy =

π

2
areaC

(2)
0 =

π

2

(
4ab− 5c2

2

)
, (9)

and considering the (11)

µ (N2) =

π
2∫

0

dϕ

∫∫

{
(x,y)∈Ĉ

(2)
0 (ϕ)

}
dxdy =

π

2
areaC

(2)
0 −

π
2∫

0

[(
2a+

c

2

)
l cosϕ+ (2b− c) l sinϕ− l2

2
sin 2ϕ

]
dϕ =

π

2
areaC

(2)
0 −

[(
2a+ 2b+

5c

2

)
l − l2

2

]
. (10)

The (8), (9) and (10) give us that:

P
(2)
int =

2
(
2a+ 2b− c

2

)
l − l2

π
(
4ab− 5c2

4

) . (11)

When c → 0, the obstacles becames points and the fundamental cell becames
a rectangle with side 2a and 2b. In this case the probability (11) becomes the
Laplace probability:

P =
2 (2a+ 2b) l − l2

2πab
. (12)

5
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1 Regular Hexagonal Cell.

Let <1 (a) be a lattice with fundamental cellC
(1)
0 a regular hexagon of side a.

We have

areaC
(1)
0 =

3
√
3

2
a2. (1)

We want to determine the probability that a disk d of radius r with r < a
4

intersects a side of lattice, ie the probability P
(1)
int that the disk intersects one of

side of the cell C
(1)
0 .

The position of the disk d is determined by its center.

To compute the probability P
(1)
int we consider the positions limit of disk d in

the cell C
(1)
0 , which give us the figure

1
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A
A1

A2

A3

A4

a1

a2

a2

a2

a2

a2

a1

a1 a1

a1

a1
O1

O2

O3 O4

O5

O6

C! 0
(1)

B
B2

B1 B4

B3

C3
C4

C1

C2C

D3
D4

D1

D2

D

E3

E4 E1

E2
E

F4

F3

F2

F1
F

fig.1

Denoting with Ĉ
(1)
0 lhe figure determined by these positions, we can write

areaĈ
(1)
0 = areaC

(1)
0 − 6aread− 6(areaa1 + areaa2). (2)

To compute areaa1 we consider the figure

A A2

A1

O1

r

r

fig.2

we have

ÂA1O1 = ÂA2O1 =
π

2
, Â1AA2 =

2π

3
, ̂A1O1A2 =

π

3
, (3)

2
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therefore

areaa1 =
4
√
3− r

6
r2. (4)

Consider the figure

A

A1

O1

r

r

O2

B1

B

B4

fig.3

With the formula (3) we have

|A1B1| = |AB| − 2 |AA1| = a− 2
√
3

3
r,

therefore

areaa2 = a− 2
√
3

3
r − πr2

2
= ar − 4

√
3 + 3π

6
r2. (5)

The relations (1), (2), (4) and (5) give us

areaĈ
(1)
0 =

3
√
3

2
a2 − 6ar − 2πr2. (6)

Indicationg with M(1) the set of disks that have the center inthe cell C
(1)
0 ,

we have[2]:

P
(1)
int = 1− µ(N (1))

µ(M(1))
(7)

where µ è the Lebesgue measure in the Euclidean plane.
To compute the measures µ(M(1)) and µ(N (1)) using the measure kinematic

Poincarè [1] which, taking into account that a rotation around the center O of
the disc leaves unchanged, reduces to

dK = dx ∧ dy,

3
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where x, y are the coordinates of O.
We have

µ(M(1)) =

∫∫
{
(x,y)∈C

(1)
0

} dxdy = areaC
(1)
0 =

3
√
3

2
a2 (8)

and considering the formula (6),

µ(N (1)) =

∫∫
{
(x,y)∈Ĉ

(1)
0

} dxdy = areaĈ
(1)
0 =

3
√
3

2
a2 − 6ar − 2πr2. (9)

formulas(7), (8) e (9) give us

P
(1)
int =

4
√
3

3
· r
a
+

4
√
3π

9
·
(π
a

)2

. (10)

Da qui, poichè r < a/4, we have

P
(1)
int < 0, 73

2 Two isosceles triangles + rectangle Cell.

Let <1 (a) be a lattice with fundamental cellC
(1)
0 a regular hexagon of side a.

Let <2 (a) be a regular lattice with fundamental C
(2)
0 represented in figure

4
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A

B

C D

E

F

C03
(2)

C01
(2)

C02
(2)

a

a

a

a

a

a

2! / 3

fig.4

We have

C
(2)
01 = C

(2)
02 , ÂBF = ÂFB =

π

6
, B̂CE = ĈEF =

ÊFB = F̂BC =
π

2
, |BF | = |CE| = a

√
3, (11)

therefore

areaC
(2)
01 = areaC

(2)
02 =

a2
√
3

4
, areaC

(2)
03 = a2

√
3, areaC

(2)
0 =

3
√
3

2
a2. (12)

The ”body test” is the same disk as the previous section.

We want to compute the probability P
(2)
int that the disc intersects one side of

the cell C
(2)
0 .

Considering the limit positions of the disc d in the cell C
(2)
0i , (i = 1, 2, 3),

we have the figure

5
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A
A1

A2

A3

A4

b1
O1

a1

O9

D3
D4

D1

D2

D

B1

B2

B3

B4

B6

B7

B8B5

B

b2

b3

b2

b4

b5

b6

b7

C5

C8 C7

O2

O4

O3

O5 C6

b7

b6

C! 03
(2)

C! 01
(2)

C! 02
(2)

C C1

C2 C3

C4

E2

E1E4

E3

E6

E7

E5E8

E

O8

O10

O6

O7

b5

b5

b5
F5

F8
F7

F6

F
b3

F2

F1

F3

fig.5

Indicating with Ĉ
(2)
0i , (i = 1, 2, 3) the figure determined by these positions

we have
areaĈ

(2)
01 = areaĈ

(2)
02 = areaC

(2)
01 − 3aread−

(areab1 + 2areab2 + 2areab3 + areab4), (13)

areaĈ
(2)
03 = areaC

(2)
03 − 4aread− 2(2areab5) + (areab6) + (areab7). (14)

From Figure 1 and 5 appears

|AA1| = |AA2| =
r
√
3

3
(15)

and

areab1 = areaa1 =
3
√
3− π

6
· r2. (16)

Considering the figure

6
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B1

B

b3

! / 6

O2

B2

fig.6

we have

|BB1| = |BB2| = (2 +
√
3)r (17)

and

areab3 =
4
√
3− π

24
· r2. (18)

The figure

A

A1

O1

r

r

O2

B1

B

B4

b2
A4

fig.7

and formulas (15) and (17) give us

|A1B1| = a− |AA1| − |BB1| = a− 2(2
√
3 + 3)

3
r.

7
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Therefore

areab2 = ar − 4(2
√
3 + 3) + 3π

6
r2. (19)

Considering the figure

F
F2

O3

r

r

O2

B2
B

B3

fig.8

Hence the formula (17) follows

|B2F2| = a
√
3− 2 |BB2| = a

√
3− 2(2 +

√
3)r.

then

areab4 =
√
3ar − 4(2 +

√
3)− π

2
r2. (20)

Replacing in (13) expressions (16), (18), (19) and (20) we obtain

areaĈ
(2)
01 = areaĈ

(2)
02 = areaC

(2)
01 − 2ar +

27π − 4
√
3

12
r2. (21)

The figure

O4

r

r

b5

B6

B

B5

fig.9

8
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give us

areab5 = r2 − πr2

4
, (22)

while the figure

b6

C5

r
r

O4

B5

B
B8

C8

r

C
fig.10

follow

|B5C5| = a− 2r,

then

areab6 = (a− 2r)r − πr2

2
. (23)

Considering the figure

9
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b7

E

E6

O6

r

r

O5

C6B

C7

r

fig.11

we have

|C6E6| = a
√
3− 2r,

therefore

areab7 = (a
√
3− 2r)r − πr2

2
. (24)

Replacing in (14) the relation (22), (23) and (24) we obtain

areaĈ
(2)
03 = areaC

(2)
03 − 2a(1 +

√
3)r + (4− r)r2. (25)

With the same notations of section 1 we have

P
(2)
int = 1− 2µ(N (2)

1 ) + µ(N (2)
3 )

2µ(M(2)
1 ) + µ(M(2)

3 )
(26)

and taking account the formulas (12), (21) and (25)

µ(M(2)
1 ) =

∫∫
{
(x,y)∈C

(2)
01

} dxdy = areaC
(2)
01 =

a2
√
3

4
, (27)

µ(M(2)
3 ) =

∫∫
{
(x,y)∈C

(2)
03

} dxdy = areaC
(2)
03 = a2

√
3, (28)

µ(N (2)
1 ) =

∫∫
{
(x,y)∈Ĉ

(2)
01

} dxdy = areaĈ
(2)
01 =

a2
√
3

4
−2ar+

27π − 4
√
3

12
r2, (29)

1
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µ(N (2)
3 ) =

∫∫
{
(x,y)∈Ĉ

(2)
03

} dxdy = areaĈ
(2)
03 = a2

√
3− 2(1 +

√
3)ar + (4− π)r2.

(30)
The relations (26), (27), (28), (29) and (30) give us

P
(2)
int =

4(1 +
√
3)

3
· r
a
− (7π − 8)

√
3

9
·
( r
a

)2 ∼= 3, 64 · r
a
− 2, 68 ·

( r
a

)2

. (31)

3 Two isocele triangles + two right triangles cell

Let <3 (a) be a regular lattice with the fundamental cell C
(3)
0 represented in

figure

C01
(3)

C02
(3)

C03
(3)

C04
(3)

fig.12

We have

C
(3)
01 = C

(3)
04 , C

(3)
02 = C

(3)
03 ,
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B̂AC = ÂCB = ÊCF =
π

6
,

ĈFE =
π

3
, ĈEF =

π

2
, (32)

|AC| = |CE| = a
√
3, |CF | = 2a,

then

areaC
(3)
01 = areaC

(3)
04 =

a2
√
3

4
, areaC

(3)
02 = areaC

(3)
03 =

a2
√
3

2
. (33)

The ”body test” is the same disk as the previous section.

We want to compute the probability P
(3)
int that the disc intersects one side of

the cell C
(3)
0 .

Considering the limit positions of the disc d in the cell C
(3)
0i , (i = 1, 2, 3, 4),

we have figure

A

A2
A3A4

c3
A1

c2

c4

c2

B
B1

B2 B3

B4

c1

C

C1

C2

C3C4

c3
c6 C5

C6

C7C8

c7

c8

c9

c10

D

E
E4

E1 c7
E2

E3

O1

O2

O3
O4

O6

O5

F1

F4F3

F2

F

C! 01
(3)

C! 02
(3)

C! 03
(3)

C! 04
(3)

fig.13

Indicating with Ĉ
(3)
0i , (i = 1, 2, 3, 4)the figure determined by these positions,

we have the formulas

areaĈ
(3)
01 = areaC

(3)
04 = areaC

(3)
01 − 3aread−
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(areac1 + 2areac2 + 2areac3 + areac4), (34)

areaĈ
(3)
02 = areaC

(3)
03 = areaC

(3)
02 − 3aread−

(areac5 + areac6 + ...+ 2areac10). (35)

The figure

O2

c1

B1

B
B2

fig.14

give us

|BB1| = |BB2| =
r
√
3

3
, (36)

therefore

areac1 =
r2

6
(2
√
3− π). (37)

From figure

A1

A2
O1

A

c3

r
r

fig.15

1
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follow

|AA1| = |AA2| = (2 +
√
3)r (38)

and

areac3 =

(
2 +

√
3− 5π

12

)
r2. (39)

Considering figure

A

A1

O1

O2

B1

B

B4

c2 A4

fig.16

and by relations (36) and (38) we have

|A1B1| = a−
2(3 + 2

√
3)

3
r, (40)

then

areac2 =

[
a−

2
(
3 + 2

√
3
)

3
r

]
r − πr2

2
=

ar −
3π + 4

(
3 + 2

√
3
)

6
r2. (41)

Finally, the figure

1
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O1

A

A2

A3

C3

C2O3

C

c4

r

fig.17

p and by the solution (38) we can write

|A2C2| = |HC| − 2 |AA2| = a
√
3− 2(2 +

√
3)r.

Then

areac4 =
[
a
√
3− 2

(
2 +

√
3
)
r
]
r − πr2

2
=

√
3ar −

4
(
2 +

√
3
)
+ π

2
r2. (42)

Replacing in the formula (34) expressions (37), (39), (41) and (42) we obtain

areaĈ
(3)
01 = areaC

(3)
04 =

a2
√
3

4
−
(
2 +

√
3
)
ar +

(
4 +

7
√
3

3
− π

2

)
r2. (43)

The figure

1
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C8

O4

C5

C

c6

r

r

fig.18

and formula (38) gives us

|CC5| = |CC8| = |AA1| =
(
2 +

√
3
)
r (44)

and

areac6 =

(
2 +

√
3− 5π

12

)
r2. (45)

Now consider the figure

O6

E4

E

E1

c5

r

r

fig.19

from here it takes

areac5 = r2 − πr2

4
. (46)

From figure

1
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F2 F1

F

O5

r

c7

r

fig.20

follow

F̂1FF2 =
π

3
, |FF1| = |FF2| = r

√
3, (47)

then

areac7 = r2
√
3− π

6
r2. (48)

Figure

1
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F

F2

O5

r

r

O4

C8

C

C7

c8

fig.21

and relations (44) and (47) give us

|F2C8| = |CF | − |CC8| − |FF2| = 2a− 2
(
1 +

√
3
)
r,

therefore

areac8 = 2ar −
[
2
(
1 +

√
3
)
+

π

2

]
r2. (49)

Considering figure

1
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F

F1

O5

r

r
O6

F4

E

E2
E1

fig.22

and formula (47), we can write

|E1F1| = a−
(
1 +

√
3 +

π

2

)
r2. (50)

Finally, considering figure

c10

E

E4

O6

O4

C5

C

C6

rE3

fig.23

from here and with (44), we have

|C5E4| = a
√
3−

(
3 +

√
3
)
r.

1
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Therefore

areac10 =
√
3ar −

(
3 +

√
3 +

π

2

)
r2. (51)

Replacing in the formula (36) relations (45), (46), (48), (49), (50) and (51)
we obtain

areaĈ
(3)
02 = areaĈ

(3)
03 =

a2
√
3

2
−
(
3
√
3
)
ar +

(
3 + 2

√
3− 2π

3

)
r2. (52)

With the notations of the first section, we have

P
(3)
int = 1− 2µ(N (3)

1 ) + 2µ(N (3)
2 )

2µ(M(3)
1 ) + 2µ(M(3)

2 )
(53)

µ(M(3)
1 ) =

∫∫
{
(x,y)∈C

(3)
01

} dxdy = areaC
(3)
01 =

a2
√
3

4
, (54)

µ(M(3)
2 ) =

∫∫
{
(x,y)∈C

(3)
02

} dxdy = areaC
(3)
02 =

a2
√
3

2
, (55)

and by the formulas (43) and (52)

µ(N (3)
1 ) =

∫∫
{
(x,y)∈Ĉ

(3)
01

} dxdy = areaĈ
(3)
01 =

a2
√
3

4
−

(
2 +

√
3
)
ar +

(
4 +

7
√
3

3
− π

2

)
r2 (56)

µ(N (3)
2 ) =

∫∫
{
(x,y)∈Ĉ

(3)
02

} dxdy = areaĈ
(3)
02 =

a2
√
3

2
−

(
3 +

√
3
)
ar +

(
3 + 2

√
3− 2π

3

)
r2. (57)

and by the formulas (43) and (52)

P
(3)
int =

4
(
6 + 5

√
3
)

9
· r
a
−

4

(
13 + 7

√
3− 7

√
3π
6

)

9
·
( r
a

)2 ∼= 4, 51 · r
a
−2, 08 ·

( r
a

)2
.

References
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A Note on Bayesian Prediction

Denis Bosq

Université Pierre et Marie Curie, Paris 6, France

Abstract

This paper deals with Bayesian prediction for stochastic processes. We
give two equivalent definitions of a Bayesian predictor and study some
simple properties. We derive some results, especially if the best predictor
has a specific decomposition and we provide some examples.

Keywords : Bayesian prediction, unbiasedness, sufficiency

AMS classification : 62F15, 62M20

1 Introduction
Many papers are devoted to Bayesian estimation, but Bayesian prediction does
not appear very much in statistical literature. However this topic is very im-
portant, especially if the number of observations is small.

In this short Note we study some properties of Bayesian predictors and give
some examples.

First, we recall some general results concerning Statistical prediction (Sec-
tion 2). In Section 3 we give two definitions of a Bayesian predictor and we
note that it is always function of a P-sufficient statistic. Section 4 deals with
the special case where the variable to predict is independent from the data. In
Section 5 we specify the form of the Bayesian predictor if the best predictor has
a special but rather general form. Finally, in Section 6, we try to answer the
question of unbiasedness for a Bayesian predictor.

In addition, we study some examples of Bayesian predictors and compare
them with classical predictors.

2 Statistical Prediction
Consider a random vector Z = (X,Y ) with values in the measurable space
(E × R,B ⊗ BR), where B is a σ−algebra over E and BR is the σ−algebra of
Borel sets. The distribution Pθ of Z depends on an unknown parameter θ ∈ Θ
and T denotes a σ−algebra over Θ. X is supposed to be observed when Y is
not observed, and one wants to predict Y given X.
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A Statistical predictor of Y is a real random variable p(X) where p is known.
Now, if Y and p(X) are square integrable for every θ in Θ, we have

Eθ(p(X)− Y )2 = Eθ(p(X)− Eθ(Y |X))2 + Eθ(Eθ(Y |X)− Y )2, θ ∈ Θ, (2.1)

where, as usual, Eθ denotes expectation and Eθ(.|.) conditional expectation if
Z has distribution Pθ.

It follows that, with respect to the quadratic risk, a predictor p1(X) is prefer-
able to the predictor p2(X) if and only if

Eθ(p1(X)− Eθ(Y |X))2 ≤ Eθ(p2(X)− Eθ(Y |X))2, θ ∈ Θ. (2.2)

Thus, one may say that “predict Y “ is equivalent to “predict Eθ(Y |X)”. In the
following, we set

m(X, θ) = Eθ(Y |X).

Now, in order to obtain accurate predictions, it is necessary to use predictors
that are function of a sufficient statistic. In the context of forecasting, the
definition of such a statistic is rather restrictive :

Definition 2.1. A statistic S(X) is said to be sufficient for predicting Y (or
P-sufficient for Y ) if

1. S(X) is a sufficient statistic,

2. X and Y are conditionaly independent given S(X).

Another interesting property is unbiasedness :

Definition 2.2. Suppose that p(X) and Y are integrable. Then, p(X) is said
to be unbiased if

Eθp(X) = EθY, θ ∈ Θ.

Using these definitions we obtain conditions for optimality :

Proposition 2.1. Let p(X) be a square integrable unbiased predictor of Y and
let S(X) be a complete P-sufficient statistic. Then Eθ(p(X)|S(X)) does not
depend on θ and is the unique unbiased optimal predictor of Y (Pθ a.s. for all
θ).

Proof of the above result and other properties of statistical predictors appear
in Bosq and Blanke [2007]. Here we only present an example :

Example 2.1. (Predicting a Poisson process)
Let (Nt, t ≥ 0) be an homogeneous Poisson process with intensity θ. One

observes (Nt, 0 ≤ t ≤ s) and wants to predict Ns+h(s > 0, h > 0).Then Ns is a
complete P-sufficient statistic and the unbiased predictor

2

82 DENIS BOSQ



p(Ns) =
s+ h

s
Ns (2.3)

is optimal for predicting Ns+h.
The quadratic error with respect to Ns+h is

Eθ(Ns+h − p(Ns))
2 = θh(1 +

h

s
)

when the quadratic error with respect to Eθ(Ns+h|Ns) is given by

Eθ(θh+Ns − p(Ns))
2 =

θh2

s
. (2.4)

3 Bayesian predictors
In the Bayesian framework, one considers a random variable T with values
in the measurable space (Θ,T ). The distribution of (X,Y, T ) has the form
f(x, y, θ)dλ(x)dµ(y)dτ(θ), where λ and µ are σ−finite measures and τ is the
distribution of T , supposed to be non-degenerated. We assume that f(x, y, θ) is
strictly positive for every (x, y, θ). In the following, expectations and conditional
expectations with respect to (X,Y, T ) will be denoted E(.) or E(.|.). Finally we
suppose square integrability of p(X) and Y with respect to E and Eθ, θ ∈ Θ.

Now the quadratic Bayesian risk is given by

r(Y, p(X)) =

ˆ

Θ

Eθ(p(X)− Y )2dτ(θ) = E(p(X)− Y )2,

hence the Bayesian predictor (BP) is

p0(X) = E(Y |X) (3.1)

or equivalently

p0(X) =

ˆ

yfY |X(y|x)dµ(y)

where

fY |X(y|x) =
´

f(X, y, θ)dτ(θ)
´

f(X, y, θ)dµ(y)dτ(θ)
.

We now provide a useful alternative form of the BP; recall that m(X, θ) =
Eθ(Y |X).

Lemma 3.1. It is equivalent to predict Y or to “predict” m(X,T ), hence

p0(X) = E(m(X,T )|X). (3.2)

3
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Proof. Let p(X) be a predictor. Integrating (2.1) with respect to τ , one obtains

r(Y, p(X)) = E(Y −m(X,T ))2 + r(m(X,T ), p(X)),

thus, it is equivalent to minimize r(Y, p(X)) or to minimize r(m(X,T ), p(X))
and (3.2) follows.

Note that it is easy to verify the formula

m(X,T ) = E(Y |X,T ) (3.3)

thus, from (3.3) and (3.2), one finds again (3.1).

Lemma 3.2. P-sufficient statistic
If (X,Y ) has a density of the form g(S(x),y, θ) then S(X) is P-sufficient

and p0(X) is a function of S(X).

Proof. S(X) is clearly sufficient, and the conditional density of Y given X = x
is

fθ(y|x) =
g(S(x), y, θ)

´

g(S(x), y, θ)dµ(y)
,

hence Y is independent of X given S(X), thus S(X) is a P-sufficient statistic.
Now we have

E(Y |X) =

´

yg(S(x), y, θ)dµ(y)dτ(θ)
´

g(S(x), y, θ)dµ(y)dτ(θ)
,

which shows that p0(X) is a function of S(X).

4 Independence
In the current Section we consider the special case where X and Y are indepen-
dent for each θ. Note that this is not equivalent to “X not observed” since the
model (X,Y, T ) induces a dependence between X and Y . If X is not observed
one may put p0 = EY.

We now study two examples of such a situation. A general result will appear
in the next Section.

Example 4.1. If (X,Y ) has distribution B(n, θ)⊗B(1, θ) where B denotes the
Binomial distribution and θ ∈ ]0, 1[ , and if T has distribution B(a, b) (a >
0, b > 0), then

Eθ(Y |X) = Eθ(Y ) = θ

and, from lemma 3.1,

p0(X) = E(T |X).
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The distribution of (X,T ) is

I]0,1[(θ)C
x
nθ

x(1− θ)n−x Γ(a+ b)

Γ(a)Γ(b)
θa−1(1− θ)b−1dλ(x)dθ,

where λ is the counting measure over {1, ..., n} .
It is well known that the conditional distribution of T given X is the conju-

gate B(a+X, n+ b−X), hence

p0(X) =
a+X

a+ b+ n
.

Comparison with the unbiased predictor (i.e. estimator) is easy to perform
if a = b : elementary computations show that p0(X) is better than X

n , for each
n, if

θ(1− θ) >
a

4(a+ 1)
,

then, the length of the interval ]θ1, θ2[ where p0(X) is better than X
n is (1+a)−

1
2

and, if a is small, p0(X) is “often” preferable. For example, if a = 0.02, the length
is greater than 0.99.

Example 4.2. If (X,Y )∼e(θ)⊗ e(θ) where e(.) is the exponential distribution,
and if T∼ e(η) (θ > 0, η > 0), we have

(X,Y, T ) ∼ ηθ2 exp(−θ(x+ y + θ))Ix>0,y>0,θ>0dxdydθ,

hence (X,Y ) ∼ 2η
(x+y+η)3 Ix>0,y>0dxdy, and X ∼ η

(x+η)2 Ix>0dx. It follows that

p0(X) = E(Y |X) = X + η.

Note that we also have

p0(X) = E(m(X,T )|X) = E(
1

T
|X) = X + η.

Here the choice of the a priori distribution is not satisfactory since

Eθ(X − 1

θ
)2 =

1

θ2
,

when

Eθ(X + η − 1

θ2
)2 =

1

θ2
+ η2.
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5 Decomposition of the conditional expectation
We now study the case where m(X, θ) has a specific form.

Proposition 5.1.

1. Assume that

Eθ(Y |X) = A(X) +B(θ)C(X) +D(θ) (5.1)

where A,B,C,D are square integrable with respect to the distribution of
(X,T ). Then

p0(X) = A(X) + E(B(T )|X).C(X) + E(D(T )|X). (5.2)

2. In particular, if Eθ(Y |X) = A(X), then p0(X) = A(X).

3. If X and Y are independent, then p0(X) = E(D(T )|X) where D(θ) =
Eθ(Y ).

Proof. (5.1) entails

m(X,T ) = A(X) +B(T )C(X) +D(T )

and, from Lemma 1

p0(X) = E(m(X,T )|X)

hence (5.2).
Now, concerning the first particular case, the result is a direct consequence

of (5.1) and (5.2). Note that, here, the a priori distribution is not involved.
In the second case one may remark that

Eθ(Y |X) = Eθ(Y )

and (5.2) gives the result.

It should be noticed that it is not enough to compute the Bayesian estimator
of θ for obtaining (5.2) since, in general,

E(B(T )|X) 6= B(E(T |X)

and the same for D. However the method works if B and D are linear.

Example 5.1. (continuation of example 2.3)
Here, the conditional expectation has the form

Eθ(Ns+h|Ns) = θh+Ns , θ > 0.
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If the a priori distribution of T is Γ(a, b) with density baθa−1e−bθΓ(a)−1IR+(θ),
elementary computations show that the distribution of T given Ns is the con-
jugate Γ(Ns + a, s+ b), hence

E(T |Ns) =
a+Ns

b+ s

and, from Proposition 5.1, the Bayesian predictor is

p0(Ns) =
s+ b+ h

s+ b
Ns +

ah

s+ b
.

In order to compare it with the unbiased optimal predictor (2.3) it suffices to
compare (2.4) with

Eθ(θh+Ns − p0(Ns))
2 =

θs+ (a− θb)2

(s+ b)2
h2.

Then, p0(X) is better than p(X) if

θ2 − 2θ(
a+ 1

b
+

1

2s
) +

a2

2b
< 0.

In particular, if s is small, the BP is “often” better than the the unbiased pre-
dictor. We leave the complete discussion to the reader.

Example 5.2. Consider the gaussian process

Xt = θt+Wt , t ≥ 0

where (Wt, t ≥ 0) is a standard Wiener process. Then

Eθ(Xs+h|Xu, 0 ≤ u ≤ s) = θh+Xs

hence

p0(X) = E(T |X)h+Xs

with X = (Xu, 0 ≤ u ≤ s) and Y = Xs+h.

6 Unbiasedness
A Bayesian estimator is not unbiased, except in some special cases. The next
proposition underscores this fact :

Proposition 6.1. (Blackwell-Girschick)
If the risk function is quadratic and if p(X) is an unbiased Bayesian esti-

mator of m(θ), then

E(m(T )− p(X))2 = 0.

i.e. the Bayes risk is 0.

7
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Proof. See Lehmann and Casella [1998] p. 234-235.

For a predictor, the situation appears to be more intricate :

Proposition 6.2. Set

ϕ(X,T ) = m(X,T )− p0(X)

- If p0(X) is unbiased, we have

ϕ(X,T )⊥L2(BX) ∪ L2(BT )

where orthogonality is taken with respect to the distribution of (X,T ) and where
BX (resp. BT ) is the σ−algebra generated by X (resp. T ).

- If p0(X) is unbiased and

m(X, θ) = A(X) +B(θ)C(X) +D(θ)

then, B(θ)C(X) = 0 entails

E(m(X,T )− p0(X))2 = 0 (6.1)

when, if B(θ)C(X) 6= 0, one may have

E(m(X,T )− p0(X))2 > 0.

Proof. - From Lemma 3.1 one has

ϕ(X,T ) = m(X,T )− E(m(X,T )|X)

which implies that

ϕ(X,T )⊥L2(BX).

Now, unbiasedness means that

E(m(X,T )|T ) = E(p0(X)|T )

that is

E(ϕ(X,T )|T ) = 0

therefore

ϕ(X,T )⊥L2(BT ).

- If

m(X, θ) = A(X) +D(θ)

Proposition 5.1 gives

8
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p0(X) = A(X) + E(D(T )|X)

hence

E(ϕ(X,T ))2 = E(D(T )− E(D(T )|X))2

and since E(D(T )|X) is an unbiased Bayesian estimator of D(θ), Proposition
6.1 entails

E(ϕ(X,T )2 = 0.

- Now, if B(θ)C(X) 6= 0, consider the model

Y = θX + ε (|θ| < 1)

where (X, ε) ∼ N (0, 1)⊗N (0, 1− θ2), then Y ∼ N (0, 1). Then we have

m(X, θ) = θX

and, from Proposition 5.1,

p0(X) = E(T |X).X.

But (X,T ) ∼ N (0, 1)⊗ τ , so

p0(X) = ET.X =

ˆ +1

−1

θdτ(θ).X.

It follows that p0(X) is unbiased, since

Eθ(p0(X)) = ET.Eθ(X) = 0 = EθY.

However

E(ϕ(X,T ))2 = EX2.V T > 0

because τ is not degenerated.

Example 6.1. (Autoregressive process)
Consider the AR(1) process (cf Brockwell and Davis, 1991)

Xn − θ = ρ(Xn−1 − θ) + εn, n ∈ Z, (θ ∈ R)

where (εn) is a strong white noise and ρ is known (|ρ| < 1). Then, if X =
(X1, ..., Xn) and Y = Xn+1 we have

m(X, θ) = Eθ(Xn+1|X1, ..., Xn) = ρXn + θ(1− ρ) := A(X) +D(θ),

thus

9
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p0(X) = ρXn + (1− ρ)E(T |X)

and (6.1) applies. As an application one can show that

p0(X) = ρXn + (1− ρ)X̄n

is not Bayesian since this should imply

X̄n = T a.s.

Note that, on the contrary, if ρ is unknown, one can obtain the situation
described at the end of the proof of Proposition 6.2. For a study of Bayesian
prediction for AR(1) processes we refer to Díaz [1990].

Example 6.2. (continuation of example 2.3)
Recall that

m(Ns, θ) = Ns + hθ := A(X) +B(θ),

so, whatever the a priori distribution τ, the BP is not unbiased.
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Divergences in parametric setting
without smoothing or grouping

Michel Broniatowski� , Igor Vajday
�LSTA, Université Pierre et Marie Curie

Abstract

This paper reviews simple estimators based on the minimiza-
tion of a divergence between the empirical measure and a model
of continuous distributions. The technique which is developped
here makes use of simple duality arguments. It has the bene�t of
requiring neither smoothing nor grouping, as is usually done for
these problems. Also the class of estimators contains the Max-
imum Likelihood one as a special case. In�uence functions are
presented. Extensions of divergence concepts are exposed and a
discussion on invariance is considered.

1 Introduction

The present paper presents an overview on the dual representation for
divergences between probability measures with an emphasis on possible
extensions towards statistical estimation criterions in parametric fami-
lies. It is mostly based on Broniatowski and Vajda (2010) contribution
to this domain; we refer to Bronniatowski and Keziou (2006) for an al-
ternative approach, also based on duality arguments, in relation to the
non parametric case. The basic notation is as follows.

Let � : (0;1) 7! R be twice di¤erentiable strictly convex function
with �(1) = 0 and (possibly in�nite) continuous extension to t = 0+
denoted by �(0); and let � be the class of all such functions. For every
� 2 � we consider the adjoint function

��(t) = t�(1=t) where �� 2 �; (��)� = �:

For every � 2 � we consider �-divergence of probability measures P
and Q on a measurable space (X ;A) with densities p; q w.r.t. a dom-
inating �-�nite measure �: In this paper we deal with P; Q which are

1
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either measure-theoretically equivalent (i.e. satisfying pq > 0 �-a. s.,
in symbols P � Q) or measure-theoretically orthogonal (i.e. satisfying
pq = 0 �-a. s., in symbols P?Q). Thus, by Liese and Vajda (1987 or
2006), for all P;Q under consideration

D�(P;Q) =

8
<
:

R
� (p=q) dQ if P � Q

�(0) + ��(0) if P?Q

where the range of values is

0 � D�(P;Q) � �(0) + ��(0)

and D�(P;Q) = 0 i¤ P = Q or D�(P;Q) = �(0) + ��(0) if (for �(0) +
��(0) < 1 i¤) P?Q. Another important property is the skew symmetry

D�(Q;P ) = D��(P;Q):

We shall deal mainly with the power divergences (or Cressie-Read
divergences)

D�(P;Q) := D��(P;Q) of real powers � 2 R (1)

for the power functions �� 2 � de�ned by

��(t) =
t� � �t+ �� 1

�(�� 1)
if �(�� 1) 6= 0 (2)

and otherwise by the corresponding limits

�0(t) = � ln t+ t� 1; �1(t) = ��
0(t) = t ln t� t+ 1: (3)

It is easy to verify for all � 2 R the relation

��
� = �1�� so that D�(Q;P ) = D1��(P;Q):

For P � Q we get

D�(P;Q) =

8
<
:

1
�(��1)

�R
(p=q)� dQ� 1

�
if �(�� 1) 6= 0

R
ln(p=q) dP = D0(Q;P ) if � = 1

(4)

2
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and for P?Q similarly

D�(P;Q) =

(
1=�(1� �) if 0 < � < 1

1 otherwise:
(5)

The special cases D2(P;Q) or D1(P;Q) are sometimes called Pearson
or Kullback divergences and D�1(P;Q) = D2(Q;P ) or D0(P;Q) =
D1(Q;P ) reversed Pearson or reverse Kullback divergences, respectively.

The �-divergences and power divergences will be applied in the stan-
dard statistical estimation model with i.i.d. observations X1; : : : ; Xn

governed by P�0 from a family P = fP� : � 2 �g of probability mea-
sures on (X ;A) indexed by a set of parameters � � Rd. The parameter
�0 is assumed to be identi�able and the family P measure-theoreticaly
equivalent in the sense

P� 6= P�0 and P� � P�0 for all �; �0 2 � with � 6= �0: (6)

Further, the family is assumed to be continuous (nonatomic) in the sense

P�(fxg) = 0 for all x 2 X ; � 2 � (7)

and dominated by a �-�nite measure � with densities

p� = dP�=d� for all � 2 �: (8)

In this model the parameter �0 is assumed to be estimated on the basis
of observations X1; : : : ; Xn by measurable functions �n : X n 7! � called
estimates. Collection of estimates for various sample sizes n is an esti-
mator. Estimators are denoted in this paper by the same symbols �n as
the corresponding estimates.

The assumed strict convexity of �(t) at t = 1 together with the identi-
�ability of �0 assumed in (6) means thatD�(P�; P�0) � 0 for all �; �0 2 �
with the equality i¤ � = �0. In other words, the unknown parameter �0
is the unique minimizer of the function D�(P�; P�0) of variable � 2 �,

�0 = argmin�D(P�; P�0) for every �0 2 �: (9)

Further, the observations X1; : : : ; Xn are in a statistically su¢ cient
manner represented by the empirical probability measure

Pn =
1

n

nX

i=1

PXi
(10)

3
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where Px denotes the Dirac probability measure with all mass concen-
trated at x 2 X . The empirical probability measures Pn are known to
converge weakly to P�0 as n ! 1. Therefore by plugging in (9) the
measures Pn for P�0 one intuitively expects to obtain the estimator

�n = �n;� := argmin�D� (P�; Pn) (11)

which estimates �0 consistently in the usual sense of the convergence
�n ! �0 for n ! 1. However, the reality is di¤erent: the problem is that
for the continuous family P under consideration and the discrete family
Pdis of all pm�s with �nite support, obviously containing the empirical
distributions (10)

P�?Pn ) D�(P�; Pn) = �(0) + ��(0) when P� 2 P and Pn 2 Pdis:
(12)

This means that the estimates �n proposed in (11) are trivial, with the
argmin = �.

In the following two sections we list and motivate several modi�ca-
tions of the minimum divergence rule (11) which allow to bypass the
problem (12). Some of them are new and some known from the previous
literature. We illustrate the general forms of these estimators by apply-
ing them to the basic standard statistical families. We denote by L1(Q)
the set of all absolutely Q-integrable functions f : X 7!R and put for
brevity

Q � f =

Z
f dQ for f 2 L1(Q): (13)

The space Q is de�ned as the set of p.m�s

Q : =P [ Pdis:

2 Subdivergences and superdivergences

We denote by
`�;~� = p�=p~�

the likelihood ratios between the densities p� and p~�:
De�ne the nonincreasing functions

�#(t) = �(t)� t�0(t) for every � 2 �

and assume that P is such that
�
�
�
`�;~�

�
; �0 �`�;~�

�
; �#

�
`�;~�

�	
� L1(Q) for all �; ~� 2 � and Q 2 Q:
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(which obviously holds for Q = Pn).
For all pairs �; ~� 2 � we consider the functions L�(�; ~�) = L�(�; ~�; x)

of variable x 2 X de�ned by the formula

L�(�; ~�) = P� � �0(`�;~�) + �#(`�;~�).

2.1 Dual version of ��divergences.
Liese and Vajda (2006) in parametric setting, Broniatowski and Keziou
(2006) in measure space setting obtained the so called dual version of
the divergence between P and Q: We present the simple argument devel-
opped by Liese and Vajda (2006), which has the merit of strict pertinence
in the present parametric setting. By strict convexity

�(t) � �(s) + �0(s)(t� s)

with the equality only for t = s. Putting in this inequality t = `�;�0,
s = `�;~� and integrating both sides over P�0 we get

D� (P�; P�0) = max
~�2�

D
¯�;~� (P�; P�0) for all �; �0 2 �

with

D
¯�;~� (P�; Q) = Q �L�( �; ~�) = P� ��0(`�;~�)+Q ��#(`�;~�); (P�; Q) 2 P
Q

and immediately follows

Theorem 1 For each (P�; P�0) 2 P 
 P and � 2 �, the �-divergence
D� (P�; P�0) is maximum of the �nite expectations D

¯ �;~� (P�; P�0) over ~� 2
� attained at the unique point ~� = �0: In other words,

D� (P�; P�0) = max
~�2�

D
¯ �;~� (P�; P�0) for all �; �0 2 �

where the equality holds i¤ ~� = �0:

From the above result it is natural to introduce the following two
de�nitions

De�nition 2 � is the escort parameter.

De�nition 3 D
¯ �;~� (P�; Q) is a subdivergence of P�; Q with parame-

ters (�; ~�) 2 �
�:
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Nowwe introduce the family of suprema D̄� (P�; Q) := sup~�2�D¯�;~� (P�; Q)
for all (P�; Q) 2 P 
Q

parametrized by � 2 �. This family extends the �-divergences
D� (P;Q) from the domain P 
 P to P 
Q allowing therefore Q to
be discrete. Indeed, by the above Theorem ,

D̄� (P�; Q) = D� (P�; Q) for all (P�; Q) 2 P 
 P .

This justi�es us to interpret D̄� (P�; Q) as superdivergences of (P�; Q) 2
P 
Q with parameters � 2 �.

Also
min
�

D̄� (P�; P�0) = D� (P�0 ; P�0) = 0:

2.2 Estimators

Note that if Q = Pn 2 Pdis then the superdivergence values D̄� (P�; Pn)
di¤er from the constant divergence values D� (P�; Pn) � �(0) + ��(0) .

The subdivergences D
¯�;~� (P�; Pn) and superdivergences D̄� (P�; Pn)

can replace the divergencesD� (P�; Pn) as optimality criteria in de�nition
ofM -estimators: Let us consider the families of functionals ~T�;� : Q 7! �
and T� : Q 7! � de�ned by

~T�;�(Q) = argmax~� D
¯�;~� (P�; Q) for (�; �) 2 �
�

and
T�(Q) = argmin� D̄� (P�; Q) for � 2 �

respectively. Replacing the general argument Q by Pn we obtain the
maximum subdivergence estimators (brie�y, the maxD

¯�-
estimators)

~��;�;n=~T�;�(Pn) = argmax~� D
¯�;~� (P�; Pn)

=argmax~�

�
P� � �0(`�;~�) + Pn � �#(`�;~�)

�

=argmax~�

"
P� � �0

�
p�
p~�

�
+

1

n

nX

i=1

�#

�
p�(Xi)

p~�(Xi)

�#

with escort parameters � 2 �; and theminimum superdivergence
estimators (brie�y, the minD̄�-estimators)

��;n=T�(Pn) = argmin� D̄� (P�; Pn) = argmin�sup~� D
¯�;~� (P�; Pn)

=argmin�sup~�

�
P� � �0(`�;~�) + Pn � �#(`�;~�)

�

=argmin�sup~�

"
P� � �0

�
p�
p~�

�
+

1

n

nX

i=1

�#

�
p�(Xi)

p~�(Xi)

�#
:
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We can prove easily that the maxD
¯ �-estimators are as well as

the minD̄�-estimators are Fisher consistent.

~T�;�(P�0) = argmax~� D
¯�;~� (P�; P�0) = �0 for (�; �) 2 �
�

Remark: The remarkable property of the above construction is that
it completely avoids any type of smoothing or grouping in the de�ntion
of the estimators; these techniques have been widely developped in order
to avoid the lack of absolute continuity between the (atomic) empirical
measure Pn and the (continuous) distributions in the model P :

The minD̄�-estimators ��;n were proposed independently by Liese
& Vajda (2006) under the name modi�ed �-divergence estimators
and Broniatowski & Keziou (2006) under the name minimum dual �-
divergence estimators . The maxD

¯�-estimators ~��;�;n were proposed
by Broniatowski and Keziou (2009) and called dual �-divergence es-
timators . Both types of these estimators were in the cited papers mo-
tivated by the mentioned Fisher consistency and by the property easily
veri�able from that �(t) = � ln t implies

~��;�;n = argmax~� �n
i=1 ln p~�(Xi) and ��;n = argmax� �n

i=1 ln p�(Xi)
(14)

where the left equality holds for all escort parameters � 2 �. In other
words, the logarithmic choice �(t) = � ln t reduces all the variants of
the maxD

¯�-estimator as well as the minD̄�-estimator to the MLE. It
is challenging to investigate the extent to which the maxD

¯�-estimators
~��;�;n and theminD̄�-estimator ��;n as extensions of the MLE are e¢ cient
and robust under various speci�cations of �; � and � respectively.

2.3 Power divergences
We restrict ourselves to special subclasses of the power divergencesD�(P;Q)
D��(P;Q) . For the power functions �� we get the functions

���(t) := t�0
�(t) =

8
<
:

t��t
��1

for � 6= 1

lim�!1
t��t
��1

= t ln t for � = 1

and

�#
� (t) = ��(t)� ���(t) =

8
<
:

1
�
(1� t�) for � 6= 0

lim�!0
1
�
(1� t�) = � ln t for � = 0:
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They lead to the maxD
¯�-estimators (brie�y, power subdivergence

estimators)

~��;�;n = argmax~�

�
P~� � ���

�
p�
p~�

�
+ Pn � �#

�

�
p�
p~�

��

with power parameters � 2 R and escort parameters � 2 � and to the
minD̄�-estimators (brie�y, power superdivergence estimators)

2.4 Power subdivergence estimators
We study the maxD

¯�-estimators ~��;�;n with the divergence power pa-
rameters � � 0 and the escort parameters � 2 �. As said above, for
� = 0 they coincide with the MLE�s . Therefore we restrict ourselves to
� > 0:We present the In�uence Functions for those estimators.

For a density p� twice di¤erentiable with respect to � 2 � � Rd, we
put

s� =
d

d�
ln p� and �s� =

�
d

d�

�t

s�

By assumptions, the argminima ~��;�;n = ~T�;�(Pn) are for all � > 0
solutions of the equations

P~� �
�
p�
p~�

��

s~� �
1

n

nX

i=1

�
p�(Xi)

p~�(Xi)

��

s~�(Xi) = 0

in the variable ~� 2 �.

The In�uence Functions of the maxD
¯�-estimators ~��;�;n under con-

sideration are at P�0 given by the formula

IF(x; ~T�;�; �0) = I�;�(�0)
�1

��
p�(x)

p�0(x)

��

s�0(x)� P�0 �
�
p�
p�0

��

s�0

�
if � > 0

IF(x; ~T0;�; �0) = I(�0)
�1s�0(x) otherwise (

where

I�;�(�0) = P�0 �
�
p�
p�0

��

st�0s�0 if � > 0

I(�0) = P�0 � st�0s�0 if � = 0.

If the escort parameter � coincides with the true parameter �0 then

IF(x; ~T�;�0 ; �0) = I(�0)
�1s�0(x) for all � � 0.

In the MLE case � = 0 we get for all escort parameters � the classi-
cal MLE in�uence function with the classical Fisher information matrix.
This in�uence function is obtained also if the escort parameter � coin-
cides with the true parameter �0 as in this case the estimators with all
power parameters � � 0 reduce to the MLE .

8

otherwise (� = 0)

w
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2.5 The choice of the escort parameter

This important problem is currently being studied. It can be argued
that for the escort parameter di¤erent from the unknown value �0 the
maximum subdivergence estimators su¤er of a lack of Fisher
consistency under misspeci�cation (see Broniatowski and Vajda 2010)
for examples; this induces to consider escort parameters de�ned as pre-
liminary estimators, possibly with good robustness properties. We refer
to Toma and Broniatowski (2011) for some considerations in this respect.
See also Cher� (2010).

3 Power superdivergence estimators

In this subsection we deal with theminD̄�-estimators ��;n with the power
parameters � � 0: For � = 0 they coincide with the MLE�s. It holds

Theorem 4 The minD̄�-estimators ��;n = T�(Pn) are solutions of the
equations

�

1� �
P~��;�

�
�

p�
p~��;�

��

s� +
1

n

nX

i=1

�
p�(Xi)

p~��;�
(Xi)

��

s�(Xi) = 0:

Corollary 5 The in�uence functions IF (x;T�; �) of allminD̄�-estimators
��;n = T�(Pn) with power parameters 0 < � < 1 at P� 2 P coincide with
the in�uence function

IF(x;T0; �) = I(�)�1s�(x)

of the MLE �0;n = T0(Pn). Henceforth are not robust in most cases .

4 Decomposable pseudodistances

The �-divergencesD�(P;Q), � 2 � can be characterized by the informa-
tion processing property, i. e. by the complete invariance w.r.t. the sta-
tistically su¢ cient transformations of the observation space(X ;A). This
property is useful but probably not unavoidable in the minimum distance
estimation based on similarity between theoretical and empirical distrib-
utions. Hence we admit in the rest of the paper general pseudodistances
D(P;Q) which may not satisfy the information processing property.

9
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De�nition 6 We say that D : P 
 P+ 7! R is a pseudodistance of
probability measures P 2 P = fP� : � 2 �g and Q 2 P+if

D(P�; P~�) � 0 for all �; ~� 2 � with D(P�; P~�) = 0 i¤ � = ~�:

An additional restriction imposed in this section on pseudodistances
D(P;Q) will be the decomposability.

De�nition 7 A pseudodistance D on P 
 P+is a decomposable if
there exist functionals D0 : P 7! R, D1 : P+ 7! R and measurable
mappings

�� : X 7!R; � 2 �

such that for all � 2 � and Q 2 P+ the expectations Q � �� exist and

D(P�; Q) = D0(P�) +D1(Q) +Q � ��:

De�nition 8 We say that a functional TD : Q 7! � for Q = P+[Pemp

de�nes a minimum pseudodistance estimator (brie�y, minD-
estimator) if D(P�; Q) is a decomposable pseudodistance on P 
P+ and
the parameters TD(Q) 2 � minimize D0(P�) +Q � �� on �; in symbols

TD(Q) = argmin�

�
D0(P�) +Q � ��

�
for all Q 2 Q:

In particular, for Q = Pn 2 Pemp

�D;n := TD(Pn) = argmin�

"
D0(P�) +

1

n

nX

i=1

��(Xi)

#
if Pn =

1

n

nX

i=1

�Xi
:

An important property is

Theorem 9 Every minD-estimator

�D;n = argmin�

"
D0(P�) +

1

n

nX

i=1

��(Xi)

#

is Fisher consistent in the sense that

TD(P�0) = argmin�D(P�; P�0) = �0 for all �0 2 �:
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The sum

D(P�; Q) := D0
�;� (P�) +D1

�;� (Q) +Q � ��;�;�
is a pseudodistance on P
P+ and the maximum subdivergence estima-
tor

��;�;n = argmax�

"
P� � �0

�
p�
p�

�
+

1

n

nX

i=1

�#

�
p� (Xi)

p�(Xi)

�#

with the divergence parameter � 2 � and escort parameter � 2 � is the
minD-estimator for the decomposable pseudodistance .

4.1 Power pseudodistance estimators
A special class of pseudodistances D (P�; Q) de�ned on P 
P+ by the
integral formula

D (P�; Q) =

Z
 (p�; q) d� for p� =

dP�
d�

; q =
dQ

d�

where  (s; t) are re�exive in the sense that they are nonnegative func-
tions of arguments s; t > 0 with  (s; t) = 0 i¤ s = t. If a function  is
re�exive and also decomposable in the sense

 (s; t) =  0(s) +  1(t) + �(s) t; s; t � 0 (15)

for some  0;  1; � : (0;1) ! R then the corresponding  -pseudodistance
is a decomposable pseudodistance satisfying

D (P�; Q) = D0
 (P�) +D1

 (Q) +Q � ��
for

D0
 (P�) =

Z
 0(p�) d�; D1

 (Q) =

Z
 1(q) d� and �� = �(p�):

The �-divergences D�(P�; Q) are special  -pseudodistances (??) for
the functions

 (s; t) = �(s=t) t� �0(1)(s� t); s; t > 0 (16)

since they are nonnegative and re�exive, and (16) implies D (P�; Q) =
D�(P�; Q) for all P 2 P ; Q 2 P+ when � 2 � and  are related by (16).
However, the functions (16) in general do not satisfy the decomposability
condition (15) so that the �-divergences are not in general decomposable
pseudodistances. An exception is the logarithmic function � = �0 =
� log x+ x� 1 for which the minD�0-estimator is the MLE.

1
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the L2-estimator is an example where the above setting applies. The
quadratic function  (s; t) = (s � t)2 is re�exive and also decomposable
. Thus it de�nes the decomposable pseudodistance

D (P�; Q) =

Z
(p� � q)2 d� = kp� � qk2

on P 
 P+ for P+ � L2(�). It is easy to verify that

D0
 (P�) =

Z
p2� d� D1

 (Q) =

Z
q2 d�Q; and �� = �2p�:

The corresponding minD -estimator is in this case the L2-estimator

�n = argmin�

"Z
p2� d�� 2

n

nX

i=1

p�(Xi)

#

which is known to be robust but not e¢ cient (see e.g. Hampel et al.
(1986)).

To build a smooth bridge between the robustness and e¢ ciency, one
needs to replace the re�exive and decomposable functions  by families
f � : � � 0g of re�exive functions decomposable in the sense

 �(s; t) =  0
�(s) +  1

�(t) + ��(s) t for all � � 0 (cf. (??))

with the limits at satisfying for some constant { all s > 0 the conditions

 0
0(s) = lim

�#0
 0
�(s) = { s and lim

�#0
��(s) = �0(s) = � ln s:

Then for all � � 0 and (P�; Q) 2 P
P+ the family of  �-pseudodistances

D�(P�; Q) := D �(P�; Q); � � 0

satis�es the decomposability condition

D�(P�; Q) = D0
�(Q) +D1

�(P�) +Q � ��;� (cf. (??))

for

D0
�(P�) =

Z
 0
�(p�) d�; D1

�(Q) =

Z
 1
�(q) d� and ��;� = ��(p�):

The pseudodistances D�(P�; Q) are decomposable and de�ne the
family of minD�-estimators

��;n = argmin�
�
D0
 �
(P�) + Pn � ��;�

�

= argmin�

"Z
 0
�(p�) d�+

1

n

nX

i=1

��(p�(Xi))

#
; � � 0:
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This family contains as a special case for � = 0 the e¢ cient but non-
robust MLE

�0;n = argmin�

"
const� 1

n

nX

i=1

ln p�(Xi)

#

while for � > 0 the ��;n�s are expected to be less e¢ cient but more
robust than �0;n.

Decomposable pseudodistances D�(P�; Q), de�ned on P 
Q by the
functions

 �(s; t) = t1+�
h
��1+�

�s
t

�
+ (1� �)��

�s
t

�i
; � � 0

of variables s; t > 0 where �1+� and �� are the power functions are
de�ned through

 0
�(s) =

s1+�

1 + �
;  1

�(t) =

(
t
�
t��1
�

� t�

1+�

�

t ln t� t
and ��(s) =

(
� s��1

�
if � > 0

� ln s if � = 0:

Moreover, this family is continuous in the parameter � # 0 and leads to
MLE as its limit.

4.2 Relation with other estimation criterions
we call the pseudodistancesD�(P;Q) simply power pseudo� distances
of orders � � 0. The next theorem guarantees �niteness and continuity
of these divergences. It is restricted to the families P satisfying for some
� > 0 the condition

p�; q�; ln p 2 L1(Q) for all P 2 P ; Q 2 P+: (17)

Theorem 3.1.3. If (17) holds for some � > 0 then for all 0 � � �
�; the modi�ed power divergences are well de�ned by ( ??) and �nite,
satisfying for all P 2 P ; Q 2 P+ the continuity relation

lim
�#0

D�(P;Q) = D0(P;Q): (18)

Example 3.1.3: L2-estimator revisited. By (??), theminD�-estimator
of order � = 1 is de�ned by

�1;n = argmin�

"Z
p2� d�� 2

n

nX

i=1

p�(Xi)

#
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so that it is nothing but the L2-estimator �n from Example 3.1.2. The
family of estimators �n;� from (??) smoothly connects this robust esti-
mator with the e¢ cient MLE�n;0 when the parameter � decreases from
1 to 0.

The special class of the minD�-estimators ��;n given above was pro-
posed by Basu et al. (1998) who con�rmed their e¢ ciency for� � 0 and
their intuitively expected robustness for � > 0. These authors called ��;n
minimum density power divergence estimators without actual clari�ca-
tion of the relation of the �density power divergences" D�(P;Q) to the
standard power divergences D�(P;Q) studied in Liese and Vajda (1987)
and Read and Cressie (1988).

��;n = argmax�

(
1
n

Pn
i=1

1
�
(p�� (Xi)� 1)� 1

1+�

R
p1+�
� d� if � > 0

1
n

Pn
i=1 ln p�(Xi)� 1 if � = 0:

(19)
This subclass of general minD�-estimators (19) was included in a wider
family of generalized MLE�s introduced and studied previously in Vajda
(1984,1986). However, the whole class (19) was not introduced there.

If the statistical model h(X ;A);P = (P� : � 2 �)i is reparametrized
by # = #(�) then the new minD�-estimates #�n are related to the orig-
inal ��;n by #�;n = #(��;n). If the observations x 2 X are replaced by
y = T (x) where T : (X ;A) 7! (Y ;B) is a measurable statistic with the
inverse T�1 then the densities

~p� =
d ~P�

d~�

in the transformed model h(Y ;B); ~P = ( ~P� = P�T
�1 : � 2 �)i w.r.t. �-

�nite dominating measure ~� = �T�1 is related to the original densities
p� by

~p�(y) = p�(T
�1y)JT (y) (20)

JT (y) is the determinant

JT (y) =

����
d

dy
H(y)

���� :

TheminD�-estimators are in general not equivariant w.r.t. invertible
transformations of observations T , unless � = 0. However

1
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Theorem 10 The minD�-estimates ~��;n in the above considered trans-
formed model coincide with the original minD�-estimates ��;n if the Ja-
cobian JT of transformation is a nonzero constant on the transformed
observation space Y. Thus if X ;Y are Euclidean spaces then the minD�-
estimators are equivariant under linear statistics Tx = ax+ b.
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1 Obstacles isosceles triangles.

Let <1 (a, α, β;m) be Delone lattice with fundamental cell C
(1)
0 represented in

the figure

1

A Buffon-Laplace type problem for two Delone
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A

Abstract

In this paper we consider two Delone lattices with the cells represented
in the figure 1 and in the figure 15 and we compute the probability that
a segment of random position and costant length intersects a side of the
lattice.

Keywords: Geometric Probability, stochastic geometry, random sets,
random convex sets and integral geometry.
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where
π

4
≤ β < α ≤ π

3
and the 12 obstacles are isosceles triangles of sides

m

2
,

m

2
, with m < a.

From the figure 1 and considering the symmetries we have

|AB| = |BC| = |EF | = |FG| = a,

|AH| = |CH| = |CD| = |DE| = |EH| = |GH| = a sinα

sinβ
> a,

|BH| = |FH| = a sin (α+ β)

sinβ
, (1)

|A1A2| = m cos
α+ β

2
, |B1B2| = m sin

α

2
,

|C1C2| = |E1E2| = m sinβ, |D1D2| = |H1H2| = m cosβ, (2)

areaAA1A2 =
m2

8
sin (α+ β) , areaCC1C2 = areaDD1D2 = areaEE1E2 =

areaHH1H2 =
m2

8
sin 2β, areaBB1B2 =

m2

8
sinα. (3)

With these values we can write

areaC
(1)
01 = areaC

(1)
02 = areaC

(1)
03 = areaC

(1)
04 =

a2 sinα sin (α+ β)

2 sinβ
− m2

8
[sin (α+ β)− sinα] ,
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areaC
(1)
05 =

(
a2 sin2 α

sin2 β
− m2

2

)
sin 2β. (4)

We consider a segment s of random position and of constant length l <

min
(
a−m, a(cosα+ cosβ)− m

2

)
and we want to compute the probability

that this segment intersects a side of lattice, therefore the probability P
(1)
int that

s intersects the side of the fundamental cell C
(1)
0 .

The position of the segment s is determinated by his middle point O and by

the angle ϕ that it forms with the side BF of the cell C
(1)
0 .

To compute the probability P
(1)
int we consider the limit positions of the seg-

ment s, for an assigned value of ϕ, situated in the cell C
(1)
0i , (i = 1, 2, ..., 5), and

we denote with Ĉ
(1)
0i (ϕ) the polygon determined from these positions we have

the figure

B

A

C

D

E

F

G
A1

A2

B1

B2

D3

C1

D1

E1

E2

H
H2 H1

öC05
(1)( )

H3 H '
C2 C3b3

b4

D2

D'

E3

E4

b1

b1

b2

b3

b4b2

H5

H4

A3a1
a2

a3

a4

a5

a6öC01
(1)( )

fig.2

From this figure follow

areaĈ
(1)
01 (ϕ) = areaĈ

(1)
02 (ϕ) = areaĈ

(1)
03 (ϕ) = areaĈ

(1)
04 (ϕ) =

areaC
(1)
01 − [areaa1 (ϕ) + areaa2 (ϕ) + ...+ areaa6 (ϕ)] , (5)

areaĈ
(1)
05 (ϕ) = areaC

(1)
05 (ϕ)− 2 [areab1 (ϕ)+

areab2 (ϕ) + areab3 (ϕ) + areab4 (ϕ)] . (6)

The figure

3
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give us

Â3AA4 = π − (α+ β) , Â3A4A = α− ϕ,

ÂA3A4 = ϕ+ β. (7)

From the triangle AA3A4 follow that:

l

sin (α+ β)
=

|AA3|
sin (α− ϕ)

=
|AA4|

sin (ϕ+ β)
,

therefore

|AA3| =
l sin (α− ϕ)

sin (α+ β)
, |AA4| =

l sin (ϕ+ β)

sin (α+ β)
. (8)

Hence because

h1 = |AA4| sin (α− ϕ) =
l sin (α− ϕ) sin (α+ β)

sin (α+ β)
,

we have

areaAA3A4 =
l2 sin (α− ϕ) sin (α+ β)

2 sin (α+ β)
,

therefore, considering the relation (3),

areaa1 (ϕ) =
l2 sin (α− ϕ) sin (ϕ+ β)

2 sin (α+ β)
− m2

8
sin (α+ β) . (9)

Considering the figure

4

A

m /2
m /2

A

A1

A3

A4
 

 

 

fig.3

give us

̂

110 GIUSEPPE CARISTI - MARIUS STOKA



A

l /2

A4

B1

B

B4

A'

h2

fig.4

W

With the relationes (7) and (8) we can write

̂A4B1B4 = ÂA4A
′ = α− ϕ,

h2 =
l

2
sin (α− ϕ) ,

|A4B1| = a− m

2
− |AA4| = a− m

2
− l sin (ϕ+ β)

sin (α+ β)
.

Therefore

areaa2 (ϕ) =

[
a− m

2
− l sin (ϕ+ β)

sin (α+ β)

]
· l
2
sin (α− ϕ) . (10)

The formulas (9) and (10) give us

areaa1 (ϕ) + areaa2 (ϕ) = (2a−m) · l
4
sin (α− ϕ)−

m2

8
sin (α+ β) . (11)

From the figure

5
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A

B1

B

l /2
B4

B3

B2

h3

 
H

fig.5

follow
B̂2B1B4 = π − B̂1B2B3 =

π −
(
π − ϕ− π

2
+

α

2

)
=

π

2
− α

2
+ ϕ,

h3 =
l

2
sin

(π
2
− α

2
+ ϕ

)
=

l

2
cos

(
ϕ− α

2

)
,

therefore, considering the (2),

areaa3(ϕ) =
ml

2
sin

α

2
cos

(
ϕ− α

2

)
. (12)

The figure

H4

h5

H5

H 
 

l

fig.6

give us

ĤH4H5 = π − (ϕ+ β) ,

h5 = l sinϕ. (13)

On the other hand, from the triangle HH4H5 follow

6
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From here and with the (14) we have

h4 =
l

2
sinϕ, |B2H5| = |BH| − m

2
− |HH5| =

a sin (α+ β)

sinβ
− m

2
− l sin (ϕ+ β)

sinβ
.

Therefore

areaa4 (ϕ) =

[
a sin (α+ β)

sinβ
− m

2
− l sin (ϕ+ β)

sinβ

]
· l
2
sinϕ. (16)

The relations (15) and (16) give us

areaa4 (ϕ) + areaa5 (ϕ) =

[
a sin (α+ β)

sinβ
− m

2

]
· l
2
sinϕ. (17)

At the end, the figure

7

B2

h4

B3 H '

H5 HB m /2

l /2

 

fig.7

F

l

sinβ
=

|HH4|
sinϕ

=
|HH5|

sin (ϕ+ β)
,

hence

|HH4| =
l sinϕ

sinβ
, |HH5| =

l sin (ϕ+ β)

sinβ
. (14)

Therefore

areaa5 (ϕ) =
l2 sinϕ sin (ϕ+ β)

2 sinβ
. (15)

To compute areaa4 (ϕ) we use the figure

B2

h4

B3 H '

H5 HB m /2

l /2
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A

h6

A3

H4

A'

l /2

H '
fig.8

a g

and the relations (1), (8), (13) and (14) give us

Â3A
′H ′ = ÂA3A4 = ϕ+ β,

h6 =
l

2
sin (ϕ+ β) ,

|A3H4| = |AH| − |AA3| − |HH4| =
a sinα

sinβ
− l sin (α− ϕ)

sin (ϕ+ β)
− l sinϕ

sinβ
.

Consequently

areaa6 (ϕ) =

[
a sinα

sinβ
− l sin (α− ϕ)

sin (ϕ+ β)
− l sinϕ

sinβ

]
· l
2
sin (ϕ+ β) . (18)

Replacing in the (5) the expressions (11), (12), (17) and (18) we obtain

areaĈ
(1)
01 (ϕ) = areaĈ

(1)
02 (ϕ) = areaĈ

(1)
03 (ϕ) = areaĈ

(1)
04 (ϕ) = areaC

(1)
01 −

a sinα

sinβ
· l sin (ϕ+ β)+

sinα

4 sinβ sin (α+ β)
· l2 [1− cos 2 (ϕ+ β)]+

m2

8
sin (α+ β) .

(19)

Now we compute areaĈ
(1)
05 (ϕ) .

The figure

8
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H1

h1

H

H2

H3

l

fig.9

give us
̂H1H2H3 = π − ĤH2H1 = π − β,

̂H1H3H2 = π − (π − β + ϕ) = β − ϕ. (20)

From the triangle H1H2H3 follow

|H2H3|
sinϕ

=
l

sinβ
=

|H1H2|
sin (β − ϕ)

,

therefore

|H2H3| =
l sinϕ

sinβ
. (21)

Moreover, considering of the (2), we have the condition

2l sin (β − ϕ) = m sin 2β, (m 6= 0).

Then, with the relations (20) and (21) we have

k1 = |H2H3| sin (β − ϕ) =

l sinϕ sin (β − ϕ)

sinβ
.

Therefore

areab1 (ϕ) =
l2 sinϕ sin (β − ϕ)

2 sinβ
. (22)

Considering the figure

9
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H3

H2

H

C3

H '

C2

C
fig.10

a

and the relations (20) and (21), we can write

Ĥ3C2C3 = ̂H1H3H2 = β − ϕ,

k2 =
l

2
sin (β − ϕ) ,

|C2H3| = |CH| −m− |H2H3| =
a sinα

sinβ
−m− l sinϕ

sinβ
.

Hence

areab2 (ϕ) =

(
a sinα

sinβ
−m− l sinϕ

sinβ

)
· l
2
sin (β − ϕ) . (23)

From the relations (22) and (23) we have

areab1 (ϕ) + areab2 (ϕ) =

(
a sinα

sinβ
−m

)
· l
2
sin (β − ϕ) . (24)

The figure

1
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H3

h3

C2

C

C1
l /2

C3

C4

fig.11

give us

Ĉ1C2C3 = π −
(
Ĥ3C2C3 + ĈC2C1

)
=

π −
(
β − ϕ+

π

2
− β

)
=

π

2
+ ϕ,

Ĉ2C1C4 =
π

2
− ϕ, (25)

therefore

k3 =
l

2
sin Ĉ2C1C4 =

l

2
cosϕ

and, with the (2),

areab3 (ϕ) =
ml sinβ

2
cosϕ. (26)

To compute areab4 (ϕ) we consider the figure

C
C4

C1

l /2
h4

D'

D2

D

m /2

fig.12

1
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The formula (25) give us

Ĉ4C1D = π −
(π
2
− ϕ+

π

2
− β

)
= ϕ+ β,

k4 =
l

2
sin (ϕ+ β) .

Then, considering the relation (1), we have

|C1D2| =
a sinα

sinβ
−m,

therefore

areab4 (ϕ) =

(
a sinα

sinβ
−m

)
· l
2
sin (ϕ+ β) . (27)

Replacing in the (6) the expressions (24), (26) and (27) we obtain

areaĈ
(1)
05 (ϕ) = areaC

(1)
05 (ϕ)− 2 (2a sinα−m cosα) · l cosϕ. (28)

Denoting with M
(1)
i , (i = 1, 2, ..., 5), the set of segments s which have the

middle point O in C
(1)
0i and with N

(1)
i the set of segments s completely contained

in C
(1)
0i , we have [2]:

P
(1)
int = 1−

µ
(
N

(1)
1

)
+ µ

(
N

(1)
2

)
+ ...+ µ

(
N

(1)
5

)

µ
(
M

(1)
1

)
+ µ

(
M

(1)
2

)
+ ...+ µ

(
M

(1)
5

) , (29)

where µ is the Lebesgue measure in Euclidean plane. To compute the measures
we use the Poincaré kinematic measure [1]:

dK = dx ∧ dy ∧ dϕ, (30)

where x, y are the coordinates of the point O and ϕ the defined angle.
Considering the figure

 

 2

 
 1

fig.13

1
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From here follow
ϕ1 = 0, ϕ2 = α.

Therefore, for the cell C
(1)
0j , (j = 1, 2, 3, 4),we have

ϕ ∈ [0, α] .

Then, the figure

 1 1

 2 El

 ! 2"

D
fig.14

give us
ϕ2 = π − 2β + ϕ1,

2ϕ1 + π − 2β = π,

therefore
ϕ1 = β, ϕ2 = π − β.

Consequently, for the cell C
(1)
05 we have

ϕ ∈ [β, π − β] .

With the formula (30) we have

µ
(
M

(1)
1

)
= µ

(
M

(1)
2

)
= µ

(
M

(1)
3

)
= µ

(
M

(1)
4

)
=

α∫

0

dϕ

∫∫

{
(x,y)∈C

(1)
01

}
dxdy =

α∫

0

[
areaC

(1)
01

]
dϕ = αareaC

(1)
01 , (31)

µ
(
M

(1)
5

)
=

π−β∫

β

dϕ

∫∫

{
(x,y)∈C

(1)
05

}
dxdy =

π−β∫

β

[
areaC

(1)
05

]
dϕ = (π − 2β) areaC

(1)
05 . (32)

1
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Then, considering the formulas (19) and (28), we can write

µ
(
N

(1)
1

)
= µ

(
N

(1)
2

)
= µ

(
N

(1)
3

)
= µ

(
N

(1)
4

)
=

α∫

0

dϕ

∫∫

{
(x,y)∈Ĉ

(1)
01 (ϕ)

}
dxdy =

α∫

0

[
areaĈ

(1)
01 (ϕ)

]
dϕ =

αareaC
(1)
01 − {sinα [sin a+ (1− cosα) cotβ] · al−

sinα

8 sinβ sin (α+ β)
[2α+ sin 2β − sin 2 (α+ β)] · l2 − m2

8
α sin (α+ β)

}
, (33)

µ
(
N

(1)
5

)
=

π−β∫

β

dϕ

∫∫

{
(x,y)∈Ĉ

(1)
05

}
dxdy =

π−β∫

β

[
areaĈ

(1)
05 (ϕ)

]
dϕ = (π − 2β) areaC

(1)
05 +

4 cosβ(2a sinα−m sinβ) · l. (34)

The formulas (29), (31), (32), (33) and (34) give us

P
(1)
int =

{
2α

[
a2 sinα sin (α+ β)

sinβ
− m2

2
sin

β

2
cos

(
α+

β

2

)]
+

(π − 2β)

(
a2 sin2 α

sin2 β
− m2

2

)
sin 2β

}−1

· {4al sinα·

[sinα− 2 cosβ + (1− cosα) cotβ] +ml sinβ cosβ−
sinα

sinβ sin (α+ β)
[α− sinα cos (α+ 2β)] l2−

m2

2
α sin (α+ β)

}
.

For m = 0, β =
π

4
, α =

π

3
, we obtain the probability

P =
6

π
· l
a
−

(
2−

√
3
)
(4π + 9)

2π
·
(
l

a

)2

. (35)

1
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2 Obstacles isosceles triangles and circolar sec-
tions

Let <2 (a, α, β;m) be the Delone lattice with fundamental cell C
(2)
0 represented

in the figure

B

m /2
A

C

D

E

F

G
m /2

A1
A2

B1

B2

m /2
 

m /2

m /2 m /2
m /2

D2

C1

 

D1m /2 m /2

E1

E2

m /2
m /2

m /2

m /2

m /2
m /2

m /2m /2

H
m /2m /2

H2
H1

C05
(1)

C01
(1)

C02
(1)

C04
(1)

C03
(1)

fig.15

where
π

4
≤ β < α ≤ π

3
and where six obstacles are isosceles triangles of sides

m

2
,
m

2
, and six are circolar sections with radius

m

2
, with m < a.

From the figure 1 and 15 we obtain that the formulas (1) and (2) are true
also for the lattice R2,while in the expressions (3) we have to take

areaBB1B2 =
m2α

8
, areaCC1C2 = areaEE1E2 =

m2β

8
. (36)

With these values we can write

areaC
(2)
01 = areaC

(2)
02 = areaC

(2)
03 = areaC

(2)
04 =

areaC
(1)
01 − m2

8
(α− sinα) ,

areaC
(2)
05 = areaC

(1)
05 − m2

4
(2β − sin 2β) . (37)

As in the section 1 we want to compute the probability P
(2)
int that the segment

s of random position and of constant length l < min
[
a−m, a (cosα+ cosβ)− m

2

]

intersects a side of the fundamental cell C
(2)
0 .
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With the notations of the section 1 we denote with Ĉ0i(ϕ), (i = 1, 2, ..., 5)
the polygon determined from the limit positions of the segment s situated in

the cell C
(2)
0i for an assigned value of ϕ. So we have the figure

B

A

C

D

E

F

G
A1

A2

B1

B2

D3

C1

D1

E1

E2

H
H2 H1

öC05
(2)( )

H3 H '
C2 C3b3

b4

D2

D'

E3

E4

b1

b1

b2

b3

b4b2

H5

H4

A3a1
a2

a3

a4

a5

a6öC01
(2)( )

fig.16

From this figure we have

areaĈ
(2)
01 (ϕ) = areaĈ

(2)
02 (ϕ) = areaĈ

(2)
03 (ϕ) = areaĈ

(2)
04 (ϕ) =

areaC
(2)
01 − [areac1 (ϕ) + areac2 (ϕ) + ...+ areac6 (ϕ)] , (38)

areaĈ
(2)
05 (ϕ) = areaC05 − 2 [aread1 (ϕ)+

aread2 (ϕ) + aread3 (ϕ) + aread4 (ϕ)] . (39)

The figures 2 and 16 give us

areac1 (ϕ) = areaa1 (ϕ) , areac2 (ϕ) = areaa2 (ϕ) ,

areac4 (ϕ) = areaa4 (ϕ) , areac5 (ϕ) = areaa5 (ϕ) ,

areac6 (ϕ) = areaa6 (ϕ) , (40)

aread1 (ϕ) = areab1 (ϕ) , aread2 (ϕ) = areab2 (ϕ) ,

aread4 (ϕ) = areab4 (ϕ) , (41)

To compute areac3 (ϕ) we consider the figure

1
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A

B1

B

m /2

B4

B3

B2
H

 

M

fig.17

From this figure and from the figure 5 follow

areac3 (ϕ) = areaa3 (ϕ)− area(circular segment B1MB2).

Considering the relations (36) and (3) we have

areac3 (ϕ) = areaa3 (ϕ)−
m2

8
(α− sinα) . (42)

In the same way, the figure

H

C2

C

C1

N

C3

C4

D
fig.18

and the figure 11 with the formulas (36) and (3) give us

aread3 (ϕ) = areab3 (ϕ)−
m2

8
(2β − sin 2β) . (43)

From the relations (19), (38), (40) and (42) we have

1
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areaĈ
(2)
01 (ϕ) = areaĈ

(1)
01 (ϕ)− m2

8
(α− sinα) , (44)

while the relationes (28), (39), (41) and (43) give us

areaĈ
(2)
05 (ϕ) = areaĈ

(1)
05 (ϕ)− m2

8
(2β − sin 2β) . (45)

With the notations of the section 1, we have

P
(2)
int = 1−

µ
(
N

(2)
1

)
+ µ

(
N

(2)
2

)
+ ...+ µ

(
N

(2)
5

)

µ
(
M

(2)
1

)
+ µ

(
M

(2)
2

)
+ ...+ µ

(
M

(2)
5

) . (46)

Considering of the relations (31) and (32) we can write

µ
(
M

(2)
1

)
= µ

(
M

(2)
2

)
= µ

(
M

(2)
3

)
= µ

(
M

(2)
4

)
=

µ
(
M

(1)
1

)
− m2

8
α (α− sinα) , (47)

µ
(
M

(2)
5

)
= µ

(
M

(1)
5

)
− m2

8
(π − 2β) (2β − sin 2β) .

At the end the formulas (33), (34), (44) and (45) give us

µ
(
N

(2)
1

)
= µ

(
N

(2)
2

)
= µ

(
N

(2)
3

)
= µ

(
N

(2)
4

)
=

µ
(
N

(1)
1

)
− m2

8
α (α− sinα) , (48)

µ
(
N

(2)
5

)
= µ

(
N

(1)
5

)
− m2

8
(2β − sin 2β)

From the relations (46), (47) and (48) follow

P
(2)
int = 1−

4µ
(
N

(1)
1

)
− m2

2 α (α− sinα) + µ
(
N

(1)
5

)
− m2

8 (π − 2β) (2β − sin 2β)

4µ
(
M

(1)
1

)
− m2

2 α (α− sinα) + µ
(
M

(1)
5

)
− m2

8 (π − 2β) (2β − sin 2β)
.

(49)
The formula (29) give us

4µ
(
N

(1)
1

)
+ µ

(
N

(1)
5

)
=

[
4µ

(
M

(1)
1

)
+ µ

(
M

(1)
5

)](
1− P

(1)
int

)
.

Replacing this relation in the (49) we obtain

P
(2)
int =

4µ
(
N

(1)
1

)
+ µ

(
N

(1)
5

)

4µ
(
M

(1)
1

)
+ µ

(
M

(1)
5

)
− m2

8 [4α (α− sinα) + (π − 2β) (2β − sin 2β)]
·P (1)

int ,
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therefore

P
(2)
int =

2 sinα
sin β [α sin (α+ β) + (π − 2β) sinα cosβ] a2−
2 sinα
sin β [α sin (α+ β) + (π − 2β) sinα cosβ] a2−

[α sin (α+ β)− α sinα+ (π − 2β) sin 2β]m2

[
α sin (α+ β)− α2 +

(
π
2 − β

)
(β + 3 sinβ cosβ)

]
m2

2

· P (1)
int .

From here follow
P

(2)
int ≤ P

(1)
int

and, for m = 0,

P
(2)
int = P

(1)
int
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1 Triangle cell

Let <1 (a, α;m) be the irregular lattice of Delone with fundamental cell C
(1)
0

represented in the figure

1
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Abstract

In this paper we consider two lattice of Delone with the cell represented
in the figure 1 and in the figure 16 and we compute the probability that a
segment of random position and costant length intersects a side of lattice.
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A

A2
A1

A3

m /2 m /2
m /2

m /2

m /2
m /2m /2m /2

m /2 B1

B2

B3
B C2

C1C3

CD

C01
(1) C02

(1)

C03
(1)

G

fig.1

where α ∈
]
0,

π

2

[
is an angle and 0 ≤ m ≤ min(a, 2a cosα) and the lines AG,

BG, and CG are the bisettrici of the respective angles.
From the figure 1 we have the follow relations

|BC| = 2a cosα, |AD| = a sinα

|AG| = a tan
α

2
, |DG| = a cos tan

α

2
, |BG| = a cosα

cos α
2

, (1)

ÂBC = α, B̂AG =
π

2
− α,

ÂBG =
α

2
, ÂGB =

π

2
+

α

2
, (2)

|A1A3| = |A2A3| =
m
√
2

2
(cos

α

2
− sin

α

2
),

|B1B3| = |B2B3| = |C1C3| = |C2C3| = m sin
α

4
,

areaAA1A3 = areaAA2A3 =
m2

8
cosα,

areaBB1B3 = areaBB2B3 =

areaCC1C3 = areaCC2C3 =
m2

8
sin

α

2
. (3)

2
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From this relations we obtain

areaC
(1)
01 = areaC

(1)
02 =

α2

2
tan

α

2
cosα− m2

8

(
cosα+ sin

α

2

)
,

areaC
(1)
03 = a2 cosα

(
sinα− tan

α

2

)
− m2

4
sin

α

4
,

areaC
(1)
0 =

a2 sin 2α

2
− m2

4
sin

α

4
.

Now we consider a segment s of random position and constant length l <
min (a−m, 2a cosα−m) and we want compute the probability that this seg-
ment intersects a side of lattice; therefore this probability is equal to the prob-

ability P
(1)
int that the segment intersects the side of the fundamental cell C

(1)
0 .

The position of the segment s is determinated by his middle point O and by

the angle ϕ that it forms with the side BC of the fundamental cell C
(1)
0 .

To compute this probability we consider the limit positions of the segment s,

for an assigned value of ϕ, in the cell C
(1)
0i , (i = 1, 2, 3); we indicate with Ĉ

(1)
0i (ϕ)

the polygon determined from these positions we obtain the figure:

A

A2A1 A3a1

B1

B2

B3

B C2

C1
C4

CD

G

a2

a4

a5

a6

b1 b2 b3

b4b5

A'
A4

B4
B5

B'
C3

C'

G'
G1

a3

fig.2

Then considering the symmetry respect to the side AD of the cell C
(1)
01 and

C
(1)
02 , we can write

areaĈ
(1)
01 (ϕ) = areaĈ

(1)
02 (ϕ) =

3
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areaC
(1)
01 − [areaa1 (ϕ) + areaa2 (ϕ) + ...+ areaa6 (ϕ)] , (4)

areaĈ(1) (ϕ) = areaC
(1)
03 (ϕ)− [areab1 (ϕ) + areab2 (ϕ) + ...+ areab5 (ϕ)] . (5)

To compute areaa1 (ϕ) we consider the figure

A

A1
A3

A4

h1

!

l

M
fig.3

We have

Â3AA4 =
π

2
− α, ÂA4A3 = ÂA4M − Â3A4M = α− ϕ,

ÂA3A4 =
π

2
+ ϕ. (6)

The triangle AA3A4 follow that:

l

sin
(π
2
− α

) =
|AA4|

sin
(π
2
+ ϕ

) =
|AA3|

sin (α− ϕ)
,

therefore,

l

cosα
=

|AA4|
cosϕ

=
m

2 sin (α− ϕ)
.

From here follow

|AA4| =
l cosϕ

cosα
(7)

and the condition
m cosα = 2l sin (α− ϕ) . (8)
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With the (9) we have

|A1A4| = |AA4| −
m

2
=

l cosϕ

cosα
− m

2

and consequently

h1 = |A1A3| · sin (α− ϕ) =

(
l cosϕ

cosα
− m

2

)
sin (α− ϕ) .

Then

areaa1 (ϕ) =
lh1

2
− areaAA1A3,

therefore, considering the (4),

areaa1 (ϕ) =

(
l cosϕ

cosα
− m

2

)
· l
2
sin (α− ϕ)− m2

8
cosα. (9)

The figure

B2

A'

A4

B4

h2

l /2

fig.4

and the relations (8) e (9), give us

|A4B2| = a− m

2
− |AA4| = a− m

2
− l cosϕ

cosα
,

̂A4B2B4 = ÂA4A3 = α− ϕ,

h2 =
l

2
sin (α− ϕ) .

Therefore

5
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areaa2 (ϕ) =

(
a− m

2
− l cosϕ

cosα

)
· l
2
sin (α− ϕ) . (10)

From the relations (11) e (12) we obtain

areaa1 (ϕ) + areaa2 (ϕ) = (a−m)
l

2
sin (α− ϕ)− m2

8
cosα. (11)

Now we consider the figure

B3

B

B5

!

B2

A

B4

l /2

h3

fig.5

We have

ÂB2B4 = α− ϕ, B̂B2B3 =
π

2
− α

4
,

B̂3B2B4 = π −
(
α− ϕ+

π

2
− α

4

)
=

π

2
− 3α

4
+ ϕ,

B̂2B4B5 = π − B̂3B2B4 =
π

2
− ϕ+

3α

4
,

h3 =
l

2
sin B̂2B4B5 =

l

2
cos

(
ϕ− 3α

4

)
.

Then condidering the (3),

areaa3 (ϕ) = |B2B3| · h3 = m sin
α

4
· l
2
cos

(
ϕ− 3α

4

)
,
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therefore

areaa3 (ϕ) =
ml

2

(
sin

α

4
cos

3α

4
· cosϕ+ sin

α

4
sin

3α

4
· sinϕ

)
(12)

We compute areaa5 (ϕ) using the figure:

G
G2

G1

h5

fig.6

Ĝ1GG2 =
π

2
+

α

2

ĜG1G2 =
π

2
− ϕ, Ĝ1G2G = ϕ− α

2
.

From the triangle GG1G2 follow

l

sin
(π
2
+

α

2

) =
|GG1|

sin
(
ϕ− α

2

) =
|GG2|

sin
(π
2
− ϕ

)

therefore

|GG1| =
l sin

(
ϕ− α

2

)

cos
α

2

, |GG2| =
l cosϕ

cos
α

2

. (13)

From here we have:

h5 = |GG1| sin ĜG1G2 =
l sin

(
ϕ− α

2

)
cosϕ

cos
α

2

. (14)

Hence

areaa5 (ϕ) =
lh5

2
=

sin
(
ϕ− α

2

)
cosϕ

cos
α

2

· l
2

2
(15)

The figure

7
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B3

B5

G'

G2

h4 G4
l /2

fig.7

give us

B̂5B3B2 = Ĝ1G2G = ϕ− α

2
,

h4 =
l

2
sin

(
ϕ− α

2

)

and, with the (15)

|B3G2| = |BG| − m

2
− |GG2| =

a cosα

cos α
2

− m

2
− l cosϕ

cos α
2

.

Therefore

areaa4 (ϕ) =

(
a cosα

cos α
2

− m

2
− l cosϕ

cos α
2

)
· l
2
sin

(
ϕ− α

2

)
. (16)

The relations (15) and (16) give us

areaa4 (ϕ) + areaa5 (ϕ) =

(
a cosα

cos α
2

− m

2

)
· l
2
sin

(
ϕ− α

2

)
. (17)

At the end, to compute areaa4 (ϕ) we consider the figure

8
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A3

G

A'

G1

h6

!

fig.8

We have

h6 =
l

2
cosϕ

and, considering the (15),

|A3G1| = |AG| − m

2
− |GG1| = a tan

α

2
− m

2
−

l sin
(
ϕ− α

2

)

cos α
2

.

Consequently

areaa6 (ϕ) =


a cosα tan

α

2
− m

2
−

l sin
(
ϕ− α

2

)

cos α
2


 · l

2
cosϕ. (18)

Replacing in the (6) the relations (11), (12), (17) and (18) and considering
the (10) give us

a
areaĈ

(1)
01 (ϕ) = areaĈ

(1)
02 (ϕ) = areaC

(1)
01 −

{[
a sinα− m

2

(
sinα+ sin

α

2
+ 1

)]
· l
2
cosϕ+

m

2

(
cosα+ cos

α

2

)
· l
2
sinϕ− l2

4 cosα

[(
cosα+ sin

3α

2

)
· sin 2ϕ+
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(
cos

3α

2
− cosα tan

α

2

)
· cos 2ϕ− cosα tan

α

2
− cos

α

2

]
− m2

8
cosα

}
. (19)

To compute areab1 (ϕ) we consider the figure

B1

B3

B C

B5

h1
!! /2

l

fig.9

We have

B̂B1B3 = B̂B3B1 =
π

2
− α

4
,

B̂B5B1 = ϕ− α

2
, B̂B1B5 = π − ϕ.

The triangle BB1B5 give us

|BB5|
sinϕ

=
l

sin α
2

,

therefore

|BB5| =
l sinϕ

sin α
2

. (20)

Morover

h1 = l sin B̂B5B1 = l sin
(
ϕ− α

2

)

and with the (21),

|B3B5| = |BB5| −
m

2
=

l sinϕ

sin α
2

− m

2
.

Hence

areab1 (ϕ) =

(
l sinϕ

sin α
2

− m

2

)
· l
2
sin

(
ϕ− α

2

)
(21)

The figure

1
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C2

C4

C

C3h3

! ! /2
C5

fig.10

give us

Ĉ5C4C = π −
(
ϕ+

α

2

)
,

h3 = l sinϕ,

while from the triangle CC4C5 follow

|CC4|
sinϕ

=
|CC5|

sin
(
ϕ+

α

2

) =
l

sin α
2

.

From here

|CC4| =
l sinϕ

sin α
2

, |CC5| =
l sin

(
ϕ+ α

2

)

sin α
2

. (22)

Hence, with the (4),

areab3 (ϕ) =
|CC5| · k3

2
− m2

8
sin

α

2
,

therefore

areab3 (ϕ) =
l2 sinϕ sin

(
ϕ+ α

2

)

2 sin α
2

− m2

8
sin

α

2
. (23)

To compute areab2 (ϕ) considering the figure

B1B C

B' C'

C5m /2
!

l /2 h2

fig.11

1
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This figure and the relations (1) and (22) give us

|B1B5| = |BC| − m

2
− |CC5| = 2α cosα− m

2
−

l sin
(
ϕ+ α

2

)

sin α
2

. (24)

and

h2 =
l

2
sinϕ.

Hence

areab2 (ϕ) =

[
2α cosα− m

2
−

l sin
(
ϕ+ α

2

)

sin α
2

]
· l
2
sinϕ. (25)

From the relations (23) and (25) follow

areab2 (ϕ) + areab3 (ϕ) =
(
2α cosα− m

2

)
· l
2
sinϕ−−m2

8
sin

α

2
. (26)

Now, we consider the figure

C4

C'

C

G

G3

l /2 h4

fig.12

The (23) give us

Ĉ ′C4C = π − Ĉ5C4C = ϕ+
α

2
,

therefore

h4 =
l

2
sin Ĉ ′C4C =

l

2
sin

(
ϕ+

α

2

)
.

|GC4| = |CG| − |CC4| =
a cosα

cos α
2

− l sinϕ

sin α
2

.

Therefore

areab4 (ϕ) =

(
a cosα

cos α
2

− l sinϕ

sin α
2

)
· l
2
sin

(
ϕ+

α

2

)
. (27)

At the end we considering the figure

1
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C4

G

G3B5

B'

l /2
h5

fig.13

We have

B̂5GG3 = B̂GC − Ĝ3GC4 = π − α− Ĝ5C4C = ϕ− α

2
,

therefore

h5 =
l

2
sin

(
ϕ− α

2

)
.

In the same way, with the (20) we have

|B5G| = |BG| − |BB5| =
a cosα

cos α
2

− l sinϕ

sin α
2

Hence

areab5 (ϕ) =

(
a cosα

cos α
2

− l sinϕ

sin α
2

)
· l
2
sin

(
ϕ− α

2

)
. (28)

The relations (21) and (28) give us

areab1 (ϕ) + areab5 (ϕ) =

(
a cosα

cos α
2

− m

2

)
· l
2
sin

(
ϕ− α

2

)
. (29)

Replacing in the (7) the expressions (26), (27), and (29) we obtain:

areaĈ
(1)
03 (ϕ) = areaC

(1)
03 −

{
m sin α

2

4
· l cosϕ+

[
a cosα− m

4

(
1 + cos

α

2

)]
l sinϕ−

l2

4

(
sin 2ϕ− cot

α

2
· cos 2ϕ+ cot

α

2

)
− m2

8
sin

α

2

}
. (30)

1
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Denoting withM
(1)
1 the set of segments s which have the middle point in C

(1)
0i

and with N
(1)
i the set of segments s completely contained in C

(1)
0i , (i = 1, 2, 3),

we have that [2]:

P
(1)
int = 1−

µ
(
N

(1)
1

)
+ µ

(
N

(1)
2

)
+ µ

(
N

(1)
3

)

µ
(
M

(1)
1

)
+ µ

(
M

(1)
2

)
+ µ

(
M

(1)
3

) , (31)

where µ is the Lebesgue measure in Euclidean plane.

We compute the measures µ
(
M

(1)
i

)
and µ

(
N

(1)
i

)
using the Poincaré kine-

matic measure [1]
dK = dx ∧ dy ∧ dϕ,

where x, y are the coordinates of the point O and ϕ the defined angle.
The figure

A

G

CB
!2 ! /2

! /2

fig.14

give us

ϕ1 =
α

2
, ϕ2 = α

therefore, for the celles C
(1)
01 and C

(1)
02 , we have

ϕ ∈
[α
2
, α

]
. (32)

The figure

B

G

C

!2

! /2

fig.15

1
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give us

ϕ1 = 0, ϕ2 =
α

2
,

therefore, for the celles C03, we have

ϕ ∈
[
0,

α

2

]
. (33)

The relations (19), (30) and (32) give us

µ
(
M

(1)
1

)
= µ

(
M

(1)
2

)
=

α∫

α
2

dϕ

∫∫

{
(x,y)∈C

[1]
01

}
dxdy =

α∫

α
2

(
areaC

(1)
01

)
dϕ =

α

2
areaC

(1)
01 ,

µ
(
N

(1)
1

)
= µ

(
N

(1)
2

)
=

α∫

α
2

dϕ

∫∫

{
(x,y)∈Ĉ

(1)
01 (ϕ)

}
dxdy =

α∫

α
2

[
areaĈ01 (ϕ)

]
dϕ =

=
α

2
areaC

(1)
01 −

{(
a sinα− m

2

)(
sinα− sin

α

2

)
· l
2
−

l2

8 cosα

[
2 sin

α

2
− cosα tan

α

2
(sin 2α− sinα)−

cosα (cos 2α− cosα)− α

2

(
cosα tan

α

2
− cos

α

2

)]
− αm2

16
sin

α

2

}
. (34)

The relations (30) and (33) give us

µ
(
M

(1)
3

)
=

α
2∫

0

dϕ

∫∫

{
(x,y)∈Ĉ

(1)
03 (ϕ)

}
dxdy =

α
2∫

0

(
areaC

(1)
03 (ϕ)

)
dϕ =

α

2
areaĈ

(1)
03

µ
(
N

(1)
3

)
=

α
2∫

0

dϕ

∫∫

{
(x,y)∈Ĉ

(1)
03 (ϕ)

}
dxdy =

α
2∫

0

[
areaĈ

(1)
03 (ϕ)

]
dϕ =

α

2
areaĈ

(1)
03 −

{(
a sinα− m

2

)(
sinα− sin

α

2

)
· l
2
−

[
2 sin

α

2
− cosα tan

α

2
(sin 2α− sinα)−

cosα (cos 2α− cosα)− α

2

(
cosα tan

α

2
− cos

α

2

)] l2

8 cosα
− αm2

16
sin

α

2

}
.

(35)

1
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Replacing in the (31) the relations (34) and (35) we obtain:

P
(1)
int =

6

α

(
a2 sin 2α− m2

2
sin

α

2

)
{(

a sinα− m

2

)(
sinα− sin

α

2

)
l−

[
2 sin

α

2
− cosα tan

α

2
(sin 2α− sinα)− cosα (cos 2α− cosα)−

α

2

(
cosα tan

α

2
− cos

α

2

)] l2

4 cosα
− αm2

16
sin

α

2

}
.

When m = 0, this probability becomes:

P =
6

αa2 sin 2α

{
a sinα

(
sinα− sin

α

2

)
l−

[
2 sin

α

2
− cosα tan

α

2
(sin 2α− sinα)− cosα (cos 2α− cosα)−

α

2

(
cosα tan

α

2
− cos

α

2

)] l2

4 cosα

}
.

If here we take α = π
3 , (therefore the triangle ABC equilateral) we obtain

P =
9
(√

3− 1
)

π
·
(
l

a

)
−

√
3

3π

(
18 +

√
3π

)
·
(
l

a

)2

.

2 Rectangle cell

Let <2 (a, α;m) be the lattice of Delone with fundamental cell C
(2)
0 represented

in the figure

1
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A A2

A1 A3

B1

B2 B3

B C2

C1

C

D

G

C3

G1

D1

D3 D2

G3

G4

G2

C01
(2)

C04
(2)

C03
(2)

C02
(2)

actg! " m

!

fig.16

where α ∈
]
0,

π

4

[
is an angle and 0 ≤ m < (a,

a

2 sinα
) .

From the figure 16 we have the follow relations

|BC| = a cotα, |BG| = a

2 sinα
, (36)

ĜBC = α, ÂBG =
π

2
− α, ÂGB = 2α, (37)

|A2A3| = |B1B3| = |C2C3| = |D1D3| = m sin
α

2
,

|A1A3| = |B2B3| = |C1C3| = |D2D3| =
m
√
2

2

(
cosα− sin

α

2

)
,

|G1G2| = |G3G4| = m sinα, |G2G3| = |G1G4| = m cosα, (38)

areaAA1A3 = areaBB2B3 = areaCC1C3 = areaDD2D3 =
m2

8
cosα,

areaAA2A3 = areaBB1B3 = areaCC2C3 = areaDD1D3 =
m2

8
sinα,

areaGG1G2 = areaGG3G4 = areaGG2G4 = areaGG1G4 =
m2

8
sin 2α. (39)

From this relations we obtain

areaC
(2)
01 = areaC

(2)
03 =

α2

4
cotα− m2

4
cosα (1 + sinα) ,

areaC
(2)
02 = areaC

(2)
04 =

α2

4
cotα− m2

4
cosα (1 + cosα) ,
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areaC
(2)
0 = a2 cotα− m2

2
(sinα+ cosα+ sin 2α) . (40)

As in the point 1, we compute the probability P
(2)
int that a segment of random

position and of constant length l < min
(
a−m,

a

2 sinα
−m

)
intersects a side

of the fundamental cell C
(2)
0 .

The position of the segment s is determinated by his middle point O and by

the angle ϕ that it forms with the side BC of the fundamental cell C
(1)
0 .

To compute this probability using the polygons Ĉ
(2)
0i (ϕ), (i = 1, 2, 3) we con-

sider the limit positions of the segment situated in C
(2)
0i for an assigned value of

ϕ, (figure 17)
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B5 B7
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m /2
m /2 m /2öC01

(2)(!)

öC02
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m /2
m /2 m /2
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m /2!

a1

a2

a3

a4

a5

a6

b2 b3!

b4
b5

b6

B' C'

C4

G8

m /2

fig.17

From this figure and considering the central symmetry we can write

areaĈ
(2)
01 (ϕ) = areaĈ

(2)
03 (ϕ) =

areaC
(2)
01 − [areaa1 (ϕ) + areaa2 (ϕ) + ...+ areaa6 (ϕ)] (41)

and

areaĈ
(2)
02 (ϕ) = areaĈ

(2)
04 (ϕ)− [areab1 (ϕ) + areab2 (ϕ) + ...+ areab6 (ϕ)] .

(42)
We consider the figure

1
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A

A2

A1

A4

!

lh1

fig.18

We have

ÂA1A2 = ÂA2A1 =
π

4
+

α

2
, Â4A1A3 =

3π

4
− α

2
,

Â1A4A3 =
π

2
− ϕ, Â1A3A4 = ϕ+

α

2
− π

4
. (43)

The triangle A1A3A4 give us

|A1A4|

sin
(
ϕ+

α

2
− π

2

) =
l

sin
(π
4
+

α

2

) =

m
√
2

2

(
cos

α

2
− sin

α

2

)

cosϕ
.

From here we have

|A1A4| = l

(
sinϕ− cosα

1 + sinα
cosϕ

)
(44)

and the condition

m sinα
(
sin

α

2
+ cos

α

2

)
=

√
2l cosϕ, (m 6= 0) . (45)

With then (44) we have

h1 = |A1A4| · sin
(π
2
− ϕ

)
=

[
sin 2ϕ− cosα

1 + sinα
(1 + cos 2ϕ)

]
l.

Then

areaa1 (ϕ) =

[
sin 2ϕ− cosα

1 + sinα
(1 + cos 2ϕ)

]
l2

4
. (46)

The figure

1
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A'

B2

h2
A4

B5

l /2

fig.19

and the (43) give us

̂A4B2B5 = Â1A4A3 =
π

2
− ϕ.

Therefore

h2 =
l

2
sin ̂A4B2B5 =

l

2
cosϕ,

and because, with the (47),

|A4B2| = a−m−
(
sinϕ− cosα

1 + sinα
cosϕ

)
l,

we have

areaa2 (ϕ) =

[
a−m−

(
sinϕ− cosα

1 + sinα
cosϕ

)
l

]
l

2
cosϕ,

hence

areaa2 (ϕ) =
(a−m) l

2
cosϕ−

[
sin 2ϕ− cosα

1 + sinα
(1 + cosϕ)

]
l2

4
. (47)

The relations (46) and (47) we obtain

areaa1 (ϕ) + areaa2 (ϕ) =
(a−m) l

2
cosα. (48)

Now we consider the figure:

2
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B2
l /2

A4

B3

B4

B5

h3

B
fig.20

we have

B̂2B5B4 = π− B̂5B2B3 = ̂A4B2B5 + B̂B2B3 =
π

2
−ϕ+

π

4
+

α

2
=

3π

4
−ϕ+

α

2
,

therefore

h3 =
l

2
sin

(
3π

4
− ϕ+

α

2

)
=

l
√
2

4

[(
cos

α

2
− sin

α

2

)
cosϕ+

(
cos

α

2
+ sin

α

2

)
sinϕ

]
.

Then considering the (38) we obtain

areaa3 (ϕ) =
ml

4
[(1− sinα) cosϕ+ cosα sinϕ] . (49)

To compute areaa5 (ϕ) using the figure

2
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l

G6

G5

G2
G

G1h5

fig.21

we have
Ĝ5G6G = B̂4B3G = B̂B7B4 = ϕ− α,

therefore
h5 = l sin (ϕ− α) .

The triangle GG5G6 give us

|GG5|
sin (ϕ− α)

=
l

sin 2α
=

|GG6|
sin (ϕ+ α)

,

hence

|GG5| =
l sin (ϕ− α)

sin 2α
, |GG6| =

l sin (ϕ+ α)

sin 2α
. (50)

Therefore

areaa5 (ϕ) =
sin (ϕ− α) sin (ϕ+ α)

2 sin 2α
· l2 − m2

8
sin 2α. (51)

The figure

B4

B3

G'

G

G6

B m /2

l /2 h4

fig.22

2
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give us
̂B4B3G6 = Ĝ5G6G = ϕ− α,

h4 =
l

2
sin

(
ϕ− α

2

)
.

Then considering the (50), we have

|B3G6| = |BG| − m

2
− |GG6| =

a

2 sinα
− m

2
− l sin (ϕ+ α)

sin 2α
.

Consequently

areaa4 (ϕ) =

[
a

sin 2α
− m

2
− l sin (ϕ+ α)

sin 2α

]
· l
2
sin (ϕ− α) . (52)

The relations (51) and (52) give us

areaa4 (ϕ) + areaa5 (ϕ) =
( a

sinα
−m

) l

4
sin (ϕ− α)− m2

8
sin 2α. (53)

At the end, we consider the figure

A3

G5

G'

G
A'

A

l /2 h6

fig.23

From this figure and from (50) follow

|A3G5| = |AG| − m

2
− |GG5| =

a

2 sinα
− m

2
− l sin (ϕ− α)

sin 2α
.

In the same way we have

Â′A3G5 = Ĝ′G5G = π − (ϕ+ α) ,

therefore

h6 =
l

2
sin (ϕ+ α) .

Hence

areaa6 (ϕ) =

[
a

2 sinα
− m

2
− l sin (ϕ− α)

sin 2α

]
· l
2
sin (ϕ+ α) . (54)

Replacing in the (41) the relations (48), (49), (53) and (54) we obtain

2
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areaĈ
(2)
01 (ϕ) = areaĈ

(2)
03 (ϕ) = areaC

(2)
01 −

{[
a− m (1 + sinα)

2

]
l

2
cosϕ+

(
a cotα− m

2
cosα

)
· l
2
sinϕ− l2

4 sin 2α
(cos 2α− cos 2ϕ)− m2

8
sin 2α

}
. (55)

To compute areab1 (ϕ) we consider the figure

B

B3

B7

B1 B6

!!

l

h1

fig.24

We have

B̂B6B7 = π − ϕ, B̂B7B6 = ϕ− α. (56)

From the triangle BB6B7 follow

|BB6| =
l sin (ϕ− α)

sinα
, |BB7| =

l sinϕ

sinα
. (57)

therefore, because

h1 = l sin (ϕ− α) ,

we have

areaBB6B7 =
|BB7|h1

2
=

l2 sinϕ sin (ϕ− α)

2 sinα
.

Consequently, considering the (39), we have

areab1 (ϕ) =
l2 sinϕ sin (ϕ− α)

2 sinα
− m2

8
sinα. (58)

From the figure

2
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C5

C4

C3

C2 C

h3

l

!

fig.25

follow

Ĉ4C5C = π − (ϕ+ α) .

h3 = l sinϕ,

The triangle CC4C5 give us

|CC4|
sin (ϕ+ α)

=
|CC5|
sinϕ

=
l

sinα
,

therefore

|CC4| =
l sin (ϕ+ α)

sinα
, |CC5| =

l sinϕ

sinα
. (59)

Hence, because
h3 = l sinϕ,

we have

areaCC4C5 =
h3 · |CC4|

2
=

l2 sinϕ sin (ϕ+ α)

2 sinα
(60)

and considering the relations (39)

areab13 =
l2 sinϕ sin (ϕ+ α)

2 sinα
− m2

8
· sinα (61)

Now we consider the figure

B'

B4 C4 C

h2

!

C'

l /2

B

fig.26

2
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From here follow

h2 =
l

2
sinϕ,

and considering the relations (60) and (62)

|B4C4| = |BC| − |BB4| − |CC4| =

a cotα− l sin (ϕ− α)

sinα
− l sin (ϕ+ α)

sinα
.

Hence

areab2 (ϕ) =

[
a cotα− l sin (ϕ− α)

sinα
− l sin (ϕ+ α)

sinα

]
· l
2
sinϕ. (62)

From the relations (58) (61) and (62) follow

areab1 (ϕ) + areab2 (ϕ) + areab3 (ϕ) =
a cotα

2
· l sinϕ− m2

4
sinα. (63)

To compute areab4(ϕ) we consider the figure

C3

G8

C'

l /2 C5

C

h4

fig.27

We have
Ĝ8G3C5 = C

′
C5C = π − (ϕ+ α),

therefore

h4 =
l

2
sin(ϕ+ α).

Then, in the relations (36) and (59),

|G3C5| = |GC| −m− |CC5| =
a

2 sinα
−m− l sinϕ

sinα
,

hence

areab4 (ϕ) =

(
a

2 sinα
−m− l sinϕ

sinα

)
· l
2
sin (ϕ+ α) . (64)

2
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This figure

G2

G7 G8

C3

h5l /2

!

fig.28

give us

h5 =
l

2
sinϕ

and with the (41),

areab5 (ϕ) =
m cosα

2
· l sinϕ. (65)

At the end, we considering the figure

G2

G7

B'

B7

l /2 h6

fig.29

and the relations (36), (56), (57), we have

|B7G2| = |BG| −m− |BB7| =
a

2 sinα
−m− l sinϕ

sinα
,

B̂7B
′G7 = B̂B7B6 = ϕ− α,

h6 =
l

2
sin (ϕ+ α) .

Therefore

areab6 (ϕ) =

(
a

2 sinα
−m− l sinϕ

sinα

)
· l
2
sin (ϕ− α) . (66)

2
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Replacing in the (42) the expressions (63), (64), (65) and (66) we obtain:

areaĈ
(2)
02 (ϕ) = areaĈ04 (ϕ) = areaC02−

{[
m

4
sinα cosϕ+

1

2
(2a cotα− m

2
cosα)

]
l−

l2

4
cotα (1− cos 2ϕ)− m2

4
sinα

}
. (67)

With the notes of the point 1 (see the formula (31)), we have

P
(2)
int = 1−

µ
(
N

(2)
1

)
+ µ

(
N

(2)
2

)
+ µ

(
N

(2)
3

)
+ µ

(
N

(2)
4

)

µ
(
M

(2)
1

)
+ µ

(
M

(2)
2

)
+ µ

(
M

(2)
3

)
+ µ

(
M

(2)
4

) . (68)

The figure

!2

!

!
2 "#

!1

fig.30

give us

ϕ1 = α, ϕ2 =
π

2
,

therefore to compute the misure µ
(
M

(2)
1

)
= µ

(
M

(2)
3

)
and µ

(
N

(2)
1

)
=

µ
(
N

(2)
3

)
we have

ϕ ∈
[
α,

π

2

]
.

The figure

2
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!2

!
fig.31

give us

ϕ1 = 0, ϕ2 = α,

therefore, for the misure µ
(
M

(2)
2

)
= µ

(
M

(2)
4

)
and µ

(
N

(2)
2

)
= µ

(
N

(2)
4

)

we have
ϕ ∈ [0, α] .

We have

µ
(
M

(2)
1

)
= µ

(
M

(2)
3

)
=

π
2∫

α

dϕ

∫∫

{
(x,y)∈C

[2]
02

}
dxdy =

α∫

0

[
areaC

(2)
02

]
dϕ = αareaC

(2)
02 .

Then, considering the formula (55) and (67), follow

µ
(
N

(2)
1

)
= µ

(
N

(2)
3

)
=

π
2∫

α

dϕ

∫∫

{
(x,y)∈Ĉ

(2)
01 (ϕ)

}
dxdy =

π
2∫

α

[
areaĈ01 (ϕ)

]
dϕ =

=
(π
2
− α

)
areaC

(2)
01 −

{(
a+

a cos 2α

sinα
−m cos2 α

)
l

2
−

∣∣∣∣
l2

4

[(π
2
− α

)
cot 2α− 1

2

]
− m2

8

(π
2
− α

)
sin 2α

}
(69)

and

µ
(
N

(2)
2

)
= µ

(
N

(2)
4

)
=

π
2∫

α

dϕ

∫∫

{
(x,y)∈Ĉ

(2)
02 (ϕ)

}
dxdy =

π
2∫

α

[
areaĈ(2)

02 (ϕ)
]
dϕ =

= αareaC
(2)
02 −

{[
a cotα (1− cosα) +

m

4
(1− 2 cosα)

]
l−
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∣∣∣∣
l2

4
cotα

(
α− sin 2α

2

)
− m2

4
α sinα

}
. (70)

Replacing in the (68) the relation (69) and (70) we obtain:

P
(2)
int =

8

π [a2 cotα−m2 cosα (1 + sinα)] + 2αm2 (cosα− sinα)

{[
a

(
1 +

2 cosα− 1

sinα

)
−m

(
cos2 α+ cosα− 1

2

)]
l−

[(π − sin 2α) cotα− 1]
l2

4
− m2

4
sinα [2α (1− cosα) + π cosα]

}
. (71)

When m = 0 and α =
π

4
this probability (71) becomes:

P =
8
(
3−

√
2
)

π
· l
a
− 2 (π − 2)

π
·
(
l

a

)2

.
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Il criterio del global comfort per l’ottimizzazione della sicurezza, della qualità e

dell’efficienza nelle linee ferroviarie.

Riprendendo, gli esiti di alcune recenti memorie già presentate in occasione della VI

International Conference of “Stochastic Geometry, Convex Bodies, Empirical Measure &

Applications To Mechanics And Engineering Of Train-Transport”, viene proposto un criterio,

basato sull’analisi del global comfort, che consente di ottimizzare la sicurezza d’esercizio, la

qualità di marcia dei convogli e l’efficienza economica degli interventi nell’ambito delle risorse

disponibili.

The global comfort criteria as a tool for the optimization of the safety, quality and

efficiency in the railway tracks

From the results of some memories already introduced in the VI International Conference of

"Stochastic Geometry, Convex Bodies, Empirical Measure & Applications To Mechanics And

Engineering Of Train-Transport", it’s improved now a criteria, based on global comfort analyses ,

that allows to optimize the safety of the exercise, the quality and the economic efficiency into the

available resources.
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THE GLOBAL COMFORT CRITERIAAS A TOOL
FOR THE OPTIMIZATION OF THE SAFETY, QUALITY

AND EFFICIENCY IN THE RAILWAY TRACKS

CORRIERE F. - DI VINCENZO D.



1. Experimental analysis with the global comfort theory.

The research for designing solutions suited to guarantee acceptable travelling safety and

quality standards between two of any relationship origin-destination is one of the key-objectives

which needs to be achieved whenever an intervention in a transport network is being carried out.

In fact, these particular configurations of the way, together with the peculiarities of the

environment pertaining to the infrastructure under consideration and with the specific performance 

and efficiency properties of the vehicle produce specific “outputs” in the driver during the journey 

along the pre-established plan, yielding consequential travelling quality levels also for passengers. 

The concept of “global comfort” implying the safety concept, can be therefore qualitatively

formalized as a particular psychophysical condition in which a human being expresses his/her

satisfactory relationship with the environment.

According to what has been said so far, the problem of investigating the conditions which

can produce the comfort state for a user travelling at the speed V along a prearranged plan, with

fixed operational configurations and a given vehicle, can be solved by researching the sets of the

values which concern the elements of the system described above.

As a consequence, the group of the states of satisfaction towards the travelling quality

standards expressed by a road or railway user can be seen as a particular subset of the states without

discomfort. Thus, it follows that ‘not to generate discomfort’ is the necessary condition to

experience a comfort state during the journey (Fig.1).

Fig. 1 - Set of the states without discomfort; C I is the subset of the comfort configurations

According to such a definition, therefore, comfort can be seen as a subjective and logical 

value of the “human being system”; in Boolean terms, then, the value 1 or 0 can be given to the 

different configurations which take place in operation (the comfort state exists or it does not

exist).
(2)

If we then consider that in the present study several sensory organs are involved

simultaneously, the condition of “global comfort” will be consequently obtained by means of a

logical product and linked up to the concurrent presence of the comfort states concerning every

single sector interested.

(2) For the abovementioned reasons, it is worth noting that, as regards comfort, only a scale of evaluation can be fixed,

but not a unit.

I
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In analytical terms, indicating the global comfort with Cg and the generic sensory class with

the symbol j which defines the relative comfort indicator Cj among the ds globally considered, it 

follows that

Cg = C1 ^ … ^ Cj ^ … ^ Cd (1)

In order to fully define the problem, a human being can be considered as a system which

continually interacts with the surrounding space if we look at the sensations s/he experiences by

means of his/her own perceptive and sensory organs (seen as properties of the boundary of this set),

while environment is meant to denote the set of natural or artificial elements with which a human

being coexists and makes exchanges of different entity and typology (including, in such a broader

meaning, the infrastructure and the vehicle).

A human being, then, may be assimilated to a system S which can be represented by means

of appropriate coordinates in
d
; in such a system, however, the coexistence of the occurring

balances (mechanical, chemical, thermal, etc..) is a necessary but inadequate condition to determine

a state of global balance. Indeed, the observation of variables of the environment system A, as

above defined, can induce in human beings such psychoemotional sensations to urge him/her to

react and thus, in order to define the balance of the interactive relationship it is necessary to

consider an appropriate interpretative model of the reality which is being examined here.

For this reason, let an appropriate variable U be considered which takes into due account the

user’s actions of adjustment and behavioural change following his/her interactions with the

aforesaid system A.

Named z1,...zh,...zn , then, the different sensations which play a role of independent variables

of the system S, there will be a function so that

u = f (z1, ..., zh, ..., zn); (2)

moreover, the achievement of the balance entails the existence of a particular function

which satisfies the following relationship

u = ( 1, ..., k, ..., m); (3)

being 1, ..., k, ..., m the independent variables of the vehicle-infrastructure-environment system.

Fig. 2 - Set U of the values assumed by the variable u and obtained as an intersection of the sets of the values of the

state indicators Bs in a human being with those BA concerning the vehicle-infrastructure-environment system.

From above, considering (2) and (3), it follows that 

BS

U

BA
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(z1, ..., zn, 1, ..., m) = 0 (4)

(4) shows that the set Bs of the travelling user’s state variables and the set BA which

characterizes the vehicle-infrastructure-environment trinomial, are composed of elements which

lead to a subset intersection U
(3)

.

Now, let us observe the domains Z = (z1, ..., zh, ..., zn) and � = ( 1, ..., k, ..., m) within

which the above considered functions f and are defined
(4)

, and the several interactions which take

place in operation between the system S, i.e. road or railway user, and the system A, composed of

all the elements which are external to the boundary of S and interfere with it, given

Z = Zv Zt Za Zh …, 

where the symbols, v, t, a, h, …, denote respectively the visual, thermal, acoustic,

hygrometric, etc.. interactions, we obtain the following relation: 

Z U
(5)

As a consequence, the set

A = v t a h …, 

in turn will result in a specific variable u characterizing the system A, with ui U.

Operationally, the states of "Wellness" BS that the user faces the journey and those trio of

BA-vehicle-environment and infrastructure belonging to the intersection subset U can be achieved 

with a series of management actions on security, efficiency and quality according to as shown in 

fig. follows.

Fig. 3 - The attributes of the Global Comfort

Obviously, the actions described can be achieved through appropriate programs and action 

plans that enable the joint management of the three aspects mentioned.

(3) Similarly, it happens for instance to the temperature in the thermal equilibrium.

(4) If we consider, for example, the set of the values of the variables characterizing the interactions which take place in a 

moving condition (dynamic perspective vision [ ] [ ]), the relevant sensory duct enables the person concerned to have a

one-way correspondence between the environmental values 1v, ..., hv, ..., nv and the induced sensation Z (v) which is

registered at each moment [0,T] , where T is the analysis period under consideration. Named v , then, the set of

values v nv and Zv the set resulting from the values of the visual sensation, it follows that: v Zv U.

(5) Such one-way correspondence between the abovementioned values is given by the function f of (2).
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2. The maintenance planning of the railway superstructure as a tool for global

comfort in railway management.

By means of the instrumental measures carried out through diagnostic carriages or trains, it is 

possible to make an assessment of the state of a superstructure by comparing directly the threshold

values which differentiate the warning level according to every geometrical parameter under

consideration, with reference to the three above-described aspects of safety, efficiency and quality 

of travel with reference to the direct appreciation of the user.

The regulations on the survey of the track geometry, made by RFI, provide for three track

quality levels according to which the ‘full implementation of the line” is expected and a level which

requires some operational restrictions on the railway in the form of slowing-down in the line and

traffic block. More specifically, it is stated:

1° quality level: in this field the geometry is to be considered in excellent conditions;

2° quality level: in this field the geometry is to be monitored: it is indeed required to identify

and assess the reasons why the deterioration has occurred, how the defect will evolve over

time and finally, to plan maintenance works according to such a rate;

3° quality level (or segment of intervention): in this field the implementation of the

maintenance works is required within set times or on the basis of the value assumed by the

Track Geometry Quality Index;

level involving operational restrictions: in this case some traffic slowing down or block is

required.

The defects which are included in the last level as well as those in the 3
rd

level calling for

immediate intervention (within 48 hours) are defined as relevant defects of the track geometry.

These defects are highly dangerous to the railway traffic and therefore must be repaired in the

shortest possible time. Should it prove impossible, operational restrictions must be imposed

proportionate to the type of the parameter and to the value assumed by the parameter itself. Such

restrictions may be traffic slowing down or block. 

Such track quality indexes (TQI) then allow to assess the “effectiveness of the line”, and its 

evolution over time, so as to plan adequate “on condition” maintenance works, optimizing human

and economical resources and avoiding proceeding with a more expensive “logic of 24-hour repair

service” to be performed urgently whenever the relevant defects arise.

In order to calculate the quality indexes, RFI regulations on track maintenance specify the

following defectiveness indexes: 

defectiveness index of the longitudinal level, equal to the standard deviation on a 200m

plane of the longitudinal level;

defectiveness index of the alignment, equal to the standard deviation on a 200m plane of

the alignment;

defectiveness index of the transversal level, equal to the standard deviation on a 200m

plane of the transversal level;

wedging index, equal to the highest on a 200m plane, and therefore to the worst of the

above-mentioned defectiveness indexes.

As regards the track quality indexes (IQB), they are defined as follows:
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Track geometry quality index in a section IQBT is the mean value of the wedging indexes 

(one at every 200 m) concerning the section considered. It is assessed at a full line, so the tracks at 

stations and the other places comprising points are excluded.

Track geometry quality index in a station IQBS is the mean value of the defectiveness

indexes of the longitudinal level (one at every 200 m) at the place considered.

The index values must of course be contained within specific threshold values that define the

type of line, the time within which the maintenance operations must be planned, designed to restore

levels of comfort, safety and ride quality you want. 

If Xt is the state of the system defined by the parameters evaluated on the geometric 

characteristics and wear of the superstructure such as the railway as the Gauge, the Alignment, the

Longitudinal Level, the Transversal Level, the Skew, and the Wear of a 45° Rail. For each of them

the regulations specify the following levels and thresholds:

1
st
 Quality Level (optimal)

2
nd

Quality Level (warning) 

3
rd

Quality Level (short-term or medium-term intervention)

4
th

Quality Level (operational restrictions: slowing down or block)

Each state of the system previously defined can be associated to the undertaken action At. The

action can be an operational restriction, the implementation of maintenance works or can consist in

keeping the superstructure without any intervention up to the next inspection period. In any case, if

Xt=i and At=k, Pij (k) denotes the probability for the system to be in the state j, at the time t+1, by

undertaking action k. Moreover, for each state i and the subsequent action k there will be an

estimated cost C(i, k).

The characteristics of the superstructure contribute, as a whole, to the definition of the decay

function of each parameter:

F = (P, U, R)

As a matter of fact, since railway headquarters also play a leading role, it is clear that every 

single parameter must be within the limitations provided for by the regulations. 

The functional form F will express the decay speed of the structural and functional track

characteristics up to the achievement of a minimum threshold Fmin which corresponds to loss of

functionality of the superstructure. 

Any maintenance strategy involves, therefore, the preventive knowledge of the state Xt=i of

the system, which is known to be defined by the values assumed by the diverse geometric and wear

parameters observed.

The high-performance means of measurements allow nowadays to determine the value of

such parameters and finally through data post-processing, to define the value of a synthetic
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indicator of the state of the system under analysis IQB. The IQB levels can define, however, the 

operational timing of “on condition” maintenance as they are situations which require maintenance

works all the same, even if depending on different time limits of intervention.

3. Theoretical observations on Markovian stochastic decision processes

A Markov chain is a stochastic process at such finite states (with values in X) tX (t=1,2... )

that, being Xt and At the state of the system and the subsequent action in the time t respectively, if

Xt =i and At =a, then denoting with Pij(a) the probability that the system, at the state i at first, will

be, in the time t+1, at the state j after action a has been undertaken, it follows that: 

P{Xt+1 = j | Ht, Xt =i, At =a} = P{Xt +1= j | Xt =i, At =a} = Pij(a).

This expresses Markov chain’s property assuming that the conditional probability Pij(a) of

any future ‘event’, given each past ‘event’ and the present state iX t , is independent from the past

“event” and from the time sequence H(t) of states and actions of the system H(t)= {X0, A0, X1, A1,

…, Xt-1, At-1}, whereas it is only dependent on the present state of the process.

For each Xt = i and At = a, there will be also an estimated cost C(i, a), which is assumed to be

limited (i.e. we decide to operate in the presence of budgetary constraints), then there will be a

number M such that:

|C(i, a)|<M per ogni i I e a K

The conditions of deterioration of the superstructure are known to be expressed by means of

the values assumed by such strategic variables as load-carrying capacity, regularity and wrinkling 

which, in function of the time, define the state of the superstructure in terms of efficiency or degree

of deterioration.

The determination of the state of the system will be followed by an action (decision) selected

from a finite set of possible actions. A rule applied for the choice of an action at each instant is

defined Policy and is denoted by . In general, the action specified by a policy in the time t, may be

dependent not only on the present state Xt, but also on the history Ht and on t itself. A policy can be 

also randomized in the sense that a probability distribution is assigned to possible actions.

An important subset of the set containing all the policies is that of the stationary policies. A

policy (or scenario of coordinate activities) is stationary if the action which specifies in the time t is

only dependent on the present state Xt and if it is non-randomized (deterministic). In other words, a

stationary policy is a function f which traces the state space in the action space by expressing that

for each state i, f(i) denotes the action chosen by the policy when the state i occurs. It follows that,

if a stationary policy is adopted, then the state sequence {Xn, n = 0, 1, 2, …} forms a Markov chain

with a transition probability Pij = Pij(f(i)). Therefore the process will be referred to as Markov

decision process. 

In order to determine the most effective actions of intervention above the Global comfort

criteria, it is necessary to establish a criterion for optimality. Standing in the best conditions, above

the point of view of operational safety and quality for the user expressed by functional levels

described, it can be defined as “optimal” the maintenance policy that obtains the minimum average

cost per time unit (maximum economic efficiency) in optimal conditions with regard to the

economical resource employment. Such a solution can be obtained by solving a problem of linear

programming through the Simplex Method, in which the objective function to minimize is as

follows:

Remaining in the optimality conditions from the point of view of best economic efficiency and

riding quality expressed by the functional levels described above, can be considered that good

maintenance policy that minimizes the average cost per unit of time and that also realizes the

condition of maximum economic efficiency, the 'identification of such a solution can be obtained by 
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solving a linear programming problem, through the use of the Simplex Method, using the following 

objective function to minimize:

=
m

j

K

k

jkjkcx
0 1

(1)

Where, xjk stands for the stationary probability to take a decision k when the system is at the

state j, and cjk(t) 0 the average cost covered when the system is at the state j in the time t and the

decision k is taken. It is assumed that cik(t)=cik, independent of t.

Ii

K

k

jkjk

K

k

jk kqxx
11

)( for each  j I (2a)

Ij

K

k

jkx 1
1

(2b)

xjk 0 (2c)

in which qij(k) express the transition probability of a system, being in the state i, to change to the

state j in the following step when action k is taken. For each type of action k the sum of all the

probabilities that the system, being in the state i, has to change to each state j = 0,1…m:

m

j

ij kq
0

1)( and        qij(k) 0 For each i and k set. 

As previously shown [21], the optimum solution of (2) is unique for 
k

jkx 0 , j I, and it

satisfies the optimum non-randomized choice to take action k in the state j, then it follows:

K

k

jk

jk

j

jk

jk

x

xx
D

1 ;

in which there is, xjk = jDjk and 
k

jkj x , with j as equilibrium probability distribution. 

4. Application of markovian decision process to maintenance problems of railway

superstructures

In order to fully describe the real possibility to use the mathematical model suggested and

closely follow the application steps of the method, the case of a system characterized by possible

states for each geometrical parameter above mentioned, by possible actions to be undertaken and by

actions consistent with every state and every action, has been reported as an exemplification.

Considering the state indicators suggested by RFI, let us examine, for the sake of simplicity,

the following four states so as to classify the qualitative characteristics of the infrastructure:

State Deterioration threshold

0 Optimal Level

1 Warning Threshold

2 Intervention Threshold

3 Safety Threshold

Table 3 – Costs and transition probability for each state and action

where:
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9

o optimal level: characteristic value equal to that of a new or efficiently restored

superstructure;

o warning threshold: characteristic value such as to induce monitoring of the section in

order to assess the defect evolution over time;

o intervention threshold: conditions of deterioration of the superstructure such as to require

implementation of maintenance works within times set in advance;

o safety threshold: characteristic values which definitely compromise the safety to such an

extent that they require the implementation of traffic slowing down or block.

Let us suppose that at each initial period t the infrastructure is inspected by means of high-

performance diagnostic carriages and classified according to one of the four states above

considered. After the observation of the qualitative state of the superstructure a decision needs to be

taken, either to still utilize it without any intervention up to the following inspection period (action 

c) or to carry out maintenance works in order to restore the best structural and functional conditions

(action m). Let us suppose, moreover, that action c is allowed only at the state 0 while action m is

permitted only at the state 3.

For each parameter, from every state to the others, the transition probability may be calculated

by knowing its decay function F and by carrying out a statistical analysis of the data obtained from 

the measurements of the structural and functional characteristics (monitoring and survey of the

quality indicators).

5. Conclusions

The fundamental objective of a railway maintenance plan is to guarantee, by means of 

suitable mathematical models for optimizing the effectiveness of the interventions, a support system

for the decisions which are required to perform upgrading actions so as to ensure the necessary

degree of reliability of the structure and at the same time to optimize the resource allocation.

Therefore, the optimization of the maintenance processes and of other aspects related to

environmental quality and organization of the exercise, allows a general improvement of the

"Global Comfort", which includes within it the "security", "efficiency" and "quality", and can be

formalized as a particular psycho-physical condition in which the man expresses satisfaction in the 

her relationship with the trinomial vehicle-infrastructure-environment.

Methodologically, the proposed model uses the stochastic dynamic programming and in

particular Markov’s decision processes applied to the Index of Quality of Binary (IQB), thus

allowing to define, through the integrated analysis of the classes of variables which characterize the

overall quality of service (in terms of comfort and safety), to find the solutions of the decisional

process in function of the probability of decline over the time of the variables state of the

infrastructure and of the flow of available resources.

It is thus possible develops the most suitable intervention policies, at out light of global

comfort with regard to speed quality for the user and operational safety at the minimum average

cost per time unit (maximum efficiency) in optimal conditions with regard to the economical

resource employment.
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Abstract Empirical studies show that married women's labour supply in Italy is

sensitive to variations in individual wage, but misspecification of labour supply

equation may result in inefficient wage-elasticity estimates. Consequently,

several problems arise in evaluating the influence of small children on female

labour supply and wage-elasticity. In order to reduce the variability of the

estimates, we suggest a structural form specification of both paid work and

unpaid work equations and an instrumental variables based estimation

procedure. A new type of instruments are introduced to improve the estimation

performance. The empirical application to Istat data (Time Use Survey, in Italy)

produces apparently reasonable results.

Keywords: Labor statistics, Econometrics, Fertility and family

1 Introduction

The estimation of the labour supply function and wage-elasticity of women

represents a topic of great interest for analysts, especially in Italy where women

are an underutilized contingent of labour force. Several methods for estimating

labour supply function and wage-elasticity have been adopted, but estimation

results prove generally unsatisfactory, because they are extremely sensitive to

model specification and to the utilized estimation procedure. A detailed survey

of the most important studies on wage-elasticity of female labour supply
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estimation can be found in Killingsworth and Heckman, (1986); Blundell and

Macurdy, (1999) and, more recently, Evers, De Mooij and Van Vuuren, (2008).

Our purpose is to estimate a female labour supply model that takes into

account the decisions on time allocation of both partners and uses time use data

collected with the diary method (Klevmarken, (2005); Bloemen and Stancanelli,

(2008); Kalenkowski, Ribar and Stratton, (2009); inter alia). In this way, a

simultaneous equation model of paid and unpaid work supply may be estimated.

However, labour supply models specified with a simultaneous equation

approach typically suffer from inferential problems. In particular, the risk of

endogeneity in the estimates discourages the analysts from specifying the

structural form of the equations. For this reason, non-market working activities

are generally not included as explanatory variables in the paid work equation.

But the incomplete specification of the equation of paid work leads to an

increase in the variability of the results and in particular of wage-elasticity.

In order to circumvent this difficulty, we specify a “complete structural

form” of both labour supply and home-production equations, and we correct our

estimates for endogeneity by adopting an instrumental variables approach.

Empirical measures of the economic value of the time spent by the partners in

non-market (or domestic) activity and an empirical measure of individual non-

working activity (leisure time and physiological activities) are utilized as

instrumental variables. In this way, the variability in the estimated elasticity

coefficient should decrease.

We use a cross sectional dataset selected from the 2002-2003 ISTAT Survey

on Time Use in Italy. Unfortunately, this survey contains no information on

income: this forced us to resort to a matching procedure in order to "import"

income data from the Bank of Italy Survey on Household Income and Wealth

(SHIW 2002). The matching procedure we adopted gives apparently satisfactory

results for the assignment of individual labour income, but not for the

assignment of household income and consumption data. This makes it

impossible for us to introduce taxation effects in the model of labour supply.

Our model estimates a wage-elasticity coefficient of paid work close to 0.30

if small children live in the family
1
. The results of simulations based on model

estimates show that if the wage level increases, women work more for the

market, but, at the same time, about 65% of their additional market working

time is subtracted to their domestic working time.

Theoretical and methodological aspects regarding the economic evaluation

of domestic work utilized as instrumental variable will be discussed in the next

section. In Section 3 we show the characteristics of the dataset and the results of

both matching procedure and model estimation. Then, the fourth section reports

the final observations and remarks.

1 The cross-sectional nature of the survey and the absence of information on the dynamic relationship

between fertility and participation in the labor market of the partners forced us to treat the presence and the

number of small children in the family as an exogenous factor.
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2 Model Specification and Estimation  

How valuable are non-market working activities? A tentative answer comes 

from measuring the time devoted to unpaid work and "pricing" it. To this end, 

two criteria have been proposed in the literature: i) the “market price” criterion 

and ii) the “opportunity cost” criterion. With the former, the market price is the 

average market hourly wage of an outside collaborator recruited from the labour 

market. With the latter, the opportunity cost is given by the potential hourly 

wage of the subject assumed as a unit of evaluation (shadow price) for the time 

spent on his/her household duties (Gronau, 1986). There are several studies 

about the consequences in economic and statistical analysis that derive from the 

adoption of both the evaluation methods
1
. In this analysis, we adopt a solution 

which, in part, represents a synthesis of both evaluation criteria
2
. In practice, the 

evaluation here attributed to the domestic activity and child care corresponds to 

the greater of the two hourly costs given, respectively, by the average price of 

the outside service and by the potential (estimated) wage of the subject: 

max(pdTh; �Th), where Th are the hours of domestic work, pd the average hourly 

price of the outside service for domestic activities, � the potential predicted 

hourly wage of the subject
3
.

Following this line, we propose to include in the right side of the labour 

supply equation, as an explanatory variable, the computed economic values of 

domestic work and child-care of the woman and of her partner. However, a 

methodological problem arises with this procedure. Wage and empirical 

measures of time devoted to domestic duty and child-care may be potentially 

endogenous with respect to the market working time. We try to solve this 

problem by substituting potentially endogenous regressors with instrumental 

variables obtained from reduced-form regressions estimated at a first stage. For 

this reason we must specify the simultaneous equation model including several 

reduced-form specified equations. Therefore the structural form specified 

equations of the model are given by the equations 6) and 9) of the following 

model: 

 

1 See, inter alia, Bonke, (1992), and De Santis, (2004). 
2 See Di Pino, (2004). 
3 This solution for the computation of shadow price of the home production is based on the consideration that 

if the subject entrusts all household duties (including child care) to outside collaborators, he/she will pay the 

service at an hourly price equal to ph, and will not sustain any opportunity cost. Vice versa, if he/she prefers to 

personally attend to household duties, renouncing alternative payment of his/her own time equal to �, he/she 

evidently considers direct involvement in household activity and child care not qualitatively replaceable by 

outside services. In this case, � can be assumed as a proxy of the measurement of the home production 

opportunity cost. 
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There are nine endogenous variables (in brackets when they appear in the

right side of the equation):

L*= Labour participation (L = dummy variable: 0 if the subject works; 1 if

doesn’t work); HL = Heckman correction factor; lnW = Log of Individual Wage;

lnNW = Log of Non-working time (leisure and physiological time); CHCOSTf =

Economic value of individual childcare activity (women only); DOMCOSTf =

Economic value of individual domestic work (childcare excluded); lnCHf = Log

of Time spent for childcare (women only); lnDOMf = Log of Time dedicated to

domestic work (women only) lnWORKf = Log of Time dedicated to external

work (women only)

and 20 exogenous variables:

intercept; age, agem, age f = Age (and fixed effect male/female); age
2
, age

2
m,

age
2

f = Square of age (and fixed effect male/female); sex = Dummy variable

(male=0; female=1); health = Health status satisfaction (Dummy variable: not

satisfied=0; satisfied=1); edufather, edufather m, edufather f = Father education

(years of schooling) (fixed effect male/female); labfather = Father working

status when the subject was 14 years old (Dummy: not work=0; work=1);

regwage = Regional wage increase propensity (fixed effect); edu = Education

level of the subject (years of schooling); edupartner = Partner’s education (years

of schooling); dlabour = Type of work (dummy variable : occasional=0;
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habitual=1); partfull = Dummy: if the subject works part-time=0 if he/she 

works full time=1; regGNP = Regional GNP pro capite (fixed effect); darea = 

Regional area (dummy variable: North-centre=0; South-Islands=1); dday =

Reference day activities of the diary (Dummy variable: weekend = 0; Monday - 

Friday=1); colf = Home help service time (minutes in a week); nchild = Number 

of children (0-13 years); sitting = Baby sitter time (minutes in a week); sitting
2

= Square of baby sitter time; pd = average market hourly price of the outside 

service for domestic activities and child-caring; Error terms u1;… u8 ;u9 are 

assumed i.i.d. with zero mean.  

Note that equations 5), 6), 7), 8), and 9) are estimated only on the sub-

sample of the female partners, while equations 1), 2), 3) and 4) are estimated on 

the full sample, including male and female partners. Adopting exclusion-

restriction rules, we can identify both equation 6) (unpaid work equation) and 

equation 9) (paid work equation). Equation 1) (participation function) specifies 

the selection criterion of both the log-Wage function (Eq. 3) and the labour 

supply function (in Eq. 9) where the dependent variables are observable on 

working people only. The coefficients a39 in the equation 6) (unpaid work 

supply) and� a51 in the equation 9) (paid work supply) measure the 

uncompensated wage-elasticity, respectively, of female domestic work and 

female paid work. To specify both market and non-market work equations we 

cannot directly use household income, not asked in the Istat Time Use Survey. 

Equation 7) and 8) give the reduced form estimates of the economic value of, 

respectively, childcare and domestic work. 

In order to estimate equations 6) and 9) we adopt different procedures, all 

based on the use of the instrumental variables obtained from the estimation at a 

first stage of equations 1), 2), 3), 4) and 5), 7) and 8). We apply as alternative 

estimators : i) IV and OLS with Heckman correction for selectivity
1
; ii) IV and 

Tobit standard; iv) IV and Censoring Least Absolute Deviation Estimator 

(CLAD)
2
.

3 Sample Selection and Estimation Results 

The subjects interviewed in the Istat Time Use Survey provide detailed 

information on their own daily time allocation through the compilation of a 

diary in which they register all of their daily activities. These can be classified 

in four categories: i) paid work or market working time; ii) domestic work or 

 
1 Estimation of the log-wage equation implies the adoption of the Heckman correction for selectivity, given by 

the inclusion as regressor of the residuals (H) obtained from the Probit reduced form estimation of the 

participation equation 1). 
2 Cf. Powell, (1984). 
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unpaid work; iii) child-care; iv) non working time
1
. The selected sample is

composed by 8 026 couples of Italian partners (16 052 subjects in all); equitably

distributed by area of residence, age, and employment status
2
. The results of the

descriptive analysis, not reported here, show that men work more for the market

than women do (8.4 hours per day, against 3.4). Conversely, women spend

more time in domestic work and child-care (respectively, 5.7 and 1.2 hours)

than men (1.0 and 0.4 hours). Furthermore, with more children in the family,

women spend more hours working indoors, but fewer in paid work.

Istat Time Use dataset does not report information on income, of any kind.

For this reason we draw individual labour incomes from the Bank of Italy SHIW

dataset (3 640 cases) in year 2002 by applying a matching procedure. The

“Conditional Propensity Score” estimation is utilized as matching method. We

impose to the matching procedure that the variables conditioning the Propensity

Score estimation be independent of the outcome variables
3
. The variables,

common to both the dataset, used to estimate the Propensity Score (by Probit)

are: age, sex, education, father's working status when the subject was fourteen,

economic regional fixed effects, status of the subject within his/her family and

geographical area of residence. In order to avoid the risk of importing data

characterized by self-selection, we adopt a sensitivity test to verify if the

assignment to the treatment (Istat Time Use dataset) depends on the outcome

variables (labour income). To this purpose a Cochran-Mantel-Haenszel (CMH)

test is applied by computing a Chi Square statistics (Becker and Caliendo,

2007). Furthermore, so as to verify if latent factors affect the assignment to the

treatment, a sensitivity testing procedure based on the simulation of

confounding variables affecting propensity score estimation is applied
4
.

As for the model estimation, we report here only the estimation results, at the

second stage, of female’s paid work equation (Table 1)
5
. The estimated

coefficients of log Wage are similar in different estimation procedures. The

estimated coefficient of the IV representing domestic activity economic cost

(DOMCOSTf) is characterized by a high significativity.

1
The variable “non working time” is the result of the sum of time dedicated to leisure-activities and time

spent in physiological and personal activities.
2 Self-employed are included in the sample.
3 This condition is known as Conditional Independence Assumption (CIA).
4 Cfr. Rosembaum and Rubin, (1983) and Ichino, Mealli and Nannicini, (2008).
5 The results of reduced form estimates at a first stage and of structural form estimates of Eq. 6 (domestic

work), not reported here, are disposable on request.
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Table 1: Logarithm of Paid Work “structural-form” estimation (Eq. 9 – Women only) 

Dependent 

variable: 

lnWORKf

OLS CLAD TOBIT (i) TOBIT (ii) 

regressors: Coeff. p Coeff. p Coeff. p Coeff. p

Intercept 6.9082 * 3.0020 * 2.5540 * -2.3259 * 

age 0.0879 * 0.0115 * 0.0125 * 0.2978 * 

age2 -0.0009 *     -0.0035 * 

darea -0.2589 * -1.3956 * -1.4857 * -1.51107 * 

dday -0.4955 * -0.4281 * -0.4169 * -0.5021 * 

H –

(Heckman 

correction) 

-0.0848 ** 
8.7589 

(iii) 
*

9.3741 

(iii) 
*

9.3011 

(iii) 
*

ln� 0.3078 * 0.3072 * 0.2984 * 0.2489 *

edu -0.0081 * 0.0420 * 0.0548 * 0.0502 * 

edupartner -0,0053 * 0.2035 * 0.2153 * 0.2135 * 

CHCOSTf -0.0024 # 0.0184 * 0.0121 ** -0.0081 * 

DOMCOSTf -0.8073 * -0.6002 * -0.5956 * -0.7995 # 

lnN� -0.1076 * -0.3308 * -0.3440 * -0.2525 * 

Cases 

(Women) 

4506 

(working 

women only) 

8026 8026 8026 

p-value: * < 1%; ** <5%; # > 5%; (i) estimated without including age2 as 

regressor; (ii) estimated by including age2 as regressor; (iii) correction for 

endogeneity 

By estimating the market labour supply equation for different sub-samples 

characterized by a varying number of children (aged 0-13) in the family, we can 

observe (Table 2) how the estimated wage-elasticity of female’s paid work is 

lower in the families without children, but becomes higher when the number of 

children increases. This result could appear inconsistent with the descriptive 

statistics mentioned above, showing that female’s working time decreases when 

the number of children increases. Nevertheless, we must consider that the 

estimated coefficient of wage-elasticity represents an estimate of an 

“uncompensated” elasticity given by the joint and indistinct influence of a 

“substitution effect” and an “income effect” of wage. Consequently, the 

estimated wage-elasticity coefficient could increase if the presence of small 

children in the family is accompanied (and dominated by) an income effect of 

wage on paid work supply. The estimation results of the female domestic work 

equation (not reported here) show little differences in the estimated coefficient 

of domestic work wage-elasticity when the estimation procedure changes 

(respectively -0,27 for OLS estimate and -0,22 for Tobit). in both cases, female 

domestic work supply diminishes if the wage rises. We also estimated the 

domestic work wage-elasticities in different sub-samples with different number 

of children in the family, and found no relevant difference with coefficients 

estimated on the full sample. 
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Table 2: Estimated wage-elasticity of female's paid work for number of children 0-13 in the family

Children 0-13 OLS CLAD TOBIT
coeff s.e. coeff s.e. coeff s.e.

0 0.2100 0.0458 0.1716 0.0726 0.1882 0.0594

1 0.3162 0.0531 0.2676 0.0825 0.3224 0.0715

>1 0.3524 0.0604 0.3243 0.0983 0.3865 0.0791

Simulating the effects of the estimation results we can observe that a

theoretical positive variation in the wage level of 10% involves makes a

woman’s paid work supply increase by about 7 days per year but, contextually,

woman’s domestic unpaid work diminishes by about 6 days per year. If small

children are present in the family, a percentage of 62-63% of the increase in

working time (due to a higher wage) is “subtracted” from domestic activity.

However this result does not take into account the different availability of

public and/or private service of childcaring in the Italian regions.

4 Final Remarks

The inclusion of the cost of unpaid work as an instrumental variable in

female’s labour supply estimation allows us to obtain an apparently sound

estimate of female’s paid work. The estimated coefficients of wage elasticity

seem to be characterized by high significativity and robustness. The

unavailability of data about both household consumption and income limits our

analysis to the estimation of uncompensated elasticities. If we had this

information, we could include in the model a utility function equation, and a

wage compensated elasticity could be computed for any given, “predicted”,

level of utility. With this model, a consistent empirical relationship between

individual wage and both paid and unpaid work supply emerges, even if

important variables such as taxes and public childcare services are absent from

the analysis. Without considering taxes and public services, the effects of an

increase of woman’s wage level involves a positive influence on female labour

supply in the market but also a negative effect on unpaid domestic work supply.

This implies that important consequences at the macro level can occur in terms

of quality of family life if a potential domestic time reduction (due to an

increase in wage level) is not adequately compensated by the utilization of

external services, parental aid or, at least, by a redistribution of the domestic

duties within the family.
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1. Introduction

For integers a, b and c, let us write a
b∼ c provided a + b = c2. For the

triples A = (a, b, c), D = (d, e, f) and Ã = (ã, b̃, c̃) the notation A
D∼ Ã means

that b c
d∼ ã, c a

e∼ b̃ and a b
f∼ c̃. When D = (k, k, k), let us write A

k∼ Ã for
A

D∼ Ã. Hence, A is the D(k)-triple (see [1]) if and only if there is a triple Ã

such that A
k∼ Ã.

In the paper [7] we constructed infinite sequences α = {α(n)}∞n=0 and
β = {β(n)}∞n=0 of D(−4)-triples and γ = {γ(n)}∞n=0 and δ = {δ(n)}∞n=0 of
D(8)-triples. Here, α(n) = A = (P2n+1, 2P2n+1, P2n+3), β(n) = B = (P2n+1,
P2n+3, 2P2n+3) and γ(n) = C = (Q2n+1, 2Q2n+1, Q2n+3), δ(n) = D =
(Q2n+1, Q2n+3, 2Q2n+3), where the Pell and Pell-Lucas sequences of natural
numbers Pn and Qn are defined by the recurrence relations P0 = 0, P1 = 2,
Pn = 2Pn−1 + Pn−2 for n > 2 and Q0 = 2, Q1 = 2, Qn = 2Qn−1 + Qn−2 for
n > 2.

The numbers Qk make the integer sequence A002203 from [9] while the
numbers 1

2 Pk make A000129. The authors studied some sums of these num-
bers in the recent articles [4], [5] and [6].

The goal of this article is to further explore the properties of the se-
quences α, β, γ and δ. Each member of these sequences is an Euler D(−4)-
or D(8)-triple (see [2] and [3]) so that many of their properties follow from
the properties of the general (pencils of) Euler triples. It is therefore in-
teresting to look for those properties in which at least two of the sequences
appear. This paper presents several results of this kind giving many squares
from the components, various sums and products of the sequences α, β,
γ and δ. Most of our theorems have also versions for the associated se-
quences α̃, β̃, γ̃ and δ̃, where α̃(n) = Ã = (Q2n+2, P2n+2, Q2n+1),
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Abstract. In this paper we continue from [7], for k = −4 and
k = 8, to study the infinite sequences of triples A = (P2n+1, 2P2n+1,
P2n+3), B = (P2n+1, P2n+3, 2P2n+3) and C = (Q2n+1, 2Q2n+1,
Q2n+3), D = (Q2n+1, Q2n+3, 2Q2n+3) with the property that the
product of any two different components of them increased by k are
squares. The sequences A and B are built from the Pell numbers Pn

while the sequences C and D from the Pell-Lucas numbers Qn. We
show some interesting properties of these sequences that give various
methods how to get squares from them.

Keywords: property D(n), Pell numbers, Pell-Lucas numbers,
square, components, symmetric sums, products.
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β̃(n) = B̃ = (Q2n+3, Q2n+2, P2n+2), γ̃(n) = C̃ = (2P2n+2, Q2n+2, 2P2n+1)
and δ̃(n) = D̃ = (2P2n+3, 2P2n+2, Q2n+2) satisfy A

−4∼ Ã, B −4∼ B̃, C 8∼ C̃

and D 8∼ D̃.

2. Squares from products of components

The relations A −4∼ Ã and C
8∼ C̃ imply that the components of A and

C satisfy A2A3
−4∼ Ã1 and C2C3

8∼ C̃1. Our first theorem shows that the
product A2A3C2C2 is in a similar relation with respect to 64. Of course, the
other products A3A1C3C1, A1A2C1C2 as well as B2B3D2D3, B3B1D3D1

and B1B2D1D2 exhibit a similar property.

Theorem 1. The following hold for the products of components:

A2A3C2C3
64∼ 2P4n+4, B2B3D2D3

0∼ 2P4n+6,

A3A1C3C1
16∼ P4n+4, B3B1D3D1

64∼ 2P4n+4,

A1A2C1C2
0∼ 2P4n+2, B1B2D1D2

16∼ P4n+4.

Proof. Let ϕ = 1 +
√

2 and ψ = 1
√

2 = − 1
ϕ . Since Pj = ϕj−ψj

√
2

and

Qj = ϕj + ψj , it follows that A2 = 4(ϕ2 n+1−ψ2 n+1)
ϕ−ψ , A3 = 2(ϕ2 n+3−ψ2 n+3)

ϕ−ψ ,
C2 = 2(ϕ2n+1 + ψ2n+1) and C3 = ϕ2n+3 + ψ2n+3.

After the substitutions ψ = − 1
ϕ and M = ϕn, the sum of A2A3C2C3 and

64 becomes 2ϕ8(M2−ψ2)6(M2+ψ2)2

M8 . However, this is precisely the square of
2P4n+4. This shows the first relation. The other relations have similar
proofs. �

The version of the previous theorem for the sequences α̃, β̃, γ̃ and δ̃ is the
following result.

Theorem 2. The products of components of Ã, B̃, C̃ and D̃ satisfy:

Ã2Ã3C̃2C̃3
4∼ Q4n+3, B̃2B̃3D̃2D̃3

4∼ Q4n+4,

Ã3Ã1C̃3C̃1
16∼ 2P4n+3, B̃3B̃1D̃3D̃1

4∼ Q4n+5,

Ã1Ã2C̃1C̃2
4∼ Q4n+4, B̃1B̃2D̃1D̃2

16∼ 2P4n+5.

Proof. Since Ã2 = 2(ϕ2 n+2−ψ2 n+2)
ϕ−ψ ,Ã3 = ϕ2,n+1+ψ2,n+1,C̃2 = ϕ2,n+2+ψ2,n+2

and C̃3 = 4(ϕ2,n+1−ψ2,n+1)
ϕ−ψ , the sum of Ã2Ã3C̃2C̃3 and 4, after the substitu-

tions ψ = − 1
ϕ and M = ϕn, becomes ϕ6(M8−ψ6)2

M8 . However, the square of

Q4n+3 has the same value. This proves the first relation Ã2Ã3C̃2C̃3
4∼ Q4n+3.

The remaining five relations in this theorem have similar proofs. �
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The same kind of relations hold also for the products of components from
all four sequences α, β, γ and δ.

Theorem 3. The following relations for products of components hold:

A2B3C2D3
256∼ 4P4n+4, A3B2C3D2

0∼ P4n+6,

A3B1C3D1
16∼ P4n+4, A1B3C1D3

64∼ 2P4n+4,

A1B2C1D2
16∼ P4n+4, A2B1C2D1

0∼ 2P4n+2.

Proof. Notice that the components A2, B3, C2 and D3 are 4(ϕ2 n+1−ψ2 n+1)
ϕ−ψ ,

4(ϕ2 n+3−ψ2 n+3)
ϕ−ψ , 2(ϕ2n+1 + ψ2n+1) and 2(ϕ2n+3 + ψ2n+3). Since B3 and D3

are 2A3 and 2C3, it is now clear from the proof of Theorem 1 that after the
substitutions ψ = − 1

ϕ and M = ϕn, the sum of A2B3C2D3 (i. e., four times
A2A3C2C3) and 256 (i. e., four times 64) is the square of twice 2P4n+4 (i. e.,
of 4P4n+4). This shows the first relation A2B3C2D3

256∼ 4P4n+4. The other
relations in this theorem have similar proofs. �

There is again the version of the previous theorem for the products of
components from all four sequences α̃, β̃, γ̃ and δ̃.

Theorem 4. The products of components of Ã, B̃, C̃ and D̃ satisfy:

Ã2B̃3C̃2D̃3
0∼ P4n+4, Ã3B̃2C̃3D̃2

16∼ 2P4n+3,

Ã3B̃1C̃3D̃1
64∼ 2P4n+4, Ã1B̃3C̃1D̃3

4∼ Q4n+4,

Ã1B̃2C̃1D̃2
0∼ 2P4n+4, Ã2B̃1C̃2D̃1

4∼ Q4n+5.

Proof. The components Ã3, B̃1 and C̃3, D̃1 are the sums ϕ2n+1 + ψ2n+1,
ϕ2n+3 + ψ2n+3 and the quotients 4(ϕ2 n+1−ψ2 n+1)

ϕ−ψ and 4(ϕ2 n+3−ψ2 n+3)
ϕ−ψ . It is

now clear from the proof of Theorem 1 that the sum of Ã3B̃1C̃3D̃1 and 64
is precisely the square of 2P4n+4.

This shows the third relation Ã3B̃1C̃3D̃1
64∼ 2P4n+4. The other five rela-

tions in this theorem have similar proofs. �

It is interesting (as the next two theorems show) that we can even mix
components of the triples A, B, C, D and Ã, B̃, C̃, D̃.

Theorem 5. The products of components of A, B, C, D and Ã, B̃, C̃, D̃
satisfy:

Ã2B3C2D̃3
16∼ 2(P4n+4 − 2), A2B̃3C̃2D3

16∼ 2(P4n+4 + 2),

Ã3B1C3D̃1
36∼ 8P4n+2 +Q4n, A3B̃1C̃3D1

36∼ 8P4n+2 +Q4n,

Ã1B1C2D̃2
16∼ 2P4n+3, A2B̃2C̃1D1

16∼ 2P4n+3.
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Proof. The parts C2, D̃3 and Ã2, B3 are the sums 2(ϕ2n+1 + ψ2n+1),
ϕ2n+3 + ψ2n+3 and the quotients 2(ϕ2 n+2−ψ2 n+2)

ϕ−ψ , 4(ϕ2 n+3−ψ2 n+3)
ϕ−ψ .

It is now clear from the proof of Theorem 1 that the sum of Ã2B3C2D̃3

and 16 is equal 2ϕ8(M8−2
√

2ψ4M4−ψ8)2

M8 (i. e., the square of 2(P4n+4 − 2)).

This shows the first relation Ã2B3C2D̃3
16∼ 2(P4n+4 − 2). The other five

relations in this theorem have similar proofs. �

Theorem 6. The products of components of A, B, C, D and Ã, B̃, C̃, D̃
satisfy:

Ã3B2C̃3D2
36∼ 8P4n+2 +Q4n, A3B̃2C3D̃2

4∼ Q4n+5,

Ã1B3C̃1D3
16∼ 2Q4n+5, A1B̃3C1D̃3

4∼ P4n+3,

Ã2B1C̃2D1
4∼ P4n+3, A2B̃1C2D̃1

144∼ 8P4n+2 +Q4n.

Proof. The parts Ã3, D2 and B2, C̃3 are the sums ϕ2n+1 + ψ2n+1,
ϕ2n+3 + ψ2n+3 and the quotients 2(ϕ2 n+3−ψ2 n+3)

ϕ−ψ , 8(ϕ2 n+1−ψ2 n+1)
ϕ−ψ . It is now

clear that the sum of Ã3B2C̃3D2 and 36 is equal

ϕ8[(M4 + ψ4)2 − ψ2(1 + ψ)2M4]2

M8

(i. e., to the square of 8P4n+2 +Q4n).
This shows the first relation Ã3B2C̃3D2

36∼ 8P4n+2 +Q4n. The other five
relations in this theorem have similar proofs. �

3. Squares from symmetric sums

Let σ1, , σ2, , σ3 : Z3 → Z be the basic symmetric functions defined for
x = (a, b, c) by xσ1 = a+ b+ c, xσ2 = bc+ ca+ ab, xσ3 = a b c. Let σ∗2,
σ∗1 : Z3 → Z be defined by xσ∗

2
= b c− c a+ a b and xσ∗

1
= a− b+ c. Note

that xσ∗
1

is the determinant of the 1 × 3 matrix [a, b, c] (see [8]).
Let us note the identities Aσ∗

1
Dσ∗

1
+ 16 = Bσ∗

1
Cσ∗

1
= (2Q2n+2)2. In fact,

since Aσ∗
1

= 2P2n+2 and Dσ∗
1

= 4P2n+2, it follows that

Aσ∗
1
Dσ∗

1
+ 16 = 8P 2

2n+2 + 16 = (2Q2n+2)2.

On the other hand, the identity Bσ∗
1
Cσ∗

1
= (2Q2n+2)2 is obvious since

Bσ∗
1

= Cσ∗
1

= 2Q2n+2.
For the sums σ2 and σ∗2 of the components analogous relations are true.

Theorem 7. The following is true for the sums σ2 of the components:

Aσ2Cσ2

144∼ 8P4n+3 + P4n, Bσ2Dσ2

144∼ 88P4n+2 − 15P4n,

Ãσ2C̃σ2

48∼ 2Q4n+4, B̃σ2D̃σ2

32∼ 4P4n+5.
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Proof. Since Aσ2 = 1
2P2n+1(23Q2n+1 + 11Q2n) and Cσ2 = Q2n+1(2P2n+4

−Q2n), the sum Aσ2Cσ2 + 144 is the square of ξ(49M8−ζ2)
M4 , where ξ and ζ

are 57+80
√

2
98 and 57 − 40

√
2. It is now easy to check that ξ(49M8−ζ2)

M4 is

equal to the sum 8P4n+3 + P4n. This proves the first relation Aσ2Cσ2

144∼
8P4n+3 + P4n. The other relations in this theorem have similar proofs. �

Theorem 8. The following is true for the sums σ∗
2 of the components:

Aσ∗
2
Cσ∗

2

16∼ 8P4n+2 − P4n, Bσ∗
2
Dσ∗

2

16∼ 64P4n+2 − 11P4n,

Ãσ∗
2
C̃σ∗

2

−16∼ 2Q4n+3, B̃σ∗
2
D̃σ∗

2

48∼ 2Q4n+4.

Proof. Since Bσ∗
2

= 1
2P2n+3(13Q2n+1 + 5Q2n) and Dσ∗

2
= Q2n+3(9Q2n+1

+4Q2n), the sum Bσ∗
2
Dσ∗

2
+ 16 is the quotient ξ+(7M8+ξ−)2

98M8 , where ξ± is
65529 ± 46336

√
2. It is now easy to check that this is the square of

64P4n+2 − 11P4n. This proves the second relation Bσ∗
2
Cσ2

16∼ 64P4n+2−
11P4n. The other relations in this theorem have similar proofs. �

In the next result we consider the products of the same components of the
triples A, B, C and D and the product of their components.

Theorem 9. The following relations and the identity hold:

A1B1C1D1
0∼ P4n+2, A2B2C2D2

64∼ 2P4n+4,

A3B3C3D3
0∼ P4n+6, 4Aσ3Bσ3Cσ3Dσ3 = (4P4n+2 P4n+6)3.

Proof. Since A3 = P2n+3, B3 = 2P2n+3, C3 = Q2n+3 and D3 = 2Q2n+3, it
follows that A3B3C3D3 = (2P2n+3 Q2n+3)2 = (2P4n+6)2. This proves the
third relation. The other relations have similar proofs. �

The products of the same components of the triples Ã, B̃, C̃ and D̃ and
the product of their components appear in the following result.

Theorem 10. The following relations and the identity hold:

2 Ã1B̃1C̃1D̃1
16∼ 2Q4n+5, Ã3B̃3C̃3D̃3

4∼ Q4n+3,

2 Ã2B̃2C̃2D̃2
0∼ 2P4n+4, Ãσ3B̃σ3C̃σ3D̃σ3 = (2P4n+4)4 P4n+6 P4n+2.

Proof. Since Ã3 = Q2n+1, B̃3 = P2n+2, C̃3 = 2P2n+1 and D̃3 = Q2n+2, it fol-
lows that the sum of Ã3B̃3C̃3D̃3 and 4 is the square of ϕ3(M8−ψ6)

M4 that we
recognize as Q4n+3. This proves the second relation. The other relations in
this theorem and the identity have similar proofs. �

The products of the sums σ1 and σ∗ of the components of the triples A, B,
C and D show the same kind of relations. This is also true for the associated
triples Ã, B̃, C̃ and D̃.
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Theorem 11. The following relations hold for the sums σ1 and σ∗1:

Aσ1Bσ1Cσ1Dσ1

1024∼ 28P4n+4, Ãσ1B̃σ1C̃σ1D̃σ1

144∼ 3P4n+6,

Aσ∗
1
Bσ∗

1
Cσ∗

1
Dσ∗

1

64∼ 4Q4n+4, Ãσ∗
1
B̃σ∗

1
C̃σ∗

1
D̃σ∗

1

0∼ 3P4n+4.

Proof. The sums of the components Aσ1 , Bσ1 , Cσ1 and Dσ1 are equal
Q2n+3 +Q2n, 2(4P2n+2 − P2n), 2(P2n+3 + P2n) and 2(4Q2n+2 −Q2n).
Hence, the sum of Aσ1Bσ1Cσ1Dσ1 and 1024 is the quotient

392ϕ8(M4 − ψ4)2[(M2 + ψ2)2 − (1 + ψ)2M2]2

M8

that we recognize as the square of 28P4n+4. This proves the above first
relation. The other relations in this theorem have similar proofs. �

4. Squares from the sums of squares

For a natural number k > 1, let the sums νk, ν
∗
k : Z3 → Z of powers be

defined for x = (a, b, c) by xνk
= ak + bk + ck and xν∗

k
= ak − bk + ck.

We proceed with the version of the Theorem 7 for the sums ν2 of the
squares of components.

Theorem 12. The following relations are true for the sums ν2:

Aν2Cν2

−320∼ 16P4n+3 + 2P4n, Bν2Dν2

−320∼ 176P4n+2 − 30P4n,

Ãν2C̃ν2

−96∼ 8P4n+3 + P4n, B̃ν2D̃ν2

−96∼ 88P4n+2 − 15P4n.

Proof. Since Aν2 = 8Q4n+3 +Q4n + 6 and Cν2 = 2(8Q4n+3 +Q4n − 6), the
difference of Aν2Cν2 and 320 is equal to the quotient

2 ξ2+(49M8 − ξ2−)2

(49M4)2
,

where ξ± = 57 ± 40
√

2. But, one can easily check that this quotient is the
square of 16P4n+3 + 2P4n. This concludes the proof of the first relation.
The other relations in this theorem have similar proofs. �

The next is the version of the Theorem 8 for the alternating sums ν∗2 of
the squares of components.

Theorem 13. The following relations are true for the sums ν∗2 :

Aν∗
2
Cν∗

2

192∼ 9Q4n+3 +Q4n, Bν∗
2
Dν∗

2

−192∼ 30Q4n+3 + 2Q4n,

Ãν∗
2
C̃ν∗

2

−32∼ 8P4n+2 − P4n, B̃ν∗
2
D̃ν∗

2

64∼ 64P4n+2 − 11P4n.
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Proof. Note that the alternating sums of squares of components Aν∗
2

and
Cν∗

2
are 16Q4n+2 − 3Q4n − 2 and 2(16Q4n+3 − 3Q4n + 2). Hence, the

sum of Aν∗
2
Cν∗

2
and 192 is equal to the quotient 2 ξ+(23 M8+ξ−)2

(23 M4)2
, where

ξ± = 4073 ± 2880
√

2. This quotient is in fact the square of 9Q4n+3 + Q4n.
This proves the first relation. The other relations in this theorem have similar
proofs. �

5. Squares from the products �, . and /

Let us introduce three binary operations �, . and / on the set
Z3 of triples of integers by the rules (a, b, c) � (u, v, w) = (a u, b v, c w),
(a, b, c) . (u, v, w) = (a v, b w, c u), and

(a, b, c) / (u, v, w) = (aw, b u, c v).

This section contains four theorems which show that the operations �, .
and / are also the source of squares from components of the eight sequences.

Theorem 14. The following relations for the sequences A, B, C and D

hold: (A � B)σ1(C � D)σ1

−64∼ 83P4n+2 − 14P4n,

(A . B)σ1(C . D)σ1

576∼ 6P4n+4,

(A / B)σ1(C / D)σ1

−64∼ 49P4n+2 − 8P4n.

Proof. Since (A . B)σ1 = 6P2n+3 P2n+1 and (C . D)σ1 = 6Q2n+3 Q2n+1, it
follows that the sum of (A . B)σ1(C . D)σ1 and 576 is the square of 6P4n+4.
This proves the second relation. The first and the third could be established
similarly. �

Theorem 15. The following relations for the sequences A, B, C and D

hold: (A � B)σ∗
1
(C � D)σ∗

1

−64∼ 59P4n+2 − 10P4n,

(A . B)σ∗
1
(C . D)σ∗

1

64∼ 2P4n+4,

(A / B)σ∗
1
(C / D)σ∗

1

192∼ 18P4n+3 + P4n.

Proof. Since the alternating sums (A . B)σ∗
1

and (C . D)σ∗
1

are −2P2n+3

P2n+1 and −2Q2n+3 Q2n+1, it follows that the sum of (A . B)σ∗
1
(C . D)σ∗

1

and 64 is the square of 2P4n+4. This is the outline of the proof of the second
relation. The similar proofs of the first and the third relation are left to the
reader. �

Theorem 16. The following relations for the triples Ã, B̃, C̃ and D̃ hold:
(Ã � B̃)σ1(C̃ � D̃)σ1

−16∼ 2Q4n+5, (Ã . B̃)σ1(C̃ . D̃)σ1

0∼ 5P4n+4, and
(Ã / B̃)σ1(C̃ / D̃)σ1

96∼ 4Q4n+4.

SQUARE IN EULER TRIPLES FROM PELL AND PELL-LUCAS NUMBERS 193



Proof. Since the sums (Ã / B̃)σ1 and (C̃ / D̃)σ1 are 4(P4n+4 − 1) and
8(P4n+4 + 1), it follows that the sum of (Ã / B̃)σ1(C̃ / D̃)σ1 and 96 is the
square of 4Q4n+4. This is the outline of the proof of the third relation. The
similar proofs of the first and the second relation are left to the reader. �

Theorem 17. The following relations hold for the triples Ã, B̃, C̃ and D̃:
(Ã � B̃)σ∗

1
(C̃ � D̃)σ∗

1

−32∼ 4P4n+4, (Ã . B̃)σ∗
1
(C̃ . D̃)σ∗

1

0∼ 3P4n+4, and

(Ã / B̃)σ∗
1
(C̃ / D̃)σ∗

1

−16∼ 2Q4n+3.

Proof. Since the alternating sums (Ã / B̃)σ∗
1

and (C̃ / D̃)σ∗
1

are −2P4n+3 and
−4P4n+3, it follows that the difference of (Ã / B̃)σ∗

1
(C̃ / D̃)σ∗

1
and 16 is the

square of 2Q4n+3. This is the outline of the proof of the third relation. The
similar proofs of the first and the second relation are left to the reader. �
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Some New Results on Second-Order ChordPower Integrals of Convex QuadranglesLOTHAR HEINRICHDedicated to Univ.-Prof. Dr.phil. Dr.h.c.mult. Peter M. Gruberon the occasion of his 70th birthdayAbstractWe study some geometric inequalities for second-order chord powerintegrals I2(K) of convex quadrangles K with positive area A(K) andboundary length L(∂K). Based on di�erent representations of I2(K)for convex quadrangles K we derive lower and upper bounds andgive explicit formulas for I2(K) in case of parallelograms and rhombs.Further, an elementary proof of the isoperimetric inequality and aCarleman-type inequality for quadrangles is given. At the end of thepaper we state two conjectures on sharp upper and lower bounds of
I2(K) for convex polygons and their extensions to parallelotopes inhigher dimensions.Keywords : Poisson strip process, isoperimetric inequality,Carleman-type inequality, Steiner symmetrization, kite,parallelogram, rhomb, parallelotopeMSC 2000 : Primary 52A40 60G05 Secondary 52A07 52A221 CLT for Motion-Invariant Poisson Strip Processesand Chord Power Integrals of Star-Shaped DiscsTo motivate our study of chord power integrals (CPI's) we state a centrallimit theorem for the total area of the union of stationary and isotropicPoisson strips contained in an expanding planar region %K as % ↑ ∞ ,where K has positive area A(K) and is star-shaped w.r.t. the origin o. Let

g(p, ϕ) = { (x, y) ∈ R
2 : x cosϕ+ y sinϕ = p } , ϕ ∈ [0, π) , p ∈ R ,be an unoriented line in a xy-coordinate system with normal unit vector

( cosϕ, sinϕ ) directed in the upper half-plane and signed perpendicular1
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distance p ∈ R from o. We de�ne the Poisson strips as dilated Poisson linesand its union set by
Ξλ,F =

⋃

i∈Z

g(Pi,Φi)⊕B2(Ri)with B2(r) = {x ∈ R
2 : ‖x‖ ≤ r} , see Figure 1. Further, {Pi, i ∈ Z} formsa stationary Poisson process on R with intensity λ ,{Φi, i ∈ Z} are indepen-dent equidistributed angles in [0, π] , and {Ri, i ∈ Z} are independent radiiwith common distribution F such that IER2

0 < ∞ . see e.g. [7],[4] for thede�nition of general stationary (Poisson) cylinder processes.

Figure 1: Isotropic Poisson strips
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Figure 2: Convex quadrangleAs special case of a result proved in [4] we get the convergence in distribution
√
%
( A(Ξλ,F ∩ %K)

A(%K)
− µ

)

d−→
%→∞

N
(

0 , τ2
I2(K)

A2(K)

)

, (1)where µ = 1−exp{−2λ IER0 } and τ2 = 4λ IER2
0 exp{−4λ IER0 }/π . Here,

N (0, σ2) is a zero mean Gaussian random variable with variance σ2 > 0and I2(K) denotes the second-order CPI of K ⊂ R
2 de�ned by

I2(K) =

π
∫

0

∫

R

L2(K ∩ g(p, ϕ)) dp dϕ =

∫

K

∫

K

dxdy

‖x− y‖ (2)with length measure L(·), see [2] and [7] for more on CPI's in convex andintegral geometry. From the view point of optimal experimental design it is2
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an aim to minimize the ratio I2(K)/A2(K) in (1) given the perimeter L(∂K)ofK . In convex geometry, see [1], [6], it is also of interest to maximize I2(K)when A(K) is �xed, at least within certain families of convex discs.In Section 2 and 4 we derive integral representations of I2(K) in case ofgeneral quadrangles K and evaluate them expclitly for parallelograms andrhombs. From these expressions we deduce some inequalities between theirsecond-order CPI's. But before doing this, we discuss the comparativelysimple case of triangles 4 = 4(a, b, c) with sides a, b, c and half-perimeter
s = (a+ b+ c)/2 . In [3] we could show that

I2(4)

A2(4)
=

4

3

[ 1

a
log
( s

s− a

)

+
1

b
log
( s

s− b

)

+
1

c
log
( s

s− c

) ]

, (3)whence together with Heron's formula A(4) =
√

s(s− a)(s− b)(s − c) andby substituting x = (s− a)/s , y = (s− b)/s so that x+ y = c/s , it followsthat the ratio I2(4)/A3/2(4) is bounded from above by
4

3
max

0≤x,y≤1

x+y≤1

[

4
√

x y (1− x− y)

(

log
(

1
x

)

1− x
+

log
(

1
y

)

1− y
+

log
(

1
1−x−y

)

x+ y

)]

=
4

3
max
0≤x≤a

0≤a≤1

[

4
√

x (a− x) (1 − a)

(

log
(

1
x

)

1− x
+

log
(

1
a−x

)

1− a+ x
+

log
(

1
1−a

)

a

)]

=
4

3
max
0≤a≤1

[

4

√

a2

4
(1− a)

( 4 log 2
a

2− a
+

log 1
1−a

a

)

]

= 2
4
√
3 log 3 ≈ 2.8917 ,where in the second line the maximum is attained at x = a/2 and in thethird line at a = 2/3 . This estimate combined with the lower bound of

I2(4)/A2(4) obtained in [3] yields the inclusion
c3

L(∂4)
≤ I2(4)

A2(4)
≤

4
√
3 c3

6
√

A(4)
with c3 = 12 log 3 (4)and �=� holds on both sides i� a = b = c (so that c3 = 16 I2(4(1, 1, 1)) ).2 Second-Order CPI of Convex QuadranglesWe consider a convex quadrangle �ABCD embedded in the xy−coordinatesystem as in Figure 2 with diagonal f = BD chosen parallel to the y−axis3
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and bisected by the point (u, 0) on the x−axis with varying u ∈ [0, v]. Forthe moment let f = ‖BD‖ and v > 0 be �xed whereas the vertices A =
(0, s)) and C = (v, t)may vary on and parallel to the y−axis, respectively, aslong as the convexity of �ABCD is not hurt. We shortly write �f,v(s, t, u)for this quadrangle which has area A(�f,v(s, t, u)) =

1
2 f v not depending on

s, t ∈ R and u ∈ (0, v]. Another parametrization arises from parallel shiftsof both diagonals f and e = AC (with length e = ‖AC‖) which intersectin S at a �xed angle α ∈ [0, π/2] , see Fig. 2. Put p = ‖AS‖/‖AC‖ ∈ [0, 1]and q = ‖BS‖/‖BD‖ ∈ [0, 1] and, for �xed e, f, α, let �e,f,α(p, q) denotethe corresponding quadrangle �ABCD. By the obvious relations
v = e sinα , u = p e sinα , s = (q − 1

2
) f + p e cosα , t = s− e cosαwe get the area A(�e,f,α(p, q)) =

1
2 e f sinα for any 0 ≤ p, q ≤ 1 .We introduce linear functions fi(·) and gi(·) which describe the lower linesegments AB,BC ( for i = 1) and the upper line segments AD,DC ( for

i = 2). They are given by
f1(x) = −

(

s+
f

2

) x

u
+ s , f2(x) = −

(

s− f

2

) x

u
+ s , 0 ≤ x ≤ u

g1(x) =
(

t+
f

2

) x− v

v − u
+ t , g2(x) =

(

t− f

2

) x− v

v − u
+ t , u ≤ x ≤ v .Making use of the triangles 41 = 41(s, u) = 4ABD and 42 = 42(t, w) =

4BCD (with w := v − u) we may write � := �f,v(s, t, u) = 41 ∪42 and,therefore, from (2) it follows the representation
I2(�) = I2(41)+I2(42)+2 I2(41,42) with I2(41,42) =

∫

41

∫

42

dxdy

‖x− y‖
.By means of (3) and a2/d2 = (f2 ± s)2 + u2 , b2/c2 = (f2 ± s)2 + w2 we getclosed-term formulas for I2(41) und I2(42). Next, we rewrite the two-foldintegration in I2(41,42) over x = (x1, y1) ∈ 41 and y = (x2, y2) ∈ 42leading to the four-fold integral

u
∫

0

f2(x1)
∫

f1(x1)

v
∫

u

g2(x2)
∫

g1(x2)

dy2 dx2 dy1 dx1
√

(x2 − x1)2 + (y2 − y1)2
=

u
∫

0

v
∫

u

H(x1, x2, s, t) dx2 dx1 ,where
H(x1, x2, s, t) =

f2(x1)
∫

f1(x1)

g2(x2)
∫

g1(x2)

dy2 dy1
√

(x2 − x1)2 + (y2 − y1)2
.4
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To calculate H(x1, x2, s, t) (for x1 < x2) we need the integral functions
F (z) :=

z
∫

0

dy
√

1 + y2
= log(z +

√

z2 + 1) = −F (−z)

G(z) :=

z
∫

0

F (x) dx = z log(z +
√

z2 + 1)−
√

z2 + 1 + 1 = G(−z)de�ned for all z ∈ R , where the odd function F (·) is strictly increasing(convex for z ≥ 0) and the even function G(·) is strictly convex since
G′′(z) = F ′(z) = (z2+1)−1/2 > 0 . From the inner integral of H(x1, x2, s, t)

g2(x2)
∫

g1(x2)

dy2
√

(x2 − x1)2 + (y2 − y1)2
= F

(y1 − g1(x2)

x2 − x1

)

− F
(y1 − g2(x2)

x2 − x1

)

,it follows after a short calculation that
H(x1, x2, s, t)

x2 − x1
=

2
∑

i=1

(−1)i−1
(

G
(f2(x1)− gi(x2)

x2 − x1

)

−G
(f1(x1)− gi(x2)

x2 − x1

))

.In summary after some rearrangements we arrive at
I2(41,42) = uw

1
∫

0

1
∫

0

(ux+ w y)

1
∑

i=0

[

G
( s x− t y

u x+ w y
+ (−1)i

f (2− x− y)

2 (ux+ w y)

)

−G
( s x− t y

u x+w y
+ (−1)i

f (x− y)

2 (ux+ w y)

)]

dydxand, by setting t = w = 0 resp. s = u = 0 and integrating over y resp. x,
I2(41) =

2u3

3

1
∫

0

x
1

∑

i=0

[

G
( s

u
+

(−1)i f

2u

(2

x
− 1

)

)

−G
( s

u
− (−1)i f

2u

)]

dx ,

I2(42) =
2w3

3

1
∫

0

y

1
∑

i=0

[

G
( t

w
+

(−1)i f

2w

(2

y
− 1

)

)

−G
( t

w
− (−1)i f

2w

)]

dy .Now, we are ready to prove two inequalities concerning the behaviour ofthe CPI I2(�f,v(s, t, u) when s and t are shifted.5
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Theorem 1. For any �xed f, v > 0 and 0 ≤ u ≤ v,
I2(�f,v(s, t, u)) ≤ I2(�f,v(0, 0, u) ≤ I2(�f,v(0, 0, v/2) (5)and, if s ≤ 0 ≤ t or t ≤ 0 ≤ s ,
I2(�f,v(s, t, u)) ≤ I2(�f,v(−s, t, u) = I2(�f,v(s,−t, u) . (6)Corollary. For any s ∈ R , I2(�f,v(s,−s, v/2) ≤ I2(�f,v(s, s, v/2)) and

I2(41(s, u)) ≤ I2(41(0, u)) , I2(42(t, w)) ≤ I2(42(0, w)) , where the latterinequality means that, among all triangles with �xed altitude and base, thecorresponding isosceles triangle has the greatest second-order CPI.Proof of Theorem 1. We only need to prove (5) and (6) for the mixed CPI
I2(41(s, u),42(t, w)) since I2(41(s, u)) ≤ I2(41(0, u)) and I2(42(t, w)) ≤
I2(42(0, w)) follow by direct computation from (3). Without loss of gen-erality let s ≤ 0 ≤ t . It su�ces to verify the inequalities H(x1, x2, s, t) ≤
H(x1, x2,−s, t) ≤ H(x1, x2, 0, t) for �xed x1 ∈ [0, u], x2 ∈ (u, v]. Forbrevity, introduce ai(x) = (fi(x) − g1(x2))/(x2 − x1) and bi(x) = (fi(x) −
g2(x2))/(x2 − x1) for i = 1, 2 . Write a0i (x), b

0
i (x) resp. a+i (x), b

+
i (x) if

fi(x) is de�ned with s replaced by 0 resp. −s. By de�nition of fi(·), therelations fi(x1) ≤ f0
i (x1) ≤ f+

i (x1) for i = 1, 2 and f2(x1) − f1(x1) =
f0
2 (x1)− f0

1 (x1) = f+
2 (x1)− f+

1 (x1) (being valid also for ai and bi instead of
fi) hold and imply, by exploiting the convexity of the function G(·) , that

G(a2(x1))−G(a1(x1)) = G
(f2(x1)− f1(x1)

x2 − x1
+ a1(x1)

)

−G(a1(x1))

≤ G
(f+

2 (x1)− f+
1 (x1)

x2 − x1
+ a+1 (x1)

)

−G(a+1 (x1)) = G(a+2 (x1))−G(a+1 (x1))since a1(x1) ≤ a+1 (x1), and, by f1(x1)− f+
1 (x1) = f2(x1)− f+

2 (x1) ≤ 0, weget that
G(b1(x1))−G(b2(x1)) = G

(f2(x1)− f+
2 (x1)

x2 − x1
+ b+1 (x1)

)

−G
(f2(x1)− f+

2 (x1)

x2 − x1
+ b+2 (x1)

)

≤ G(b+1 (x1))−G(b+2 (x1)) .Notice that the convexity of G(·) means that G(b) − G(a) ≤ G(b + h) −
G(a+ h) for any h ≥ 0 and a ≤ b. By addition of the previous inequalitiesit follows H(x1, x2, s, t) ≤ H(x1, x2,−s, t) proving (6). Likewise, togetherwith G(−x) = G(x) for x ∈ R, we �nd that G(a+2 (x1)) − G(a+1 (x1)) ≤
G(a02(x1))−G(a01(x1)) and G(b+1 (x1))−G(b+2 (x1)) ≤ G(b01(x1))−G(b02(x1))6
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and , thus, H(x1, x2,−s, t) ≤ H(x1, x2, 0, t) proving the left part of (5).Finally, we rotate the kite �f,v(0, 0, u) by a right angle and apply the laststep once more showing that the rhomb �f,v(0, 0, v/2) has a greater (mixed)second-order CPI. This completes the proof of Theorem 1. 2Remark. The transformation �f,v(s, t, u) 7→ �f,v(0, 0, u) coincides withthe well-known Steiner-symmetrization, see [2]. It turns out that (s, t) 7→
I2(41(s, u),42(t, w)) is a strictly concave function. The mixed second-order CPI of the kite �f,e(0, 0, p e) for 0 < p < 1 can be expressed in termsinvolving the area sinus hyberbolicus function F (·).3 Isoperimetric Inequality for QuadranglesWe return to the quadrangle �e,f,α(p, q) as de�ned in Sect.2 with �xed e, f ,acute angle ∠ASD = α ∈ [0, π/2] and varying p, q ∈ [0, 1] . By a littletrigonometry we get the following formula for the perimeter Lα(p, q) =
L(∂�e,f,α(p, q)) = P (p, q) + P (1− p, 1− q) , where P (p, q) = a+ d =
√

p2 e2 + q2 f2 + 2 p q e f cosα+
√

p2 e2 + (1− q)2 f2 − 2 p (1− q) e f cosα .Lemma. Among all convex quadrangles �e,f,α(p, q) the parallelogram
�e,f,α(

1
2 ,

1
2) has the least perimeter, i.e.
Lα(p, q) ≥ Lα(

1

2
,
1

2
) =

1
∑

i=0

√

e2 + f2 + (−1)i 2 e f cosα (7)for all p, q ∈ [0, 1] with �=� i� p = q = 1
2 .Proof of Lemma. For �xed p, q ∈ [0, 1], the function [0, 1] 3 s 7→ Q(s) :=

P ( (1− s)p+ s(1−p) , (1− s)q+ s(1− q) ) turns out to be (strictly) convex.To show this, de�ne a(s, p) := (1−s) p+s (1−p) ∈ [0, 1]. Since 1−a(s, q) =
a(s, 1− q) we may write
Q(s) =

√

a2(s, p) e2 + a2(s, q) f2 + 2 a(s, p) a(s, q) e f cosα

+
√

a2(s, p) e2 + a2(s, 1− q) f2 − 2 a(s, p) a(s, 1 − q) e f cosα .A rather lengthy calculation (for details see Appendix in [5]) shows that
Q′′(s) =

e2 f2 sin2 α [ (1− 2p) a(s, q)− (1− 2q) a(s, p) ]2

[ a2(s, p) e2 + a2(s, q) f2 + 2 a(s, p) a(s, q) e f cosα ]3/2

+
e2 f2 sin2 α [ (1− 2p) a(s, 1− q) + (1 − 2q) a(s, p) ]2

[ a2(s, p) e2 + a2(s, 1− q) f2 − 2 a(s, p) a(s, 1− q) e f cosα ]3/2
> 07
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for p, q 6= 1/2 . Hence, applying Jensen's inequality reveals that
P
(1

2
,
1

2

)

= Q
(1

2

)

≤ 1

2
Q(0) +

1

2
Q(1) =

1

2
P (p, q) +

1

2
P (1− p, 1− q) ,which coincides with (7). 2From (7) we can easily derive the isoperimetric inequality for quadrangles.Theorem 2. For any quadrangle 2e,f,α(p, q) with area Aα(p, q) we have

L2
α(p, q))

Aα(p, q))
≥

L2
α(

1
2 ,

1
2)

Aα(
1
2 ,

1
2)

≥
L2
π/2(

1
2 ,

1
2 )

Aπ/2(
1
2 ,

1
2)

=
8 (e2 + f2)

e f
≥ 16with �=� i� e = f and α = π/2 .4 Lower and Upper Bounds for Second-Order CPIof ParallelogramsWe consider a parallelogram �α(a, b) = {λ1 (b, 0) + λ2 (a cosα, h) : 0 ≤

λ1, λ2 ≤ 1} with altitude h = a sinα and base b = ‖AB‖ (a = ‖AC‖ , α =
∠(CAB) ∈ (0, π/2] , A(�α(a, b)) = b h = a b sinα) which yields

I2(�α(a, b)) =

∫

[0,1]4

b2 h2 d(λ1 , λ2 , µ1 , µ2)
√

[(λ1 − µ1)b+ (λ2 − µ2)a cosα]2 + [(λ2 − µ2)h]2

=

1
∫

0

1
∫

0

1
∫

0

1
∫

0

a2 b2 sin2 α dλ1 dλ2 dµ1 dµ2
√

b2(λ1 − µ1)2 + 2 a b cosα (λ1 − µ1)(λ2 − µ2) + a2(λ2 − µ2)2

I2(�α(a, b))

A2(�α(a, b))
= 2

1
∑

i=0

1
∫

0

1
∫

0

(1− x) (1 − y) dxdy
√

a2 x2 + (−1)i 2 a b cosαx y + b2 y2

=
1

3

1
∑

i=0

1
∫

0

(3− z) dz
√

a2 + (−1)i 2 a b z cosα+ b2 z2

+
1

3

1
∑

i=0

1
∫

0

(3− z) dz
√

a2 z2 + (−1)i 2 a b z cosα+ b2
(8)8
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Theorem 3. For any parallelogram �α(a, b) with altitude h = a sinα andperimeter L(�α(a, b)) = 2 (a+ b) the following inequalities are valid:
c4

2 (a+ b)
≤

I2(�π/2(a, b))

A2(�π/2(a, b))
≤ I2(�α(a, b))

A2(�α(a, b))
≤

I2(�π/2(h, b))

A2(�π/2(h, b))
≤ c4

4
√
a b sinαwith �=� left and right i� a = b , α = π/2, where c4 = 4 I2(�π/2(1, 1)) and

I2(�π/2(1, 1)) = 4

1
∫

0

1
∫

0

(1− x)(1− y)
√

x2 + y2
dxdy =

4

3

[

3 log(1 +
√
2) + 1−

√
2
]

.Proof of Theorem 3. We only sketch the essential steps. The above integraltransformations are more or less straightforward and they are left to thereader. Next, using the elementary inequality (x + c)−1/2 + (x − c)−1/2 ≥
2x−1/2 for x > 0, −x < c < x, it follows that

1√
a2 − 2 a b z cosα+ b2 z2

+
1√

a2 + 2 a b z cosα+ b2 z2
≥ 2√

a2 + b2 z2and, by interchanging a and b and using (8) we get the �rst lower boundin Theorem 3. To verify the �rst upper bound it su�ces to prove with
c := a cosα that

∫ 1

0

(3− z) dz
√

(b z + c)2 + h2
+

∫ 1

0

(3− z) dz
√

(b z − c)2 + h2
≤ 2

∫ 1

0

(3− z) dz√
b2 z2 + h2

(9)and the corresponding inequality with (b z±c)2+h2 and b2 z2+h2 replacedby (b ± c z)2 + h2 z2 and b2 + h2 z2, respectively. Note that the left-handside of (9) is decreasing in c ≥ 0. The remaining bounds left and right areobtained by direct evaluation of the integrals and determining their extremevalues. For details we refer to the Appendix in [5]. 2The four integrals on the right-hand side of (8) can be taken from a usualtable of integrals. Putting H(z) = F (z) + z
√
z2 + 1 and

Jα(a, b) =
1

∑

i=0

(

3 b+(−1)i a cosα
)

H
(b+ (−1)ia cosα

a sinα

)

−2 a cosαH
(

cotα
)we may write together with the diagonals e/f =

√
a2 + b2 ± 2 a b cosα :

I2(2α(a, b))

A2(2α(a, b))
=

2 ( a3 + b3 )− 4 ( e3 + f3 )

3 a2 b2 sin2 α
+

Jα(a, b)

3 b2
+

Jα(b, a)

3 a2
.9
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In the special case of a rhomb�α(a, a) with diagonals e/f = a
√

2 (1 ± cosα)we obtain
4 a I2(2α(a, a))

A2(2α(a, a))
=

16

3
T (α) and I2(2α(a, a))

(A(2α(a, a))3/2
=

4

3
T (α)

√
sinα , (10)where the function T (α) takes the form

1−sin
α

2
−cos

α

2
+
(

1+sin2
α

2

)

log
(

1+
1

sin α
2

)

+
(

1+cos2
α

2

)

log
(

1+
1

cos α
2

)

.It is easily veri�ed that the left/right-hand ratio in (10) decreases/increasesin α ∈ [0, π/2] with minimum/maximum at α = π/2 . In summary, thisresult combined with (5) provesTheorem 4. Among all convex quadrangles �ABCD with �xed A =
A(�ABCD) the square �π/2(

√
A,

√
A) has the greatest second-order CPI,more precisely:

I2(2ABCD)

(A(2ABCD))3/2
≤ 4

3
T
(π

2

)

=
c4
4

≈ 2.97321 <
16

3
√
π

≈ 3.00901 .We remark that Carleman's inequality, see [1], says that the ratio in The-orem 4 attains its maximum (taken over all convex discs) for circles givingthe right-hand value, see also [6].5 Conjectures for Convex Polygons and Parallelo-topes in Higher DimensionsTo conclude this paper we formulate two conjectures which have been provedonly for special cases so far.Conjecture I. For any convex n-gon Kn the inequality
cn

L(∂Kn)
≤ I2(Kn)

A2(Kn)
≤ cn

√

4n tan
(

π
n

)

A(Kn)
with cn =

16

n
tan

(π

n

)

I2(K
∗
n)holds with �=� on both sides i� Kn is a regular n-gon. Here, K∗

n denotesthe regular n-gon with edges of length 1, see [3] for explicit values of cn.Let ai = (a
(1)
i , ..., a

(d)
i ) , i = 1, ..., d , be linearly independent vectors in R

dwhich de�ne a so-called d−parallelotope P (a1, ...,ad) = {
∑d

i=1 λi ai : 0 ≤10
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λ1, ..., λd ≤ 1}. Without loss of generalty, we may assume that a(1)i , ..., a
(i−1)
i

≥ 0 , a
(i+1)
i = ... = a

(d)
i = 0 and put ai := a

(i)
i > 0 for i = 1, ..., d . Further,let Id(K) denote the rigth-hand double integral of (2) for some convex body

K in R
d with d−volume Vd(K) > 0 and mean breadth bd(K) , see [2], [7].Conjecture II. For any positive a1, ..., ad ∈ R the inequality

d Id([0, 1]
d)

‖a1‖+ · · ·+ ‖ad‖
≤ Id(P (a1, ...,ad))

( a1 · · · ad )2
≤ Id([0, 1]

d)

( a1 · · · ad )1/dholds with �=� on each side i� a1 = ‖a1‖ = · · · = ad = ‖ad‖ .Note that the lower bound could be veri�ed by the author, see [5]. Further,one can show that Vd(P (a1, ...,ad)) = a1 · · · ad , bd(P (a1, ...,ad)) dκd/2κd−1

= ‖a1‖+ · · · + ‖ad‖ (where κd = d−volume of the unit ball in R
d) and

Id([0, 1]
d) = 2d

1
∫

0

· · ·
1

∫

0

d
∏

i=1

(1− xi)
(

d
∑

i=1

x2i

)−1/2
dx1 · · · dxd .References[1] Carleman, T. (1919). Über eine isoperimetrische Aufgabe und ihrephysikalischen Anwendungen. Math. Z., 3, 1�7.[2] Gruber, P. M. (2007). Convex and Discrete Geometry. Springer, Berlin.[3] Heinrich, L. (2009). On lower bounds of second-order chord power integralsconvex discs. Rend. Circ. Mat. Palermo, Serie II, Suppl. 81, 213�222.[4] Heinrich, L. and Spiess, M. (2011). CLT for for the volume of stationaryPoisson cylinder processes in expanding domains. submitted.[5] Heinrich, L. (2011). Some new results on second-order chord power inte-grals of convex quadrangles. Institut für Mathematik, Universität Augsburg,Preprint 21/2011 (http://www.math.uni-augsburg.de/)[6] Pfiefer, R. E. (1990). Maximum and minimum sets for some geometricmean values. J. Theoret. Probab. 3, 169�179.[7] Schneider, R. and Weil, W. (2008). Stochastic and Integral Geometry.Springer, Berlin.Postal address: Universität Augsburg, 86135 Augsburg, GermanyE-mail address: heinrich@math.uni-augsburg.de11
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Abstract: Tourism, as an industry, is dynamic and has an incredible growth rate as the 
latest statistics show (913 millions international tourists in 2008, 877 millions in 2009 
and 935 millions in 2010, (World Tourism Organization, 2011)) This growth has been 
experienced in some geographical areas even in 2009, the worst year of the crisis, which 
makes tourism in general, and one of its forms: rural tourism, in particular, the possible 
solution to sustainable economic development, as long as healthy managerial practices 
are followed.  And one of these practices is creating, measuring and maintaining 
customer satisfaction through a careful monitoring of the perceived quality of the 
accommodation services, as both customer satisfaction and perceived service quality are 
key factors used to gain competitive advantage and customer retention (Lopez-Toro et al., 
2010). This is an especially stringent problem as most of the entrepreneurs that have 
turned to rural tourism to supplement their agricultural income lack the necessary 
managerial skills and customer orientation. The objective of this paper is to show the 
link between the concept of customer satisfaction and perceived service quality with a 
succinct literature review of previous research on the subject, to present the benefits 
customer satisfaction can bring to a developing rural tourism industry, to propose a 
simple model of evaluating the customer satisfaction for rural tourism by reviewing and 
modifying the existing Gap model, and to present some work hypothesis for subsequent 
research in the realm of rural tourism by highlighting the current problems this 
particular brand of tourism encounters in Romania.   
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1. The concept of Òcustomer satisfactionÓ versus Òperceived service 
qualityÓ 

Customer satisfaction, Òan attitude-like judgment following a purchase act or based on a 
series of consumer product interactionsÓ (Fournier&Mick,1999, p. 5), is a central and 
powerful construct in marketing (Oliver,1997). As many researches show, customer 
satisfaction influences loyalty (Anderson & Sullivan, 1993; Matzler,  F�ller & 
Faullant,2007), recommendations to others, or word-of-mouth marketing (Cronin & 
Taylor, 1992; Hui et al., 2007), and profitability (Anderson, Fornell, & Lehmann, 
1994),  all economical results that for better or for worse are depending on the fact 
whether customer satisfaction has been achieved or not. These economical effects are 
especially desirable for small businesses who struggle for survival while they are 
developing in a highly competitive field such as tourism, one of the most dynamic 
service industries. The point hits home especially with rural tourism, a fertile ground for 
developing new businesses, as most of the accommodations here are enterprises with 
the following characteristics: they are a potential source of economic and social 
benefits; they globally belong to the indigenous population; are family run and their 
owner-managers preserve the smallest of physical, employee and market size 
economically viable solution (Page et al., 1999; Morrison et al., 1999; Getz and 
Carlsen, 2000; Morrison and Teixeira, 2004; Hwang and Lockwood, 2006; Morrison, 
2006).  
So how do small rural tourism enterprises develop, maintain and control customer 
satisfaction? According to the literature, if customer satisfaction depends largely on the 
client, there is a component that is under the control of the entrepreneur: the quality of 
the services he provides and how this is presented to the customer in order to create 
certain perceptions. 
The two concepts, customer satisfaction and perceived service quality have been 
debated in many studies as some researchers used them as distinct items (Oliver, 1997; 
Taylor & Baker, 1994), but sharing a direct connection (Cronin & Taylor, 1992; Gotlieb 
et al., 1994; Spreng & Mackoy, 1996), while others gave them the same meaning 
(Iacobuci et al., 1994; Parasuraman et al., 1994; Taylor and Baker, 1994; Oliver, 1997; 
Mittal et al., 1998).  
Generally, it can be said that both perceived service quality and customer satisfaction 
are both evaluations of a number of variables that the customer takes into account when 
he or she judges a finished product or a delivered service. However, while the perceived 
quality is a cognitive action, set by a number of specific attributes, customer satisfaction 
is an affective and emotional response to the global view of the service. (Oliver, 1997).  
If we are to introduce also a time constraint, then it can be said that perceived quality of 
a product is a long term cognitive evaluation of the delivered service, while customer 
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satisfaction is a short-term emotional evaluation. (Lovelock & Wright, 1999). The 
argument for this delimitation is that fact that customer satisfaction renews itself every 
time a service is delivered, the emotional positive or negative result modifying the 
customerÕs view on the perceived quality of the service. However, it must be pointed 
that the customerÕs view and attitude towards a service is not the sole product of 
experimenting said service Ð advertising certainly plays an important part here Ð 
therefore it can be said that the existence of customer satisfaction decides whether a 
service was high-quality or not. From this hypothesis Oliver (1997) stated that the 
causal relationship between customer satisfaction and perceived quality of the product 
depends on the moment when the measurement is made: 

- When there is only one transaction is a strong direct relationship between the 
concepts as perceived quality influences satisfaction. 

- When more than one transaction is evaluated, the relationship changes: 
satisfaction influences the perceived quality as the service evaluation is the 
result of an overview impression of the delivered service.  

Taking this into consideration Parasuraman et al (1994) has answered the challenge 
issued by Oliver by creating two models for evaluating customer satisfaction: one 
model is based on a single transaction while the other is global, as it differentiates 
between past and present deliveries of the same service. However Parasuraman initiated 
his models on the premise that the concept of customer satisfaction includes the one of 
perceived quality of the product, as satisfaction is influenced by perception, a point of 
view that was support by the majority of the researchers.  (Cronin & Taylor, 1992; 
Anderson & Sullivan, 1993; Anderson et al., 1994; Gotlieb et al., 1994; Taylor & 
Baker, 1994; Taylor & Cronin, 1994; Spreng & Mackoy, 1996; Meleg & Tar, 1997; 
Kasper et al., 1999). However the 1994 models werenÕt the first to be developed by 
Parasuraman and his team, as in 1988 they developed SERVQUAL, the best known 
instrument  for evaluating the perceived quality of the delivered service and implicit the 
customer satisfaction. And the base for that was nothing else but the Gap model. 
   

2. The Gap model and customer satisfaction in tourism 

In 1982 Gronroos showed that the perceived quality of a service is the result of an 
evaluation process through which the customers compares their perceptions on how the 
services was delivered, the final result and their initial expectations of said service Ð 
which were the benchmark for the firmÕs delivery performance (Lovelock, 2001). 
Starting from this point of view, the team of researchers led by Parasuraman et al. 
(1985) proposed creating an evaluation model for the service quality in which the 
customerÕs expectations and the customerÕs perceptions are compared. To be more 
exact, the model states that each customer is evaluating not only the final result, but also 
the delivery in itself, and the expectationÕs based on which the evaluation is made, are 
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the result of individual needs, past experience, word-of-mouth and the service 
providerÕs promotion strategy.  
Another aspect that ParasuramanÕs research has highlighted is the existence of gaps Ð 
which are under the direct control of the service provider, but they also directly 
influence the customerÕs satisfaction:     

1. The gap between actual customerÕs expectations and how the management 
perceives said expectations;  

2. The gap between the managementÕs perceptions of customerÕs expectations 
and the way service quality specifications are hashed out; 

3. The gap between the service quality specifications and the service delivery; 
4. The gap between service delivery and external communication to customers; 
5. The last gap between the customersÕ expectations and the way they 

perceived the actual delivery of the service they have purchased. 
The goal of any service organization is to minimize as much as possible the final gap 
and eventually overcome the expected levels for the service and so creating satisfaction, 
by eliminating as much as possible of the other four gaps. This modelÕs strong point is 
that is can be used for any kind of services, from financial, tourism and health to sports 
and public services. The weak point of the model is that is not particular to any kind of 
service, so each industry must come with their adapted version of it.  
So, is the Gap model and the instrument it inspired Ð SERVQUAL, suitable to be used 
for tourism services, especially accommodation. Previous studies point to a definite yes.  
Since hotel managers have realized that high quality services mean a higher market 
share and profitability (Oh & Parks, 1997), there have been numerous studies 
successfully applying the SERVQUAL instrument in its original or adapted form. (Fick 
&Ritchie, 1991 ; Akan, 1995 ; Armstrong et al , 1997 ; Mei et al , 1999 ; Akbaba, 2006 
; Ekinci et al , 2003 ; Juwaheer, 2004, Nadiri & Hussain, 2005). Most of these studies 
were focused on the hotel offer of accommodation services, a big part of the tourism 
services a destination has to provide, and it can be argued that their findings can also be 
extended to rural tourism accommodations services and facilities. However, lately 
studies regarding the customerÕs satisfaction related to rural tourism have also started to 
emerge, and their findings show that not only the rural accommodation services have 
several characteristics that set them apart from their hotel counterparts, but also a 
different instrument is needed when considering the needs and expectations of the 
customers that chose this type of service. (Albacete-Saez, 2007)  

3. The Gap model and rural tourism: Romania and Italy case study 

The original Gap model, as it was proposed by Parasuraman et al (1985) has five gaps, 
or differences, that cumulated threaten the achievement of customerÕs satisfaction. 
These gaps can be summarized as follows (Parasuraman, 2005): market information 
gap, serviceÕs standards gap, serviceÕs performance gap, internal communication gap 
and service quality gap. Each of these gaps can be eliminated with a dedicated effort 
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from the part of the rural tourism entrepreneur, as long as the causes that created them 
are transformed from weak points to strengths and thereÕs a continuous evaluation of the 
customerÕs expectations and perceptions.  
The rural tourism as a form of sustainable tourism, can be counted among the so-called 
no traditional tourism,  is extremely interrelated with the territory. The attempt to adapt 
the model developed by Parasuman based on the calculation of the gaps related to 
customer satisfaction compared to expectations is particularly interesting. 
In fact, the Gap model is based on two fundamental principles: the first argues that the 
success of a proposal depends on the attitude taken by all tourism stakeholders in the 
initiative, the second principle says that the level of satisfaction that the tourist product 
originates a tourist, can be measured by the attitude he takes towards the product. 
Therefore the attitude of tourists towards the person making the tourism product, can be 
understood as the sum of its attitudes towards the individual attributes of which the 
product is formed. Each attribute that makes the product is susceptible to evaluation. 
Based on these considerations, it has Gap when there is not convergence of opinion 
between the various stakeholder (value gap), when there is not convergence on the 
assessment of the degree of presence of individual attributes (perception gap) . 
The analysis of the causes of differences (gaps) between the actors of the territory is 
particularly important because it provides practical guidelines for the design of the 
development of a rural area by promoting local tourism. The construction of a tourism 
product that enhances the rural area, requires the ability to implement the following 
conditions which may allow the socioeconomic development of rural areas in Romania. 
The first condition is the differentiation of the territory, this is only possible if there are 
elements that distinguish an area from the nearest well, represented by cultural social 
and economic values. The second condition is the ability to create a system or create a 
tourist product that is the result of a network services that meet common standards and 
strong connotations for their typicality. Another essential condition is to focus on 
quality not an individual, the individual firm, but overall the whole area. Therefore the 
success of rural tourism in Romania can only advance through research of all the 
elements of differentiation that characterize each region and distinguish it from other 
geographically nearby.  It is clear that differentiation does not mean search for items 
common to many other places, such as hotels, shops, etc. To differentiate it should 
enhance the features present in a specific local area. 
The only way to differentiate is represented by the value of what it characterizes not 
only a local community from another, but what, within the same local community, 
features a small area compared to another which is also a few kilometers away. 

 

3.1. Market information gap 

Or the gap between the actual customerÕs expectations and the managementÕs 
perceptions on said expectations has the following key factors: insufficient market 
research, inadequate use of marketing research, lack of interaction between management 
and customers and insufficient between contact employees and manager. In the case of 
rural tourism, with most of the businesses being small sized family owned and staffed 
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(Morrison et al., 2010), the lack of interaction between the management and the 
customers is not such a big an issue, the manager often being set also in the role of 
contact personnel. The biggest problem here is the insufficient marketing research in the 
field. There are almost no studies regarding the profile of the client requiring Romanian 
rural tourism services, which also means a lack of a profile of possible expectations that 
can be used to evaluate the service quality. And while the research from other countries 
with developing rural tourism industries can be extrapolated to a certain point to 
RomanianÕs rural tourism industry in creating a customerÕs profile Ð population between 
25 and 45 years old, with high sociocultural level, medium-high purchasing power, and 
living in the urban area, with a proactive attitude towards tytpical rural activities 
(including sports and agriculture related labors) and landscape viewing; such tourist also 
take advance of the existing resources, which include accommodations to small 
ãcharmingÓ guesthouses, and small living spaces in local farms, while spending more 
than the traditional tourist on cultural and natural resources. (Perales, 2002) Ð this 
profile doesnÕt take into account the particularities of those tourists that specifically 
chose Romania as a rural tourism destination, nor does it show their level of 
expectation. This lack of marketing research has led to some unfortunate effects such as 
ãkitchÓ arhitecture with a complete disregard for authenticity for a number of pensions 
(Ilies et. al, 2008) their owners ignoring that one of the selling points of rural tourism is 
preserving the local patrimony and showing traditions. Until sound marketing research 
is done in the field, the industry has an obvious weakness that can threathen its 
development in the long run.  

3.2. ServiceÕs standards gap 

The serviceÕs standard gap occurs when there is a difference between the managerÕs 
perceptions on customerÕs expectations and the service quality specifications. The key 
factors that influence this gap are: inadequate management commitment to service 
quality, the absence of formal processes in setting service quality goals, the inadequate 
standardization of tasks and the perception of unfeasibility Ð that customer expectations 
canÕt be met.  
To be able to create adequate quality specifications, there is a need for both managerial 
studies and skill and a customer orientation, something that many rural tourism 
entrepreneurs lack (Reichel et al.,2000; Zhang et al.,2008). In the case of Romania, 
there still a significant percent of rural boardinghouses that lack an official classification 
(Popa, 2008). Also the fact that not all of them are members of ANTREC (Romanian 
National Association for Rural, Cultural and Ecological Tourism), that also means that 
their managers-owners have no or little access to specialized managerial courses in 
pension and quality control management.  

3.3. ServiceÕs performance gap 
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The serviceÕs performance gap occurs when thereÕs a difference between the service 
quality specifications and the service delivery because of the following key factors: the 
lack of teamwork, poor personnel and technology fit for the job, the lack of perceived 
control, inappropriate evaluation/compensation system and role conflict and role 
ambiguity between contact personnel.  
The fact that most rural tourism service providers run a small sized family business 
means that most of the roles that the employees play are interconnected and sometimes 
overlapping: the matron of the house will double as the cook and the cleaning lady. 
While traditionally these are seen as womanÕs natural responsibilities, thereÕs still the 
danger of not rising to the tourist expectations. Still both Romanians and Italians have a 
reputation of hospitality, welcoming their guests with good food and drinks (Stroia & 
Chiru, 2010), which makes this gap not as threatening as the first two.    

3.4. Internal communication gap 

The last gap that is under the direct control of the manager, the difference between 
service delivery and external communication to customers is the result of the following 
key factors: inadequate communications between sales people and operations, 
inadequate communications between advertising and operations, differences in policies 
between branches and departments, puffery in advertising and personal selling.  
When taking into account small size of most of the providers for accommodation 
services in rural tourism in both Romania and Italy, this gap seems the least applicable 
to rural tourism. However we must take into account the fact that most of the 
advertising is made by either tour operators that what to promote a certain rural circuit, 
so thereÕs still the danger of creating unreasonable expectations. A possible solution 
would be taking advantage of the tools provided by the Internet: website, access to 
social networks, listing in specialized directories, however in the case of Romania 
thereÕs a worrying lack of good quality websites advertising rural tourism, while those 
that currently exist have outdated information, also the case of  ANTRECÕs website. 
The best advertising currently is that made at the point of sale, as the communication 
with the clients is strongly linked with the service delivery : the experience creating 
possible good memories that will call back the tourist for another visit. Because of this 
element, we believe that the current Gap model can be remade as shown in Figure 1, the 
main difference being that is links the service delivery with external communication to 
clients, while eliminating most of the unnecessary internal communication gap.    
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Figure 1: The Gap Model applied to Rural Accomodation Services Provider       

(Source: AuthorsÕ adaptation after Parasuraman, 1994) 
 

4.  Methodology and future avenues for research  

The authors are currently involved in a research project with the main objective of 
developing the Gap model as a necessary instrument for planning the rural tourism 
development in a rural area. 
The rural space in Romania accounts for almost 89% from the entire territory and 45% 
of the population lives in the rural area. However, while agriculture dominates the rural 
economy, its predominant feature is the high share of subsistence farms, mainly 
producing for their own consumption and only marginally for the market. Because of 
this, the rural economy remains poorly integrated into the market economy, creating the 
need for alternative solutions that can help capitalize the rural area and achieve regional 
development. And one of those solutions was developing the rural tourism industry.  
Among the Romanian regions that are known for their potential for rural tourism and 
also by great investments in the area, best known is the Maramure! County.  Located in 
a mountain area, the Maramure! County has a rich and complex history. Known from 
ancient times for its natural resources: salt, wood and hunting, the county is now visited 
for its vast cultural heritage: eight wood made churches under the UNESCO patronage, 
a unique cemetery at S"p�n#a renowned for its humoristic eulogies, the traditional house 
gate that retained its design since the Middle Ages, the numerous traditional 
celebrations and festivities and lastly, but not the least important: the traditional 
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Maramure! household. Boasting a reputation for hospitality, good food and traditional 
drinks, the chance to stay and relax as a guest to a traditional household is an 
unforgettable experience that has the guests coming back for more.   
 The research main objective will be to identify and describe the characteristics that 
differentiate one territory from another, by conducting a questionnaire based survey 
among the tourists that have traveled to the area and the operators involved in the rural 
tourism sector. The final result should point out the convergence level between the 
different actors of the local community, by highlighting which are the elements that 
create links and which are those that separate them, with the added purpose of finding 
way for smoothing the differences (weak points) and increasing the value of the strong 
points that define the territory - subject of the research.  
 
 

5. Conclusions  

Rural tourism accommodation services, although similar in many aspects with the hotel 
offer for accommodation, has some characteristics that set it apart, making the findings 
related to customer satisfaction studies not completely applicable in this case. The 
smaller size of the business, the fact that most of them are family owned and staffed and 
that rural tourism is a second vocation and means of supplementing the income coming 
from agriculture, especially in the case of Italy, shows some important weaknesses that 
if not addressed can put the future development of rural tourism in danger. However if 
the research regarding the customer satisfaction in rural tourism should develop further, 
both the customers and the entrepreneurs would have something important to gain. 
A study and an adapted instrument regarding the relevance of the modifications 
proposed for the Gap model applied to rural tourism accommodation services has yet to 
be made, a limit to our research so far, but as customer satisfaction in the field of rural 
tourism is still at the beginning, we consider this article as a starting point for the future 
avenues of research.   
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Abstract 

Purpose: This article aims to analyze how much index of income from agricultural 
activity and output at producer prices agricultural can influence GDP. 
Methodology: To apply multiple regression model, we used data available on the 
Eurostat website. We selected data for the 27 European Union member states, namely 
GDP per capita in Purchasing Power Standards (PPS), 2008, income from agricultural 
activity Index of 2008, agricultural output at producer prices (EUR million) in 2008. 
Findings: In applying multiple regression model were used data from EU-27. Data are 
genuine and were taken from Eurostat website. Generating Summary Output using the 
Excel, it can be noticed that the value of Multiple R (correlation ratio, which shows how 
the intensity of the connection takes values between 0 and 1) is equal to 0.36. This value 
indicates relationship between the income from agricultural activity, output at producer 
prices agricultural and GDP. Also, the value of R Square (shown as percent of variation 
explained turnover factors and assets) is 0.133. This value indicates that 13,3% of GDP 
is explained by the income from agricultural activity and output at producer prices 
agricultural  
Limitations: Available data are for the period 2008. 
Value: The purpose of this article is to highlight the importance of multiple regression 
model in assessing the influence that the index of income from agricultural activity and 
output at producer prices agricultural have on GDP for the EU-27. 

 
Keywords: multiple regression model, agriculture, GDP, EU. 
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1 Introduction  

Agriculture was one of the first sectors of the economy (following coal and steel) 

to receive the attention of EU policymakers. Article 39 of the Treaty of Rome on the 

EEC (1957) set out the objectives for the first common agricultural policy (CAP); these 

were focused on increasing agricultural productivity as a way to ensure a fair standard 

of living for the agricultural community, stabilizing markets, and ensuring security of 

supply at affordable prices to consumers.  

As the primary objective of producing more food was made, food surpluses 

accrued, distorting trade and raising environmental concerns. These were the principal 

drivers for changes in the CAP, a process that started in the early 1990s and which 

resulted in a change from support for production towards a market-oriented and a more 

environment-friendly and sustainable form of agriculture. These reforms have focused 

mainly on increasing the competitiveness of agriculture by reducing support prices and 

compensating farmers by the introduction of direct aid payments. A decisive step came 

in the 2003/04 CAP reforms with the decoupling of direct aids from production and a 

move to try to realign the CAP with consumer concerns.  

The scope of this latest reform of the CAP was widened with the introduction of a 

comprehensive rural development policy. Together these policies aim to encourage 

entrepreneurial behaviour so that farm managers can respond better to market signals, 

introduce new techniques and promote diversified activities such as rural crafts, food 

processing facilities on farms, tourism, or afforestation, as well as promoting 

sustainable farming practices and various other rural development measures.  

In November 2007, the European Commission adopted a Communication 

Ôpreparing the health check of the CAP reformÕ with the objective of assessing the 

implementation of the 2003 CAP reforms, and to introduce those adjustments to the 

reform process that were deemed necessary.  
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Notably, these proposals included a shift in funding from direct payments to 

greater rural development support. 

 

2 Agricultural output, price indices and income Index of income from agricultural 

activity 

One of the principal objectives of the CAP remains providing farmers with a 

reasonable standard of living. Although this concept is not defined explicitly, one of the 

measures tracked is the development of incomes from farming activities; economic 

accounts for agriculture (EAA) are one data source that provides such income measures. 

This macro-economic set of data is used to analyse the production process of the 

agricultural activity and the primary income generated by it. The EAA provide key 

insights into the economic viability of agriculture, its contribution to a Member StateÕs 

wealth, the structure and composition of agricultural production and inputs, the 

remuneration of factors of production, relationships between prices and quantities of 

both inputs and outputs, and responds to the need to have internationally comparable 

information. 

The EAA comprise a production account, a generation of income account, an 

entrepreneurial income account, some elements of a capital account and agricultural 

labour input. For the output items of agricultural, hunting and related service activities, 

Member States transmit to Eurostat values at basic prices, as well as their components 

(the value at producer prices, subsidies on products and taxes on products). For the 

items of intermediate consumption, values at purchaser prices are transmitted.  

The agricultural industry of the EU-27 generated EUR 141 200 million of gross 

value added at producer prices in 2008, which represented a modest reduction of 2.4 % 

in relation to the previous year. Strong increases in both the value of crop output (up 5.7 

% to a relative high of EUR 195 700 million in 2008) and animal output (up 7.6 % to a 

relative high of EUR 148 900 million) were countered by a larger increase in the value 

of intermediate consumption of goods and services (12.7 % higher in 2008).  
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Figure 1: Agricultural output and gross value added at producer prices, EU-27 

(2005=100) 

 
Source: Eurostat (aact_eaa01) Europe in figures Ñ Eurostat yearbook 2010, pp.423-460 

 

Values comprise a volume and price component. One important strand of recent 

agricultural policy has been the move away from price support, so that prices more 

accurately reflect market forces and changes in supply and demand. Among the 

Member States, there were sharp contrasts in the development of deflated agricultural 

output prices during the period between 2002 and 2008; there were rises in the majority 

of Member States, the strongest increases being recorded for Malta (average growth of 

3.9 % per annum) and the United Kingdom (4.8 % per annum), while reductions were 

posted in eight of the Member States, the largest of which was in Slovakia (-3.9 % per 

annum).  
 

Figure 2: Evolution of deflated price indices of agricultural output and means of 

agricultural production, 2002-2008 (average annual growth rate, %) 
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Source: Eurostat (aact_eaa01) Europe in figures Ñ Eurostat yearbook 2010, pp.423-460 

 

Across the EU-27, deflated agricultural output prices rose by an average of 0.9 % 

per annum in the six-year period through until 2008, although this was far less than the 

average rate of increase in deflated input prices for the means of agricultural production 

during the same period (2.4 % per annum). This characteristic was widespread among 

the Member States: indeed, Germany was the only Member State for whom the deflated 

price of the means of agricultural production was relatively unchanged over the period 

in question (an average rate of decline of 0.1 % per annum).  

Real net value added at factor cost of agriculture per unit of full-time labour 

(measured in annual work units), also termed as agricultural income indicator A, 

declined by an average 3.7 % across the EU-27 in 2008, compared with a relative peak 

in 2007. There were stark contrasts among the Member States, with increases of 

between 15 % and 20 % in the United Kingdom and Hungary, and closer to 30 % in 

Romania and Bulgaria, contrasting with declines of around 20 % to 25 % in Latvia, 

Belgium, Estonia and Denmark. 

 

 

3 Research methodology  

Linear regression by least squares method is most common modeling method 

used. Method is called "regression", "linear regression", "multiple regression" or "the 
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most squares when constructing a model. Order multiple regression (term used by 

Pearson, 1908) is to highlight the relationship between a dependent variable (explained 

endogenous outcome) and a host of independent variables (explanatory factors, 

exogenous predictors). By using multiple regression to attempt, often getting the 

response to a question: "what is the best prediction for ...?", "Who is the best predictor 

for ...?". Note that multiple regression is generalized theory of general linear model", 

which allow multiple dependent variables simultaneously and also variable factors are 

not linearly independent [Andrei, Bourbonnais, 2008]. Based on data collected by the 

Eurostat website, a multiple regression model was generated. 

Applying multiple regression model we intend to follow the extent of the index of 

income from agricultural activity and output at producer prices agricultural can 

influence GDP. For this we used Excel and Eviews 4.1 programs. 

The data series consists of EU-27, index of income from agricultural activity, 

output at producer prices agricultural and GDP. 

List of variables including: continuously variable dependent - GDP per capita in 

purchasing power standards (PPS), 2008 and two independent variables: index of 

income from agricultural activity (note: IAA) and output at producer prices agricultural 

(note: AOPP). Data are available online on the website of the Eurostat.  

The proposed multiple regression model the following equation:  

GDP = a + b*IAA + c*AOPP + !, where:  

GDP = GDP per capita in purchasing power standards (PPS), 2008  

IAA = index of income from agricultural activity 

AOPP = output at producer prices agricultural 

a, b, c = model parameters to be estimated. 

Agricultural income indicators (in the EAA) are presented in the form of an index 

of real income of factors in agricultural activity per annual work unit (indicator A). 

Eurostat also collects annual agricultural prices (in principle net of VAT) to 

compare agricultural price levels between Member States and study sales channels. 

Price indices for agricultural products and the means of agricultural production, on the 

other hand, are used principally to analyse price developments and their effect on 
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agricultural income. EU agricultural price indices are obtained by a base-weighted 

Laspeyres calculation (2000=100), and are expressed both in nominal terms and 

deflated using an implicit HICP deflator. 

4 Analysis and interpretation of research results   

Data series were used exactly as they were taken from the Eurostat website 

without having any change. Regression model estimation results in Excel can be seen 

down: 
 

Figure 3: Regression model estimation results in Excel 

 
Significance of F value is 0.180035402, so it is lower than 5%, therefore we can 

say that the model is valid. 

The value of Multiple R (the correlation ratio, which shows how the intensity of 

the connection takes values between 0 and 1) is equal to 0.36. This value indicates that 

between the GDP, IAA and AOPP there is a weak link. 

Value of R square (shown as percent of variation factors explaining turnover 

assets and fixed assets), is 0.133. This value indicates that 13.3% of GDP is explained 

by index of income from agricultural activity and by the output at producer prices 

agricultural.  

Calculating the descriptive indicators in EViews we have obtained the following 

data, which it can be seen in the figure 4. 
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In summary table presented above, it is noted that the average value of the output 

at producer prices agricultural is 10394.32 and median value of 1973,141. The data 

series is relatively heterogeneous view of standard deviation showed a higher value 

(27183.92) 10394.32 than average. Residual values are normally distributed through 

increased value of the indicator recorded Jarque Bera. Asymmetry coefficient value of 

4.35 recorded series is therefore oriented asymmetric positive. Flattening coefficient 

shows a value of 21.43, which means that the series is leptokurtotic positive oriented.   

In summary table presented above, it appears that the index of income from 

agricultural activity analyzed is 108.7963 and median value of 103.8000. The data 

series is relatively heterogeneous view of standard deviation showed a higher value 

(17.96767) 108.7963 average for. Residual values are normally distributed through 

increased value of the indicator recorded Jarque Bera. Asymmetry coefficient value of 

0.75 recorded series is therefore oriented asymmetric positive. Flattening coefficient 

shows a value of 2.71, which means that the series is leptokurtotic positive oriented. 
 

Figure 4: Descriptive indices  

 
A series is normally distributed if it has average 0, variance 1, skewness 0 and 

kurtotica site 3. Analysis of variance conclude that average is not normally distributed, 

kurtotica is smaller than 3.  
 

Figure 5: Chart "cloud point" 
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Seen from the chart (chart "cloud point") that includes the points of coordinates 

(Y, X1) and (Y, X1), a positive linear dependence between the two pairs of variables: 

the level of GDP is large, the index level of income from agricultural activity and 

agricultural output at producer prices is lower. 

It is estimated multiple regression model parameters:  

GDP = a + b * IAA + c * AOPP + !, the method of least squares. 
 

Figure 6: Results EViews estimate the parameters 

 
Now the new model is:  

GDP = -1.430834568e-05*AOPP - 0.7906325545*IAA + 186.6592118 

Durbin-Watson test value is around 2, exactly 1.28. This indicates no 

autocorrelation errors. Durbin-Watson statistics measured serial correlation between 
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residues. Mean dependent variable (100.4926) and S.D. lime-dependent (42.72141) is 

the average, respectively, the standard deviation of dependent variable. Akaike info 

criterion (10.41473), Akaike criterion is a criterion for model selection. We want the 

minimum. Scwartz criterion (10.55871), Schwartz criterion is analogous to the Akaike 

criterion. Difference is that impose a greater penalty for additional factors.  

Prob (F-statistic) is the threshold marginal statistical significance of F. Its value, 

of 1.489894, high materiality of 5% or 1% immediately leads us to accept null 

hypothesis.  

Statistical test is the decision taken after comparing the calculated statistics above 

(tcalc) with that of t-Student distribution for materiality stated that: 

- null hypothesis H0: b differ significantly from one 

- for a materiality threshold of 5%, respectively 0.05 and 27-5 degrees of freedom 

we have t0, 05 (22) = 1.717 

tcalc = (186.6592-1) / 50.68604 = 3.66295 

The value obtained is compared with that of student statistics determined 

materiality threshold of 5% and 27 to 5 degrees of freedom, which is equal to 1,717. It is 

accepted that free time value significantly different from the value indicated. Note that the 

value of F statistics determined from observed data is 1.489894, which has marginal 

significance level of 0.245512. It is accepted that the constant term value not significantly 

different from the value indicated.  

5 Conclusion  

As conclusions, we can propose Wald Test to estimate parameters. According to 

Eviews we have the following data: 
 

Figure 7: Estimation using Wald Test, based on statistics F. 
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The results highlight the acceptance of the null hypothesis of linear relationship 

between the two parameters of the regression model. For both tests are obtained 

threshold values significantly higher than 0.1. 

We made a forecast for the next observation (year). We predicted that the value 

of index of income from agricultural activity and output at producer prices agricultural 

will increase next year, wanting to predict the evolution of GDP for the same next year.  
 

Figure 8: Forecast for the next year 

 
Graph and statistics calculated reveals the following findings: Theil's indicator is 

0.18, Bias proportioned is 0.00, variance prop is 0.50 and covariance prop is 0.49, 

which is a situation for prediction validation. The value close to 0 for other indicators, it 

shows the quality acceptable prediction. 
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THE CHORD LENGTH DISTRIBUTION FUNCTION FOR

A NON CONVEX POLYGON

LOREDANA SORRENTI

Abstract: Let RD be the lattice of Buffon. For a small non
convex body C (a “Greek cross”) placed with random position
in the Euclidean plane E2, we give formulas for the probability
p(s) that C intercepts a line segment of length at least equal to
s on a line of the lattice RD. As an application, we obtain the
distribution of secants in C, i.e. we determine the function F ,
which assigns to each real number s, the probability that any
secants in C has a length less or equal than s.

AMS 2000 Subject Classifications: Geometric probability,
stochastic geometry, random sets and random convex sets.
AMS Classification: 60D05, 52A22.

1. Introduction

We denote by RD the Buffon grid consisting of parallel lines with con-
stant distance D. In recent years many authors have studied the geometric
probability of the length of a chord, determined by a straight line of the Buf-
fon grid on a polygon. In [2] the problem is studied for a regular hexagon,
in [5] for a rectangle, in [3] for a non regular triangle, in [6] for a regular
pentagon. In [7] a generalization for an arbitrary regular polygon is given.
In [4] and in [8] the chord length distribution function is computed for a
rectangular trapezium and an isosceles trapezium, respectively. In [1] the
authors give a computation for a non convex polygon.
A fundamental problem in the papers [4], [3], [8], [1] is the large number
of cases that must be considered, because there are a lot of different situa-
tions arising from the relations between the sides and the diagonals of the
polygon. In this paper we consider the non-convex polygon of Figure 1 and
we solve the following problem.

Problem 1. Determining the distribution function F of secants in C, i.e.
the function F which assigns to every real number s the probability that any

secant in C has a length less or equal than s.
1
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Figure 1. The test body C

We denote by p(s) the probability that C intercepts a line segment of
length at least equal to s on a line of the lattice RD. As we will see, the
computation of p(s) is fundamental to obtain a solution to Problem 1.

2. General considerations

We denote by diam(C) the diameter of C. We may assume 3a ≤ A and
D > diam(C), that is, C is small compared with RD. In order to compute
p(s) we have to distinguish a large number of different possible relations
between the following sides and diagonals of C:
2a, 2

√
2a, 4

√
2a, A− a, A+ a,

√

(A− a)2 + (2a)2,
√

(A+ a)2 + (2a)2,
A+a
A−a

√

(A− a)2 + (2a)2, 2
√
A2 + a2 = diam(C).

The following relations between the dimensions of C must be considered:

• 2a < 2
√
2a < 4

√
2a ≤

√

(A− a)2 + (2a)2 < A+ a;

• A+a
A−a

< 2A < 2
√
A2 + a2;

• 2a ≤ A − a <
√

(A− a)2 + (2a)2 < A+ a <
√

(A+ a)2 + (2a)2 <
A+a
A−a

√

(A− a)2 + (2a)2;

• 2a ≤ 2
√
2a <

√

(A− a)2 + (2a)2 < A+ a <
√

(A+ a)2 + (2a)2;

• 2a < 2
√
2a < 4

√
2a.

The other relations depend on the quotient A
a
. The equivalences

2
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2
√
2a ≤ A− a ⇔ (2

√
2 + 1)a ≤ A,

4
√
2a ≤ A− a ⇔ (4

√
2 + 1)a ≤ A,

4
√
2a ≤ A+ a ⇔ (4

√
2− 1)a ≤ A,

4
√
2a ≤

√

(A+ a)2 + (2a)2 ⇔ (2
√
7− 1)a ≤ A,

4
√
2a ≤

√

(A− a)2 + (2a)2 ⇔ (2
√
7 + 1)a ≤ A.

give us the values for the quotient A
a
. In particular, we have to consider the

quotient A
a
in the following intervals: ]3, 2

√
2+1], [2

√
2+1, 2

√
7−1], [2

√
7−

1, 4
√
2−1], [4

√
2−1, 2

√
7+1], [2

√
7+1, 4

√
2+1], [4

√
2+1,+∞[. We consider

as fundamental tile F of RD, a boundless strip of width D and we denote
by ϕ the angle between the direction of the straight lines of F and the
oriented side 2a. Because of the symmetries we may assume ϕ ∈

[

0; π4
]

.

We denote by ds(ϕ) the maximum distance between two parallel segments
with length s intersecting C and we put ds(ϕ) = 0 if such two segments
do not exist. In order to compute the desired probability p(s), we will use
the expressions of xs(ϕ), ys(ϕ), zs(ϕ) (see Figure 2) and the well known
Stoka’s formula [10]:

Figure 2

xs(ϕ) = 2A cosϕ+2a sinϕ−s sin 2ϕ, ys(ϕ) = 2A sinϕ+2a cosϕ−s sin 2ϕ,

zs(ϕ) = 2(cosϕ+ sinϕ)a,

p(s) =

∫

π

4

0 ds(ϕ)dϕ
∫

π

4

0 Ddϕ
=

4

πD

∫ π

4

0
ds(ϕ)dϕ.

3
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3. The possible subcases for ds(ϕ)

In order to compute ds(ϕ) we have to consider the following angles:
ϕ0, ϕ1, ϕ2, ϕ̃2, ϕ3, ϕ4, ϕ5 (see Figure 3). These angles are useful to determine

Figure 3

the maximum distance ds(ϕ) between the secants with length s, where ϕ

is the angle between VW and the secant. All these angles are determined
in the interval

[

0, π4
]

by the following equalities:

cosϕ0 =
2a
s
, cosϕ1 =

A−a
s

, 1
sinϕ3

+ 1
cosϕ3

= s
2a , cosϕ4 =

A+a
s

, cosϕ5 =
2A
s
.

2a
s
=

{

sinϕ2, if s ≤
√

(A− a)2 + (2a)2;

sin ϕ̃2, if s ≥
√

(A+ a)2 + (2a)2.

There exist the following relations:

ϕ1 ≤ ϕ0, ϕ0 < ϕ2, ϕ1 < ϕ2, ϕ1 < ϕ3, ϕ0 < ϕ3, ϕ3 < ϕ2, ϕ̃2 < ϕ3.

Note that if the angle ϕ4 exists, then ϕ0, ϕ1, ϕ2 do not exist; if the angle
ϕ5 exists, then the other angles do not exist.
Taking into account these preliminary considerations, we have 16 different
situations to consider, as the main result shows, in the next section.

4. Main result

Theorem 2. The probability p(s), that the test body C, uniformly dis-
tributed in a bounded region of the plane intersects on a straight line of
the Buffon grid RD a line segment with length greater or equal than s is

4
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computed with one of the following formulas:

p(s) =
4

πD

[√
2A+ (2−

√
2)a− s

2

]

, if 0 ≤ s ≤ 2a. (1)

p(s) =
4

πD

[

(2 +
√
2− 2 sinϕ0 − 2 cosϕ0)A+ (2 sinϕ0 + 2 cosϕ0 −

√
2)a+(2)

−
s

2

]

, if 2a ≤ s ≤ min(A− a, 2
√
2a)

p(s) =
4

πD

[

(
√
2− 2 cosϕ0 − 2 sinϕ0 + 2 cosϕ1)A+

(

2−
√
2 + 2 cosϕ0+ (3)

+2 sinϕ0 − 2 cosϕ1) a−
s

2
cos 2ϕ1

]

, if 2a ≤ A− a ≤ s ≤ 2
√
2a.

p(s) =
4

πD

[

(2 − 2 cosϕ2)A+ 2a cosϕ2 −
1

2
(1− 2 cos 2ϕ2)s

]

, (4)

if 2
√
2a ≤ s ≤ min(A− a, 4

√
2a)

p(s) =
4

πD

[

(2 cosϕ1 − 2 cosϕ2)A+ (2− 2 cosϕ1 + 2 cosϕ2)a− 1

2
(cos 2ϕ1(5)

− cos 2ϕ2) s] ,

if max(A− a, 2
√
2a) ≤ s ≤ min(4

√
2a,

√

(A− a)2 + (2a)2);

p(s) =
4

πD

[

(2 − 2 cosϕ2)A+ (2 cosϕ2 + 2 sinϕ3 − 2 cosϕ3)a− 1

2
(1+ (6)

− cos 2ϕ2) s] , if 4
√
2a ≤ s ≤ A− a;

p(s) =
4

πD
[(2 cosϕ1 − 2 cosϕ2)A+ (2− 2 cosϕ1 + 2 cosϕ2 + 2 sinϕ3+ (7)

−2 cosϕ3) a−
1

2
(cos 2ϕ1 − cos 2ϕ2)s

]

,

if max(A− a, 4
√
2a) ≤ s ≤

√

(A− a)2 + (2a)2;

p(s) =
4

πD
[2a], if

√

(A− a)2 + (2a)2 ≤ s ≤ min(4
√
2a,A+ a); (8)

p(s) =
4

πD

[

(2 − 2 cosϕ4)A+ 2a cosϕ4 −
1

2
(1− cos 2ϕ4)s

]

, (9)

if A+ a ≤ s ≤ min(4
√
2a,

√

(A+ a)2 + (2a)2);

p(s) =
4

πD

[(

(2 − 2 cosϕ4)A+ (2 sinϕ3 − 2 cosϕ3 + 2 cosϕ4) a− 1

2
(1+ (10)

−2 cosϕ4) s] , if max(A+ a, 4
√
2a) ≤ s ≤

√

(A+ a)2 + (2a)2;

p(s) =
4

πD
[(2− 2 cos ϕ̃2) + (2 sin ϕ̃2 + 2 cosϕ4 − 2 sinϕ4)a+ (11)

−1

2
(1 − cos 2ϕ̃2)s

]

, if
√

(A+ a)2 + (2a)2 ≤ s ≤ 4
√
2a;

5
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p(s) =
4

πD
[(2 + 2 sinϕ3 − 2 cosϕ3)a] , (12)

if max(
√

(A− a)2 + (2a)2, 4
√
2a) ≤ s ≤ A+ a;

p(s) =
4

πD
[(2 cosϕ1 − 2 cosϕ2)A+ (2 + 2 sinϕ3 − 2 cosϕ1 + 2 cosϕ2+ (13)

−2 cosϕ3) a− 1

2
(cos 2ϕ1 − cos 2ϕ2)s

]

,

if max(A− a, 4
√
2a) ≤ s ≤

√

(A− a)2 + (2a2);

p(s) =
4

πD
[(2− 2 cos ϕ̃2)A+ (2 sin ϕ̃2 + 2 sinϕ3 − 2 cosϕ3 − 2 sinϕ4+ (14)

+2 cosϕ4) a− 1

2
(1− cos ϕ̃2)s

]

,

if max(
√

(A+ a)2 + (2a)2, 4
√
2a) ≤ s ≤ A+ a

A− a

√

(A− a)2 + (2a)2;

p(s) =
4

πD

[

(2− 2 cos ϕ̃2)A+ 2a sin ϕ̃2 −
1

2
(1 − cos ϕ̃2)s

]

, (15)

if
A+ a

A− a

√

(A− a)2 + (2a)2 < s ≤ 2A;

p(s) =
4

πD
[(2 cosϕ5 − 2 cos ϕ̃2)A+ (2 sin ϕ̃2 − 2 sinϕ5)a+ (16)

−1

2
(cos 2ϕ5 − cos 2ϕ̃2)s

]

, if 2A ≤ s ≤ 2
√

A2 + a2.

Proof. 1. If s ≤ 2a, ϕ ∈
[

0, π4
]

, then ds(ϕ) = xs(ϕ),

∫ π

4

0
ds(ϕ)dϕ =

√
2A+ (2−

√
2)a− s

2
.

2. If 2a ≤ s ≤ min(A− a, 2
√
2a), then ds(ϕ) =

{

ys(ϕ), 0 ≤ ϕ < ϕ0;
xs(ϕ), ϕ0 ≤ ϕ ≤ π

4 .

∫ π

4

0
ds(ϕ)dϕ = (2 +

√
2− 2 sinϕ0 − 2 cosϕ0)A+

+ (2 sinϕ0 + 2cosϕ0 −
√
2)a− s

2
.

3. If 2a ≤ A− a ≤ s ≤ 2
√
2a, then ds(ϕ) =

{

zs(ϕ), 0 ≤ ϕ < ϕ1;
ys(ϕ), ϕ1 ≤ ϕ < ϕ0;
xs(ϕ), ϕ0 ≤ ϕ ≤ π

4
.

∫ π

4

0
ds(ϕ)dϕ = (

√
2− 2 cosϕ0 − 2 sinϕ0 + 2cosϕ1)A+

+ (2−
√
2 + 2 cosϕ0 + 2 sinϕ0 − 2 cosϕ1)a− s

2
cos 2ϕ1.

6
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4. If 2
√
2a ≤ s ≤ min(A− a, 4

√
2a), then ds(ϕ) =

{

ys(ϕ), 0 ≤ ϕ ≤ ϕ2;
zs(ϕ), ϕ2 < ϕ ≤ π

4 .

∫ π

4

0
ds(ϕ)dϕ = (2− 2 cosϕ2)A+ 2a cosϕ2 −

1

2
(1− 2 cosϕ2)s.

5. If max(A− a, 2
√
2a) ≤ s ≤ min(4

√
2a,

√

(A− a)2 + (2a)2), then

ds(ϕ) =

{

zs(ϕ), 0 ≤ ϕ ≤ ϕ1;
ys(ϕ), ϕ1 ≤ ϕ ≤ ϕ2;
zs(ϕ), ϕ2 < ϕ ≤ π

4
.

∫ π

4

0

ds(ϕ)dϕ = (2 cosϕ1 − 2 cosϕ2)A+ (2− 2 cosϕ1 + 2 cosϕ2)a+

−1

2
(cos 2ϕ1 − cos 2ϕ2)a.

6. If 4
√
2a ≤ s ≤ A− a, then ds(ϕ) =

{

ys(ϕ), 0 ≤ ϕ ≤ ϕ2;
zs(ϕ), ϕ2 < ϕ ≤ ϕ3;
0, ϕ3 < ϕ ≤ π

4
.

∫ π

4

0

ds(ϕ)dϕ = (2− 2 cosϕ2)A+ (2 cosϕ2 + 2 sinϕ3 − 2 cosϕ3)a+

−1

2
(1− cos 2ϕ2)s.

7. If max(A−a, 4
√
2a) ≤ s ≤

√

(A− a)2 + (2a)2, then ds(ϕ) =

{

zs(ϕ), 0 ≤ ϕ ≤ ϕ1;
ys(ϕ), ϕ1 ≤ ϕ ≤ ϕ2;
zs(ϕ), ϕ2 < ϕ ≤ ϕ3;
0, ϕ3 < ϕ ≤ π

4
.

∫ π

4

0

ds(ϕ)dϕ = (2 cosϕ1 − 2 cosϕ2)A+ (2− 2 cosϕ1 + 2 cosϕ2+

+2 sinϕ3 − 2 cosϕ3) a−
1

2
(cos 2ϕ1 − cos 2ϕ2)s.

8. If
√

(A− a)2 + (2a)2 ≤ s ≤ min(4
√
2a,A+a), then ds(ϕ) = zs(ϕ), if 0 ≤ ϕ ≤ π

4 .

∫ π

4

0

ds(ϕ)dϕ = 2a.

9. IfA+a ≤ s ≤ min(4
√
2a,

√

(A+ a)2 + (2a)2), then ds(ϕ) =

{

ys(ϕ), 0 ≤ ϕ < ϕ4;
zs(ϕ), ϕ4 ≤ ϕ ≤ π

4 ;

∫ π

4

0

(2 − 2 cosϕ4)A+ 2a cosϕ4 −
1

2
(1− cos 2ϕ4)s.

10. If max(A+a, 4
√
2a) ≤ s ≤

√

(A+ a)2 + (2a)2, then ds(ϕ) =

{

ys(ϕ), 0 ≤ ϕ < ϕ4;
zs(ϕ), ϕ4 ≤ ϕ ≤ ϕ3;
0, ϕ3 < ϕ ≤ π

4
;

∫ π

4

0

ds(ϕ)dϕ = (2− 2 cosϕ4)A+ (2 sinϕ3 − 2 cosϕ3 + 2 cosϕ4)a−
1

2
(1− cos 2ϕ4)s.

7
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11. If
√

(A+ a)2 + (2a)2 ≤ s ≤ 4
√
2a, then ds(ϕ) =

{

ys(ϕ), 0 ≤ ϕ ≤ ϕ̃2;
0, ϕ̃2 < ϕ < ϕ4;
zs(ϕ), ϕ4 ≤ ϕ ≤ π

4
;

∫ π

4

0

ds(ϕ)dϕ = (2− 2 cos ϕ̃2) + (2 sin ϕ̃2 + 2 cosϕ4 − 2 sinϕ4)a+

−1

2
(1− cos ϕ̃2)s.

12. If max(
√

(A− a)2 + (2a)2, 4
√
2a) ≤ s ≤ A+ a, then ds(ϕ) =

{

zs(ϕ), 0 ≤ ϕ ≤ ϕ3;
0, ϕ3 < ϕ ≤ π

4
;

∫ π

4

0

ds(ϕ)dϕ = (2 + 2 sinϕ3 − 2 cosϕ3)a.

13. If max(A− a, 4
√
2a) ≤ s ≤

√

(A− a)2 + (2a)2, then ds(ϕ) has the same value
of case 7.
14. If max(

√

(A+ a)2 + (2a)2, 4
√
2a) ≤ s ≤ A+a

A−a

√

(A− a)2 + (2a)2, then

ds(ϕ) =

{

ys(ϕ), 0 ≤ ϕ ≤ ϕ̃2;
0, ϕ̃2 < ϕ < ϕ4;
zs(ϕ), ϕ4 ≤ ϕ ≤ ϕ3;
0, ϕ3 < ϕ ≤ π

4
.

∫ π

4

0

ds(ϕ)dϕ = (2− 2 cos ϕ̃2)A+ (2 sin ϕ̃2 + 2 sinϕ3 − 2 cosϕ3 − 2 sinϕ4+

+2 cosϕ4) a−
1

2
(1− cos ϕ̃2)s.

15. If A+a
A−a

√

(A− a)2 + (2a)2 < s ≤ 2A, then ds(ϕ) =

{

ys(ϕ), 0 ≤ ϕ ≤ ϕ̃2;
0, ϕ̃2 < ϕ ≤ π

4 ;
∫ π

4

0

ds(ϕ)dϕ = (2− 2 cos ϕ̃2)A+ 2a sin ϕ̃2 −
1

2
(1− cos ϕ̃2)s.

16. If 2A ≤ s ≤ 2
√
A2 + a2, then ds(ϕ) =

{

0, 0 ≤ ϕ < ϕ5;
ys(ϕ), ϕ5 ≤ ϕ ≤ ϕ̃2;
0, ϕ̃2 < ϕ ≤ π

4
;

∫ π

4

0

ds(ϕ)dϕ = (2 cosϕ5 − 2 cos ϕ̃2)A+ (2 sin ϕ̃2 − 2 sinϕ5)a+

−1

2
(cos 2ϕ5 − cos 2ϕ̃2)s.

�

Remarks 3. (a) If s = 2a, then ϕ0 = 0 and formulas (1) and (2) coincide.
(b) If s = A− a, then ϕ1 = 0 and formulas (2) and (3) coincide.

(c) If s = 2
√
2a, then ϕ1 = 0, ϕ0 = ϕ2 = π

4 and formulas (3) and (4)
coincide.
(d) If s = A− a ≥ 2

√
2a, then ϕ1 = 0 and formulas (4) and (5) coincide.

(e) If s = A− a = 4
√
2a, then ϕ1 = 0, ϕ3 =

π
4 and (5), (6), (7) coincide.

(f) If A − a < 4
√
2a = s =

√

(A− a)2 + (2a)2, then ϕ3 = π
4 , ϕ1 = ϕ2 =

arccos

(

2a√
(A−a)2+(2a)2

)

and formulas (7) and (8) coincide.

8
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(g) If s = A+ a ≤ 4
√
2a, then ϕ4 = 0 and formulas (8) and (9) coincide.

(h) If A+ a ≤ s = 4
√
2a ≤

√

(A+ a)2 + (2a)2, then ϕ3 = π
4 and formulas

(9) and (10) coincide.

(i) If
√

(A+ a)2 + (2a)2 = s = 4
√
2a ≤

√

(A+ a)2 + (2a)2, then ϕ3 = π
4

and ϕ4 = ϕ̃2 and formulas (10) and (11) coincide.

(l) If 4
√
2a = s =

√

(A− a)2 + (2a)2, then ϕ1 = ϕ2, ϕ3 = π
4 and formulas

(11) and (14) coincide.
(m) If s = 4

√
2a then ϕ3 =

π
4 and formulas (11) and (14) coincide.

(n) If s = 2A, then ϕ5 = 0 and formulas (15) and (16) coincide.

Remark 4. If s = 0 formula (1) returns

p(0) =
4

πD

[√
2A+ (2−

√
2)a

]

. (17)

Note that the convex hull of C, denoted by co(C) (see Figure 4), has the

Figure 4

following perimeter:

per(co(C)) = 4
√
2A+ 4(2−

√
2)a.

Then formula (17) coincides with the Cauchy’s formula:

p(0) =
per(co(C))

πD
. (18)

5. The distribution of the chord in C

Let us consider the function F : [0, 2
√
A2 + a2] → [0,+1], which assigns

to each s, s ∈ [0, 2
√
A2 + a2] the conditioned probability that a straight

line intersecting C, determines on C a chord with length less or equal than
s. This function is called distribution function of the chord in C. In order
to compute F we consider a lattice RD, with D > 2

√
A2 + a2 = diam(C)

and we use the following formula:

F (s) = 1− p(s)

p(0)
.

In particular, in cases 1 and 8, we obtain
9
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• F (s) = 2s, if s ≤ 2a (Case 1);

• F (s) = A−a

A+(
√
2−1)a

, if
√

(A− a)2 + (2a)2 ≤ s ≤ min(4
√
2a,A + a)

(Case 8).

Note that in these two cases F is a linear function of s. In all the other
cases F is not a linear function of s. The density f of the distribution of
the chord in C is the derivative of F , therefore F ′ = f. Since the function F

is continuous and piecewise differentiable, then the density f is defined on
]0, 2a[∪]2a,min(A − a, 2

√
2a)[∪]A − a, 2

√
2a[∪] . . .]2A, 2

√
A2 + a2[. In par-

ticular, in cases 1 and 8, f is a constant function:

• f(s) = 2, if 0 < s < 2a (Case 1);

• f(s) = 0, if
√

(A− a)2 + (2a)2 < s < min(4
√
2a,A+ a) (Case 8).

References

[1] D. Barilla, A. Duma and A. Puglisi, The distributions function of a chord in a non-

convex polygon, Suppl. Rend. Circ. Mat. Palermo, Serie II, 83, 2011, pp. 23-40.
[2] V. Conserva and A. Duma, Schnitte eines regulären hexagons in Buffon-und Laplace-
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On score tests devised to discover late registration of
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Abstract

It happens frequently that due to imperfections of the recording device or
some other problems some or all events of a point process are registered
with delay. Locally most powerful tests are proposed which are useful to
discover modifications of incoming point processes caused by such delay
mechanisms. It is explained how to simulate point processes relevant in
this context and the implementation of the test procedures on the resulting
data sets is shown.

Keywords: Score tests, point processes, random delays of events.

1. Introduction
An important task of the statistical inference for point processes con-
sists in developing statistical tests helpful to distinguish between dif-
ferent classes of point processes. Usually the null hypothesis for such
tests is formed by a standard class of point processes, often homo-
geneous Poisson point processes. It is desired to find out whether
this class contains a stochastic model appropriate for the description
of the observed point process or if it is preferable to take into con-
sideration a more complicated point process, which is a member of
the alternative hypothesis. In the statistical literature for instance in-
homogeneous Poisson point processes, renewal point processes, point
processes with independent locations, Wold point processes and clus-
ter point processes have been chosen as alternatives. Instead of taking
such well-known subfamilies of point processes, we can however also
consider classes of point processes, which are modified before observa-
tion due to the influence of problems arising when handling them. In
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this contribution I shall be concerned with point processes which have
undergone delayed registration of some or all of its point events. Such
situations present themselves due to imperfectations of the recording
device or practical problems (e.g. traffic jams, strikes, delivery prob-
lems) causing late registration of events. It is thus useful to discover
modifications of the incoming point process due to the presence of de-
lay mechanisms.
We suppose that the point process is started at time t = 0 and we
designate by T (i) the time of registration of the ith point event after
t = 0. Random variables are represented by capital letters and their
realized values by the corresponding lower case letters. By N(t) we
denote the number of recorded point events in (0, t], R(0,b] stands for
the uniform distribution with support (0, b] [b > 0] and N ∗(a, g) for
the normal distribution with mean a and variance g.
Depending on the knowledge of the statistician about the experimen-
tal situation and depending on the type of data collected the above
described general problem admits different interpretations which may
lead to different proposed solutions. I shall however work with the
version of the problem based on the following assumptions:
We suppose that the input point process is a homogeneous Poisson
point process with global intensity rate µ. Any individual point event
arriving at some time x within the observation period (0, t] of the point
process is delayed with the same constant probability δ and the delay
times for different point events are independent realizations from a
distribution function F with F (0) = 0; alternatively the point event
is recorded at arrival time with probability 1 − δ.
A point event recorded at time t = y in this set up has thus intensity
µd(y) = (1−δ)µ+δ

∫ y
0 dF (y−x)µdx = ((1−δ)µ+δµF (y) [0 < y ≤ t].

Thus allowing delays to occur as indicated amounts to replace the
homogeneous Poisson point process with global intensity rate µ by
the inhomogemeous Poisson point process with intensity function µd

as relevant stochastic model. It is well known that in this set-up the
likelihood of observing exactly N(t) = n recorded point events at the
instants t1, . . . , tn within (0, t] is equal to the local Janossi density,
which takes the form
jn(t1, . . . , tn|(0, t] : δ) =∏n

1 ((1 − δ)µ + µδF (ti)) · exp[−(1 − δ)µt − µδ
∫ t
0 F (τ)dτ ] [3,p.213].

A justification of this formula neglecting higher order δ-terms, which
are not relevant in the following, is obtained by stating that exactly
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n recorded point events arise in (0, t] if either exactly n point events
arrive which are non-delayed or if exactly n-1 such non-delayed and
one delayed point event are recorded within (0, t] or if n non-delayed
events present themselves in (0, t] and one delayed point event arriving
in (0, t] is recorded after time t and thus not observed, this leading to
the alternative equivalent expression
jn(t1, . . . , tn|(0, t] : δ) =
µne−µt(1 − δ)n + µne−µt(1 − δ)n−1δ

∑n
1 F (ti) +

µn+1e−µt(1 − δ)nδ
∫ t
0

∫ ∞
t dF (y − x)dx + o(δ).

Statistically the problem to decide whether delays actually occur for
the observed point process amounts to test the hypotheses H0 : δ = 0
versus Hδ0 : δ = δ0 for δ0 with 0 < δ0 ≤ 1. Here we are faced with
the difficulty that the exact value of the distortion probability δ0 is
usually not known even if complete knowledge of F is available. An
examination of the likelihood shows that no uniformly most powerful
test can exist: In fact the optimal statistic of H0 versus Hδ0 depends
on δ0. Since only the first factor in the first formula for jn involves
the observed data, it is alone relevant. For δ0 = 1 an equivalent ver-

sion of the test statistic is thus
∑N(t)

i=1 ln(F (T (i)) and for δ0 = 1/2
∑N(t)

i=1 (ln(1/2 + F (T (i))/2)) and these two expressions treat the ob-
served data in general differently because the sets of realizations lead-
ing to equal given values are not the same.
Two methods may be used to deal with such a situation:
Either one incorporates an a-priori distribution for the unknown δ0

and adoptes a Bayesian point of view, assuming that reliable informa-
tion on the possible values of δ0 and the chances to encounter them
is available. On the other hand one can also determine a locally most
powerful test for δ0 positive but near 0, searching thus a test sensitive
to typical deviations from the null hypothesis in the direction of the
alternatives. Having already treated the former method in a recent
paper [6], I shall discuss here the second approach.

2. Locally most powerful tests
The score statistic yielding a locally most powerful test is obtained as
follows:
TF,µ(0) = ∂ ln(jN(t)(T (1), . . . , T (N(t))|(0, t] : δ)/∂δ|δ=0 =
∑N(t)

i=1 (F (T (i)) − 1) + µt − µ
∫ t
0 F (τ)dτ.
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Since under H0 (T (1), . . . , T (N(t)))|N(t) = n is the order statistic of
a random sample of size n R[0,t](1), . . . , R(0,t](n) from R ∼ R(0,t] we
have under H0 the alternative representation

TF,µ(0) =
∑N(t)

i=1 F (R(0,t](i)) − 1) + µt − µ
∫ t
0 F (τ)dτ,

which shows that the equivalent statistic

T̃F,µ(0) =
∑N(t)

i=1 (F (R(0,t](i)) − 1), is a sum of a random number of
independent identically distributed random variables. This suggest to
apply the central limit theorem of Anscombe and Rényi [4,p.70 & 71]
after the preliminary result

T̃F,µ(0)/
√

N(t)|N(t) = n ∼ N∗(n1/2((
∫ t
0((F (τ)dτ/t)−1), (

∫ t
0 F 2(τ)dτ/t)−

[(
∫ t
0 F (τ)dτ/t]2)

under H(0) for n → ∞. Since
E[TF,µ(0) : δ = 0] = µt

∫ t
0 F (τ)dτ/t − µt + µt − µ

∫ t
0 F (τdτ = 0 and

V ar[TF,µ(0) : δ = 0] =

V ar[
∑N(t)

i=1 (F (R(0,t](i) − 1) : δ = 0] =
µtE[(F (R) − 1)]2 + µtV ar[(F (R) − 1)] = µtE[(F (R) − 1)2] =
µt

∫ t
0 F 2(τ)dτ/t − 2µt

∫ t
0 F (τ)dτ/t + µt.

Thus under H0 and for t → ∞
TF,µ(0) ∼ N∗(0, µt(

∫ t
0 F 2(τ)dτ/t − 2

∫ t
0 F (τ)dτ/t + 1)),

taking into account that (N(t)/t) → µ in probability.
The critical region of size α of a locally most powerful test for H0

versus H1 has thus for large t the form

TF,µ(0)/
√

µt(
∫ t
0 F 2(τ)dτ/t − 2

∫ t
0 F (τ)dτ/t + 1) > z(1 − α),

with Φ(z(1−α)) = 1−α and Φ the distribution function of the stan-
dard normal distribution.
In the special case where F = R(0,t], thus F (τ) = τ/t [0 < τ ≤ t] we
find∫ t
0 F (τ)dτ/t =

∫ t
0 τ/t2dτ = 1/2 and therefore

TR(0,t],µ =
∑N(t)

i=1 (R(0,t](i) − 1) + µt/2 and∫ t
0 F 2(τ)dτ/t =

∫ t
0 τ 2/t3dτ = 1/3, leading to

V ar[TR(0,t],µ : δ = 0] = µt/3 − 2µt/2 + µt = µt/3.

3. Numerical implementation
In order to illustrate the implementation of the test we choose µ = 1
and t = 100 and construct first a typical realization of a homoge-
neous Poisson point process with global rate µ = 1. To obtain the
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values ti we add successively the terms of a sequence of independent,
identically standard exponentially distributed random variables, stop-
ping after reaching t = 100. Using the data published in the book of
Cox and Miller [2, p.377] we get 87 point events in the observation
period (Table I, column (2)). For the alternative with δ = 1 the in-
tensity function of the modified point process is F (t) = t/100 instead
of the constant 1. Applying the simulation method for processes with
bounded conditional intensities of Lewis and Shedler [5;3 p.270] we
compare the values F (ti) (column (4)) with independent realizations
vi (column (5)) of a standard uniform distribution as published in
Abramowitz and Stegun [1,p.991] and retain the point event only if
F (ti) ≥ vi is satisfied. We end up with a modified point process with
38 observed point events in (0, 100] (column (3)). If we calculate for
these retained point events the contributions F (t∗i ) − 1 to the test
statistic (column (6)) and sum them we get a realized value of 7, 00
for the standardized test statistic, whose observed asymptotic level of
significance is only 1, 3 · 10−12. This extremly small value prompts us
to accept H1. On the other hand calculating the contributions to the
test statistic for all the 87 point events of the original process results in
the value 1,54 of the standardized test statistic with observed asymp-
totic level of significance αobs = 0, 06. This is not a exceptionally small
value and we accept thus H0. In both cases the test arrives to the cor-
rect conclusions. Furthermore for δ = 1/4 we obtain a standardized
test statistic of 3, 30 with αobs = 5 · 10−4, which leads to acceptance
of H1. This indicates that the test recognizes even occasional delays if
they are not too rare.
Table I gives some details of the evaluation for the alternative with
δ = 1.
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i ti i* F(ti) vi (F(ti*)–1)
(1) (2) (3) (4) (5) (6)

1 0,22 0,00 0,53
2 2,75 0,03 0,81
3 3,91 0,04 0,98
4 4,46 0,04 0,12
5 4,60 0,05 0,60
6 4,79 0,05 0,40
7 5,71 0.06 0,41
8 6,65 0,07 0,39
9 9,11 0,09 0,43
10 9,31 0,09 0,69
11 10,50 0,11 0,97
12 10,69 0,11 0,70
13 10,81 0,11 0,58
14 11,06 0,11 0,92
15 11,97 0,12 0,26
16 13,37 0,13 0,45
17 13.93 0,14 0,83
18 16,24 0,16 0,97
19 17,22 0,17 0,93
20 17,73 0,18 0,78
21 19,22 0,19 0,66
22 21,62 0,22 0,38
23 27,22 0,27 0,75
24 28,23 0,28 0,71
25 29,24 0,29 0,85
26 29,60 1 0,30 0,14 –0,70
27 32,71 0.33 0,99
28 32,72 0,33 0,92
29 33,44 0,33 0,66
30 34,01 0,34 0,60
31 35,83 0,36 1,00
32 37,36 0,37 0,76
33 38,09 2 0,38 0,32 –0,62
34 39,26 0,39 0,43
35 41,91 0,42 0,83
36 45,71 0,46 0,82
37 45,78 3 0,46 0,15 –0,54
38 46,67 4 0,47 0,26 –0,53
39 48,73 5 0,49 0,25 –0,51
40 48,85 6 0,49 0,21 –0,51
41 48,86 7 0,49 0,30 –0,51
42 50,38 8 0,50 0,49 –0,50
43 55,79 0,56 0,92
44 56,40 9 0,56 0,38 –0,44
45 57,42 10 0,57 0,43 –0,43

i ti i* F(ti) vi (F(ti*)–1)
(1) (2) (3) (4) (5) (6)

46 60,67 11 0,61 0,27 –0,39
47 60,74 0,61 0,84
48 61,13 12 0,61 0,45 –0,39
49 61,38 0,61 0,69
50 67,16 0,67 0,69
51 67,33 0,67 0,82
52 68,67 0,69 0,83
53 69,36 13 0,69 0,15 –0,31
54 69,40 0,69 1,00
55 71,80 14 0,72 0,13 –0,28
56 72,85 15 0,73 0,30 –0,27
57 73,43 16 0,73 0.48 –0,27
58 73,60 0,74 0,94
59 75,58 0,76 0,87
60 76,35 0,76 0.99
61 76,60 17 0,77 0,20 –0,23
62 78.75 0,79 0,91
63 80,23 18 0,80 0,72 –0,20
64 80,59 0,81 0,95
65 80,68 19 0,81 0,56 –0,19
66 82,39 20 0,82 0,61 –0,18
67 82,91 0,83 0,84
68 83,20 21 0,83 0,55 –0,17
69 84,35 22 0,84 0,48 –0,16
70 84,60 23 0,85 0,64 –0,15
71 85,24 24 0,85 0,09 –0,15
72 85,46 25 0,85 0,33 –0,15
73 86,77 26 0,87 0,54 –0,13
74 86,93 27 0,87 0,53 –0,13
75 88,54 28 0,89 0,19 –0,11
76 88,71 29 0,89 0,26 –0,11
77 89,22 0,89 0,96
78 91,02 30 0,91 0,67 –0,09
79 92,99 31 0,93 0,78 –0,07
80 95,39 0,95 0,97
81 95,70 32 0,96 0,31 –0.04
82 95,77 33 0,96 0,58 –0,04
83 96,03 34 0,96 0,41 –0,04
84 96,45 35 0,96 0,41 –0,04
85 98,66 36 0,99 0,21 –0,01
86 98,67 37 0,99 0,94 –0,01
87 99,52 38 1,00 0,49 –0,00

Table 1

v v
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A GLM  approach for the  
customer satisfaction measurement 

in some bathing beaches of Messina province1 
 

Agata Zirilli. Angela Alibrandi 
 
1. Introduction 
 
The measure of customer satisfaction is a relatively new concept for many 
companies whose interest, until recently, was addressed only to the data of 
income and assets (Giarelli, 2002). The customer satisfaction identification 
allows the relationship between business and users in order to understand needs 
and expectations and, therefore, to adequate products and services to customer 
expectation (Bogani, 2001).  
In this work we focused our attention on customer satisfaction measurement in 
bathing  establishments, by virtue of the growing interest that people show 
toward the seaside holidays. In recent years, port authorities and municipalities 
receive a very large number of requests for release of grant of beaches.  
The bathing beach is a strictly summer service, it was initially created for hotels 
customers and was later extended to daily, weekly and monthly customers. 
There are many reasons for bathers to choose the bathing establishment: the 
existence of amenities and services (umbrellas, chairs, snacks, drinks, 
entertainment, etc...) and the cleanliness in the beach. 
In this context, our goal is twofold: firstly, we propose to use the PLUM 
methodology for modeling ordinal response variables; this model class 
represents a methodologically adequate solution in the case of quality 
judgments, guarantying a good fit to data; on the other hand, we want  to 
evaluate the customer satisfaction in the bathing establishments; in particular, 
we want to individuate the factors that significantly influence the global 
satisfaction level and to verify the possible dependence from these potential 
predictors. 
 
 
 
 
 
                                                             
1 This note, though it is the result of a close collaboration, was specifically elaborated as follows: 
paragraphs 1, 5 and 6 by A. Zirilli and paragraphs 2, 3 and 4 by A. Alibrandi 
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2. The PLUM approach 
 
PLUM (Polytomous Universal Model) is an extension of the general linear 
model to ordinal categorical data (Marija J. Noru!is,2009; Lawson and 
Montgomery,2006). In ordinal logistic regression, the event of interest is 
observing a particular score or less; for the rating of three judges, we model the 
following odds: 
!1 = prob(score of 1)/prob(score greater than 1) 

!2 = prob(score of 1 or 2)/prob(score greater than2) 

!3 = prob(score of 1,2 or 3)/prob(score greater than 3) 

The last category doesnÕt have an odds associated with it, since the probability 
of scoring up to and including the last score is 1. All of the odds are of the form: 
  
!j = prob(score ! j) / prob(score >j)  that is equal to: 

!j = prob(score ! j) / (1- prob(score ! j). 

Consequentially, the number of constants to be estimated in the model are equal 
to the number of categories of the response variable minus 1. (Amemiya, 1981). 
The ordinal logistic model for a single independent variable is: 

             ln(!j) = !j Ð "X                       (1) 

where j goes from 1 to the number of categories minus 1. Larger coefficients 
indicate an association with larger scores. For a continuous variables, a positive 
coefficient indicates that as the values of the variables increase, the likelihood 
of large scores increases. An association with higher scores means smaller 
cumulative probabilities for lower scores, since they are less likely to occur. 
Each logit has its own !j term but the same coefficient ". That means that the 
effect of the independent variable is the same for different logit functions.  
The ordinal logistic model is based on the assumption that there is a latent 
continuous outcome variable and that the observed ordinal outcome arises from 
the discretizing the underlying continuum into j- ordered groups (Agresti, 
2002). 
The basic form of the generalized linear model is 
 

                      (2) 
 

where: 
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#j is the cumulative probability for the jth category, 
!j is the threshold for the j-th category,  

"1É. "k  are the regression coefficients,  
x1É xk are the predictors;  
k is the number of predictors;  
$1É $m are coefficients for the scale component  
z1Ézm are the m predictors variables for the scale component.  

The link function is, as it is known, the link between the random component and 
the systematic component 
In PLUM procedure, there are 5 available different link functions: 
 

Table 1: Link functions in PLUM procedure 
Function Form Typical application 

Logit ln (y/1-y) Evenly distributed 
categories 

Complementary 
Log-log 

ln (-ln (1-y)) Higher categories 
more probable 

Negative log-log -ln (-ln (y)) Low categories more 
probable 

Probit %-1(y) 
Analyses with explicit 
normally distributed 

latent variable 

Cauchit (Cauchy) Tan (& (y-0.5)) Outcome with many 
extreme values 

 
3. The data 
 
In this paper the data are derived from responses to a questionnaire, ad hoc 
designed to measure the satisfaction level of bathers towards the services 
provided by some bathing establishments, located on the Ionian coast of 
Messina province.  
The sample consists of 309 bathers, aged between 16 and 58 years,  present in 
the bathing area at the time of questionnaire administration. 
Each bather gave its agreement, with reference to each item, on an ordinal scale 
consisting of five levels. 
The survey was performed in the period July Ð August 2010, according to the 
technique of cluster sampling, that results justified by the considerable savings 
in terms of time/ cost. 
The questionnaire was structured into four sections:  
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¥ an introductory registry section to obtain basic information on gender and 
age, place of residence and profession of the interviewees;  
¥ a section about contextual factors, where the respondent is asked to express 

the personal reason for choosing the bathing establishment; 
¥ a section on interest indicators, where the respondent is asked to express a 

personal judge, according to an ordinal growing scale, about some indicators of 
interest (staff courtesy and helpfulness, environment cleanliness, toilets 
usability, auxiliary services quality, structure accessibility, personal assessments 
about the costs sustainability);  
¥ an overall judgment towards the services offered by the frequented bathing 

establishment. 
Figure 1 shows the satisfaction mean levels of the interviewed  with reference to 
the interest indicators. 

 
Figure 1 Ð Satisfaction mean levels for indicators  

As we can see, the highest mean levels of satisfaction are found for Òstaff 
courtesy and helpfulnessÓ and Òenvironment cleanlinessÓ; the lowest 
satisfaction, however, is referred to the ÒcostsÓ. 
Table 2 shows the observed frequencies of the bivariate distributions of 
satisfaction levels for sex and age (that has been categorized in three classes).  
In general, we note that the higher satisfaction assessments (4 and 5 response 
levels) are more numerous than the extreme dissatisfaction assessments (1 and 2 
response levels). In particular, the most satisfied subjects are female and aged 
between 30 and 45 years. 
 
Table 2: Absolute frequencies and percentages of bivariate distributions of sex and age 

class for satisfaction levels 
  Satisfaction levels   

Factors  1 2 3 4 5 Total 

M 0 (0,0) 11 (3,6) 42 (13,6) 57 (18,4) 14 (4,5) 124 
(40,1) Sex 

F 2 (0,6) 13 (4,2) 45 (14,6) 93 (30,1) 32 (10,4) 185 
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 (59,9) 

!30 1 (0,3) 5 
(1,6) 

24 
(7,8) 

37 (12,0) 16 (5,2) 83 
(26,9) 

30-45 1 (0,3) 10 (3,2) 27 
(8,7) 

59 (19,1) 21 (6,8) 118 
(38,2) 

Age 
classes 

>45 0 (0,0) 9 (2,9) 36 
(11,7) 

54 (17,5) 9 (2,9) 108 
(35,2) 

 
4. Results 
 

Initially we estimated all univariate models in order to individuate the factors 
that significantly influence the bathers satisfaction level measured on five level 
(Table 3); so, in our model the number of constants to be estimated is four. On 
the bases of the significant predictors, we estimated a multivariate model that 
allows to define the bathers' profile (Table 4). For each model we provide 
parameter estimations (coefficients, standard error and relative p-value). 
 

Table 3: Results of univariate PLUM models estimation 
Predictor B S.E p Predictor B S.E p 
Constant 1 -5,60 0.77 0.000 Constant 1 -5.22 0.71 0.000 
Constant 2 -2.95 0.37 0.000 Constant 2 -2.57 0.22 0.000 
Constant 3 -1.11 0.33 0.000 Constant 3 -0.72 0.15 0.000 
Constant 4 1.20 0.33 0.000 Constant 4 1.59 0.17 0.000 

Age -0.01 0.01 0.070 Sex -0.42 0.21 0.057 
Constant 1 0.19 0.79 0.808 Constant 1 0.01 0.75 0.998 
Constant 2 3.84 0.59 0.000 Constant 2 3.36 0.49 0.000 
Constant 3 6.54 0.66 0.000 Constant 3 6.39 0.59 0.000 
Constant 4 9.64 0.77 0.000 Constant 4 9.76 0.72 0.000 

Staff courtesy 1.82 0.17 0.000 Env.cleanl. 1.94 0.16 0.000 
Constant 1 1.60 0.41 0.002 Constant 1 -0.30 0.77 0.692 
Constant 2 4.03 0.46 0.000 Constant 2 2.92 0.48 0.000 
Constant 3 7.02 0.56 0.000 Constant 3 5.56 0.55 0.000 
Constant 4 7.03 0.57 0.000 Constant 4 8.76 0.67 0.000 
Toilet usab. 1.42 0.13 0.000 Auxil.serv. 1.73 0.15 0.000 
Constant 1 -2.02 0.75 0.008 Constant 1 1.56 0.90 0.083 
Constant 2 0.838 0.36 0.023 Constant 2 4.61 0.69 0.000 
Constant 3 3.16 0.41 0.000 Constant 3 6.96 0.74 0.000 
Constant 4 6.03 0.50 0.000 Constant 4 9.88 0.85 0.000 

Struct.access. 1.11 0.12 0.000 Costs 2.49 0.24 0.000 
[Dependent variable: bathers satisfaction, measured on five levels] 

 
By examining the results of the univariate models, we can see that bathers 
satisfaction is significantly dependent on staff courtesy, environment 
cleanliness, toilet usability, auxiliary services, structure accessibility and costs. 
So, we estimated a multivariate PLUM model (Table 4) that allowed us to 
identify, in the complex pattern of variables, the statistically significant 
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predictors of bathers satisfaction. For this model, we report also the log-
likelihood test and the relative significance. 
 

Table 4: Results of multivariate PLUM models estimation 
Predictor B S.E Wald p 
Constant 1 7.69 1.30 34.63 0.000 
Constant 2 14.44 1.43 100.21 0.000 
Constant 3 19.44 1.78 126.50 0.000 
Constant 4 24.43 2.06 148.35 0.000 

Age 0.01 0.01 1.02 0.314 
Sex -0.74 0.27 7.20 0.007 

Staff courtesy 0.66 0.21 9.68 0.002 
Env. cleanlin. 1.20 0.22 31.18 0.000 
Toil.usability 0.35 0.19 3.35 0.067 
Auxil.services  0.53 0.21 5.88 0.015 
Struct.access. 0.41 0.15 7.67 0.006 

Costs 0.98 0.34 8.16 0.004 
     

-2 Log-Likelihood=375.620        df=7            p=0.000 
 

At the multivariate approach, bathers satisfaction results significantly dependent 
on sex (the negative sign of the coefficient denotes an higher satisfaction for 
sex=0 i.e. female, than for sex=1 i.e.male), staff courtesy, environment 
cleanliness, auxiliary services, structure accessibility and costs; toilet usability 
is not a significant predictor.  
We investigated the existence of possible interactions between the regressors, 
but in any case there were significant estimates of these effects, at the prefixed 
significance level ('=0.05). 
 
 
5. Model fit estimation 
 
Finally, we focused our attention on model fit estimation; taking into account 
the categorical nature of the response variable, we used the following index:  
- Cox & Snell's pseudo R-squared, expressed by:  

                       (3) 
where: 
M full = model with predictors 
M intercept = model without predictors 
(= estimated likelihood. 
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It has a maximum value that is not 1: if the full model predicts the outcome 
perfectly and has a likelihood of one, Cox & Snell's is less than one. 
- Nagelkerke pseudo R-squared, expressed by:  

                                (4) 
It is the ratio between the Cox & Snell R-squared and its  maximum possible 
value, 1-L(MIntercept)2/N.  If the full model perfectly predicts the outcome and has 
a likelihood of 1, it is equal to 1. 
- McFadden pseudo R-squared, expressed by:  

                           (5) 
It is the ratio between the log-likelihood of the intercept model and the log-
likelihood of the full model. A small ratio of log-likelihoods indicates that the 
full model is a far better fit than the intercept model. In Table 5 we show the 
values of the above mentioned tests, that denote an acceptable model fit 
estimation. 

Table 5: Model fit estimations 
Cox & Snell's Nagelkerke McFadden Pseudo  

R square 0.704 0.771 0.499 
6. Final remarks 
 

Focusing our attention on the obtained results, we can affirm that the statistical 
analysis showed a significant influence of some factors (sex, staff courtesy, 
environment cleanliness, auxiliary services, structure accessibility and costs) on 
bathers satisfaction that attempt the bathing establishment. 
Among these significant predictors, environment cleanliness is the most 
remarkable satisfaction factor, as demonstrated by its higher significance. 
Moreover the women also seem to be more satisfied (especially aged between 
30 and 45 years). 
The uneasiness (particularly the structure accessibility and the costs) constitute 
factors in evident contrast with the attainment of elevated satisfaction standards. 
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